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ABSTRACT

We prove that the moduli spaces of n-pointed m-stable curves introduced in our previous
paper have projective coarse moduli. We use the resulting spaces to run an analogue of
Hassett’s log minimal model program for M .
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1. Introduction

In [Has05], Hassett proposed the problem of studying log canonical models of M,. For any
a€Qno0, 1] such that ng + aA is big, Hassett defined

My(a) :=Proj @pmso H'(M,, m(ng + ad)),

where the sum ranges over sufficiently divisible m, and asked whether the spaces M () admit a
modular interpretation. In this paper, we consider an analogous problem for M ,,. For any s € Q,
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we define

D(s) :=sA+1¢ — A,

R(s) = @&mz0 H*(Min, mD(s)),

My, == Proj R(s),
where )\, 1, and A are certain tautological divisor classes on M ,, (these will be defined in §3),
and the sum defining R(s) is taken over m sufficiently divisible. We will show that the section
ring R(s) is finitely generated and that the associated birational model Min admits a modular

interpretation for all s € Q such that D(s) is big. In fact, the birational models arising in this
construction are precisely the moduli spaces of m-stable curves introduced in [Smy11].

Recall that an n-pointed curve (C, {p;}}_;) of arithmetic genus one is m-stable if it satisfies
the following three conditions:

(1) C has only nodes and elliptic [-fold points, [ < m, as singularities;

(2) if E C C is any connected subcurve of arithmetic genus one, then
|[ENC\E| + [{pi € E}| > m;
(3) H°(C, QY(—%)) = 0. Equivalently:

(a) if C is nodal, then every rational component of C' has at least three distinguished

oints;
(b) E’ C has a (unique) elliptic m-fold point p, and Bi, ..., B, denote the components of
the normalization whose images contain p, then:
(b1) Bi, ..., By, each have >2 distinguished points;
(b2) at least one of By, ..., B, has >3 distinguished points;

(b3) every other component of C has >3 distinguished points.

In [Smyll, Theorem 3.8], we proved that the moduli stack of n-pointed m-stable curves is an
irreducible, proper, Deligne-Mumford stack over Spec Z[1/6] for all m < n. In this paper, we work
over a fixed algebraically closed field k of characteristic zero. Henceforth, Mj ,,(m) will denote
the moduli stack of m-stable curves over k, M ,,(m) the corresponding coarse moduli space, and
M ,(m)* the normalization of the coarse moduli space. Our main result (Corollary 4.14) is the
following.

MAIN RESULT. Given s € Q and m, n € N satisfying m < n, we have:
(1) D(s) is big if and only if s € (12 — n, 00);

M, if and only if s € (11, 00),
(@) I, - @Lnu) if and only if s € (10, 11],
" M p(m)* if and only if s € (11 —m, 12 —m) and m € {2,...,n — 2},
M, (n—1)* ifand only if s € (12 —n, 13 — nl.

Remarks. (1) Note that we do not give a modular interpretation of the model M‘;n for the
transitional values s=10,9,...,14 —n. At these values, the model Min may be viewed as
the intermediate small contraction associated to the flip My, (m — 1)* ==+ My ,(m)*.

(2) We will show that M ,(m) is a smooth stack if and only if m <5 (Corollaries 2.2

and 4.17). In particular, M1 ,(m) = M ,(m)* for m <5. We do not know whether M ,,(m) =
My, (m)* for m > 6.
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FIGURE 1. Comparison of log minimal model program for M, and M ,.

Our main result gives a complete Mori chamber decomposition of the two-dimensional slice
of the effective cone of M, spanned by A and ¢ — A (Figure 1). Now let us explain how this
result is connected to the log minimal model program for M. Recall that the canonical divisor
of M, is given by Ky, =132 — 2A € Pic(My), so Ky, + A is numerically proportional to a
uniquely defined divisor of the form sA — A, where s is the slope of the divisor. We may define

D(s):=sA— A,

R(s) i= Gz H' (W, mD(s)),

7S .

M :=Proj R(s).
We have M ,(a) = M; for s =13/(2 — ), so describing the birational models M ,(«) is equivalent
to describing the models M;. In this notation, results of Hassett and Hyeon [HH06, HH09] give

the following theorem.

THEOREM (Hassett-Hyeon). For s € (10 —¢€,00), where € >0 is a sufficiently small rational
number, the log canonical models M Z are given by:

M, ifse(11,00),
My =< MY ifse(10,11],
My ifs€ (10 — ¢ 10),

where MES is the moduli space of pseudostable curves (in which elliptic tails are replaced by

cusps) and Mgs is the moduli space of quasistable curves (in which elliptic tails and bridges are
replaced by cusps and tacnodes).

Our results for M, are connected to the log minimal model program for M, by the following
observation: for g > 0, we may define a closed immersion
i : Ml,n — Mg,
by gluing fixed tails of genus gi, ..., g, (satisfying g1 +---+ g, +1=g) onto the n marked

points. One easily checks that the restriction of the divisor sA — A on M, to the subvariety
i(My ) is simply sA + ¢ — A, i.e.i*D(s) = D(s). Thus, our results track the effect of the Hassett—

Keel log minimal model program on M1 ,,, viewed as a subvariety of M ;. In our view, the fact that
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every birational model Min admits a modular interpretation gives strong evidence that the
models M; should admit a modular interpretation. Furthermore, our results suggest that elliptic

m-fold points should arise in the moduli problem associated to MZ at slope s =12 — m.

Finally, we should remark that our main result can also be formulated as running a log
minimal model program on Ml,n provided one scales A;,r rather than A. Here, Aj,. denotes the
irreducible component of the boundary whose generic point parameterizes an irreducible curve,
and we set Ayeq := A\Aj,. Using the relations in Pic(My,,) (Proposition 3.1), one easily checks

that
—1
SA+Y—A EKWM + @Ay + Areq  if and only if o = %
Thus, our main result is equivalent to the statement
PI‘Oj EBm}O F(ﬂl,nv m(Kﬂln + OZAirr + Ared))
M, if and only if o € (5/6, 00),
My (1) if and only if o € (3/4,5/6],
. 10 — 11—
M p(m)* if and only if @ € ( 12m7 12m>’
— 11-n 12—
Min(n—1)* if and only ifae( 12n, 12n].

Note that a becomes negative when m > 11, so that the birational models M ,(m)* are only log
canonical models for m < 10. An amusing consequence of this result is that the normalization of
a versal deformation space for an elliptic m-fold point has log canonical singularities for m < 10.
As far as we know, there is no proof of this fact by means of pure deformation theory.

It is natural to ask whether the log canonical models Proj @,>0 I'(Mi p, m(Kzz, +al))
can be given a modular interpretation. In forthcoming work, we will extend our main result by
considering

D(s, 1) 1= A+ tih — A,
R(S, t) = @m>0 Ho(ml,ny ’mD(s, t)),
M7, == Proj R(s, t).

We will show that each birational model M‘;i is isomorphic to the normalization of one of
the moduli spaces of (m, A)-stable curves M1 _4(m) introduced in [Smy11]. It is easy to see that
Ky, + aA is numerically equivalent to a divisor of the form D(s, t), so we obtain an affirmative
answer to the preceding question.

1.1 Notation

Throughout this paper, we work over a fixed algebraically closed field k of characteristic zero. An
n-pointed curve (C, {p;}_,) is a reduced, connected, one-dimensional scheme of finite type over
k with n distinct smooth points p, . . ., p, € C. A family of n-pointed curves (f :C — T, {0} )
is a flat, proper morphism C — T" with n sections {o;}"_;, whose geometric fibers are n-pointed
curves. We will frequently refer to definitions introduced in our earlier paper [Smy11].
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1.2 Outline of paper

In this section, we outline the contents of this paper. In § 2, we study the stratification of M ,,(m)
by singularity type, i.e. the stratification

Min(m)=Min [[&[TETT - T &m:

where & is the locus of singular curves with only nodal singularities, and & (I > 1) is the locus of
curves with an elliptic [-fold point. In § 2.1, we use deformation theory to analyze local properties
of Mln(m) and of the individual strata &. In §2.2, we study the ‘moduli of attaching data’ of
the elliptic m-fold point. We show that isomorphism classes of elliptic m-fold pointed curves
with given pointed normalization (C, {g;}™,) are naturally parameterized by (k*)™!. In §2.3,
we construct a modular compactification (k*)™~1 € P™~! by considering all isomorphism classes
of elliptic m-fold pointed curves whose normalization is obtained from the given (C, {@:}") by
sprouting semistable P!s along a proper subset of the {g; . We show that this construction is
compatible with families, i.e. given a family of pointed normalizations (m:C — T, {o;}1,), we
consider

FE = @111 U;ﬁé(—gi),
P.=P(E)—T,

and we construct a family of curves over P, whose fibers range over all isomorphism classes of
elliptic m-fold pointed curves whose normalization is obtained from a fiber (Cy, {oy(t)}™,) by
sprouting semistable P's along a proper subset of {o;(¢)}™,. In § 2.4, we use this construction to
describe the strata & explicitly as projective bundles over products of moduli spaces of genus zero
stable curves. This explicit description will be a key tool for subsequent intersection-theoretic
calculations.

In §3, we establish a framework for doing intersection theory on My, (m). The fact that
M ,(m) may be non-normal for large m presents a technical difficulty, which we circumvent by
simply passing to the normalization My ,(m)*. In §3.1, we show that M, (m)* is Q-factorial
and that Picg(M1,(m)*) is naturally generated by tautological classes. In § 3.2, we explain how
to evaluate the degrees of tautological classes on one-parameter families of m-stable curves. The
usual heuristics for nodal curves are not sufficient, since families of m-stable curves exhibit novel
features not encountered with stable curves. For example, one can have non-isotrivial families of
m-stable curves whose pointed normalization is isotrivial. Furthermore, whereas the limit of a
node is always a node in a family of stable curves, non-disconnecting nodes degenerate to more
complicated singularities in families of m-stable curves. We explain techniques for computing
the degree of tautological classes on such families.

In §4, we prove our main result. In §4.1, we analyze the birational contraction ¢ : Ml,n -3
M1, (m)*, and show that

¢* P D(s) — D(s) 20 for s< 12 —m.

This implies that the section ring of D(s) on M, is identical to the section ring of ¢, D(s) in
M ,(m)*. Thus, to prove Min = M ,(m)*, it suffices to show that ¢.D(s) is ample. In §4.2,
we use the intersection theory developed in § 3 to prove that ¢, D(s) has positive intersection on
every curve in My ,(m)* for s € (m, m + 1). We then apply Kleiman’s criterion to conclude that
the divisor D(s) is ample. Section 4.3 is logically independent of the rest of the paper; we use a
discrepancy calculation to prove that the stacks Mj ,(m) must be singular for m > 6.
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2. Geometry of My ,(m)

2.1 Deformation theory

The deformation theory of stable curves implies that ﬂlm is a smooth Deligne-Mumford stack
with normal crossing boundary, and that Mj , has a locally closed stratification by topological
type. In this section, we investigate the corresponding properties for M ,(m). We assume that
the reader is familiar with formal deformation theory (as in [Ser06]), and consider the following
deformation functors, from the category of Artinian k-algebras with residue field k to sets.

Def (¢, piyr ) + A — {Flat deformations of C' over A with n sections o1, ..., 0.},
Defc : A — {Flat deformations of C' over A},
Def (4, cc) : A — {Flat deformations of Spec O¢ 4, over A}.

LEMMA 2.1. Suppose that (C{p;}}",) is a pointed curve with reduced singular points
q1, - - -, gm € C. The natural morphisms of deformation functors

Def(C,{pi}?zl) — Defo — H Def(qie())
=1

are formally smooth of relative dimensions n and h'(C, QY), respectively.

Proof. Since the marked points p1, ..., p, are smooth,
Defc (piyr,) — Defc

is clearly formally smooth of relative dimension n. The fact that

Defc — H Def(inC)
=1

is formally smooth of relative dimension h!(C, Q%) is contained in [DM69, Proposition 1.5] under

the assumption that C has local complete intersection singularities, but elliptic m-fold points
are not local complete intersections for m > 5. Thus, we must use the cotangent complex.

By [GLS07, C.4.8 and C.5.1], there exist a sequence of sheaves {7/ :i > 0}, a sequence of
finite-dimensional k-vector spaces {T% :i >0}, and a spectral sequence F5? = HP(TJ) — T5™
with the following properties:

1) the sheaves {7/, :4i > 1} are supported on the singular locus of C;
2) I = Hom(Qc, Oc);

3) T¢, = Defc(kle]/(€2));

4) T, (2; is an obstruction theory for Def;

5) HO(C, (1¢)q) = Def gec) (kle]/ (€)));

6) H(C,(13),) is an obstruction theory for Def g ecy.

A~ N N /S /S A/

Since C is a curve and TCI is supported on the singular locus, we have H 2(’]'CQ) =0 and
H' (’T(}) = 0. The spectral sequence EY'? then gives an exact sequence

0—HY (7Y - TL — HY(7}) — 0 — T3 — H°(73).
Since Tcl and ’TCQ are supported on the singular locus, we have
HY(Tg) = &L H(X, (1¢)q,),
HY(T3) = &L HO(X, (18)q:)-
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Thus, the exact sequence shows that Defc — @i Def (¢ induces a surjection on first-order
deformations and an injection on obstruction spaces. Formal smoothness follows by [Ser06,
Proposition 2.3.6]. Finally, the relative dimension of the map on first-order deformations is
evidently dim H'(79) = h'(C, QY). 0

COROLLARY 2.2. Mj ,(m) is smooth if and only if m < 5.

Proof. By Lemma 2.1, My ,,(m) is smooth at a point [C] € My ,(m) if and only if the local rings
Oc,p have unobstructed deformations for all singular points p € C. For m =1, 2, 3, the elliptic
m-fold point is a local complete intersection, hence has unobstructed deformations. The cases
m = 4, 5 are handled by slightly less well-known criteria: the local ring 0¢,, is a Cohen-Macaulay
quotient of a regular local ring of dimension three when m =4, and a Gorenstein quotient of
a regular local ring of dimension four when m =5 (see [Smyll, Proposition 2.5]). There is a
determinantal structure theorem for such local rings, which implies that they have unobstructed
deformations [Har10, Theorems 8.3 and 9.7]. This shows that My ,(m) is smooth when m < 5.
We will show that My ,(m) is singular for m > 6 in §4.3. O

COROLLARY 2.3. The boundary A C My ,(m) is normal crossing if and only if m = 0.

Proof. If m > 1, then there exists an m-stable curve (C, {p;}7,) with a single cusp g € C' and
no other singular points. The family

Spec kla, b, z, y]/(y* = 2* + ax + b) — Spec k[a, b]

is a miniversal deformation for the cusp and in these coordinates the locus of singular
deformations is cut out by b? — 4a®. It follows from Lemma 2.1 that, locally around [C, {p;}?,] €
Mj ,(m), we can choose two smooth coordinates a and b such that A is defined by the equation
b? — 4a3. In particular, A is not a normal crossing divisor. O

COROLLARY 2.4 (Stratification of M ,(m) by singularity type). Consider the set-theoretic

decomposition given by
My p(m) =M, H &o H & H e H Em,

where &; are defined by
& ={[C] € ﬂln(m) | C' is singular with only nodal singularities},
& ={[C] € My (m) | C has an elliptic [-fold point}.

Then we have:

(1) & C My, (m) is a locally closed substack;

(2) forl>1, & is smooth;

(3) &o has normal crossing singularities and pure codimension one;
(4)

Gc&llémIl &I 1 ém-

Proof. First, we show that if [ > 1, then & C M ,(m) is smooth and locally closed. Suppose that
(C,{pi}}—,) is an m-stable curve with an elliptic I-fold point ¢y € C' and nodes qi, ..., g; € C.
There exists an etale neighborhood of [C, {p;}I'_], say

7: (U, 0) = My n(m),
0— [C {piticd],
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and a morphism

k
s:U— H Ver(g; € C') — Ver(qo € C),
i=0

where Ver(g; € C) is the base of a miniversal deformation of the singularity ¢; € C. Note that
771(&) C U is simply the fiber of s over 5(0) € Ver(C, qo). Using Lemma 2.1 and the fact that the
miniversal deformation space of a node is smooth, we conclude that s is smooth in a neighborhood
of 0, so s71(5(0)) C U is a smooth, closed subvariety of U. It follows that & C M; ,,(m) is smooth
and locally closed.

The argument that & is locally closed with pure codimension one and normal crossing
singularities is essentially identical: if (C, {p;}7_,) is an m-stable curve with nodes ¢i, . .., g € C,
there are an etale neighborhood U of [C, {p;}" ] € M1 ,,(m) and maps

k
s;i:U— H Ver(g; € C) — Ver(C, ¢;),
i=1
and 771(&) is the union of the fibers s; ' (s;(0)) fori=1,..., k.
Finally, to see that & =& [[ &1 [1 &2l 1] Em, it is sufficient to note that elliptic
m-fold points only deform to elliptic I-fold points if [ <m. This fact is proved in [Smyll,
Lemma 3.10]. O

In order to describe the strata & explicitly, we need to understand the moduli of attaching
data of the elliptic m-fold point.

2.2 Moduli of attaching data of the elliptic m-fold point

It is well known that if ¢ € C' is a node, then C' is determined (up to isomorphism) by its
normalization C' and the two points ¢, g2 lying above the node. Indeed, one can recover C' as
follows: take C /(g1 ~ q2) to be the underlying topological space of C' and define the sheaf of
regular functions on C to be the subsheaf of &5 generated by all functions which vanish at ¢
and ¢o. By contrast, if ¢ € C' is an elliptic m-fold point, then the isomorphism class of C' is not
determined by the pointed normalization (C, {g;}1,).

In order to study the moduli of attaching data of the elliptic m-fold point, let us fix a curve
C with m distinct smooth points, say qi, . .., gn € C, and define the following two sets:

Attaching Moduli := {(C, q) | (C, ¢) satisfies (a) and (b)}/~,
Attaching Maps := {7 : (C, {¢:}[™,) — (C, q) | 7 satisfies (a) and (c)}/~,

where the conditions (a), (b), and (c) refer to:

(a) g€ C is an elliptic m-fold point;

(b) the normalization of (C, ¢) is isomorphic to (C, {g; m);

(c) m is the normalization of (C, q).
As usual, an isomorphism between two maps, say 7 : (C, {gi}™,) — (C, q) and 7" : (C’, {g:}my) —

(C', q'), consists of an isomorphism i : (C, q) ~ (C’, ¢’) such that the obvious diagram commutes.
There is a surjection

Attaching Maps — Attaching Moduli,
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given by forgetting the map, and two maps have the same image in moduli if and only if they
differ by an automorphism of (C, {¢;};). Thus, we have

Attaching Moduli ~ Attaching Maps /Aut(C, {g;}/",).

Remark 2.5. For simplicity, we will assume that every automorphism of C which fixes the set
{g¢:}1", actually fixes the points ¢; individually. This holds when (C, {¢;}*,) consists of m
distinct non-isomorphic connected components, each containing one of the points ¢;, and this is
the only case we need.

Now let us consider the problem of parameterizing these sets algebraically. Given
m: (CoAa}l) — (C.a)
satisfying (a) and (c), [Smyll, Lemma 2.2] implies that we obtain a codimension-one subspace
7T*(Tqv) - @ZTLTQVZ_

satisfying 7*(T, ,;/ )2 Tqvi for each i =1, ..., m. Since O¢ can be recovered as the sheaf generated
by (arbitrary lifts of) a basis of 7T"‘Tqv , together with all functions vanishing to order at least
two along ¢, ..., gn, this subspace determines the map up to isomorphism. Conversely, any
codimension-one subspace

VcelT,),

with the property that V 2 Tqvi for any i =1, ..., m, gives rise to a map 7 :C — C simply by
identifying the points q1, . . . , ¢, and declaring &¢ to be the push forward of the subsheaf of O
generated by (arbitrary lifts of) a basis of V, together with all functions vanishing to order at
least two along ¢, . . ., ¢mn. By [Smyll, Lemma 2.2], the singular point 7w(q;1) =---=7(gm) € C
is an elliptic m-fold point. In sum, we have established the following.

LEMMA 2.6. Let P:= IP’(@}”:quvi) denote the projective space of hyperplanes in @}”Zquvi, and let
H; C P be the coordinate hyperplane H; := }P’(EB]'#T(E). Then we have a natural bijection
Attaching Maps < P\(Hy U---U Hp,),

T — 7 (T)).

COROLLARY 2.7. If Aut(C, {¢;}72,) = {0}, then we have a natural bijection
Attaching Moduli < P\(Hy U - - - U Hyy,).

In the following lemma, we extend this description to the case when (C, {q;}/*,) has
automorphisms.

LEMMA 2.8. Suppose that the image of the natural map
Aut(C, {g:}iy) — @y Aut(Ty)

is precisely

Dies Aut(Tq\g)v
for some proper subset S C {1,...,m}. Let P, Hy, ..., H,, be defined as before and set
Hg:= () Hi =P(®gs Ty)).
€S
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Then we have a natural bijection

Attaching Moduli < HS\ \J(H:n Hs).
i¢s

Proof. Consider the map

Attaching Maps — P\(H, U--- U Hy,) — HS\ \J(H:n Hs),
i¢S
defined by
=" (T)) = 7 (T)) N ®igs T,
Two distinct maps differ by an element of Aut(C, {g; ™) if and only if the corresponding
subspaces 7*(T,') C @, T,/ differ by an element of ®;cs Aut(T,/). Since

Attaching Moduli ~ Attaching Maps /Aut(C, {g;}",),

it suffices to show that two subspaces 7* (TCY ) C @?lqu\z/- differ by an element of ®;cg Aut(T, (;l/_ ) if
and only if they have the same projection 7* (Tqv) N®igs Tqvi.

To see this explicitly, order the branches so that S={1,...,k}, choose uniformizers
t1,...,tm on the normalization, and pick coordinates for P\(H; U---U H,,) so that the point
(c1,...,cm) € (K*)™ corresponds to the subspace spanned by

ty, 0 -+ 0 Citm

0 to . coltm,
0

0 -+ 0 tma1 cm—1tm

The projection of this subspace to ®;¢g Tq\f is simply

tkv1 0 - 0 Cpqatei
0 tpy2 o 1 Chiothio
; 0 ;
0 Tt 0 tm—1 Cm-1tm
In these coordinates, an element (Aq, ..., A\¢) € @ies Aut(T,)) = (k*)15! acts by
()\1, ceey )\k) * (Cl, o eey Cm—l) = ()\1_101, ey /\Izlck, Chkt1y -+ -y Cm_l),

which shows that two subspaces are in the same orbit if and only if they have the same projection
to @igs T, m

Remark 2.9. This entire discussion applies without change to the case of pointed curves, i.e. if
we are given an n-pointed curve (C, {p;}?" ;) and m smooth points {¢;}}"; € C which are distinct
from the marked points, we may define

Attaching Moduli := {(C, ¢, {pi}i=1) | (C, ¢, {pi}i=,) satisfies (a) and (b)}/~,
Attaching Maps := {7 : (é’, {a}it Apiticy) — (C,q,{pi}i;) | 7 satisfies (a) and (c)}/=~,

where the conditions (a), (b), and (c) refer to:
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FiGUrE 2. Compactification of the moduli of attaching data of the planar triple point. Over
the three coordinate hyperplanes in P(T), & T, & T,’), the normalization sprouts a P! at the
corresponding branch.

(a) pe€ C is an elliptic m-fold point;
(b) the normalization of (C, ¢, {p;}}'_;) is isomorphic to (C, {@ Y, Apitity);
(c) m is the normalization of (C, ¢, {pi}},)-

Precisely the same arguments give

Attaching Moduli ~ Attaching Maps /Aut(C, {g;}™, {pi}?-),

and the statement and proof of Lemma 2.8 hold in this context, with Aut(C, {g ™ ) replaced
by Aut(C, {Qi};‘ilv {pi}?:l)-

2.3 Construction of universal elliptic m-fold pointed families
If (C, {@:}",) is a fixed curve with Aut(C, {¢:}"1) =0, Corollary 2.7 implies that

Attaching Moduli ~P\(H; U - - - U H,,) ~ (k*)™ L.

In this section, we construct a modular compactification (*)™~! € P! which is functorial with
respect to the normalization (C, {g;}™,). The key idea is to allow the normalization (C, {q;}™,)
to sprout a semistable P! at ¢; as the modulus of attaching data approaches the hyperplane H;
(see Figure 2).

DEFINITION 2.10 (Sprouting). Let (C, {q:}™,) be an m-pointed curve and S C [m] a proper
subset. We say that (C’, {¢;},) is obtained from (C, {¢;},) by sprouting at {g;}iegs if

CN'/ECN'UElU"'UEw‘,
where:

(1) E; is a smooth rational curve, nodally attached to C at ¢;;
(2) for i€ S, ¢, is an arbitrary point of E; — {¢;};
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Note that the isomorphism class of (C, {¢/}/,) is uniquely determined by (C, {¢;}/,) and the
subset S C [m].

If Aut(C, {¢:}7,) = 0 and (C’, {¢/}/,) is obtained from (C, {¢;},) by sprouting at S, then
Tmage(Aut(C’, {¢}}7) — &7, Aut(T;Z)) = Dses Aut(Tqv;).

Thus, Lemma 2.8 implies that the attaching moduli for (C’, {¢/},) is given by Hs\U,¢s(Hi N
Hg). As S ranges over proper subsets of [m], the locally closed subvarieties Hs\U,¢5(H: N Hs)
give a stratification of P. This suggests the construction of a flat family over P whose fibers
range over all isomorphism classes of elliptic m-fold pointed curves with pointed normalization
obtained from (C, {g;}!™,) by sprouting along a proper subset of {g;}/,. In fact, we can make
this construction relative to a family of varying normalizations.

To set notation, let (f:C — T, {7}I") be a family of curves with {7}/, mutually disjoint
sections in the smooth locus of f. Let @Z)Z- =71 0¢(—T;) be the universal cotangent bundle along 7,
and consider the projective bundle

piPi= P&} ) — T.

We will abuse notation by letting f and 7; continue to denote the pull backs p* f and p*r;. For

any subset S C [m], let Hg denote the P19~ L_subbundle of P corresponding to the quotient
Bit1¥i — Dig(sy¥i — 0,

and set

Usg = HS\ \J (Hin Hs).
i¢{S}
Note that, as S ranges over non-empty subsets of [m], the locally closed subschemes Ug give a
stratification of P.

PROPOSITION 2.11 (Construction of universal elliptic m-fold pointed families I). With notation

as above, there exists a diagram

C XTP Z 11% {7'1}1 1‘ g

{}\//

@m 1%
satisfying:
(1) g, g are flat of relative dimension one;

(2) ¢ is the blow-up of C x7 P along the smooth codimension-two locus |JI*, (7;(P) N f~1(H;)),
and T7; is the strict transform of T;;

(3) m is an isomorphism away from \J;-, 7; and 7w(T1)=---=n(fm)=7, Le. m is the
normalization of D along T;

(4) for each geometric point z € P, 7(2) € D, is an elliptic m-fold point.

Furthermore, we can describe the restriction of this diagram to a geometric point z € P as follows:
let S C [m] be the unique proper subset (possibly empty) such that z € Ug. Then:
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(5) ¢ : (D, {7:(2) m) = (Ch {ri(2)}%,), is the sprouting of C, along {7;(z)}ics. In
particular, there is a canonical identification
v _ v )
Digs Tc, ry(z) = Digs Tp_ ()}
(6) . : (D, {7i(2)},) — (D., 7(2)), is the normalization of D, at the elliptic m-fold point
7(2). The codimension-one subspace w*(ngJ(z)) C @?lngz’ﬁ(z) satisfies
W*(ng,r(z)) N EBWES Tl\éz,’?i(z) = [Z] N EBz%S ng,n‘(z)’

where [z] C @, ngﬂ(z) is the codimension-one subspace corresponding to z € P, and we

. . \/ _ \/ .
identify ©;¢g TCZ,T,-(z) = Digs TDz,ﬂ-(z) as in (5).
Proof. To construct the diagram, first note that for each i =1,...,m, the codimension-two

subvariety
fTYH)NT(P)CC xp P
is contained in the smooth locus of f. Furthermore, these subvarieties are mutually disjoint. Let
¢:D—CxpP

be the blow-up along the union of these subvarieties, let E1q, ..., E,, denote the exceptional
divisors of the blow-up, and let 7; denote the strict transform of 7;. The flatness of §: D—Pis
a standard local calculation. Note that if z € Ug, then the fiber over z intersects the center of
the blow-up transversely at 7;(z) for i € S, so property (5) is clear.

It remains to construct the map 7. Begin by considering the tautological sequence on P:
®izy P Pi — Op(1) — 0,
and let e; € Hom(p*t);, Op(1)) be the section obtained by the composition
ej Py — @iy pTvi — Op(1).
Note that e; vanishes to order one along H; and is non-vanishing elsewhere. Set
i =7 Oc(—7),
and note that ¢*7; = 7; + F; implies that

Vi = (p*ibi) (H;).
Since e; : p*1; — Op(1) vanishes to order one along H; and is non-vanishing elsewhere, e; induces
an isomorphism

& 1 i~ Op(1).
Taking the direct sum of these maps, we obtain an exact sequence

0— & — &t — Op(1) =0,
with the property that, for each point z € P, the induced subspace

does not contain any of the lines T%V, ()"

It is sufficient to define ¢ locally around 71, . . ., T, SO we may assume that § is smooth and
affine, i.e. we may assume that

D= Specﬁpg* Op.
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We specify a sheaf of Op-subalgebras of g.0p as follows: we consider the exact sequence on P,
0= §uOp (=271 — -+ = 2F) = GuOp(—F1 — -+ — Tm) — BLy1h; — 0,

and let & C g.O0x(—71 — - - - — T,) be the inverse image of £ C @;11«%. Then we define ¥ C §.05
to be the sheaf of Op-subalgebras generated by sections of .7. Setting D := Spec,, ¥, we let 7
be the morphism D — D associated to the inclusion ¢ C Op.

Conclusion (3) is clear by construction, since any section of ¢ vanishes along one section 7;
if and only if it vanishes along all of them. For (4), note that for any geometric point z € P,

720D, (—27(2)) = Op (—271(2) — - - - — 2T (2)),
T (Trs) = & C O TR ).
Since &, does not contain any of the lines T%((Z), 7(z) € C is an elliptic m-fold point by [Smy11,

Lemma 2.2]. Finally, for (6), note that if z € Ug, then the inclusion p*v; C 1; is an isomorphism
in a neighborhood of z, for all ¢ ¢ S. Thus, we have a commutative diagram.

Digg i — Op(1) —=0

@Bigs P i — Op(1) —=0

The bottom arrow is induced by the tautological sequence, while the kernel of the top arrow is
E N Bjgg ;. 1t follows that

2N @igs Bita Ty =N OL TE, 7,y =

COROLLARY 2.12. Suppose that (f:C—T,{r;}",{0i}}' ) is a family of (n+ m)-pointed
curves satisfying:

(1) the geometric fibers of f have no automorphisms (as pointed curves);

(2) no two geometric fibers of f are isomorphic (as pointed curves).

Then the construction of Proposition 2.11 gives a family (g : D — P, 7, {o;}"_) with the property
that there is a bijection

{k-points z € P} « {(D, q, {p;}i—,) satisfying (a), (b)}/~,
2 < (D2, 7(2), {o:(2) }i21),
where the conditions (a) and (b) are:
(a) g € D is an elliptic m-fold point;

(b) if (D, {@:}" 1, {pi}}~,) denotes the normalization of (D, q,{p;}_,) at q, then there exist
a geometric fiber of f, say (Cy, {7i(t)};2, {0i(t)}},), and a proper subset S C [m], such
that (D, {q:}"¢,{pi}l~,) is obtained from (Cy, {7;(t)}7",, {oi(t)}’_,) by sprouting along
{ri(t) }ies-

Proof. Note that the morphisms ¢ and 7 constructed in Proposition 2.11 are isomorphisms in a
neighborhood of the sections {o;}?_,, so they induce sections {o;}! ; on D — P.

_ To check the stated bijection, fix a geometric point ¢ € T and a proper subset S C [m], and let
(D, {q;}™, {pi}}_;) be the curve obtained from the fiber f~1(¢) by sprouting along {7;(t) }ies-
Since the fiber f~1(¢) has no automorphisms, the automorphism group of (D, {g;:}™,, {pi}’-;)
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is (k*)!%!, and we have
Image(Aut(D, {gi}72y, {pi}iy) — B, AUt(Tq\Z» = Dies AUt(ng)-

Now Lemma 2.8 and conclusion (6) of Proposition 2.11 imply that the fibers of g over p~1(t) N Us
precisely range over all isomorphism classes of elliptic m-fold pointed curves whose pointed
normalization is isomorphic to (D, {@:}"1, {pi}?—,)- Since the locally closed subsets Ug stratify P,
the fibers of g over p~!(t) range over all isomorphism classes of elliptic m-fold pointed curves
whose normalization is obtained from the fiber f~!(¢) by sprouting along an arbitrary proper
subset of {7;(¢)}",. The claim follows. O

In §2.4, we will need a slight modification of Proposition 2.11. Suppose that we are given
a family (C — T, {r;}'_,) with only [ attaching sections, where I < m. In Proposition 2.13, we
construct a universal family of elliptic m-fold pointed curves whose normalizations are the disjoint
union of m — [ smooth rational curves and a curve obtained from a fiber of f by sprouting along
a proper subset of {7;(¢t)}._,. As before, we define 1; := 7 O¢(—7;), p: P :=P(®l_,1;) — T, and
abuse notation by letting f and 7; denote the pull backs p*f and p*7;. Furthermore, for each
i1=1+1,...,m, we define

(R — P, 7)

to be the one-pointed P'-bundle P(0p & Op(1)) — P with section 7; corresponding to the quotient
Op @ ﬁ]p(l) — Op.

PROPOSITION 2.13 (Construction of universal elliptic m-fold pointed families IT). With notation
as above, there exists a diagram

DO D:=D[[R*' ] - [[R"

|

satisfying:
(1) g, g are flat of relative dimension one;
(2) ¢ is the blow-up of C xp P along the smooth codimension-two locus Uézl(n (P)n f~L(H)),

and T7; is the strict transform of 7; fori=1,...,1;
(3) i:D° — D is the inclusion of D° into the disjoint union DO [ R ] --- [ R™;
(4) 7 is an isomorphism away from \J;~, 7; and w(71) =+ - - =7(Tmm) = T;

(5) for each geometric point z € P, 7(z) € D, is an elliptic m-fold point.

Furthermore, we can describe the restriction of this diagram to a geometric point z € P as follows.
For any subset S C [l], let Hg C P and Ug C P be defined as in Proposition 2.11, and let S C [I]
be the unique subset such that z € Ug. Then we have:

(6) ¢, : (DY, {F:(2) L)) — (Cs, {7i(2)}._,) is the sprouting of C,, along {7;(2)}ics. In particular,
there is a canonical identification

Dies T, ry(z) = Pie\s Tho z(z) = Biet\s T5, 7z’

1857

https://doi.org/10.1112/50010437X11005549 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X11005549

D. I. SMYTH

(7) 7, : (D, {7i(2)}%,) — (D., 7(2)) is the normalization of D, at the elliptic m-fold point
7(2). The codimension-one subspace 7* (1) T(z)) C @?lng () satisfies

¢ (Tp, +(z) N Siens Tp, 72 = [N Biepns T, r,(2);

where [z] C @2:1 T(\J/z,n- () is the codimension-one subspace corresponding to z € P, and we
identify @;c\s Tgmn_(z) = @ici\s T%z’ﬂ(z) as in (5).

Proof. The blow-up ¢ is constructed as in Proposition 2.11. To construct m, we use the sections
{ﬁ-}ﬁzl on DY and the sections 741, ..., 7m on R .. R™. Set 1, := 7} 05(—1;) and observe
that, for each i =1, ..., m, we have a natural isomorphism

€; . 1/;1 ~ ﬁ]p(l).

For i=1,...,[, the existence of e; follows as in the proof of Proposition 2.11. For i =
[+ 1,...,m, this is a standard computation on the projective bundle R*. Taking the direct
sum of the isomorphisms e;, we obtain an exact sequence

0—&— @y P — Op(1) — 0,

where & has the property that for each point z € P the induced subspace £, C ®j%; Tg/i () does not
contain any of the lines T&VZ_ ()" Using &, we may construct ¢ : D — D and verify properties (4)—(7)
precisely as in Proposition 2.11. O

Since each of the projective bundles R? — P is endowed with a distinguished section disjoint
from the attaching section (namely, the section corresponding to the quotient Op @ Op(1) —
Op(1) — 0), we may use the previous proposition to construct universal families of n-pointed
elliptic m-fold pointed curves from (n — m + [)-pointed families of normalizations.

COROLLARY 2.14. Suppose that (f:C — T, {ri}\_,, {Ui}?;lnhq) is a family of pointed curves
satisfying:

(1) the geometric fibers of f have no automorphisms (as pointed curves);
(2) no two geometric fibers of f are isomorphic (as pointed curves).

Then the construction of Proposition 2.11 gives rise to a family of n-pointed curves (g:D —
P, 7,{0s}}'_,) with the property that there is a bijection

{k-points z € P} < {(D, ¢, {pi }i=,) satisfying (a), (b)}/~,
z€P — (D, 7(2), {oi(2)}i%1),

where the conditions (a) and (b) are:
(a) g € D is an elliptic m-fold point;
(b) the normalization of (D, q, {p;}}—,) at ¢ is a disjoint union
m
(-D07 {qi}é:h {pl}?;1m+l) H ( H (Rla qi, pn—m+i)>7
i=l+1

where (D°, {q;}._,, {p:}?="") is obtained from a geometric fiber of f, say (Cy, {r;(t)}\_;,
{O‘i(t)}?;lerl), by sprouting along {7;(t)}ics for some S C [l], and each (R;, Gi, Pn—m+i) ~
(P, 0, o).
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Proof. The morphisms ¢ and 7 are isomorphisms in a neighborhood of {ai}?z_lmﬂ, SO {ai}?z_lmH
induce sections on g: D —P. Fori=1+1,...,m, we define o,,_,,+; to be the section of R? — P

corresponding to the quotient 0p @ Op(1) — Op(1) — 0. Since this section is disjoint from the
attaching section 7;, it induces a section of D — P. Altogether, we obtain a family of n-pointed
curves (D — P, {o;}}" ;). The proof of the stated bijection is essentially identical to the proof of
Corollary 2.12. O

2.4 Stratification by singularity type
In §2.1, we defined a stratification of M ,(m) by singularity type:

Min(m)=Min [T& & T &m

In this section, we construct the strata & (I > 1) explicitly. We will show that the irreducible
components (equivalently, by Corollary 2.4(2), the connected components) of & are indexed by
partitions of [n] into [ subsets, i.e. we have

55=H52,
S

where ¥ runs over [-partitions of [n]. To describe the curves parameterized by the irreducible
component &, we need the following definition.

DEFINITION 2.15 (Combinatorial type). Let (C, {p;}",) be an m-stable curve with an elliptic
[-fold point ¢ € C'. Then the normalization of C' at g consists of [ distinct connected components,
each of which carries at least one of the marked points {p;}!" . We define the combinatorial

type of (C, {pi}{_;) to be the partition {S1, ..., Si} of [n] induced by the connected components
of C.
Given a partition ¥ := {Sy, ..., S;} of [n], we will construct a universal family for all m-stable

curves of combinatorial type ¥. We must consider two cases.

Case 1. Each S; satisfies |S;| > 2.

Let f; : C; — M0,|51|+1 X - X M07|Sl|+1 be the pull back of the universal curve over MO,I&-H—I’
and label the tautological sections of f; as {o;:j € S;} U {r;}. Now apply Proposition 2.11 with

T:= M5 |41 X -+ X Mo 5,41

l

f = HC@ —>M07|51H_1 X+ X M07|Sl‘+1’
1=1

T ::T—>C,-‘—>HCi.
By Corollary 2.12, we obtain an n-pointed family of curves

(9:D—P {o:}ly)

over the projective bundle P:=P(®!_,1;) — T, such that the fibers of g range over all
isomorphism classes of elliptic [-fold pointed curves (D, q,{p;}?,;) whose normalization
(D, {@:}_;, {pi}?,) is obtained from a fiber of f by sprouting along a proper subset of the
points {7;(t)}_;.

Since the normalization of any m-stable curve of combinatorial type X at its unique elliptic
[-fold point is obtained from a disjoint union of [ stable curves of genus zero by sprouting along
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a subset of attaching points, every m-stable curve of combinatorial type ¥ appears as a fiber
of D. On the other hand, some fibers of D — P may fail to be m-stable (i.e. they may have
elliptic [-bridges for some | < k < m). Since m-stability is an open condition however [Smyll,
Lemma 3.10], there is a maximal Zariski open subset & C P such that the fibers of g over &y
are m-stable, and we obtain an m-stable curve

(9:C— & {oiti1)
whose fibers comprise all m-stable curves of combinatorial type X.

Case 1I. One or more of S; satisfy |S;| = 1.

Order the S; so that |S;| > 2fori=1,... k,and |S;| =1fori=k+1,... . Fori=1,... k,
let fi:Ci — Mg g, |41 X - X Mg g,|+1 be the pull back of the universal curve over Mg g, 41,
and label the tautological sections of f; as {0 :j € S;} U {r;}. Now apply Proposition 2.13 with
T:= MO,|SI\+1 XX M0,|Sk\+17
k
= H Ci— Mo7|51\+1 X X Mo,|sk\+17

i=1
T ::T—>C,~'—>HCi.
By Corollary 2.14, we obtain a family of n-pointed curves (g : D — P, {o;}! ;) over the projective
bundle P := P(@lewi) — T, such that the fibers of g range over all isomorphism classes of curves
whose normalization is a disjoint union of [ — k smooth one-pointed rational curves and a curve
obtained from a fiber of f by sprouting along a proper subset of the points {7;(¢) le. Note that

we consider the | — k sections lying on the one-pointed rational components as labeled by the
elements in Sgy1,..., 5]

As in Case I, there is a maximal Zariski open subset s C P such that the fibers of g over &x
are m-stable, and we obtain an m-stable curve

(9:C— &, {oitity)
whose fibers comprise all m-stable curves of combinatorial type .

PropoSITION 2.16. The natural classifying map

H Ex — & C ﬂLn(m)
by

is an isomorphism. In particular, the varieties . are the irreducible components of &;.

Proof. Since every point of & is an m-stable curve whose combinatorial type is given by some
l-partition of [n], the natural map

Hszagl
>

is bijective on k-points. Since (Jy, & is smooth by construction and & is smooth by
Corollary 2.4(2), the morphism [y, & — & is smooth. Since we are working in characteristic
zero, a smooth morphism which is bijective on k-points is an isomorphism. O

COROLLARY 2.17. The boundary stratum & C M ,(m) has pure codimension | + 1.

Proof. If ¥:={S1,...,S5;} is any [-partition of [n], ordered so that |S;|>2 for i=1,...k,
and [Spi1]=-- =S| =1, then & C & is an open subset of a projective bundle P(&¥_;1;) —
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MO,\S1|+1 X - X MO,lSkHL The dimension of this projective bundle is

k
> (1S =2) + (k= 1).
i=1
Since Zle |Si| =n — [ + k, this expression reduces to n — [ — 1, as desired. O

3. Intersection theory on M;j ,(m)

3.1 The Picard group of M1 ,(m)*

In this section, we will define several tautological divisor classes on ﬂLn, mlm(m), and
Min(m)* (equivalently, M, M;,(m), and M;,(m)*), and use these to give a complete
description of Picg(M1,(m)*).

We begin by recalling the definition of the tautological divisor classes on ﬂlm. Ifn:C— ﬂlm
is the universal curve, with universal sections o1, . . ., o, we have line bundles X, ¥1, ..., Y, ¥ €
Pic(M,,) defined as:

A= det(ﬂ’*wc/mlm),
i = U?(wC/ﬂl,n)a
Y = @i Vi

To define the boundary divisors of Mj ,,, we adopt the following terminology: if (C, {p;}1,) is
an n-pointed curve of arithmetic genus one and S C [n] is any subset, we say that g€ C is a
node of type S if the normalization of C' at ¢ consists of two connected components (necessarily
of genera zero and one), and {p; | i € S} is the set of marked points supported on the genus-zero
component. We say that a node g € C' is non-disconnecting if the normalization of C at ¢ is
connected. We then define

Aiyy = {[C] € M1, | C has a non-disconnecting node} C My,

Ap s :={[C] € My, | C has a node of type S} C M p,

Ap = {[C] € M1, | C has a disconnecting node} C M j,.

Ajr and Ag g are closed, irreducible, codimension-one substacks of Ml,n when |S| > 2, while
Ag = ZSC[n] Ag,s. Thus, we obtain cycles

Airr) AO,Sv A0 € Al(ﬂl,n)'

Since the deformation space of a node is regular, these substacks are Cartier, and we obtain line
bundles

5irr7 50,57 do € Pic(ﬂlm)-

Now let us define the analogous tautological divisor classes on M (m). We define A\, 1, . . .,
Yn, 1 € Pic(M; ,(m)) by precisely the same recipes as for M, ;. Similarly, we define reduced
closed substacks of M ,,(m):

Airy = {[C] € M1 ,,(m) | C has a non-disconnecting node or non-nodal singularity},
A(),S = {[C] S ﬂl’n

(m) | C has a node of type S},
(

m) | C has a disconnecting node}.
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Note that Ay g is non-empty if and only if 2 < |S| <n —m. (The condition |S| <n —m comes
from the requirement that (C, {p;}?_;) have no elliptic m-bridge.)

With this notation, A, Ags, Ao € Mi,(m) are simply the birational images of the

corresponding divisors on M ,,. In particular, they are irreducible and we obtain
Airr, Ag,s, Ag € AN (Myn(m)).
As before, each substack Ag g is Cartier, so we obtain line bundles
0,5, 00 € PiC(ﬂLn(m)).

On the other hand, A, C ﬂln(m) is not obviously Cartier, so we do not immediately obtain
a line bundle &, € Pic(My ,(m)).

Finally, we will abuse notation by using A, ¥, ¥, Ajrr, Ag,s to denote the line bundles and
cycles on M1 ,,(m) and M1 ,,(m)* induced by the canonical isomorphisms [Vis89, Proposition 6.1]

Picg(Mi,n(m)) = Picg(M1,n(m)), Picg(Min(m)*) = Picg(M1,,(m)*),
AgMip(m)) = Ag(Miu(m)),  Ag(Min(m)*) = Ag(Min(m)*).

Note that the normalization of the coarse moduli space of a Deligne-Mumford stack is canonically
isomorphic to the coarse moduli space of the normalization of the stack, so there is no ambiguity
in the definition of M ,(m)*.

It is well known that the tautological classes generate Picg(Mi ), and we have a complete
description of the relations between them. In the following proposition (and throughout this
section), we will use the notation [n] :={S C [n] | i <|S| < j}.

)

PROPOSITION 3.1 (Q-Picard group of M ,,).

(1) Picg(My,,) is freely generated by A and the boundary divisors {5y} Sefny-
(2) The following relations hold in Picg(M,):

5irr = 12/\7
i =X+ Y. dos,
i€S€n)y
Y =ni+ Z ’5’5075.
Seln]y
Proof. See [AC98, Theorem 2.2]. O

We would like an analogue of Proposition 3.1 for Picg(M1,,(m)). Unfortunately, we do not
know whether M, (m) is normal, and this presents a major obstacle. On the other hand,
a description of Picg(M1,,(m)*) follows easily from Proposition 3.1.

PROPOSITION 3.2 (Q-Picard group of My ,(m)*).

(1) The cycle map PicQ(Ml,n(m)*)HA(I@(Ml,n(m)*) is an isomorphism. In particular,
M ,(m)* is Q-factorial.

(2) Picg(My,,(m)*) is freely generated by A and {6075}56[71];17%
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(3) The following relations hold in Picg(M7 ,(m)*):

%’ =+ Z 50,,5’

i€S€n]y™™

p=nA+ > [S]dos.

Selnly™™

Proof. Let U CMUL be the open set parameterizing m-stable curves, and let ¢1M1,n -
M ,(m) be the natural map. Then ¢|y is an isomorphism, and ¢(U) C My ,(m) is precisely
the locus of nodal curves in M1 ,(m). In particular, ¢(U) is smooth and, by Corollary 2.17, the
codimension of M1 ,(m)\¢(U) is two.

Now let V be the maximal open subset on which the birational map M, --+ M1 ,(m)* is
regular. Since the complement of V' in M1, has codimension two, Proposition 3.1 gives

A(IQ(V) = A(IQ(MI,H) = Q{Airra AO,S 1S € [n]g}

Evidently, U C V' and the codimension-one points of V\U are precisely the generic points of the
divisors {Ag,s: S € [n])_,, 1} Thus, we have an exact sequence

Qo055 € (i1} — AL(V) = AL(T) = 0.

Since all boundary divisors are linearly independent in A(b (Hlyn), the map on the left is injective.
Thus,

A(IQ(U) ~ Q{Airra AO,S 15 C [n]gfm}

Since ¢|¢s is an isomorphism, and the normalization map M1 ,,(m)* — M1 ,,(m) is an isomorphism
over ¢(U), we have

AG(M 10 (m)*) = Ag(o(U)) = Q{Aiw, Ags : S C [n]5 ™}
Now consider the map
Picg(M1n(m)*) — A}@(Mln(m)*)

It is injective since Mln(m)* is normal. To show that it is surjective, it suffices to see that
do,s maps to Agg and 12X maps to Aj,. This can be checked after restriction to ¢(U) since
the complement has codimension two. But, since ¢|y is an isomorphism, these follow from the
corresponding statements on M1 ,,. Similarly, the stated relations can be checked after restriction
to ¢(U), where they follow from the corresponding relations in Picg(M7,,). O

Remark 3.3. While we do not know whether Ay, € A*(M;,(m)) is Q-Cartier, the proof of
Proposition 3.2 shows that the cycle Ay, € Al(ﬂlm(m)*) is Q-Cartier with associated line
bundle 12\.

3.2 Intersection theory on one-parameter families

If (f:C— B,{o;}]~,) is an n-pointed m-stable curve over a smooth curve B, we obtain a
classifying map

c: B — Mj,(m),

)
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and we wish to compute the intersection numbers
A B:=degp '\,

;- B :=degp ",
do,s - B :=degp c*do,gs,

in terms of the geometry of the family. Evidently, 1; - B and dyg s - B may be computed by
standard techniques: v; - B is —o? and do,s - B is the number of disconnecting nodes of type S
in the fibers of f, counted with multiplicity. Furthermore, since the limit of a node of type S is
a node of type S in any family of m-stable curves, the case where B C Ay s is handled in the
usual way: normalizing C along the locus of nodes of type S and letting 71, 7 be the sections
lying over this locus, we have &y g - B =7{ + 75.

In this section, we explain how to compute A- B for arbitrary one-parameter families of
m-stable curves. First, we consider the special case where the classifying map c¢: B — M; ,(m)
factors through one of the equisingular boundary strata &, i.e. when every fiber of f has an
elliptic [-fold point. In this case, we compute A - B as a certain self-intersection on the surface
obtained by normalizing along the locus of elliptic [-fold points (Proposition 3.4). Then we use
stable reduction to reduce the general case to this special case (Corollary 3.7).

Case 1. ¢: B— M ,(m) factors through a boundary stratum & (I > 1).

Since f:C — B has a unique elliptic [-fold point in each fiber, f admits a section 7 such that
7(b) € Cy is an elliptic I-fold point for each b € B. Let 7 : C — C be the normalization of C along
7, and let 71, ..., 7 by the sections lying over 7.

PROPOSITION 3.4. With notation as above, \ - B =72 for any i € {1,...,1}.
Proof. Consider the sheaf homomorphism 7.7, — @ézlﬂ* Jz,, whose restriction to the fiber over
b € B is just the map

M)/ qu-(b) - @ﬁzﬂ%(b)/ m%(b) :
Since 7(b) € Cy is an elliptic I-fold point, [Smyll, Lemma 2.2(1)] implies that this map has a
one-dimensional quotient. Since this holds on every fiber, we have an invertible quotient sheaf
%, defined by the exact sequence

T — Ol T (I) = L — 0.
[Smy11, Lemma 2.2(2)] implies that each composition
Ti*']f'i - @ézlfi*jﬁ' —Z

is nowhere vanishing. Since 7' .#;, and .Z are invertible, these must be isomorphisms. Thus, we
have

1/%‘ = 7:;‘%7:\1'/ = $V7
for each i€ {1,...,l}. Note that since f:C— B is a family of genus-zero curves, we have
c1(Tawg / ) = 0. Thus, to prove the proposition, it suffices to show that

c1(mwwe/B) = cl(fr*wé/B) +c(ZLY).

To prove this formula, we must recall some facts about the dualizing sheaf of an elliptic m-fold
pointed curve. If C' is a complete curve with an elliptic /-fold point ¢ € C, 7:C' — C is the
normalization of C' at ¢, and q1, ..., q € C are the points lying above ¢, we may compare w¢

1864

https://doi.org/10.1112/50010437X11005549 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X11005549

MODULAR COMPACTIFICATIONS

and wg as follows: for any section w € wx(2q1 + - - - + 2qp), let (w) : @ﬁzmqi/mi — k denote the
linear functional induced by

l
f— Z Res,, (fw), fed_myg.

i=1

In [Smy11, §2.2], we showed that we C mews(2q1 + - - - 4 2¢p) is precisely the subsheaf of sections
satisfying:

(a) 22:1 Resg, w = 0; and
(b) (w) € Ker(®]_, (mq, /m3)" — (mq/m5)").

We make use of this observation by considering the following two-step filtration for f.we,p:

f*w(f/B C f*WC/B N f*wé/B(ﬁ +---4+7)C f*wc/B N f*wé/B(Qﬁ +--427) = f*wc/B-

Define A and A’ to be the quotients of this filtration, i.e.

0 — fuwg)p — Frweyp N fuwg (T + - +7) = A =0,

0— f*wC/B N f*wé/B(ﬁ +o47)— f*WC/B —A—0.
It suffices to show that c¢1(A’) =0 and c;(A) = ¢1(Z"Y). To check that c¢;(A’) =0, consider the
sequence

0— f*w(f/B — f*wé/B(%l + 47— @ézlﬁB,
where we have used the canonical isomorphism we, (7i)|# ~ 0% coming from adjunction. Since
the map f*w(g / g1+ +7)— @®l_,Op is given by taking residues, condition (a) implies that
A’ lies in an exact sequence
0—A—al_0p— O —0,
where ®!_, 05 — Op is given by summing sections. Thus, ¢;(A’) = 0.
To check that c1(A) = ¢1(£"), consider the sequence
0— f*wé/B(%l 4+ o4 ﬁ) — f*wé/B(Qﬁzl 4+ o4 2%1) — @{L:lﬁ*f%/,

where we have used the canonical isomorphism wg, 5(273)|7 =~ F |z coming from adjunction.
Now condition (b) implies that A is simply the kernel of the map

BT I = (7)Y =0,
ie. A~ 2V as desired. O
Ezample 3.5. Recall that the connected components of & are parameterized by partitions of [n]
(Proposition 2.16). Given a partition ¥ = {51, ..., S}, with 51, ..., Sk satisfying |S;| > 2 and
|Sk+1| =+ - - =|Si| = 1, the associated connected component . is simply the projective bundle
P(r @ - S Yr) — Mo,\sl|+1 X X MO,\Sk|+1-

Let B=P! be a generic fiber of this projective bundle and let (f:C — B, {o;}";) be the
associated family of m-stable curves. We will compute the intersection numbers ¢; - B, do s - B,
and A - B for this family.

Unwinding the construction of £y in Proposition 2.13, we find that C — B can be explicitly
described as follows. For each i =1, . . ., k, choose a point z; € P! and a smooth genus zero stable
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curve (Cj, {p]}gill, gi), and let

C; = Blow-up of C; x P! at (g;, 2).

Let {J]}‘]@l and 7; be the strict transforms of the sections {p;} x P! and {¢;} x P!, so that we
obtain a family of (|.S;| + 1)-pointed genus zero curves (C; — B, {0;}jes,, Ti)-
In addition, fort =k +1,...,1, let

Ci:=P(Op, ® Op,(1)) — B=P!

and label a pair of disjoint sections with self-intersections 1 and —1 by o;, (j € S;), and T,
respectively, so that we obtain a two-pointed family of genus-zero curves (C; — B, {0} jes;, Ti)-

The family (C — B, {o;}};) is constructed by gluing {C;}!_, along the sections 71, ..., 7.
The gluing data corresponds to a one-dimensional quotient of the vector bundle 695:17';‘ Oc,(—7),
which is constructed as follows. For each i=1,...,[, we have an isomorphism 7,0, (—7;) ~
Op(1) and taking the direct sum of these maps gives the quotient ©'_, 77 0, (—7;) — Op(1) — 0.

Since the sections 7, ..., 7 lying above the locus of elliptic [-fold points each have self-
intersection —1, Proposition 3.4 implies that A - B = —1. The remaining intersection numbers
are apparent from the construction:

B =1,

1 ifSe{s,...,S
50 - B— 1 S { 1, ) k})
' 0 otherwise,

-1 ifie{s ..., S
'lsz: IZE{‘k—&-lu ) l})
0 otherwise.
Note that neither A nor 1; is nef on M ,(m), whereas both are nef on My .

Case 11. ¢: B — M »(m) does not factor through any boundary stratum &;.

We reduce to Case I as follows: suppose that the generic fiber of C — B contains an elliptic
[-fold point. (If the generic fiber is smooth or nodal, take [ =0.) Outside a finite set of fibers,
(f:C— B,{o;}},) is l-stable, so (after a finite base change) there exist a family of [-stable
curves (g:D — B, {0;} ;) and a birational map D --»C over B. We obtain a commutative

diagram
B
Y
ﬂl,n(l) —————— >M1,n(m)

where ¢; is the classifying map associated to the [-stable family and c,, is the classifying map
associated to the m-stable family. We will use the notation

A B = degg i\, A -B:=deggciA,

Y™ B = degp chyth, Y- B = degp i,

0g" - B := degp ¢y, 00, 56 - B := degp ¢; .

Since the boundary stratum & C M (1) is closed, the image ¢;(B) lies entirely in & and we
can compute A - B as in Case I. The intersection numbers we are after are A™ - B, so we are left
with the problem of computing the difference A™ - B — A! - B. We will explain how to compute
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this difference in terms of the explicit sequence of blow-ups and contractions that transforms the
fibers of D — B into the fibers of C — B.

For simplicity, let us assume that the generic fiber of C has no disconnecting nodes, and that
D and C are isomorphic away from the fiber over a single point b € B.

CrAM. There exists a diagram

Bo B
2NN 2N
Co C Cs e
satisfying:
(1) Co — D is the desingularization of D at the disconnecting nodes of Dy;

(2) Cx — C is the desingularization of C at the disconnecting nodes of Cy;

(3) p; is the blow-up of C; at a collection of smooth points of C;, namely the marked points of
the minimal elliptic subcurve of (C;)p;

(4) q; is a birational contraction with Exc(q;) = E;, where F; is the minimal elliptic subcurve

of (Bz)b

(Recall that the minimal elliptic subcurve of a Gorenstein genus one curve C' is the unique con-
nected genus one subcurve E C C such that E has no disconnecting nodes [Smy11, Lemma 3.1].)

Proof. This diagram is constructed precisely as in the proof of the valuative criterion for My ,,(m)
(see [Smyll, Theorem 3.11 and Figure 5]). For the convenience of the reader, we recall the
argument. Given C;, we may certainly blow up along the collection of marked points of the
minimal elliptic subcurve of (C;); to obtain p;. To construct g;, it suffices by [Smy11, Lemma 2.12]
to exhibit a nef line bundle on B; which has degree zero precisely on the minimal elliptic subcurve
E; C (B;)p- One easily checks that the line bundle wg, /5 (F; + 2%} 0;) satisfies this condition.

It only remains to check that, after finitely many steps, we arrive at the desingularization
of the m-stable limit. To see this, one first checks (as in Step 2 of the proof of [Smyll,
Theorem 3.11(1)]) that the contraction ¢; replaces FE; by an elliptic l;-fold point, where
l; :==|E; N Ef|, and that the number of disconnecting nodes in C;; is less than the number
of disconnecting nodes in C;. This implies that after finitely many steps, we arrive at a special
fiber of C; 41 which has no elliptic j-bridge (7 < m) and has only nodes and elliptic j-fold points
(j <m) as singularities. Letting Cx — C denote the morphism obtained by blowing down all
semistable chains of Pls, one checks (as in Step 3 of the proof of [Smyl1l, Theorem 3.11(1)])
that the special fiber of C is m-stable. By uniqueness of m-stable limits, the resulting family of
m-stable curves must be the family (C — B, {o;}I'_;). O

Fixing a diagram as above, let F; be the minimal elliptic subcurve of the fiber (C;)s, and
define
ni = |{oi | 0i(b) € Fi}|,
m; = |FZ N (Cz)b\Fz|7
l; :=n; +m;.

We call [; the level of the minimal elliptic subcurve F; C (C;)p. With this notation, we can
record formulae not only for the difference \™- B — A\ - B, but also for ¢™ - B — ¢! - B and
sm-B -4, B.
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ProrosiTiON 3.6. With notation as above, we have
N B-\.B=k,

k—1
Wt Byl B=)
=0

k—1
0" -B—04-B=—>_my,
=0
-1
(™ =6 - B— (' —&)-B=>Y L
=1

Proof. Let ¢g' denote the structure morphism ¢° : C; — B and h* the structure morphism A’ : B; —
B. For the first formula, we must show that

Cl(f*WC/B) = Cl(g*wD/B) + k.
Note that since the desingularization maps Cy — D and Cy — C are obtained by resolving
Aj-singularities, we have
gswp/p = gowey/Bl,
fuwe 5 = ghwe, 5.
Thus, it is enough to show that for each i =0,...,k — 1,
Cl(gi+1wci/B) =c (giwcifl/B) +1.

Let Ry,..., Ry, be the exceptional divisors of the blow-up p; and let E; be the exceptional
divisors of the contraction g;, i.e. the minimal elliptic subcurve of (B;),. We claim that

p;we,/B = wp,/B(—XR;),

Q;:kwci+1/3 = wBZ/B(El)

The first formula is clear since p; is a simple blow-up. For the second formula, note that
q;wei, /B =wp,/B(D), where D is the unique Cartier divisor supported on FE; such
that wg,/p(D)|E; =~ OF,. Clearly, D = E; since wg, /p(E:)|r, ~wp, ~ Op,. From these formulae,
it follows that

giwe, B = hiws, B,
9o we,, /5 = hlws, 5 (E;).
Thus, to compare gtwei /B and g wein /B, we consider the exact sequence on B;:
0— wp, /B —ws,/B(E:i) = Op, — 0.
Pushing forward, we obtain
0 — hiwg,/p — hlwg, p(E;) — hi0g, — 0,
where we have used the fact that the connecting homomorphism hi &, — thiwlgi /B 18 zero,
since hiOp, ~ k(b) is torsion, while thiwlgi /B is locally free. We conclude that

c1(hiwp, /) = c1(hlwg, p(E;)) + 1,
which implies that

ci(giwe, /) = c1(9s ™ we,, /B) + 1,
as desired.
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To prove the formula relating ¢! - B and ¢™ - B, let us define {UZ }, to be the strict
transform of the sections {o;}?_; on C;. Since the desingularization maps Cy — D and C, — C
are isomorphisms in a neighborhood of the sections and hence do not affect the sum of the
self-intersections, we have

=1
n
W™ B == (o))
i=1
Thus, it suffices to show that for 7 =0,1,...,k—1,
n n
- .
DAL DT
i=1 i=1

To see this, simply note that the blow-up p; is supported along n; marked points, and the self-
intersections of the strict transforms of the corresponding sections each decrease by one. On the
other hand, the contraction ¢; is an isomorphism in a neighborhood of the sections and hence
does not affect their self-intersections.

To prove the formula relating 66-B and 65"+ B, let us define §° to be the number of
disconnecting nodes in the fibers of C; — B. Since the desingularization maps Cy — D and C, — C
introduce d — 1 nodes into the special fiber for each node counted with multiplicity d in (56 - B
and dg" - B, respectively, we have

oh-B =0,

o - B =6k

Thus, it suffices to show that for i =0,1,...,k — 1,
Sl — 5t = —my.

To see this, note that the blow-up p; introduces n; disconnecting nodes into the special fiber,
but the contraction ¢; absorbs n; + m; disconnecting nodes into an elliptic (n; + m;)-fold point.
Thus, there are m; fewer nodes in (Ci11)p than in (C;)p.

The final formula is an obvious consequence of the preceding two. O

This analysis clearly extends to the case when D --» C is an isomorphism away from multiple
fibers, since we can perform the necessary blow-ups and contractions on each fiber individually.

COROLLARY 3.7. Suppose that (f :C — B, {o;}!",) is a family of m-stable curves and (g : D —
B, {oi}") is a family of [-stable curves with | < m. Suppose that the generic fiber of f has
no disconnecting nodes, and that there is a birational morphism D --+ C, so that D and C are
isomorphic away from the fibers over by, ..., b; € B. Then we have

t
A B=M-B+> &,
=1
t ki

(™ =65 - B= (' =50 - B+ > L,

i=1 j=1
where k; is the number of blow-ups/contractions required to transform the fiber Dy, into Cy,,
and l;; is the level of the elliptic bridge contracted in the jth step of this transformation.

Proof. Immediate from Proposition 3.6. a
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4. Proof of main result

4.1 The birational contraction ¢ : M1, --+ M1 ,(m)*
Recall that a birational contraction is a birational map ¢ : X --+ Y between normal proper

algebraic spaces, such that Exc(¢~!) has codimension >2. The exceptional divisors of ¢ are the
divisors on X whose birational image in Y has codimension >2.

LEMMA 4.1. ¢: My, --» My ,(m)* is a birational contraction with exceptional divisors
{05} sefnr

n—m-+1 :

Proof. Consider the commutative diagram.

- ¢ - "
Ml,n - = Ml,n(m)

~N
~N s
N
A

Ml,n (m)

Let & C My,(m) denote the locally closed subspace parameterizing curves with an elliptic
[-fold point. Since an m-stable curve is stable if and only if it is nodal, the open set
U:=Mi,(m)— Uﬁll & parameterizes stable curves, so (o ¢)~![y is an isomorphism. Thus,
Exc(¢™!) c UL, 7= 1(&). Since 7 is finite, |, 771 (&) has codimension >2 by Corollary 2.17.

To see that Exc(¢) C {AD:S}SG[”]Z—mH’
{Ao,s} Sefnn—™ corresponds to an m-stable curve, so that ¢ must be an isomorphism at this point.

simply observe that the generic point of each divisor

Conversely, the generic point of each divisor {Ag g} Semlr_ i is not m-stable and is replaced by

an m-stable curve with an elliptic [-fold point, where [ = n — |S| 4 1. Thus, the birational images
of {AO,S}SE[nm,mH are contained in [J*; 7~ 1(&;), which has codimension >2. O

In order to make calculations with test curves, it will be necessary to have a precise description
of the locus on which ¢ is regular. The following lemma gives a useful tool for determining this
locus.

LEMMA 4.2. Suppose that ¢ : X --+Y is a birational map of proper algebraic spaces with X
normal, and suppose that U C X is an open subset such that ¢|y is an isomorphism. If x € X is
any point, then ¢ is regular at x if and only if there exists a point y € Y such that the following
condition holds.

For any map t: A — X satisfying:
(1) A is the spectrum of a discrete valuation ring with generic point n € A and closed point
0eA;
(2) t(n) €U;
(3) t(0) ==,
the composition ¢ ot: A —Y satisfies ¢ o t(0) =y. (The composition ¢ ot is regular, since Y is
proper.)

Proof. The existence of a point y € Y satisfying the given condition is clearly necessary for ¢ to
be regular at z. We will prove that it is sufficient. Consider a resolution of the rational map ¢.

w
N
X---2- >y
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We may choose the resolution so that W is normal and p and ¢ are isomorphisms when restricted
to p~1(U).

We claim that p~!(z) C ¢~ (y). Given any point w € p~1(z), the fact that p~1(U) C W is
dense implies that there exists a map ¢ : A — W such that ¢(n) € p~}(U) and ¢(0) = w. Clearly,
the composition p ot satisfies the conditions (1), (2), and (3), so our hypothesis ensures that
popot(0)=qot(0)=yeY. Thus, we ¢ (y), as desired.

Now, if Y is normal, then g factors through p (locally around p~!(x)) and we are done. If Y is
not normal, let 7:Y — Y be the normalization of ¥ and let 7Y y)={y1,...,Ym}. Since W
is normal, ¢ factors through 7, say g=mo ¢, and ¢ 1 (y) =G Y(y1) U--- UG *(ym). By Zariski’s
main theorem, p~!(x) is connected, so the above argument gives p~!(z) C ¢~ !(y;) for some i.
Thus, ¢ factors through p and QNS : X -=> Y is regular at z € X with qg(ac) =y;. Since 7 is regular
at y;, the composition ¢ =7 o b is regular at x, as desired. O

COROLLARY 4.3. The birational map ¢ : My, --+» M1 ,(m) is regular at [C, {p;}"_,] € M1, if
and only if [C, {p;}I'_,] satisfies one of the following conditions:

(1) [C,{pi}izi] & Ao,s for any S € [n];_,, . 1; or

(2) C has only one disconnecting node.

Proof. If [C, {pi}i] € Ao,s forsome S € [n];:_, ., then [C, {p;}]-,] is m-stable, so ¢ is obviously
regular in a neighborhood of [C, {p;}~]. Thus, we may assume that [C, {p;}I~] € Ao,s for some
S e [n];_,, ., and that C has exactly one disconnecting node.

By Lemma 4.2, it suffices to show that there exists a point [C’, {p/}",] € M1, (m) with the
property that, for any map ¢ : A — My, such that ¢(n) € M, and ¢(0) = [C, {p;}",], we have
¢ ot(0)=[C", {p;}r_,]. Write

(C Apiticy) = (B Apitiepps: @2) | (P {pities, o),

q1~q2

where E and P! are the two connected components of the normalization of C at its
unique disconnecting node. Now let (C’, {p;}" ;) be the unique isomorphism class of elliptic
(n —|S| 4+ 1)-fold pointed curves with normalization equal to

( 1T (Pl,pi,qi)> I @' {pi}ics, ),

i€[n]\S

where (P!, p;, ¢i) ~ (P, 0, 00) and we identify q1 U {g;};ejnp\s to form an elliptic n — |S] 4 1-fold
point. Note that, by Corollary 2.7, the attaching data for this elliptic n — |S| + 1-fold point is
uniquely determined. We claim that [C”, {p/}"_,] € M1, (m) satisfies the desired condition.

Given amap ¢ : A — M, such that t(n) € My, and t(0) = [C, {p;}"_,], we may assume (after
a finite base change) that ¢ corresponds to the smoothing (C — A, {o;}";) and it suffices to show
that the m-stable limit of the generic fiber C, is [C’, {p;}}_,]. To check this, we use the explicit
algorithm for finding m-stable limits as described in [Smyll, Theorem 3.11]. When the total
space of C is smooth, the m-stable limit is produced simply by blowing up C at the marked
points on E and contracting the strict transform of E, which precisely gives [C”, {p/}},]. If C
has an Ay singularity at the unique disconnecting node of C, the m-stable limit is produced by
desingularizing C at this point, and repeating this blow-up/contraction process k + 1 times. We
leave it to the reader to check that the result is again simply [C”, {p/}I ,].
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To see that if [C, {p;}?,] € M1, fails to satisfy (1) and (2), then ¢ is not regular at
[C, {pi}}_,], it suffices to exhibit two smoothings of [C, {p;}}~,] which have different m-stable
limits. We leave this as an exercise for the reader. O

COROLLARY 4.4. Suppose that [C, {p;}"_,] € M1, satisfies:

(1) C € Aq,s for some S € [n]y_,, . 1;

(2) C has exactly one disconnecting node.

If we write
(CApiYim) = (B, piticpps: @) | B {pities, @),
q1~q2
then ¢([C, {pi},]) =[C", {p;}1], where (C',{p,}?_,) is the unique isomorphism class
of elliptic (n — |S|+ 1)-fold pointed curves with normalization equal to (P!, {p;}ics,q1)U
[Licpp s (P pis @2)-

Proof. Immediate from the proof of the preceding corollary. a

COROLLARY 4.5. The birational map ¢ : My, (m — 1) --» M1 ,(m) is regular if and only if
m=1orm=mn—1.

Proof. If m =1, then any m-stable curve evidently satisfies condition (1) in Corollary 4.3. If
m =mn — 1, then any m-stable curve has at most one disconnecting node, i.e. any m-stable curve
satisfies condition (2) in Corollary 4.3. On the other hand, if 2 < m < n — 2, then the reader may
easily check that there exist m-stable curves which fail to satisfy both (1) and (2). O

Since ¢ : M1, --+ M1 ,(m)* is a birational contraction, push forward of cycles and pull back
of divisors induce well-defined maps:
¢x s N'(M1p) — N (Mypn(m)*),
¢* : NY (M, (m)*) — NY(M,,),
where N1(X) denotes the Q-vector space generated Cartier divisors moduli numerical

equivalence. Since N'(My,) and N*(My,(m)*) are generated by the classes of the boundary
divisors (Propositions 3.1 and 3.2), the following proposition determines ¢, and ¢* completely.

PROPOSITION 4.6. For the birational contraction ¢ : My, --+ M1 ,(m)*, ¢. and ¢* satisfy the
following formulae:

Qo5 = Nos (S€n];™™),

&« Airr = Airr,

¢*Nos =Nos (S€[ny™™),

¢ Aipr = Airr + Z 12A¢,5.

Senly 1

Proof. The push forward formulae are immediate from the definition of Ay g and Aj.,. For the

pull back formulae, note that since ¢ has exceptional divisors {onT}Te[nm_mH? we may write

¢*Airr = Ajr + Z aTAO,Ta (T)
Te[n]

n
n—m-+1
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¢*Nos=0os+ > briog, (1)
S L
for some coefficients ap, by. We will prove that ap =12 and bp =0 by intersecting with an
appropriate collection of test curves.

Fix T € [n]_,,.1, and define a complete one-parameter family of n-pointed stable curves as

follows: let (C; — Br, {az}mﬂ) be a non-constant family of (|7'| 4+ 1)-pointed stable curves of
genus one, with smooth general fiber and only irreducible singular fibers. The existence of such
families follows from Corollary 4.13 in §4.2. (The reader may verify that this proposition is not

invoked in the proof of any intermediate results.) Let o1, ..., 017 be labeled by the elements
of T', and consider op|4; as an attaching section. Next, let (Cg — Br, {mi}i. 1‘T|+1) be a constant
family of smooth rational curves over By with n — |T'| + 1 constant sections. Let 71, ..., 7,7
be labeled by elements of [n]\T, and consider 7,71 as an attaching section. Gluing C; to Cz
along o741 ~ Tp—|7|4+1, We obtain a family of n-pointed stable curves over By. We claim that

the curve Br C Ml,n satisfies:

(1) ¢
(2) Br is contracted by ¢;
)

( A1rr BT—_12(A0T BT)
(4) Agg-Br=0if S£T.

is regular in a neighborhood of Br;

Part (1) follows from Corollary 4.3, since each fiber of the family has only one disconnecting node.
Using Corollary 4.4, one sees that each point of By is mapped to the same point in Hlm(m), and
(2) follows. Part (3) is a standard calculation using the relations in Picg (M7 ,) (Proposition 3.1),
and (4) is immediate from the construction. Intersecting both sides of (1) and (f) with the test
curve By gives ar =12 and by = 0, as desired. O

We can use our formulae for ¢, and ¢* to compare section rings on M, and M ,(m)*.

PROPOSITION 4.7. R(Mp, D(s)) = R(M1,(m)*, ¢.D(s)) if and only if s <12 —

Proof. Tt suffices to show that ¢*¢,D(s) — D(s) > 0 if and only if s < 12 — m. Using the relations
in Picg(M1,,) (Proposition 3.1), we have

‘ (n+s—12)
D(S) = SA +¢ - A= TAirr + Z (|S‘ - 1)A0,S‘
Seln]y
Using the formulae of Proposition 4.6, we have
(n+s-12)
¢« D(s) = 12 Ay + Z (1S -1 A() S
Seln)y™
" n-+s—
59.0(s) = 121D o Amt D, (SI-DAos+ Y (n+s—12)Ags,
Sefn)p—m SeMR i1
Thus,
D(s) - ¢*¢.D(s)= > (IS|+11—n—s)Ags.
Semln_ 11
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Since |S| =n—m+ 1, we have D(s) — ¢*¢.D(s) >20<=12—m — s> 0. Thus, s <12 —m if
and Only if R(Ml,nv D(S)) = R(Ml,n(m)*a Cb*D(S)) o

4.2 Ample divisors on M1 ,(m)
In this section, we prove that M ,(m) is projective. More precisely, we show that
¥ — 6o — s\ is ample on My ,(m) if m <s<m + 1.

In conjunction with the discrepancy calculation of Proposition 4.7, this will allow us to prove our
main result (Corollary 4.14). Our proof of ampleness proceeds via Kleiman’s criterion, i.e. we
will show that the given divisors have positive intersection on all curves in M ,(m). We begin
with two preparatory lemmas.
LEMMA 4.8. (1) A is nef on M1 .

(2) ¢ — & is ample on M.

(3) ¢ — 8o — X is nef on My y,.

(4) s is nef on My, for eachi=1,...,n.

Proof. Parts (1) and (4) are well known. For (2), consider the closed immersion

1 :Mo,n — Mg
defined by attaching fixed curves of genus gi, ..., gn =2 to the n marked points, where g is
chosen so that g1 + - - - + g, = g. By [CHS88, Theorem 1.3], the divisor sA — ¢ is ample on M if
s> 11. Since
A=A,
i*0 =08 — 1,

we conclude that i*(12\ — 6) =12\ + ¢ — § =+ — § is ample on M.

The proof of (3) is similar. Consider the closed immersion

1 Ml,n — Mg
defined by attaching fixed curves of genus gy, . . . , gn = 2 to the n marked points, where g is chosen
so that g1 + -+ g, + 1 = g. Using the same formulae as above and the relation d;,, = 12\ on
M1 5, one checks that

AN+ =) =9 — 5y — A,
so that 1 — §g — A is nef on Ml,n- O

For our second lemma, suppose that (f :C — B, {o;}! ;) is a family of m-stable curves over
a smooth curve B and that every fiber of f contains an elliptic [-fold point, for some [ > 1. Then
f admits a section 7 such that 7(b) € Cp is an elliptic I-fold point for all b € B, and we may
consider the normalization C — C along 7. Let {#}_, be the sections lying over 7, and let S;
be the subset of marked points lying on the ith connected component of the normalization. The

normalization C decomposes as
!

H(Cza 7:Z7 {&]}]651)7

i=1
where each (C;, 7, {Gj}jes,) is a family of semistable genus zero curves over B. If we assume, in
addition, that the generic fiber of C has no disconnecting nodes, then the generic fiber of each C;
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is smooth. In this case, for each i satisfying |S;| > 2, there is a well-defined stabilization map,
i.e. a birational map C; — C; obtained by blowing down the semistable components in the fibers
of C;. Let 77 and & be the images of 7; and ¢; under this map.

Without loss of generality, we may assume that the S; are ordered so that ~\SZ-| > 2 for i=
1,....kand [Sgy1]| = |Sg+2| = - - =[S =1. Then, for each i =1, ..., k, each (C}, 77, {7} }jes,)
is a stable family of genus-zero curves over B, so we have a map

c’: B HMQISHH X - X MO,|Sk\+1>
and we may define
Y- B :=degp(c”) Y,
35 - B :=degp(c®)*o.
The following lemma compares the intersection number (¢ — dy) - B with the intersection number
(v* —dp) - B.

LEMMA 4.9. Suppose that (f :C — B,{0;}}'_,) is a family of m-stable curves satisfying:

(1) every fiber of C has an elliptic I-fold point, for some | > 1;

(2) the generic fiber of C has no disconnecting nodes.

With notation as above, we have

(¥ — b)) - B=(y*—65)-B+IX\-B.

Proof. As in the discussion preceding the lemma, we have a diagram

C
VN
s C

where 7 is the normalization of C along 7, and ¢ is the birational stabilization map.

Since 7 is an isomorphism in an open neighborhood of every node and every section o;, 7
does not affect the relevant intersection numbers, i.e. we have

8o - B = #{Nodes in fibers of C} = #{Nodes in fibers of C},
k

k
Y-B=-) ol=-) 3
i=1

i=1
where the nodes are counted with suitable multiplicity.

To analyze the effect of ¢ on these intersection numbers, observe that if R ~ P! is a component
of a fiber of C; contracted by ¢, then R meets the rest of the fiber at a single node and the section
7; passes through R. If the attaching node is an Ag-singularity of the total space, then blowing
down R decreases the number of nodes in C by k (counted with multiplicity), while raising the
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self-intersection of the section 7; by k. Thus,

n !

Y*-B—05-B= —Z(&f)Q — Z(ﬂs)z — #{Nodes in fibers of C*}
i=1 i=1
!

= — Z 52— Z 72 — #{Nodes in fibers of C}
i=1

i=1
l
=¢-B-0-B-)Y (%)
i=1
Applying Proposition 3.4, we see that the last line is equivalent to () —dp) - B — I\ - B, as
desired. O

PROPOSITION 4.10. If s € QN [m, m + 1], then 1) — &y — s\ is nef on My ,,(m).

Proof. Fix s € QN [m, m + 1]. To prove that ¢ — dy — s\ is nef on My ,(m), it suffices to show
that ¢ — dp — sA has non-negative degree on any family of m-stable curves (f:C — B, {o;}";)
over a smooth curve B. We begin with three reductions.

REDUCTION 1. We may assume that the generic fiber of C has no disconnecting nodes.

Proof. We may decompose a generic fiber of C as

C=FURiU---URy,

where E is the minimal elliptic subcurve of C, and Ry, ..., Ry are rational tails meeting F in a
single node [Smy11, Lemma 3.1]. Since the limit of a disconnecting node is a disconnecting node,
there exist sections 71, ..., 7 : B — C such that:

(1) 7(b) € Cy is a disconnecting node for all b € B;
(2) 7i(b) € EN R; over the generic point of B.

Let C — C be the normalization of C along Ule 7;, so that we have

C=€[[R ]I - TIRw

where £ — B is a family of genus-one curves and each R; — B is a family of genus-zero curves.

Mark the two sections of C lying above 7; as 7/ and 77, so that (C, {os}0_y, {7/}, {7/'}Yo )

K2
decomposes as

(57 {Ui}i6507 {Tz'/}i'czl) H (Rl’ {Ui}iesl’ T{/) H T H (Rk’ {Ji}iesk? Tl/c,)’

where {Sp, S1, . .., Sk} is some partition of [n]. Note that (&, {o;}iesy, {7/ }F1) is an (|So| + k)-
pointed m-stable curve, and each (R;, {0i}ies;, 7} ) is an (|S;] + 1)-pointed stable curve of genus
zero. Let ¢g: B — ﬂ1,|50|+k(m) and ¢;: B — m07‘5j|+1 be the corresponding classifying maps,
and define

M- B:=degg ¢,
(¥ =)' - B:=degp ¢ (¥ — o).
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Since the degree of X is zero on any family of genus zero stable curves, we have

k
/\-B:)\O-B+Z)\j-B:)\O-B.
j=1

Furthermore, since (1) — §) is ample on My, (Lemma 4.8), we have

k
(¥ —=060)- B=(—360)"- B+ > (=) - B> (¢ — )" B.

j=1
Altogether, we obtain
(¢p — 69— sA\) - B> (b — 6o — s\)° - B.
Since (€ — B, {0:}iesy, {7/ }F_1) is an m-stable curve with no disconnecting nodes in the generic

fiber, it suffices to prove the non-negativity of ¢y — dg — sA on families of m-stable curves satisfying
this extra condition. O

REDUCTION 2. We may assume that \ - B < 0.

Proof. Using the relations in Proposition 3.2, we have
(=0 —s\)-B= > (IS|=1)ds-B+ (n—s)A-B.
SCln]y ™™
By the first reduction, we have dp g - B >0 for each S C [n];” ™. Furthermore, n — s > 0, since

s<m+1and m<n—1. Thus, if A- B >0, the intersection number (¢ — Jp — sA) - B is non-
negative. O

REDUCTION 3. We may assume that the generic fiber of C contains an elliptic [-fold point, for
somel > 1.

Proof. Since A is nef on My, (Lemma 4.8), Corollary 3.7 (applied with [ =0) implies that
A - B > 0 for any m-stable curve with nodal generic fiber. Thus, by the second reduction, we may
assume that the generic fiber of C contains an elliptic [-fold point, for some [ > 1. O

Now suppose first that every fiber of C contains an elliptic I-fold point. In this case, Lemma 4.9
implies that
(p —00 —sA\) - B=(¢°—465)- B+ (Il —s)\- B,
where (10° — 6§) - B is the sum of the intersection numbers of 1) — ¢ on the families of genus zero

stable curves obtained by normalizing C along the locus of elliptic I-fold points, and stabilizing
the resulting families of semistable curves. By Lemma 4.8(2), (¢* — §;) - B > 0, so

(Y —6p—sA\)-B>(l—s)\-B.
Since I <m < s and X - B <0, this intersection number is non-negative.

It remains to consider the possibility that there is a finite set of points by, . . . , by € B where the
fibers of C acquire elliptic k-fold points with k > [. Since the restriction of f to B — {by, ..., b}
is an [-stable curve, we have a classifying map ¢;: B— M ,(l), an induced [-stable family
(€' — A, {o;}" ), and we set

A Bi=degg ¢,
(v — 50)l - B:=degp ] (v — do).
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In the preceding paragraph, we saw that
(p — 6o — s\ - B> (1 —s)\ - B.
On the other hand, Corollary 3.7 says that

t
AB-N-B=) "k,
i=1

(w - 60) ’ (w 60 : Z Z lz]7

=1 j=1

where it takes k; blow-ups/contractions to transform the I-stable fiber Cllu into the m-stable fiber
Cy,, and [;; is the level of the elliptic bridge contracted at the jth step. Thus, we obtain

t ki
(b —do—sN)-B—(—do—sN'-B=>" 31

i=1 j=1

We have [;; > 1 + 1, since we only contract elliptic bridges of level [ 41, ..., m in transforming
an [-stable fiber to an m-stable fiber. Thus, we obtain

t

t ok t ki
ZZ(%‘ ZZHl—s (l—l—l—s)Zki.

i=1 j=1 i=1 j=1 i=1
Combining the preceding inequalities, we obtain
ki

(¥ — 60— sA) - B = (3 — do — sA)’ B+ZZ

=1 j=1
t

>U=s)N B+ (1—s+1)> k
=1

t

- (l—s)(Al-BJer,-) +) ki,
i=1 =1

t
=(—s)A-B+)> ki
i=1

which is non-negative since [ < m < s and A- B <0. O

To upgrade from nefness to ampleness, we will use Kleiman’s criterion [Kol96, Theorem 2.19].
Unfortunately, Kleiman’s criterion can fail for algebraic spaces [Kol96, Excercise 2.19.3]. Thus,
we must first show that Kleiman’s criterion applies to Mlm(m)* without assuming a prior:i that
M ,(m)* is a scheme.

LEMMA 4.11. Any divisor in the interior of the nef cone of My ,(m)* is ample.

Proof. To show that Kleiman’s criterion applies to Mlm(m)*, we must show that for any
irreducible subvariety

Z C My pn(m)*
there exists an effective Cartier divisor E which meets Z properly [FS10, Lemma 4.9]. Since

M ,(m)* is Q-factorial, it is enough to show that there exists an open affine subscheme of
M ,(m)* meeting Z.
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Let m: My ,(m)* — My ,(m) be the normalization map, and consider the stratification of
M »(m)* induced by the equisingular stratification of My ,(m):

Myp(m)* == (M) [[7 " E) [T [ " (Em):

Using Proposition 4.12 and induction on m, we may assume that M ,(m — 1)* is projective.
Since the open set

(M) [T E) [T+ TT 7 (Em-1) € My n(m)*

is isomorphic to an open subset of Ml,n(m — 1)*, every point has an open affine neighborhood.
Thus, we may assume that Z C 7= (&,).

Evidently, it is sufficient to produce an effective Cartier divisor on My ,(m) which meets
7(Z) properly. w(Z) lies in one of the irreducible components of &,, and, by Proposition 2.16,
these are each projective bundles of the form

PP @ DY) = Mg, 41 X -+ X Mo g, 41-
By construction, the divisor Ag g, C M ,(m) restricts to a hyperplane subbundle

Do, NP1 & -+ @) CP(Y1 & - - - & y,).

If Z meets Ay g, properly, we are done, since some multiple of Ag g, is Cartier. If not, then the
map

A —>p(Z) C M07‘51|+1 X X MO,|S;€|+1

is finite. Since My g |41 X -+ X My 5,41 is affine and dimp(Z) >1, p(Z) must meet some
boundary divisor 7fAg 7, T C S;. Equivalently, Z meets the boundary divisor Ag 7 C My ,(m).
Since some multiple of Ag 7 is Cartier, we are done. O

Now we will upgrade our nefness result to an ampleness result by showing that ¢ — dy — sA
remains ample under a small perturbation by boundary divisors.

ProposITION 4.12. Ifs€ QN (m, m + 1), then v — 6o — s\ is ample on M1 ,(m). In particular,
M »(m) is projective.

Proof. Fix s € QN (m, m+1). It is sufficient to show that 7*(¢) —dp — sA) is ample, where
7 My yn(m)* — My y,(m) is the normalization map. By Proposition 3.2,
Pic(M1,(m)") @ Q=Q{\, dps:S C [n]y "}
Thus, by Lemma 4.11, it is enough to show that there exists ¢ € Q¢ such that
(W —do—s\)+er+ Y esdos

Senly™™

is nef, for any choice of €y,es € QN (—c,c). Clearly, we may pick ¢ small enough that
(s —c¢,s+c¢) € (m,m+1). Replacing s by s + €, it suffices to show that

(P —=do—sN)+ > esbos

Selnly ™™

is nef for any es € Q N (—¢, ¢).
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Since ¢ — &g is ample on My, (Lemma 4.8), we may choose ¢ sufficiently small so that:
(1) e<s/m—1;
(2) (v —dp) + ZSC[k}’g €s00,s is ample on Moh for all 3< k <n and eg € (¢, —c).
Now fix ¢ satisfying (1) and (2), and fix eg € Q N (—¢, ¢). We claim that
(W—0do—s\)+ > esdos
Selnz™™

has positive degree on any one-parameter family of m-stable curves (f:C — B, {o;}" ;). The
proof is essentially identical to the proof of Proposition 4.10, but we will indicate how the proof
needs to be modified at each step.

REDUCTION 1. We may assume that the generic fiber of C has no disconnecting nodes.

Proof. As in the proof of Proposition 4.10, we decompose C=E UR 1 U --U Ry, where £ — B
is a family of m-stable curves whose the general fiber has no disconnecting nodes, and
each R; — B is a stable family of genus-zero curves. By condition (2) in our choice of ¢,
(w—50)+256[n]g—m €sdo,s has positive degree on each of the families R; — B. Arguing
as in Proposition 4.10, we see that it is sufficient to prove the nefness of (¢ —dp — sA) +
ZSE[nE*m 65(5075 on £ — B. O

REDUCTION 2. We may assume that \ - B < 0.

Proof. Using the relations in Proposition 3.2, we have
(W—0o—s\)-B+ >  esbos= Y (IS|—1+es)dos-B+(n—s)A-B.
SClnly™™ SClnly™™

Since |S| > 2 and |eg| < 1, the coefficients (|S| — 1 + €g) are positive. Arguing precisely as in the
proof of Proposition 4.10, we may assume that A - B <0. O

REDUCTION 3. We may assume that the generic fiber of C contains an elliptic l-fold point, for
somel > 1.

Proof. Follows precisely as in the proof of Proposition 4.10. O

Now suppose first that every fiber of C has an elliptic [-fold point. Then Lemma 4.9 implies
that

(W —do—s\) B+ > esdos B=@—6) B+ > esfg B+ (—s)A B
SClnly™™ SClnjz™™
Our choice of ¢ ensures that (¢° —§5) - B + ZSC[n]gﬂn €505 g + B is positive, le.
(W—0o—s\)-B+ > eslos-B>(1—s)\ B.
SC[n]3 ™™

Since | <m < s and A - B <0, the total intersection number is positive.

It remains to consider the possibility that there is a finite set of points b1,..., b € B,
where the fibers of C acquire elliptic k-fold points with k£ >1[. Since the restriction of f
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to B —{by,...,b} is an [-stable curve, we have a classifying map ¢;: B— Mj,(l), and
we set

M. B:=degg ¢\,
Y- Bi=degp 1,
8,5 - B = degp ¢f 5.
In the preceding paragraph, we saw that
(W—3do—sN'-B+ > esdhg-B>0,
SCnj3 ™™
so it suffices to show that
(W—0o—s\)-B—(W—d s\ -B+ >  es(dos-B—6hg-B)=0.
SCnjz™™

The proof of Proposition 4.10 shows that

(W —=0o—s\)-B=(W—06—sN)'-B>(I-s+1)> ki=> k,

i=1 i=1

where it takes k; blow-ups/contractions to transform the [-stable fiber over b; into the m-stable
fiber.

On the other hand, it is easy to see that 0 > dy - B — 56 -B>-—-m 22:1 k;, since each of the
k; contractions used to transform the [-stable fiber over b; into the m-stable fiber over b; absorbs
no more than m nodes. Thus, we obtain

t t t

> es(fos B0 B)=—emY kiz(m—s)Y ki>—Y ki,

where —cm > (m — s) follows from condition (1) in our choice of ¢. Combining the previous two
equations, we obtain

(W—60—s\) - B—(W—3d —s\' B+ >  es(dos-B—5hgB)=>0,
SClnj™™

as desired. O

COROLLARY 4.13. For any n > 1, there exists a family of n-pointed stable curves of genus one
(m:C— B,{0;}!',) over a smooth complete curve B such that the generic fiber of 7 is smooth
and the only singular fibers of w are irreducible nodal curves.

Proof. Since M ,(n — 1) is projective, a general complete-intersection curve B C My ,(n — 1)
will not intersect the codimension-two locus (J;5; &. The induced family (C— B, {oi}jL;)
of (n — 1)-stable curves has no elliptic I-fold points and is therefore stable. Since the only
boundary divisor of Mlm(n — 1) is Ajy, the only singular fibers of C — B will be irreducible
nodal. O

COROLLARY 4.14. Given s € Q and m, n € N satisfying m < n, we have:
(1) D(s) is big if and only if s € (12 — n, 00);
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M, if and only if s € (11, 00),
() I, - Flﬁ”(l) if and only if s € (10, 11],
" M p(m)* if and only if s € (11 —m, 12 —m) and m € {2,...,n — 2},
M, (n—1)* ifand only if s € (12 —n, 13 — n.

Proof. Let us prove (2) first. Since i,y = 12\, we have

D(s):=sA\+1 — 8= (s—12)A + 1 — § € Picg(M1,).
Lemma 4.8 implies that D(s) is ample on My, for s € (11, 00), since it lies in the interior of
the convex hull of A and ¥ — §9 — A. This implies that Min =M, for s € (11, 00). To see that
M‘;n =M ,(m)* for all s€ (11 —m, 12 —m) and m € {1,...,n — 1}, consider the birational
contraction ¢ : Ml,n - Ml,n(m)*. By Proposition 4.7, R(Ml,n, D(s)) = R(Ml,n(m)*, ¢+D(s))
for all s € (11 —m, 12 —m). Using Proposition 4.6, we have

¢+ D(s) = (s — 12)A + ¢ — &y € Pic(M1,(m)").

Thus, Proposition 4.12 implies that ¢, D(s) is ample on M1 ,(m)*. It follows that

R(Myp, D(s)) = R(M1n(m)", ¢D(s)) = M1p(m)",

as desired. Finally, the fact that M}zn_ "™ =M,,(m) if and only if m =1 or m =n — 1 is a formal

consequence of the fact that the rational map My ,(m — 1) --» My ,(m) is regular if and only if
m=1or m=n—1 (Corollary 4.5).

It remains to prove (1). It is clear that D(s) is big for s > 12 — n, since D(s) becomes ample
on a suitable birational model of M7 ,, (for all but finitely many values of s). On the other hand, if
s =12 — n, then we may consider ¢ : My, --+» M1 ,(n — 1)*, and one easily checks that ¢, D(s) =
0€ NY(Min(n—1)*). Thus, Proposition 4.7 implies that H(M ,,, mD(s)) = HO(M1 ,(n — 1)*,
mD(s)) <1 for all m >0, so D(s) is not big. O

4.3 M ,(m) is singular for m > 6

In this section, we use intersection theory to prove that M ,(m) is singular for m > 6. By
Lemma 2.1, the singularities of My, (m) depend only on m, so it is sufficient to prove that
M 7(6) is singular. The main idea is to study the discrepancies of the exceptional divisors of
the regular birational contraction M 7(5) — M1 7(6).

LEMMA 4.15. The canonical divisor of M1, is given by

n—11
Kﬁl’n =——Air + Z (‘S’ - 2)AO,S - AO,[n}'

12
SC[n]5
Proof. A standard application of the Grothendieck Riemann—Roch theorem [HM98, § 3E] shows
that
Kyg,, = 13X =20 + ¢ € Pic(My ).

Using the relations in Pic(Mj,,) to rewrite this in terms of boundary divisors (Proposition 3.1),

we have
n—11
Kyg, =D+ Y (1SI-2)Aps.

1,n
12 ScClnlz
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Finally, the map My, — M, is ramified along the divisor Ay, ], 80 we obtain
n—11
Kﬁl,n = 12 Airr + Z (‘S‘ - 2)A07S - A0,[n]7
SCln]3

as desired. O

The following lemma says that we can detect singularities by studying the discrepancies of
birational contractions.

LEMMA 4.16. Suppose that ¢ : X — Y is a birational morphism of normal, projective varieties,
such that ¢(Exc(¢)) is a finite collection of smooth points of Y. Then the discrepancy of any
exceptional divisor of ¢ is at least dimY — 1.

Proof. Since the question is local on Y, we may assume that Y is smooth and that ¢(Exc(¢)) =p
is a single point of Y. Since the discrepancy of any exceptional divisor E depends only on the
behavior of ¢ around a generic point of F, it is sufficient to prove the lemma after passing to a
resolution of singularities of X, i.e. we may assume that X is smooth. By the universal property
of blow-ups [Deb01, Proposition 1.43], ¢ factors as

bm €m €m—1 €2 €1
X — X, —— X1 X1 Y,

where each ¢; is a blow-up along a smooth center, and the restriction

is birational for each ¢-exceptional divisor E. Thus, for the purpose of computing discrepancies,
we may assume that X = X,,, and ¢ =€, 0---0¢€; is a composition of blow-ups along smooth
centers. Since €; is the blow-up of Y at p, we have

GTKY = KX1 + (dlm Y — 1)E1,

where Fj is the exceptional divisor of €. But, since any other ¢-exceptional divisor E is centered
over B}, its discrepancy must be at least (dim Y — 1). O

COROLLARY 4.17. My ,,(m) is not smooth when m > 6.

Proof. Tt suffices to prove that M; 7(6) is not smooth. Suppose, to the contrary, that M 7(6)
were smooth. Then the coarse moduli space M7 7(6) would be a normal projective variety.
Furthermore, since the finitely many points of Mj 7(6) corresponding to curves with elliptic
six-fold points have no stabilizer, M 7(6) would be smooth at these finitely many points. By
Corollary 4.3, the birational map

¢: My7(5) — M 7(6)

is regular, with exceptional divisors {Agg:S C[7],|S| =2}. Furthermore, if ¢y, : My, --»
M ,(m) denotes the natural birational contraction, Lemma 4.15 and Proposition 4.6 give

—4
KM177(5) = (¢5)*KM1,7 = ﬁAirra

KMI,?(G) = ((bﬁ)*KMl’? = %Airp
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Using Proposition 4.6, we obtain

—4 —4
KM”(@ - ¢*Km1,7(6) = ﬁAirr - QS* <12Airr> =4 Z AO,S-
|1S|=2
Since 4 < 6 = dim M 7(6) — 1, this contradicts Lemma 4.16. We conclude that M 7(6) must be
singular. O
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