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ON FINITE INVARIANT MEASURE FOR
SEMIGROUPS OF OPERATORS

BY
USHA SACHDEVA(Y)

Introduction. Let X be a left amenable semigroup, and let {T,:0c€ X} be a
representation of X as a semigroup of positive linear contraction operators on
L,(X, &, p). This paper is devoted to the study of existence of a finite equivalent
invariant measure for such semigroups of operators. Various necessary and
sufficient conditions have, at times, been given by different authors for the existence
of a finite equivalent invariant measure for a positive linear operator of norm
<1, i.e. for semigroups generated by one operator. The theorems presented in this
paper extend to left amenable semigroups the results already known for the par-
ticular semigroup generated by one operator. Theorem 3.1 is an extension of a
result of Dean and Sucheston [2]. This theorem uses the identification of the
functionals M and m, the supremum and infimum respectively of all the left in-
variant means on Z. The identification of M, and therefore trivially of m, is due to
Granirer [4]. Theorem 3.2 of this paper was proved for powers of a point trans-
formation by Sucheston [11], and was extended to left amenable semigroups of
operators by Lloyd [7]. Using the method of Arens products, Lloyd [7] obtained
something more than this theorem. Here we obtain an exact generalization of
Sucheston’s theorem by another, simple method. The equivalence of conditions
(i), (ii), and (iii) of Theorem 3.3 for powers of an operator was obtained in Dean
and Sucheston [2] and in Neveu [10]. (i) and (iv) of the same theorem, for a point
transformation, were shown to be equivalent by Hajian and Kakutani [6] and
Sucheston [12], and for a left amenable semigroup of nonsingular and measurable
transformations, by Natarajan [8]; see also Hajian and Ito [5]. Part of the proof of
Theorem 3.3 resembles the proof of Lemma 3 of Neveu [10], with a modification
suggested by Granirer’s approach [4]. Finally, in Theorem 4.1, we extend to Markov
kernels the results proved by Granirer [4] for amenable semigroups of point
transformations not necessarily null-preserving.

1. Definitions and preliminaries. If ¥is a semigroup, B(&) denotes the Banach
space of all bounded real-valued functions on &, with supremum norm | f|
=sup;s | f(s)|- Alinear functional g on B() is a mean iff inf; f(s) < (f) < sup.f(s),
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feB(¥). A mean ¢ is called a finite mean iff @=3>}.; -1, for some
>0, >, ¢y=1, and s, € &, where 1, s € &, are the evaluation functionals de-
fined by 1,f=f(s). Let /,(¥) denote the set of all functions § on & such that
s 10(s)] <o0. Clearly, if Q is the natural embedding of /;(%) into its second con-
jugate space B(Y)*, then Q(6)=>; 0(s)l;. Thus a finite mean ¢ can always be
written in the form ¢=>, 6(s)l,= Q(0) for some 6el,(¥#) such that 6(s)=0,
>s 0(s)=1, and 0(s)=0 except for a finite number of s € &. The set of all finite
means will be denoted by F. A mean ¢ is said to be left invariant iff p(L,f)=¢(f)
for all fe B(¥) and a € &, where L, is a left shift defined by (L,f)(s)=f(as). The
right shift R, and the right invariant means are defined analogously. LIM resp.
RIM denote the sets of all left invariant respectively right invariant means on &.
& is left amenable iff LIM # & ; right amenable iff RIM # @ ; amenable iff LIM
NRIM+# . If & is left amenable, we denote, for f € B(¥),

M(f) = sup{p(f): p € LIM}
and

m(f) = inf{p(f): ¢ € LIM}.

If ¥ € B(¥)* is of the form $=27_, B;1;, define L, f=>7_, B,L, f. Clearly, |L,f|
<|¥ll-1f], where ||| =>7_, |Bi is the /;-norm, and | f| is the supremum norm.
We note that ¢(L,f)=¢(f) for every ¢ € LIM and ¢ € F. A net 4, € F is said to be
convergent in norm to left invariance iff lim, |¢,L,—,| =0 for all a € &, where
¥,L, is the mean defined by (Y, Ly)(f) =.(L.f).

Let (X, &, p, &) be given, where &7 is a o-algebra of subsets of a nonvoid set
X, p is a probability measure on (X, /) and & ={T,: ¢ € £} is a representation of a
left amenable semigroup X as a semigroup of positive linear operators on
L,(X, o, p), such that ||T,] < 1. Multiplication in & is defined by T, T,,=T,4,-
A measure p<p is said to be T-invariant iff Tu=p, where T is the measure de-
fined by (7} u)(A)=f 4 T(du/dp) dp, A € . nis F-invariant iff p is T,-invariant for
cach o €XZ. An fe L, is said to be a positive fixed point for & iff T,f=f for all
geX, and p{f>0}=1. Thus p, equivalent to p, is a finite S-invariant
measure iff du/dp is a positive fixed point for &.

2. Identification of M, m; and a theorem of Day. Theorems 2.1 and 2.2, due to
Granirer [4] and to Day [1] respectively, are stated here without proof.

THEOREM 2.1 (Granirer). Let & be a left amenable semigroup, and let ., € F be a
net converging in norm to left invariance, i.e. lim ||y, L, —,] =0 for all a € &, then

M(f) = inf sup (Lyf)(s) = lim sup (L, f)(s).
COROLLARY 2.1. Under the same assumptions as in Theorem 1.1, we have

m(f) = sup inf (Lyf)(s) = lim inf (Ly, /)(s)-
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THEOREM 2.2 (Day). Let & be a left amenable semigroup. Then there exists a net
i, € F such that lim, ||, L,—,| =0 for all ae &.

THEOREM 2.3. Let ¥ be a countably generated left amenable semigroup. Then
there exists a sequence Y, € F such that lim, |$,L,—,| =0 for allae &.

Proof. Let {s;:i=1,2, 3,...} be a countable set of generators for the semigroup
. Since [¥Laoyoy =] < [WLarLay—$Las)| + IV Loy =] < [$Lay — ] + [$Loy — ] for
each ¢ € Fand ay, a; € & and each a € & is a product of s;’s, it suffices to prove that
there exists a sequence ¢, € F such that lim, |[,L,,—4,]=0 for i=1,2,3,.... By
the previous theorem, there exists a net ¢, € F such that lim, ||p,Ls,—.| =0 for
each i. Therefore there exist «, ; such that a>e, ; implies that |p,Ls,— .| <1/n.
Let B, be such that B,>«, ; for 1<i<n. Then @z Ly, —¢s,||<1/n for 1<i<n.
Therefore lim,, ||ps,Ls,— ¢z, =0 for i=1, 2, 3, . ... That concluded the proof of the

theorem.

3. Finite invariant measures for left amenable semigroups of L;-operators. In this
section, X is assumed to be a left amenable semigroup and ¥ ={T,:0c€X} is a
representation of X as a semigroup of positive linear contraction operators on

Ll(X’ d: p)'

THEOREM 3.1. Let & ={T,: o € X} be a countably generated left amenable semi-
group of positive linear contraction operators on L,(X, &7, p). If there exists a positive
fixed point for &, then the T, are all conservative and for each A € £, all the left
invariant means on |, T,1 dp coincide. Conversely, if T¥1=1 for each ¢ €Z, and
if for each set A € s/, all the left invariant means on [, T,1 dp coincide, then there
is a positive fixed point for <.

Proof. Assume that f; is a positive fixed point for &. Then T, are all conserva-

tive, since {3 T% fo =00} ={f,>0}=X for all 0. We are to show that ¢,([, 7,1 dp)
=¢o([, T,1 dp) for every pair ¢, p;€ LIM. Let p(A)=o([, T,1dp), i=1,2.
Then, as in the case of cyclic semigroup (see [2, p. 8]), we obtain that pu,, n, are
&-invariant measures. Clearly p,«<p; to show that p<p;, we let fi=du,/dp. Let
Io={A: T¥1,=1,}, F=Nyex Fo={A: T¥1,=1, for all 6 €Z}. Then the sets in
J, are of the form {3, T¥f=00}, fe LT (see [9, p. 196]). Also, 4 € £ implies that
pi(A)=p(A)=ps(4). If 4,={f;=0}, then Af={f;>0}={3; T5f;=00}€ S, for all
ceX. It follows that TF1,.=1, and thus Tj)1,=T71-TF1,=1—1, for all
o€Z, ie. A4;e€f. Therefore p(4)=pm(4)=][, fidp=0, ie. p{f;>0}=1. Hence
f1, f> are positive fixed points. By Chacon-Ornstein theorem,

R AP

f_z B :Z: T’o'cf.Z E(f2 | ‘fd)

a.c.
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Therefore f,/f, is #,-measurable for all ¢ € and hence f-measurable. Consider
the space L,(X, &, pg);

fi f dp/dp
f2 Ha dl-lvz/dp 2 nu“l( )

implies that fi/f; € L,(X, &, py). This and the fact that f/f, is S-measurable
further imply that E(f1/f; | #)=/f1/f2, Where p, is the measure in view while taking
conditional expectations. But 4 € # implies that p,(4)=p.(4), thus

h fdﬂl/@ f
A 2 4+ dpo/dp pe = p(4) = pa(4) 4 (o)

which shows that f;/fo=1 a.e. (ug). Since p,~p, we obtain that fi=f, a.e. (p);
therefore p,(A)=p,(A) for all A € &7. Hence all left invariant means on the bounded
function [, T,1 dp of o coincide, and their common value is a finite equivalent
invariant measure.

Conversely, assume that for each A € 7, all the left invariant meanson |, 7,1 dp
coincide. Then setting f(o)=[, T,1 dp, we have Mf=mf. From Theorems 1.1 and
1.3 and from Corollary 1.1, it follows that there exists a sequence ¥, € F such that
lim, sup, (Ly, f)(o)=lim, inf, (L,, f)(¢). This implies that lim,(L,, f)(c) exists
uniformly in o, and the limit is independent of o. Fix o,€X, and let
w(d)=lim, (L, f)(oo), A €. If $,=2, 0,(s)1,, we have

w(4) = lim {; On(0)Lof }(‘70)

lim f S 0,()T, T, dp.
n Ao

By Vitali-Hahn-Saks theorem, p is a measure. (The idea of using the Vitali-Hahn-
Saks theorem at this point is due to Mrs. Y. N. Dowker [3].) The arguments used
in the first part of the theorem can be repeated here to show that p is a finite
&-invariant measure equivalent with p.

THEOREM 3.2. Let LM(X) be the set of probability measures on (X, sf), in-
variant under . Then the following conditions on a probability measure p are
equivalent

(i) For some o€ LIM, ¢ ([ f-T,g du)=[ fdu[ g du for every pair f, g € L.
Gi) ¢(ff-T,g dw)=[ fdu [ g du for all p € LIM and for every pair f, g € L.
(iii) w is an extreme point of LM (X).

Proof (ii) implies (i) is obvious.
(i) implies (iii): First, we show that p € LM(X), i.e. p is &-invariant. We are
to show that [ 7% fdu= [ f du for every f € L., and for every o, € X. Putting g=1
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in (i), we get [ fdu=o([ T%fdu) for every fe L.,. Therefore, replacing f by T% f,
we have

[r57d0 = o121 7d0) = o [rsiTr )

= o [Terau) = [ra

Now we assert that p is an extreme point of LM (X). Assume to the contrary; then
there exists «, 0 << 1, and py, uy € LM(X), py # p # o, such that p=op; + (1 — )u,.
Since

d_.u; l( di’«1)<1d/‘
dp  « -

= OCT[L-

putting g=dp,/dp in (i), we obtain

ffd#f‘jl—':d# = q>(fT§"f'%’Edn) = <P(J.T:fd#1) forfeL..

[rau = ([T ) = o [£aa) = [£n,

the second equality following from the fact that p, € LM (X) and hence S-invariant.
But this contradicts the assumptions that u, #p. Hence p is an extreme point of
LM(X), as asserted.

(iii) implies (ii): We first show that (iii) implies the validity of (ii) for all functions
g of the form 1,, 4 €&, that is,

Therefore

tp( fAT;"fdy) — u(4) f fdu for feLa, Acst and g LIM.

Assume that this is not true. Then there exist f, 4, and ¢ such that ([, T5f du)
#u(d) [ fdp. Let y(4)=o¢([, T¥ fdp). Then y is a finitely additive set function.
Also, y is p-continuous; indeed, given €>0, there exists §=¢/| f] ., such that
u(A4) < & implies that

v ) = o[ T2fde) < 1f 1o o[ 1) = 111 ) < 11108 = e

Therefore, given a sequence 4, of sets with 4, | 0, one has u(4,) | 0 and hence
y(4,) | 0. Hence y is a measure, and by the same arguments as in Theorem 3.1,
y is &-invariant. Now, p=%4[(n+ky)+(r—ky)] where we will choose k so as to
make p— ky positive. Since

(w=kn)(B) = w(B)— [ T3 du) > u(B)~k | /| an(B),
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any choice of k satisfying & || f|» <1 will make p—ky positive. Having chosen
such a k, we choose « so that (u+ky)/2« is a normalized measure. Since

(p+kp)(X) = #(X)+k¢(J-T3‘fdn) < X)) +Hk| flon(X) < 2u(X) = 2,

we have «< 1. Also, such a choice of « normalizes the measure (u— ky)/[2(1 —«)],
since

p—ky 2uX)  ptky 20 p+ky
W= X =31 2= ® = 1= 200 2« X
1 o«
“T—a 1= !

Thus we have shown that

p+ky —ky
T2a +(1’)2(1 o)

where the measures (p+ky)/2c and (u—ky)/[2(1 —«)] are in LM(X); this will
contradict the assumption that u is an extreme point of LM( X), provided we can

show that p+ky and p—ky are not any multiples of g, i.e. y is not a multiple of p.
If y=cp for some constant ¢, then

o (] THfdu) = () — could) = pA)ep(X) = w0
= wdyo( [T27d) = utaro [ i)
= ) [faus

this contradicts the choice of ¢, f, and 4. Thus (ii) is proved for all indicator func-
tions, and hence for all simple functions. The validity of (ii) for arbitrary ge L,
follows by approximation.

THEOREM 3.3. The following conditions on the left amenable semigroup
L ={T,: o € X} are equivalent:
(i) There exists fo€ Ly with0 < fo=T,f, for all s € Z.
(i) p(4)>O0implies thatinf, [, T,1 dp>0.
(iii) p(A)>0 implies that M({, T,1 dp)>0.
(iv) heLs, 3, TEhe L, for some sequence o, from T implies that h=0.

Proof. We will prove that (ii) = (iii) = (iv) = (ii) = (i) = (iv). (i) implies
(iii) is obvious.

The proofs of (iii)=(iv), (ii)=-(i) and (i)=-(iv) are very similar to the proofs of
these implications in the case of cyclic semigroups; therefore we omit these proofs.

(iv)=(ii): The proof of this part resembles, to some extent, the proof of Lemma 3
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of Neveu [10]. Suppose (ii) does not hold; then there exists a set 4 with p(4)>0
and inf, [, T,1 dp=0. This implies that inf, [, T, fdp=0 for all fe L} . Indeed,
since f'e L{, given >0, we can choose an integer j such that [, , fdp<e. Thus

f T,fdp = f LTfdp+|  fTH.dp
A >0 {f <7}
sf fdp+jf 1 dp
{r>7 A

< e+j-f T,1dp
A

Therefore
inff T,fdp < e+j~inff T,1 dp;
g A 4 A4

it follows that inf, [, T, fdp=0, since ¢ is arbitrary.

Let 0<e<p(4); we choose a sequence g, from X by induction on n. Since
inf, f 4T,1dp=0, there exists o; €Z such that f 4T 1dp<e/2. Assume that
01, Og, . . ., 0,1 have been chosen; since

n-1
inff T, ( S T,n_lTan_z...Td,1+1) dp =0,
4 A i=1

we can choose o, € Z such that

szﬂ,,T,n_l...T‘,,l dp = f Tgn(
i=1J4 A

n—-1
ST, ... .T,,,1+1) dp < /2",
i=1

Let
h= (1,4— S s (TanT,n_l...T,‘)*lA) :

n=1i=1

we assert that 4 violates condition (iv). Clearly 0<h<1,, and

> > T T, -T,)*1,dp

n=1i=1

[tu-map

IA

=)

S Zf T,..T,ldp< S ¢
n=11i=1J4 1

n=

IA

Il

e <p) = [Lidp,

which shows that 0. It will be proved that >, (7,,T,,_,...T,)*h € L. Define
the operators S;;, j=i>0, as follows:

s ={T0,T,,,_l...T,,m ifj>i=0
¥ I ifj=1i>0.
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It suffices to show that
i+k

(%) > Si*h <1 ae. foralli,k > 0.
i=i

The sufficiency of (x) follows by putting i=0 and letting k 1 0. We prove (x) by
induction on k. For k=0, (x) is obvious. Assume that >it¥S;;*h<1 a.. for a
fixed k and for all i. To show that > t¥+* S{h <1 a.e. for all i, we consider separately
the sets A;={x: h(x)=0} and A,={x: h(x)>0}. On 4,

i+k+1

i+1+k i+1+k
> Sth = h+ , > lsgl;h =0+TF,, ( St h) <1 ae.
i=t i

j=i+1l

by induction hypothesis. If x € 4,, i.e. A(x)>0, then by definition of /4, we have

i+k+1 i+l+k itk
S Sth=h+ > Sth=h+> Sfih
i=1 Jj=i+1 i=i
© i J 7
Sh+z z St*j.'.11,;=h+z z (Ta;"'Tai)*lA
i=0i=0 j=li=1
= IA < 1.

That completes the proof of the theorem.

4. Finite invariant measure for amenable semigroups of Markov kernels. Let
F={P,(x, A): o €Z} be a representation of a semigroup X as a semigroup of
Markov transition probability functions: P,(x, -) are probabilities for fixed x,
and P,(-, A) are measurable functions in x for each fixed 4. Multiplication in &
is defined by P, ,,(x, A)=fPal(y, A)P,(x,dy). A measure p is S -invariant iff
| Py(x, A)p (dx)=p(A) for all 4 € o/ and for all o € =. B(X) will denote the Banach
space of all bounded measurable functions on X, with supremum norm
| f=sup | f(x)]. In the following theorem, P,(x, A) are not assumed to be null-
preserving: p(4)=0 does not necessarily imply that P,(x, A)=0 a.e. (p).

THEOREM 4.1. Let & ={P,: o € Z} be a representation of an amenable semigroup
2 as an amenable semigroup of Markov transition probability functions. Then the
following conditions are equivalent:

(i) There exists an S -invariant finite measure p>p.
(i) Aest, 3, P, (x, A) € B(X) for some sequence o, from Z implies that p(4)=0.

Proof. (i) implies (ii): Assume (i); let 4 € &7 and let o, be a sequence from % such
that 2, P, (x, A)<C for all x € X. Then for every N> 1, we have

Nldy = 5 ut) = 3 [P A @) < s

it follows that u(4)=0 and therefore p(4)=0.
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(ii) implies (i): To the semigroup &, we associate two operator semigroups
{T;: 0 €Z} and {S,: o € Z} defined below, the first of which operates on the space
M of all bounded measures on (X, ¢) and the second operates on the space B(X):

(To)(d) = f P,(x, Ay (d%)

(S = [HOIP(x, ).
Then for any a,, 0, € Z, we have

(Talazl"')(A) = (T01T02.“')(A)
and

(Se10M(X) = (SaSo,1)(X).

We observe that if p is a measure on (X, &), then (T,x)(g)=p(S,g) for g € B(X)
and s eX:

(Toe)(g) = f 8T (@) = 96 [Pul, du(dy)

= [[seP.0r, dnuta) = [is.000m@)
= w(Ss8)-

Let o € IM=LIM N RIM, and for g€ B(X), define A(g)=o(| S,g dp); and for
A e s, let ((A)=A(1,). Then for oy €Z,

A(S508) = qo( f S5S0,8 dp) = <p< f Ss008 dp) = qo(f&g dp) = Xg),

i.e. A-S,;,=A. Regarding A as a finitely additive set function, we write A=p+y,
where p is a measure, and v is purely finitely additive. Then, for ¢ €,

A=A-S; = p-So+y-Ss = Top+y-S,

and T,u is a measure. But p is the largest measure dominated by A, therefore,
T,u<p. This and the fact that (T,u)(X)=p(X) imply that the inequality T,u<p
cannot be strict; hence T,u=pu. Therefore, u is S-invariant. We will show that
p>p. If this is not the case, then, as in the proof of the implication (ii)=-(i) of
Theorem 3.3, there exists a set C such that p(C)>0, and ¢([ S,1¢ dp)=A(C)=0.
As observed by Granirer [4], if >0 and a,, a,, . . ., a, € Z are given, then

inf 3 [Sputodr < o( 3 | Sealodp) = 3 o [Seledn = 0,
i=1 i=1

o i=1
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and therefore there exists oo €2 with 37, fSaoa,lc dp<3d. Let 0<e<p(C); then
we can choose a sequence by induction on #, such that

>SS, nlodp < 5y
&1 n i 2n

Then proceeding exactly as in the proof of the part (iv)=(ii) of Theorem 3.3, and
using S, in place of TF, we obtain an h € B(X), h£0, such that >, S, ,._,.,/<1.
Choose D €7, p(D) >0, such that 1,<c-h for some constant ¢>0. Then

Z Po,.o,,_l...al(x3 D) = Z San...allD(x) < c¢ forall X3

this contradicts (ii). Hence the theorem.
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