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1. Introduction. Let 1, 0^, 0^, . . . , 0 n be rea l numbers 
l inear ly independent over the rat ional field and let o(,, OĈ » . . . »o(. 
be a rb i t r a ry r ea l number s . Then, to each N > 0 and £ > 0, 
there correspond in tegers 

x > N , y x , y 2 , . . . , y n 

which satisfy the set of inequalities 

(A) | Y i - 0 t x+ Ui\<t , (i = 1. 2, . . . . n ) . 

This is one form of Kronecker ' s theorem £41 ana, since N can 
be chosen a rb i t r a r i l y l a rge , it follows that t he re a r e an infinity 
of integer sets (x, y , , . . . >yn) with x > 0 satisfying (A). Fo r 
n > 2, i t i s not possible to strengthen this resu l t by replacing 
the £ in (A), throughout, by any function y(x) which tends to zero 
as x~>oo (see, e . g . , [5] , KapVH,§7, Satz 6). But, in the case 
n = 1, it i s well known that there are an infinity of integer pa i r s 
(x,y) satisfying 

(B) | y - Qx+ o t | < £ , x > 0. 

Here , the approximating function c /x is of the cor rec t o rder of 
magnitude and indeed the exact value for c has been determined 
(see [ l ] , for details and references to ea r l i e r work). However, 
an e lementary geometr ical argument \l] , shows that we can, in 
fact, solve (A) with an infinity of integer sets satisfying the ad­
ditional condition 

(x, y x , y 2 , . . . , yn) = 1. 

It is na tura l then to r a i se the question, analogous to (B), of find­
ing an approximating function y(x) such that the inequality 
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I y - Ox+ 0( |<y (x ) 

is satisfied by an infinity of coprime integers (x, y) with x > 0. 
We r e m a r k that it i s easy to obtain y(x) = OCx1"*), for any posi­
tive 8 , and that by Brun fs method, one can improve this to 

y ( x ) = ofUog x ) c \ $ 

for some positive constant c . As we do not know the c o r r e c t 
o rder of magnitude for ^f[x) as x->o° , the following es t imate is 
of some in te res t : 

THEOREM. For any given i r ra t iona l number 0 and any 
rea l number oC, there exis ts an absolute constant Â such that 

X | Y - 0 X + O C [ < A f log X V 
V log log X / log log X 

is satisfied by infinitely many coprime in tegers X, Y with X > 0. 

We observe that the resu l t is significant only when 0Ĉ  0, 
since if o( = 0 we can take Y = p n , X = q n , where Pn /q n is any 
convergent to the continued fraction for 0, and then X | Y - OX | 
< 1, (X, Y) = 1 for e a c h n . Now, the in te res t of our resu l t 

l ies mainly in the condition imposed upon X and Y. Without the 
res t r ic t ion (X, Y) = 1, the approach by continued f ract ions , for 
ins tance, would give O(l) a s X - ) o o , on the right of (1). This , 
in fact, i s the start ing point for our proof of the theorem and we 
introduce the relat ive pr imal i ty condition by means of the follow­
ing l emma. 

LEMMA. Let x, y be given in tegers with 0 < x 4 y and 0 ! 

denote any rea l number satisfying 0 < Gr < 1. Let £4 = ±1 (i = 1, 2) 
be specified. Then, for cer tain increasing,functions m = m(x), 
n = n(x) with 1 ^ m ^ n, m (x) -> 00as x->oo, there exist in tegers 
u, v satisfying 

(2) 0 ^ u - 0 I v < m , 0 < v < n 
and 
(3) (x+ £ l U f y + £ 2 v) = 1. 

A resu l t of this kind has been obtained recent ly by Erdtis [3] with 

(4) m = n = C log x/ log log x; 
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C being a s u i t a b l y Large a b s o l u t e c o n s t a n t . It s e e m s l i ke ly tha t 
t h i s r e s u l t c a n be i m p r o v e d but no t , so f a r a s we can s e e , by 
the s a m e m e t h o d . To i l l u s t r a t e the scope of the a r g u m e n t , o u r 
proof i s p r e s e n t e d in t e r m s of m and n ; i t g i v e s 

0(m(X)n(X) ) 

in p l a c e of the funct ion on the r i g h t of (1) . 

2- P r o o f of the t h e o r e m . By r e p l a c i n g Y by - Y , if n e c e s ­
s a r y , we m a y suppose tha t 0 > 0 . We can a s s u m e tha t o< 4 0, 
s i nce o t h e r w i s e t h e r e i s noth ing to p r o v e . L e t p l A l n - i » P n ^ n 
deno te c o n s e c u t i v e c o n v e r g e n t s to 0 and put 

(5) ° ' = - ( P n - < l n 0 > / ( P n - l - < l n - l e > -
Then 

(6) P n q n . l - P n - 1 % = <^n = ( - D n - * , 

(7) ?„ \ < Un - «in. °1< — 
x ' 2<3n+l I ' qn+1 
a n d 
(8) 0 < 0 ' < 1, 

by p r o p e r t i e s of r e g u l a r con t inued f r a c t i o n s . L e t 

(9) <* ' = m a x (2 , £ l<* | ] +3) 
and put 

< 1 0 > Qi = [in°0 . Qn = Cqn-i^l - * ' 3 n ; 

t hen , s i n c e P ^ ^ x - Pn - l ^n 1 2 1 ~* ' w e c a n s o ^ v e t n e equa t i ons 

*n L n S n 

P n - l ^ " «Jn-lÇ = Q n 

w i t h i n t e g e r s \ , V* I n p a r t i c u l a r 

7 = ^ n - l Q A - q n Q n ) 

= ^ n ^ n - 1 C ^ n * ] " I n C «In-1*1 ) + < * % 

a n d s ince [ q n _ i [ q n « ] - q n [ « I n - l * * ! ^ qn» w e h ave 
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(H) (<*' - l )q n < Y<(<X'+ D<V 

We now take X, Y to be of the f o r m 

(12) X = 7 + u t ln - l + v<ln' 

(13) Y = I + up n _ L + v p n , 

where u, v are non-negat ive i n t e g e r s . Observe that X, Y are 
re la t i ve ly pr ime if, and only if, 

<14> l = ( p n X - q n Y , P n . i X - q ^ Y ) 

= (Pn^ " <ïn$ + <^nu> Pn-11? " <ln-lÇ " <^nv) 

= ( | Q ; | ± u , |QJ ±v) 

for a certa in choice of the ± s i g n s . Now, by (8) and the l e m m a 
we can choose non-negat ive i n t e g e r s u, v to sa t i s fy (14) and 

(15) 0 < u - Q'v< m ( l Q n | ), 0 ^ v < n ( | Q n l ) , 

provided that 0 < | Q n [ ^ | Ci^ | . Since q n > n for a l l n, we have 

la,nl = <Jnl°<l + ° ( 1 ) 

= a n < l n - l ( * l .+ q a - 2 l ° ç l + 0 U > 

> q n - i l < * l + % - 2 l ° < l .+ o ( D 

>|Qnl 

for al l suff ic ient ly l a r g e n . By (5), (7), (12) , (13) , we have 

X J Y - 0X + o<| = q n | p n _ 1 - q n _ l O | ( q n _ 1 q ; 1 u + v + Ç j f ( u - 0 ' v + < p « | , 

^ | <*n- 1% u + v + 9 I' u " °'v + 9' i ' 
1 

where 

and 
0 < < p = ^ q ^ < oC1 + 1, 

l 9 > ' | - 1 * " 0r? + <* 
I P n - 1 " <Ja-l ° 

94 

https://doi.org/10.4153/CMB-1959-014-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1959-014-7


< 2qn 
^ n * - Q n ^ (Pa " % Q>? 

< 2 l q n o C - Q « 1 | + 2 | ( p n - q n 0 ) ^ | 

< 2 + 2(<x< + 1), 

by (7), (10) and (11). Hence, by (15), 

X | Y - 0X+o<| < (u+ v + <X« + l)(u - 0 'v+ 2c< '+ 4) 

= 0 { ( m ( | Q n | ) + n ( | Q n | ) ) m ( l Q n ( ) } , 

= 0 { m ( | Q n l ) n ( | Q n | ) } , 

= O (m(X) n(X)) , as n - > a> , 

since (12), (11), (9) and (10) give, successively, 

X > ^ > (oc> - 1 ) ^ 

M I* I + 2)qn 

-lOnl • 

for all sufficiently la rge n. We r e m a r k that the constant implied 
by the O- symbol does not depend on o( and the theorem itself 
follows immediately on substituting the values for m and n, given 
in (4). 
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