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ABSTRACT, t\ co ntinuum mixture m odel 01' co upled ice-shec t/ icc -stream 
d ynamics has bee n d e\Tlopcd within a (' ol1\Tlltional three-dimensio nal finit e­
diffe rence mod el [i'a mell'o rk, Th e ice mass is area ll \" divid ed into sheet-ire a nd .ltream­
ice components, Dyn a mi c e\'olutio n o r each compon~nt is soh 'ed with coupling te rms to 
d esc ribe mass exc ha nge be tween (l ows, In thi s \-\"a \', in'-strea m (lu xes can be 
incorpora ted in a ri go l:ous d yna mical m od el lI'i th only' a d ou bling oC com puta ti onal 
cos t. This pa per presents simple model tes ts llsing th e EI S~IL\T ex perimenta l ice 
block, a 1500 km x 1500 km ice shee t Il'hi ch res ts on a (l a t bed , I ce-strea m behm'iour is 
il1\Ts ti ga tcd 1'0 1' a ra nge o f' coupling rules a nd a Cli\ 'a ti on scenarios, In simple tes ts 
present ed here, \IT [ind th a t th e I'isco us rcs ponsc tim e o r source icc rcedin g th e ice 
stream Illay be a [~l Clo r limiting ice-strca m \'igo ur and longc\'it y, 

1. INTRODUCTION 

I ce streams o f lhe Anta rc ti c a nd Greenl a nd ice shee ts 

account 10 1' a la rge frac ti o n of to ta l icc-shee t dra in age 
( ~l o rgan a ncl others, 1982: Pa terson , 199+, p, 30 1). 
Geo lugic a nd pa laeocca nogra phi c e\'icl encc sugges ts th a t 
icc strea ms a nd Cas t-n o\\' beha \ 'io ur (e,g , surge lo bes , 

H einri ch e\'ents) played a n equall y \'igo rous ro le in th e 

hi sto ry a nd dyn a mics of pas t ice shee ts (e .g . Cla rk , 1994; 

Bond a nd Lo tti , 1995 ). D espitc thi s mOl il 'a ti on , ice 
strca ms a rc no t ex pli citl y po rtrayed in la rge-sca le ice­
shcc t m od els. Th e fo relllos t limita ti on is th e bas ic problem 
th a t fas t-fl OlI' ph ysics a nd ice-st rea m a cti\'ati o ll are no t 

IIT II und erstood , Sca le imposes a ll o ther fund a menta l 

res tri c ti o n , Current ice-sheet m odel s ha lT g rid- ce ll 

dim cnsions o f' o rd er 20- 100 km ; contempora ry ice streams 
a rc esse nti a ll y sub-g rid a t thi s reso luti on. 

\\'c ha lT d evelo ped a continuum m ix ture ('ramclI'o rk 
whi ch OI'C ITo mes the sca le limita ti o ll, I ce-shee t a rea is 

dil 'ided into a bin a ry mixture o r .llieef ice a nd sfream ia, 

Conse l'l'Cl ti o n la ll's a re a ppli ed to each compo nent to 

trac k interd epend ent d yna mi c a nd th erm a l e\'olutio ns, 
This acco unts 10 1' ice-strea m flu xes \I'ith out concomita nt 
enh a ll ccment s in reso luti on, The number o C equa ti o ns 
and [i ckl \'ar ia bles is d oubled [I'om C01l\'enti o na l model s, 
increas ing computatio nal cost by a bc tor o r 2, 

Th e mixture rram ell'o rk permits ra ti o na l explorati on 
o f' icc-slrr <lm ph ysics . Thi s paper f()C uses on pa ram cter­
izati on oC rules [o r shce t/stream co uplin g a nd CO li troIs o r 
ice-st ream a c ti\ 'a ti o n a nd grOll'lh, \ \ ' c e1l\'isage two 
mca ns b y lI'hi ch ice is exchanged b('t\I'('(' n nOli' regim cs , 

(raj) tmll ,l/er and ber! fmllder. C ree p transf'er d escribes ice­

strea m no urishm cnt by \'is('o us c recp fl o ll' o r ice Il'om th c 
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ice shre t. Bed tra nsfe r ca n be th o ug ht o r as area l 
ac til 'a ti o n o r d eactil·<[ti on o r ice strea ms a nd is contro lled 

by basa l conditi ons, W e present ice-stream m o bili za ti on 

ex pe ri m cn ts o n th e E lS~ll KT ca li bra ti on hl ock , a 
simplili ed ice geom etry res tin g o n a fl a t bed , 

2. THEORETICAL MODEL 

\\'e o utlin e th e continuum fo und a ti on of th e mixture 
model in thi s scctio n, introdu cing a ge nera l fo rmulati on 
th a t ca n be a ppli ed to multiple ice-nOli' constituent s. This 
pa per consid ers a t lI'o-com po nen t III ix tu re o f .llteet ice a nd 
strea ll/ ire, lI'hi ch h onour di stin c t gOlT rnin g d yna mics, 

Sheet ice fl o ll's b y I'isco us creep d efo rma tion uncl er 

g ra l 'it a tional loadin g, lI'hercas strea m-i ce ilux ('s a rc 
c\rilTn by subg lac ia l sedim cnt dclc) rm a tion and /or d e­
co upled sliding a t th e ice heel contac t. Beca use o r thi s 
import a nt di stin c ti on , 11'(' separa te ly d escribe th e \Tl oc it )' 

of eac h mi x ture constitu ent rather than bl end th e 

contributions to o bta in a sing le ba ryec ntri c \ 'C loe ity, 

C o nsid e r a n ice m ass occ up y ing to ta l mi x ture 
\ 'o lume V in a C a rt es ia n rc rerence II'a 111 e ( .1'1 ' .1'2 " ,1':3 ) , 

Direc ti o ns ,1'1 a nd .1'2 a rc hori zonta l a nd .1':3 is IT rti ca l 
a nd pos itil'l' up\,'ards, Defin e mi x ture surface a rea S 
interi o r to V , \I'ith Euclid ea n a rea e lcm ent dS = d.l' lcl.1'2 

a nd I'o lume element dV = d.l':\ clS. i \ n intcnsi\ c qu a ntit y 

~{CI' .1'2 , .1':) , t ) in l 'olull1 e V \lith I'(' ni ca l ext ent H has th e 
integ ra l \'a luc 

I ~i d V = .1. L J' cl.!' :) dS = .1. (v) dS (1) 

\I 'here ( ~ , ) is th e l'Crtica l integ ra l o r v. De[in e th c 
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,Ifan/wll ({ lid (;/({rkl' : SI'II,lilil'i{J' 11'.1 /1 r!/ (OIl/llfd ifl'-,I /tee! i ce- ,I!JNI/J/ ((J'lIamiD 

H'rti ca ll y a \ 'eraged qu a ntit y 

- ( ~ ,) 1 /' 
tj; = H = H J 11 ~ I d ,1':3 ' (2) 

\\'e empl oy summ a ti o n cO I1\ 'C nti o n fo r \ fcto r o perati o ns 

a nd te nso r fi e ld s, A s a ge nera l cO I1\'(' nti o n , subs(, ripts i, k , 
a nd I d eno te thrcc-dim e nsio n a l opera ti o ns a nd \'('c to rs, 
a nd \If ITSlT\ 'C subscr ipt j fex t\l 'o-d im ensio n a l ho ri zo n­
ta l) o pera ti o ns a nd \'('ctors , D e fin c th e three-d ime nsio n a l 

\ 'e loc it y fi e ld ('d,rl ' .t ], ,1':\, t) \\' ith compo n c nts (Lt, v, w) 
a nd t h r h o ri zo nta l sub-se t L'j (.r l ' ,1'2, ,I':l' t ) Il'ith compo­

n en ts (lI, u) , 

2.1. General balance equations 

Th r n a ture or shee t /strea m di\'isions in a n ice m ass lead s 

LI S to d esc ribe a t \\'o-dim r nsio n a l areal millll!"!' ra th er th a n 

a \ 'o lu mc m ixt ure , \\'e d i\- id e a rca 5 into 71 " icc-flu x 
co nsti t uents, \\' h e re 11 " = 2 in the bina r y shee t /strea m 
mi xt u re , Subscript (1 sig nifi es co nst illl c nt pro perties, \I 'ith 
a E (s, c) dc n ot ing sh ee t ice a nd s trea m I"'ch a nn e li zed " 

ice, res pcctiI'C' ly, The a rea l d e nsit y o r infinites im a l a rea 

frac ti o n o f eac h constitu cnt is 0,,(,1'1 , ,Cl ' f ), Il'ith th c 

sat u ra ti o n co nstra int 

t nu = 1, (3) 
0= 1 

Constitu c nts co-cx ist in 5, eac h co m po n ent occupy ing 

bc d a rca 0.,,5, Dcfin e co ns titu e nt surfilce h e ig ht s 

h~,(.rl' .1'2, t ) a nd bed h e ig hts h~~(, r l' ,1'2. t ) a b O\T a ll 

a rbitra ry d a tum (c,g, sca IC\'l' I, C:o rrcs po nding ICC 

thi c kn esscs a rc th cn 

(-1) 

;\o te th a t co nst it uc nt s occ up y dis tin ct \ 'e rti ca l space a nd 
thcrc is no \'('rt ica l \'a ri a ti o n in cO lllpo n ent rrac ti o n n". 
Fo r a gcnna l co nstitu e nt th c rm ocl) n a mi c qu a n tit y ~'" In 

th e a rr al mi x turr, thi s a ll o \\' s th e sil1lplifi c<l ti o n 

(5) 

T o ta l icc \ 'o lum c V is th c refo re co mposed o f' co nsti t ue llt 

\'o lume, 

\1;, = j' 
\ ;, 

el V = / ' j'/i ~, 0 " cl'!':l el5 
. s ' ,,~; 

= r (0,, ) d5 = j' o" H" dS Js ,s 
11" 

F = L1~" 
u= ! 

(6) 

(7) 

C o nsid er th e tim e ('\ 'o luti o n o r a spec ifi c co ns titu e nt 

Illateri a l quantit y IP" \I 'ith th e cXlensin' intcgra l \ 'a lLlL' 

(8) 

\\'e ass ulll c th at Ice IS incompress iblc- \I ' ith a truc m ass 

d cnsit y pl th a t is co nsta nt a nd ide nti ca l for a ll mi x ture ice 

com po ncnts, The L ag-ra ng ia n ti me cl cri\-,ll i\ 'e o f' Eq ua ti o n 
(8 g i\TS t he tra nspo rt re la ti o ll 

d"\[I ,, d" j ' I IT ! --= - P l '" ( I 

cif el l I;, 

I cI " j'l' /i~, = (J -It 0 "4 ',, el.l':l d5 
( ..'i "~,l 

I !1'''~'[0 . 0 ] = (J , D.t (n"~,,,) + ~ (1 '"hO" II''') ( L I':I d5 ,.) /i~ u .1 k 

1 11' /i~, [D D = (J . ut (0(14',,) +~ (I,,,j o."4''') 
,r.., h,!; u .1.J 

J ] + -0' (11',,(1,,4',,) d.!':) dS 
.1:1 

(9) 

1\'l1 rre th e spa ti a l c\ c ri, 'a til 'e Di,r is 01'('1' j E (1. 2) a nd 

d,,/cif de no tes th e co nsti tu e nt m a teria l d e ri \ 'a ti n', \\' ith 
Eq ua ti o n I th e res ultin g express io n (9 ) beco m cs 

NO lI' comid er th e kin r lll a li c conditi o ns a t th e co ns titu cnt 

surfaccs e.g. Hullr r, 1983 ; :'l o rl a nd, 1 98 -~ . ,\ppl ying th e 

cO ll s titu e lll m a ter ia l dcri\',lli \'l' a t th e uppc r sUrf;ICC 

z" = h ~,. 

cl"z" I O" ~, I Dh ~, I Oh ~, 1:1 -- = ll' = -- + u -- + (' -- - u 
If " ,I"I=/i l Dt (I ,I' = /i l D .. " .1' = ,,1 D . (I • ( . . 'I .{ fI ,1 J ,\ fl .72 

(11) 

w here f), ~ is a so urce /sink te rlll re prese n tin g ice-equi\ 'a lent 
sUJlph- ra tc (acc u lll ul a ti o n a bl a ti o n I a t th e cO Il , ti tu ent 
surf;l ce. \\'c d efine it to be pos iti \'(' fc) r positi \'(' m ass 

ba la ncc I n c t acc umul at io n ). Su rf;lcc-i cc \ '(' Ioc i ti cs in \ he 

m a teria l d c ri \ ',lli \'e a rc d efin ed in th e h o ri zo n ta l pl a n c 

\\' hi c h is a pp rox im a tcd to bc /)arall fl!o l!tl' ,I IIr/ar/' , This is 
th c comm o n ass ull1pt io n m ade in iec-shce t m od e ls a nd 
requires sm a ll surface slo pes Il' ith neg li g ible d n 'ia ti o ns 

fr o lll th e h o r izo nt a l m ca n s urf~lce HUll c r. 1983 1. 

S imil a rh- , a t th e co nstitu en t bed z" = h (l3, 
• I 

Dhf3 Dh13 

11' I = - -" + 11 I __ " + I' I 
(I .r ="B Ot (/ .r' = hfl 0 . (/ ./' . .1 <I .\ <I .1 J .1 

(12) 

\I'h e re b~ inco rpo ra tes basa l m e lt a nd refi-ecz ing , a nd is 

aga in d efin ed as pos iti\ 'C ro r n (' t ga in o f ice refi-eez ing 

excccdin g m elt ) , L eibnit z' clifTe rc nti a li o n rul c 0 \ '(' 1' th e 
\'(' rti ca l int c~ ra l g i\ '('s 

(13) 

\I 'here r is a genera li zed tim e-sp ace- coo rdin a tc , r E 

(.1'1 .. 1'2.t ), Equ a ti o ns ( 11 ) ( 13 ). alon g Il'ith Equatio n 
(5 1 s il1lplif" Equati o n ( 10 1 to g in' the \ '(' rti calh' 
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,11 arshal/ alld C/arke: Sellsili l' iO' lesls q/ {oil/lIed ice-sheel/ ice-slream ((J'I/all/ics 

integra ted R eyno lds t ransport th eo re m 

~i 1. 1. clV 
It P 'Po 

C I ;, 

[:t \Q,, 7/J,,) + a~j \v"ja,, 7jJu) - G"b,, ] dS 

= p i is [:t (Qo\,~(L) ) 

(14) 

where we have combined terms bl and ,;(13 in to a sing'le 
• (1 I '-

so urce/sink ra te ba' 
This is a ge nera l res ult for \ 'e rti ca ll y integ rat ed 

co nstitu ent bal a nces , D efin e a spec ifi c transfe r term Xo 
w hi c h descr ibes excha nges betwee n mixture co nstituents 
in a rea S, ] ' his transfer te rm o beys 

11 11 

pIL: Xn = 0, (15) 
,,=1 

The ba la nce law o[ a Ou x-liTe quantity i/;" thus yields 

da
:/' T Ij' -d P 7jJ" cl V = P A" dS. 

t I;, S 
(16) 

Note th a t X" is the rate of supp ly o f qua ntit y 7/J,,; Xa is 
ver ti call y constant, emphasiz in g o nce again th e area l 
basis of' o ur mixture, 

2.2. Mass balance 

Consid e r no \\' th e partic ul ar case of m ass balance, wi th 
7jJ" = 1 (dimensionl ess ) , Using Equ a ti o n (6) , co nstitue nt 
ice m asses Cl re g i \ 'en b y 

a nd th e lo tal ice mass is 

(18) 

H one co nsiders the ice \ 'olum e as a \\ 'ho le w ith a n ayerage 

o r bulk ice Ihickness H I>, the to ta l ice m ass ca n be written 

777= j p l cl V = pl I'j' cl.T:l clS = pl I'Hb dS, (19 ) 
. I Js. If,. Js 

W ith res pec t LO Equation ( 18 ), this d efin es th e bulk thi ckn ess 

nil 

Hb= L G"H" , (20) 
0= 1 

lt is poss ibl e to mocl e lth e full mixture ('\ 'o lutio n using thi s 

sing le \ 'a riable a nd a co rres po nding bar~Tentri c \ 'elocity. 

This is a ppea lin g beca use it reduces th e number 0(' 
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unkn o \\' ns from 217.,, - 1 to 77" but it sac rifices physica l 

und ers ta nding . Componen t thi c knesses a nd \ 'Clocit ies 

ha \ 'e p h ysica l sig nifi cance a nd different d ynamics gO\'e rn 

eac h Oow compone nt. W e th e re fore choose to d esc ribe 

separa te co nsti tu en t e\'o lutions, a ppl yi ng th e tra nsport 
th eo rcm to earh mixture compon c nt based on constitue nt 
\ '(' Ioc i lies 11(1'" 

F o r a spec ific mass-exc hange rat e Xrlll \\ 'ith dimension 

LT- I, Equation ( 16 ) with 7/Ja = 1 g i\'es 

do 1TI" = ~1 I IV = I I' dS (21) 
cif cif I;, P ( P JS \ od ' 

From Equa tions (14) a nd (17 ), thi s gi\ 'es th e global balance 

dS = ,l. Xori dS. 

(22) 

This has the loca l form 

(23) 

Th is is th e gO\'ern i ng eq uation for co nsti tu ent Ice­

thickn ess evo luti on wherc the a r ea l partitioning 

a ,, (.1'I ' :1'2 , t) is knO\\'Il. A separa te C'\ 'o luti on equation fo r 
0,,(.1'1 . .1'2, t) is required, \V e a rc wo rking towards an 
e \ 'olut ion equatio n \\' hi c h d e te rmin es Q o from bed 

c harac ter and bed th erma l a nd hydro logica l conditi ons 

(paper in preparation by S. J. ~Iarsh a ll and G. K . C. 

C larke ) , For simplicity, here Qo(Xt. X2 , t) is a presc ribed 
functi o n, Constituti\ 'e rel a ti o ns and mom entum equations 
for caeh 00\\' component arc a ppli ed to express Voj in 
terms of' co nstitu ent ice thickness, closing Equation (23 ) , 

The spec ifi c form of Equ at io n (23 ) for each constitu e nt in 

th e ice mixture is described be low. 

3. APPLICATION TO THE SHEET ISTREAM 
MIXTURE 

3.1. Mass balance 

\Vc no \\' a pply th e gt'nera lizcd \ '(' rti ca ll y integ ra tcd 
d ynam ics to a bin ary ice-shcct / ice-stre<lm mixture ( Fig, 

I ) . usin g subscript s to denote shee t ice a nd subsc ript c fo r 

stream ice. \ Ve co nsid er each co nstituent to occ up y th e 

sam e bed, SLl c h tha t h~(Xl. X2. t) = hB (x[. X2 . t) fo r 

a E (s, c). L oca l cons titu e nt thi c kn esses a rc then 

R (Xj. ,1'2. t ) = h~(.1· 1 ' .r2. t ) - h 8(.1: I, ;r' 2 ' t) , 

Hc (..r I ,.1 '2' t ) = 11: (.1:1, .1'2, t ) - h B(Xl' Xl , t) 

(24a) 

(24b) 

a nd fi'om Equation ( 17 ) the masses of shee t ice a nd stream 

Ice a re 

(25a) 

(25b) 
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,I/an/wll a/ld (;farke: SI'lI.\ifil'i~) ' /e,lfJ 0/ tolljJled ia-sheet /ice-Jfrealll ((I'lIalllic,1 

t:x Plan view Mim Stream Ice 
c.:El Sheet Ice 

Fig, 1, Plall Iliac' oI /h e arealllli\ /"re 0/ Jhee / ia .Imc/ioll 
0',. a/ld stream ice, Imc/ion O'C' = I 0'" ( a ) de/Jicf.) 
areal dil'isioll over the/idl ice sheet, with area S. alld (b) 
l'isllaLi;:es sallljJ/e jillite-d!ffe rellre cells con tainillg ice 
streams 1.('ilh a c ~ 0.3, 

Th e total ice mass is 

(26) 

and the bulk thi c kn ess of ice 111 area S, fro m Eq ua tion 

(20), is 

(27) 

Define mass-ba lance rat es &,(:!'J' X2. t ) and bJ~ I' ,1'2, t ) 
\\'hich represent net accumu lat ion minus a blation for 

each constituent, including upper surface a nd basa l 

contributions, D efine the mixture exchange term Xad in 

Equation (23 ) as XI/}(I, positive for transfer from the sheet 

ice to the s trea m ice: exp li ci tl y, )" ,r/ = -Amd and 
A ('(/ = Allld , L oca l const ituent mass-ba lance equations 
th en follow , 

(28a) 

and the analogo ll s stream component balance 

aHr 1 a (_ H ) H, aar _ b' A 1/,,/ --+--, u'ja(, (' +---- c+-- ' 
at ac a1j 0', at ac 

(28b) 

Eq uations (28 ) bear close rese m blance to the \ 'ertically­
integ rated co nse n 'a tion cquation of 1\lahal1'), ( 1976 ) , 

we ighted by th e area l fra c tion in our case , Coupling! 

exchange terms \ lIId and a/a, arc di sc ussed bclow, Note 

that the saturation cons traint (3 ) requires a/ac = -a/ns ' 

3.2. Ice-sheet and Ice-streaD1 fluxes 

W e ass um e th a t shee t ice fl o ws b y \ ' ISCO US creep 

deformation fo llowing Glen 's flOI\ ' la\l' (Glen , 1958; 

Paterso n, 199,J.. p,97 ) , Stream-ice fluxes a rc basa l'" 
dri\'Cn , with lo\\' basal shea r stress and hi g h \'clocities 
suc h that internal creep defo rm a ti on is negli g ible, Glcn 's 
fl o \\' la\\' relat es stra in rates Eik to de\ 'iatOric s tresses <Y;k in 

th e ice 

(29) 

\\'here ~; is the second il1\ 'ar ia nt of the de\'iatOric s tress 

tenso r , 

(30) 

and B (T I) is a strain hardness o r \ ' iscos it y term \\'hich 
fo 1l0\\'5 th e Arrhenius tempera lUre dependence 

Q is a neep acti\'atio n energy. R ga, is the idea l gas la\\' 
co nstant, Bo is a co nSla nt a nd n is th e fl ow-la\\' ex ponent, 

typica ll y se t to 3 , 

\\'e assume \'ClIlishing interact ion forces for constituent 

force balances, The ice-!> hee t m ass balance (Equation 
(28£1 )) can then be c losed using ~Ia h afT)" s (1976 ) redu ced 
sys tem or Illomen t u III eq ua t io ns \\'h ic h ex press \ ' isco us 
creep !lu x as a fun c tion o J'i ce thickness a nd tOpog raphy, 

In the case \\'here shee t ice is treated as iso thermal at 

m ea n temperature T,', G len 's fl o\\' la\\' and the \'enica ll y 

integrated momentum equations gi\'C th e hori zo ntal 

\'C loc it )' components uJrJ) and Vs (,l':l) : 

The no tation IDj h~ 1 ind ica tes th e L 2 norm oJ'\'ector D/7~, 
I ntegra ting aga ll1 O\'Cr th e ice thickness gi\'Cs the ice 

Ilu xes 

- , I 
- H - (/ B)H 2B(T,) ( 1 )"ID '/I I" - 18h' H I/+2 
Us s - li s 1 s + P 9 J 1 D ' n + 2 " X I ' 

- I) I 
~ H - (I B) H 2B(T, ( I )"ID/II"- ' ahs H "+2 
US ,- - 0, I s + n + 2 p 9 .I I, 8 X2' ' 

(33) 

Equations (28a ) and (33 ) g l\'e a non-linear parabo li c 
equat io n \\'hich tracks ice-sheet thickness and \ 'C loc it y­
field e \ 'o lut io ll, 

W c model ice-s tream llu Xt's in Equation (28b ) as 

basally dri\'Cn \\' it h no internal shear. g i\ 'ing plug flo\l ' 

\rith 

(34) 

For the se nsiti\ 'ity tests d esc ribed in thi s presentatio n. \\'C 

specify basa l \ 'e locities rather than calcu late them from a 

momcntum-balance equation , \\ 'e arc \I'OI"k ing to\\'ards a 
more cOlllpicle physica l trea tm e nt to parametcriz e 
object i\ 'e l>' 71(')(1/1) as a function or basa l- \\'ater pressure, 
arcal co\'Cragr- of\l'a tcr at the bed a nd basa l andlllargina l 

pinning po ints (basa l and side drag, 

Exchanges of mOlllentulll bet\l'ee n fl o\l' co nstituents 

Illay be qu ite important as a \ 'e loc it )' cont ro l 0 11 Ice 
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streams , ,\ se nsible I\'a l' to introduce ice-st ream me­
c han ics and shert /strram coup ling would be to app l) the 
reduccd ice-shell' dynamical eq uations ( I\JorJand, 1087 1. 
:'Iact\yea l ( 1989) ancl Jenson ( 199-+ ) han' plTI 'ioush' 

adapted these equations to desc riptions 01' ice-stream and 

surge-l obe fl OII' , Parameterizations for basal drag arc 

required and sim il ar paramcterizations co ul d be made to 
descri be s id c d rag exerted by the sheet ice . 

3.3. Dynamic coupling 

The )ource /sink term \ mrl In Equations (28 \ represents 

transrer or ice betwcen ice-shect and ice-stream compo­
nents, \\'c describe t\l'O means by \I'hi c h the domains 
cxchange ice mass: uet'/) (a/)/III"1' \ ,r, gO\'emed by i ce 

dynamics and bed ('al)/lIre \'1" gO\"tTned by bed properties 

a nd basal hydro logica l and thermal cond itions. 

Creep cap ture is Ol1 e-II'a)' ; it is the creep fl oll' or ice 

rrom the ice shee t to the ice s tream. This is spec ified fi'om 
the Glen now parameters Band 11, ice-sheet thickness H, 
and th e g rad ie nt in he ig ht h~ - h~. across a cha racteris tic 
ho ri zonta l leng th scale L, hence 

\ . ="\ B(TI) P 9 H ,, ~ I (h i - hi) " . ( I)" 1\..1 1\.0 S L ' s r (35) 

\V c halT introd uced a dimcnsionicss co nstan l XII which 

contro ls the strength orcrcep capture. 1t may embody cell 

c haracter ist ics suc h as the ice -st ream path leng th 

(exchange-zone le ng th ) and is of' orde r I . \ \ 'e choose 
length scale L to be th e hori zo nt a l dimcnsion of't he finite­
difference ce ll. 

Bed capt ure ,\" is the interc hange or ice mass due to 

cOll\'Crsion or bed area rrom one noli' regime to the other, 

[ol1o\l'ing 01r'1,. T o conve rt this to ice mass (\ 'Olullle ) 

exc hange in Eq ua tion (28 ), the area of' the bed being 
transf'erred Illust be Illultiplied by the height of' the corres­
ponding ic(' COIUIllIl, This depends Oil the direction of' th e 
com'Crsion. \\' e in trod uce a gcnera l ized repreSC'llla t ion 

= _ [DOs (HIH.)] = { -010" H,. 
\.U Df s, -a H 10s (' . 

alOs < 0 : 
al(\, > o. (36) 

This notalion is adapted fi'o m a similar Boole<ln operator 
usccl by Patankar ( 1980 1, 

The rull source/sink term in Equation (28 ) is 

A.mr/ = \,r + \.b· The latter acts as the crreCliYe control 

or icc-stream mobilizat ion, \I'hile \. ,r is the dominant 

exchange terlll \I'hich keds fully de\'eloped ice streams. 
Th('\"c may appear to bc double accoullling" or the areal 
exchangc terlll , as a UICl, term arose naturally fi'om the 
mass I)alanc(' in Equation (28 ) , Dcpending on the sign, 

this original term and \b combine to either canccl out 

or gilT a d isba lance IHs - H"lolC\s' This is sC[1Sib!r; if" 
ice-shect and ice-strcam thicknesses arc identical, 
thickness fields arc nOI perturbed by transrcrrillg bed 
area. 

3.4. Vertical velocity-field computation 

The \Trtical \ 'clocit) field in each constituent is f()und 
rrom t it e clistribution of' horizonlal \"(' Iocities 
11,,(.1'1,,1'2,,1';1' t) and (,,,(.1'1,,1'2,,1';3' t) and f'rom the Illass-

340 

balance Equation (21 ) far incompress ible ice 

I I j'l'" J ( (f171 (j 1 (11 "~ I 
-- = p -[- a" clXJ dS = P \ "d dS. 
elt (t s ,,~ s 

(37) 

In this instance , \IT cons id er the three-dim ensiona l 

balance a nd II'r it e the \'Crtically comtant exc hange term 

as a \'o lulll c integral 

I (11 " S i " \"d I 11·h' j·l·h' P - n" cl·T"l d = P --
cif S' h" . Ci h" H" 

d.l";j dS, 
'- It ' . 11 

l1h~, [00" f) ] -a + -a. (V"kr'1,,) d.T:3 dS 
S h),' t .1 k 

l
·h' 

11 \ud 
= 1 -H cl.T:l dS . 

S h!,' 11 

(38) 

The local form of thc g loba l constit ue nt balance is 

00" D ( ) \."r/ 
-D +-D' U"kO" =-H ' 

t .1 k " 
(39) 

This can be expa nd ed to g iw an integra l express Io n for 

the co nsti tu ent I"lTt ica l \'Clocit\ , fie ld 

1 [i" "" D W//(.f:!) = w//(h~~) - - -0' (n//lI//) cl;]';l 
no . h~; .1 l 

1·,." f) ( ) 1 1 (DClo /\Od) ( 13) ( ) + -f)' (\"11,, d.f3 - - -f) - -H ·1';3 - h" . 40 
h); :r 2 (to f (I 

COllstituent-exchange lerm \"d is gi\'C1I by \ .r + \ IJ fi 'olll 
Equations (35 ) and (36 ), \I 'ith )(,.d = -)..111" a nd \ ("(1 = 
\ JJld~ gl\'lng 

[1 '"'' f) 
-0' (O,.U,) d.l':j 

hB .71 

+ i',,.;, () 1 
-;::;-:- (0, ps) el.t;l 

. hll u.l2 

_ ~ (uo s + "\111") (.r;l _ h13 ) • 
n.,. f)t Hs 

13 1 [ D a Ud·T3) = w('(h ) - - -D' (n("Il(") + -D' (0,,7\,) 
n ,. .7 I .12 

On,. \//11/] ( . 113 ) +----- }3 - I . ot H" 
( 41) 

This gin's the f"tdl three-dimensional !I 0\\' field \I'hic!J is of' 
int('!"esl in particle Iracking and in lhermal ad\'CClioll fi)r 
t hcrlllomec ha n ica I model I i ng. 

3.5. Initial and boundary conditions 

The coupled sheet stream d) namical e\'olution IS gO\'­
erncci b) Equations 128a and b l, w hi ch conlain Ihe 
unkno\llls h~ , h~" hl l, 1\./ , [i"./, (1 s , Din" 6" 6(" alld \ ///(/. 
Constituent ict'-surl;lcc topographies h~ and II~ , arc our 

tll'O unknowns Il'hich are fi'eell dctCl"mined fi 'om arbi­

traJ'l ' initial \"alues. Bed topography hB is a speci fi eci 

initial ficld and is fixcd no isost<l ti c adjustment in tcsts 
prese ntl'd here , [('c-sheet \'l' locit) 1\./ is calculatedli'om ice 
anci bed lopographil's usi ng Equation 33 " SCl'narios are 
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prescrihed 10 1' ice-strea m \ 't' loc it y fieF fo r a rea l p a rtiti o n­

ing n,(.7' J' .1'2. t ) a nd Ic) r m ass-ba la nce r a tes 6,(.7'1 ' .1'2. t ) 
a nd 6,,(.1'1' .1'2, t ). 1 niti a l a rea l partiti o nin g is a rbitra r y; \IT 

h egin \I 'ith p ure shee t ict' 0, = 1 e\·erY\I·here . The 

exc h a n ge te rm '(111'/ is ca lculated [i'o lll Equ a ti o ns 35 1 a nd 

36 , a nd is a f'un ct io n of h ~, 11 :" hB, Cl, a nd v/n ", 
C o nstitu e nt ice thi c kn ess is ( )ITed to zero a t la te ra l 

bound a ri es h y sp ec ify in g in sta llt a neo us ab la ti o n o f' a ll ice 
\\' hi c h reac hes th e m a rg in s, In a s tead y s ta te, n e t m ass loss 

a t th c bo und a ri cs sh o uld equ a l ne t ga in fro m 6, and be' 

4. NUMERICAL MODEL 

Ice dy n a mi cs a re soh Td ill a thlTe-dim ensio ll a l linit e­

dilTc rc ll cc Illod e l st>!cd afte r Hu ybrec hts 1990, 1992 . 

~1 ode l s in thi s c lass arc b ased in princ iple o n th c d~' nall1i c 

trea tm c nt of \ la h a fT~' 11976 . Our m od c l h as b ee n 

c!c\'(:' lo pecl in a sph e ri ca l Ca rt es ia n coo rdin a te sys tcm 

bu t it read il y e mul a tes a rec ta ng ul a r coordin a tc sys te m 
Ic) r th e tests prese nted here. Consid e r (.1'1 , .7'2 . . 1':1) 10 map 

to (.r.y , .:::); th e finit e -difTcre n ce m o del h as ex tc nt 

( 11., .11 .'1' nJ a nd th e co rres p o n d in g ce ll dim c ll s io n s 

(tu', 6. y. 6. ,:::), 
Th e shce t /strea m mi x tu re d o uhles th c Ilumbn o f' licld 

\ 'a ri a blcs a t eac h linit e-difkre nce ce ll a nd a lso introdu ces 

th e n e\\' \'ar ia b!c n,(.l'J .. 1'2. t) \\' hi c h d eseribes a rea l 

f'r a Cli o n a ti o n . Thi s requires a furth er s tep in th e 

numerica l p rocedure, , \rea l di\ ' isio ns a re d e termin ed 

\\'ithin ea c h finit e-difTere n ce ce ll p r io r to t he d y na mi c 

upd a te to g i \'(~ th e required \'<Iri a bles n, a nd a/Cl" \\ 'e 
th cn c mpl o \' a n ,\It e l'll a ting Directio n Impli c it 1. \ 1)1 / 

sc hem e to upd a te icc-suriil cc ('\ 'o luti o n 1 Equ a ti o ns 28 11 , 
a ft e r ~l a h a lry ( 1976 ) . Sh ee t a nd s tream surJa ces a rc 

j o inLl y so h-ed in a ma tri x sys tem 110\1 ' d o ubled in size. 

Beca usC' th e sh ee t-i ce equ at io n is ex trem eh- no n-lin ea r , 

:\ e\l' to n' s m c th od is a ppli ed a t eac h tim e s tep to it e ra tc to 

a n acce ptable CO Il\ '(' rge nce critcri a ( r ,m .s, res idu a l o f'l ess 
th a n IO- (j m a I in eac h .\DI s\\"C'e p o f' Il ,,. o r 11.'1 ce lls, 

The ph ys ica l d e te rmin a ti o n o f' n, is gO\'(' rncc\ b\· b as al 

p rocesses \I' hi c h a rc in turn co nt ro ll ed b y a co llabora ti o n 

T able I, PI!I'.\ical al/rI II/odel /J{fI"{III/(/('I",\ 

Parall1cter 

R ga ... 

.r; 
L 
\ 0 
L,. = L !I 

11 " = II !/ 

n: 
6..1' = 6 y 
L::::. ::. 
L::::.t 

9 10 kg III :l 

3 
k 129-1 x 10 -, Pa :l a 
60700 .1 m o l I 

8.3 l 4- J mo l i K i 

9.8 Im s~ 
50 km 
(l.O II O 
ISOO k 111 

30 

13 

50 km 

H I li : 
2 20 a 

o f ice ch 'na mi cs, b asa l therma l a nd h ydrol ogica l regim cs . 

a nd b ed geo logic a nd to pog ra phi c co uplill g \I'i t h tl H' icc. 

, \ res pecta ble ph ~ ' s i ca l trea tm c nt o r th e p ro bl em requircs 

d escrip tio n o f' thi s full ra ll ge of sys tc m contro ls. \\'c limit 

this pa per to simple tes ts o r th e mi x ture fra m e \l'o rk a nd 

h e ncc pre,cribe sce n a ri os !()r th e ,Irca l d i\' isio n , as deta iled 

be lo \\ ' , .\ f'ull therm o m cc ha ni ca l mi x lllre m od e l has bee n 

d en'lo p ed a nd cod ed pa per in prepa ra ti o n b y S . .J . 
?\Iarsh a ll a nd G , K .. C, C la rke ) a llCl \I'e a rc Il OW in th e 

procC'ss o f d t'\ 'e1 o ping a h yd ro logica l m od e l th a t respo nd s 

to b asa l thermal a ncl m ec h a ni ca l conditi o ns. Prim a n ' 

cont rab o r d y nami c a rea l p a rti t io ning nJl'\ , ·1'2. t) are 

suh-g rid di str ibution and press ure o r \\'at er. In a dditi o n , 

\lC c l1\' isage a limiting n;."""' in cach cell d e te rmin ed b y 
sub-grid to pogra phi c a nd geo logic a llribut es. This is th e 

max im um ce ll a rca \\' hi ch co uld suppo rt ice strea ms, 

esse ntia lh- a b ed predisp os iti o n . 

5. SENSITIVITY TEST S 

\ \ ·c ex pl o re exc ha nge rules a nd co up led be ha\ 'io u r o n th c 

EIS\1 L\,T intercompa ri so n ice bloc k. Thi s ice hl oc k is 

simple c n o ug h to permi t co ntro ll e cl ane! eco n o mi c 

sc nsiti\ 'it \' ana " scs. Th e E IS\II;\;T H" t d o m a ill \I'as set 
up h y I-1u >brec ht s a nd o th c rs 1996 a t E IS :\I I:,\T :\l ocl('1 
1 nHTcompa ri ,on \\ 'o rksh o p, in Brussels .J un e, I ~)93 a Jld 

Brc m e rh a\ 'en I.J un e, 1994- . Hu ~ brcchts a nd o thers 1996 

prO\' id ed a compre he nsin' di sc ussio n o r m odel sp cc ili n l­

ti o ns a nd \I"o rksh o p res ults. \\ ·c sUlll ma ri ze b ase-mocl e l 

c h a ra cteris ti cs here a nd d esc riiJe mi x ture-m od e l b eh a ­
\' io ur [c) r ice s tream s introdu ced al o ng th e E IS:\IJ:\T 

tra nsec t. 

5.1. Base Inodel characteristics 

~" ockl d o m a in is a 1500 km x 1.')00 km bloc k \I'it h SO km 
g rid cc ll s, g i\' ing a ho ri zo nta l cx te nt n,. = II !I = 30. \ \ ·c 

a ppli ed a 15 !cn' l \ '(' rti ca l reso lutio n in a ll re, ults 

prese nt ed h c re. Th c control- ca se ice-shee t bed is fl a t 

a nd a t sea In'e l hB = 01. a nd th ere is no bedroc k 

DrIil/itioll 

Demit \" o f' ice 
Glen 11 0\ \ ,-1;1\\ c:-; po Jl cnt 

Glen Il ()\\'-I a\l co ns ta nt 

Crec p ac ti \'<l ti o n e nergy o r ice 

Iclea l gas-I a \l" co nsta n t 

G ra\' it a ti o ll a l accelera ti o n 

C rcc p-co uplin ,t!; le ng th ,c;ti c 

C:rcc p -co uplin g codJici ent 
H o ri zo n (a I-m ()del d i mC lb iom 

Hori zo n t,ti-g rid size 

\ ' ert ica l-g ri d size 

H o ri /.o llt a l-g ri d cl i m c nsio ll s 

\ 'crt ica l-g rid dimens io n 

Tim e stc p 
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EISMINT 
y(km) Transect Thickness (m) £i(m/a) 

1500 3500 3500 
110 ¥ 

3267 I, 

3000 I, 99 , , 
1200 3033 1 

1 88 
2500 ~ 

2800 1 

77 I 

900 ::;~: 2567 2000 ' ~ 66 
2333 --b- thickness 

J 55 
2100 1500 - -<- - velocity , 

600 < 44 
x , 33 1867 1000 , x 

, >< 22 300 1633 x 
>< 

1400 
500 x 11 

x 
,>< 

0 ~ 
,x' 0 

300 600 900 1200 1500 0 200 400 600 750 
a x(km) b Distance from divide (km) 

Fig, 2, EquilibriulII fields for /lllre sheel j70ll' ill Ihe E IS,IIi. \ 'T model le,11 block, ( a) Plall l'iell' (if ice-IhicklleH conlollrs 
for thermal(J' decou/Jledj7oU/, ( b) Pro/i'Les of ice thickness ([lid ([ vemge colllmll l'f!oci~J" fi. along the EIS.llI. \ 'T trallsect 
show/I ill (a) , 

y(km) a Thickness (m) Height (m) b 
1500 ~~5;'::::~=:;;;;;:;;;:';;;:===::;:;::::V 

1200 

900 

600 

300 

0 

3407 3500 
3183 
2958 

2734 

i,; 2509 
-.-: 
:}:: 

; 2264 
2059 
1834 

1609 

1364 

3000 

2500 

2000 

1500 

1000 

500 

0 
0 300 600 900 1200 1500 0 

x(km) Height (m) 
u (m/a) 

900 
C 3400 ~ ,. 

, 
771 -6- sheet flow 

,. 
3200 

- -If- - stream flow ,: 
643 

I 3000 
514 

" I 

386 • I 
I 

• 257 , 
2600 

129 , . , 
2400 A 

0 
0 200 400 600 750 0 

Distance from divide (km) 

~\,. 
' t 
~. 
~t 

-----6- base model 
"- sheet ice 

- x stream ice 

200 400 600 
Distance from divide (km) 

d 

divide 

750 

Volume (km3) 

9ge3 

transect volume 
93e3 

87e3 

ice stream head 81e3 

5 10 15 20 
Time (ka) 

FI~It , 3. t-'qlliLibriulII dj',wlllic /Hrifiles from all el/JerilllPllt will! all ice stream,from :1' = 1100 1500 kill alollg tlte E ISJIJ I. \ 'T 
lrallsecl. All profiles are al 20 ka, wilh Qc- = 0.5 alld Xo = 1. ( a) shmcs Ihicklless COlltoUIS . (b) Cra/Jlts qf lrallSect su~/ace 
profiles, lI'here Ihe lI/JjJer WIN is Ihe illilial Ihicknes s. (() ShOll'S dejJlh-az 'eraged ice-sheet alld ice-slrealll l'elocities alld (d) 
shows Lime series of dillide Lhicklless , lrallsal volllme and ice-slream !Iead Ihickll ess. 

https://doi.org/10.3189/S0260305500013616 Published online by Cambridge University Press

https://doi.org/10.3189/S0260305500013616


.\larshall alld C/arke: Sell .liliri~)' 11'.1/.1 Ii/ (oil/lIed ire-jheel / ire-j/realll (!)'lIalllin 

Sheet thinning 
(m) a 

500 

400 

300 

200 

100 

o 200 400 600 750 
Distance from divide (km) 

Stream thinning 
(m) 

b 

500 

400 

300 

200 
Xo = 0.01- 10. t 

100 

o 200 400 600 750 
Distance from divide (km) 

F ig . .f. Tllillllillg of ( a) sheel alld (b) strealll iCl' alollg Ihe El SJ fI. \ T lralwyl as a .luNcl iOIl (!/ rreejJ-colI/)/illg :,Irel!glh 
K,. Frollllojl 10 bo//olll. ({(n 'e:, [one,ljJolld /0 \ 0 = ( 0.01.0.1,0.5. 1. 5.10 ) . The ice-.I/r('((II/ helld i.1 350klllji'olll/he dil 'idl'. 

aclj ustmrn l to ice-shrrt load in g in th ese tes ts. Initi a l ice 

thi ck ness is zero a nd a spa ti a ll y uni fo rm acc umu la ti o n 

rate of 0 .3 m a I is ap pli ed fc)r a ll t im e .. \ 11 ice \\' h ic h 

rrac hes th r m a rg ins a bl atcs insta ntaneo usly. T a ble I 
s umm a ri zes p h ys ica l a nd mod e l p a r ame tc rs used 

thro ug ho ut. U ndcr pu re creep /l Oll'. th e ice shee t Lak es 

+0 100 ka to reac h eq u ilibriu m (\'aryin g w ith Ill ode l 

intri cacy) . 

W e use equ il ibriu m iso th ermal ict' shee ts as ini tia l/ 
base models fo r th e sensi t i\ 'i t \. tests. 1 ce is set to 273 K , 
g i\' in g a 11 01l'- lall' coe ffi c ie nt B(TJ) lI' hi c h co rres po nds to 
th e EI S.\J/ :\T T le\·e1 I tes ts (Hu ybrt'c hts a nd othc rs, 

J 996). Fig ure 2 p resents base-m ode l equ ilibri u m th ic kn ess 

a nd \ 'e loc it ), fi el d s. Tra nscc t p rofiles a re p lo tt ed fo r 

lJ = 750 kill a long x = 750 1500 km . 

5.2. Ice-streaxn profiles 

\\'e introduce a sing le ice strea m a lo ng th e E IS l\ II N T 

tra nsect. beginning 350 km from th e ice di\·id e a nd 

ex te nd in g +00 km (0 th e m a rg in . I t is lim ited to o ne g rid 
ce ll in lI'idth (50 km ). An ice-s trea m o u tl e t \-c loc it)' 1/" = 

900 III a I is im posed , d ecreas ing li nea r ly to zero a t the 

head of th e s tream. V e loc iti es a re fi xed a t this le \'e1 [o r as 
lo ng as th e strea m is ac ti\·e . The ice stream is ac tin lled 

a nd gro ll'n by a rea l tra nskr o f shee t ice \\'ithin th e 

tra nsec t ce ll s. Th e initi a l co nfi g u ra tio n ( tim e 0 ) cont a ins 

pure shee t ice (a c = 0) thro ugh o ut. I ce-strea m bed 
(i 'action s a lo ng- th e tra nsec t are then ra m]Jed up to 50'1., 

(0" = 0. 5 ) O\'er 500 yea rs, a t a cons ta n t ra te Glet, = 
- 0 .001. Area l pa rt iti o ning is held a t thi s 1e\·e1 fo r th e 

d ura ti o n o f th e exper im ent , 10- 20 ka . This co rrespo nds to 

a n ice s tream no m ill a ll y 25 km in w idt h , a lth o ug h this is 
no t ex p li cit in th e m ix ture . C ree p exc ha nge is ac tin' 
thro ug ho ut , w ith a n exc ha nge cocllic ient\,o = 1 in t hi s 

initi a l act i\ 'a ti o n tes t. 

Fig ure 3 sho\\'s thic kn ess a nd \ 'C loc ity pro fi les a ncltim e 

se ri es from a typica l ac tinl ti o n exper im cnt. The ice 

s trea m immedi a tely ini ti ates a surface 10l\'e r ing a lo ng its 
ax is a nd in adjace nt ce lls, as ice fl ux Out of' t he sys tem 
inc reases. F o ll olI'in g a tra nsient period o f' a bo u t 3 ka, a 
ne\\' equi librium is reached ; ice thi ckn esses a nd to ta l 

\ 'o lum!" a re co ns ta nt [o r th e res t o f the integra tion. T he 

upper c u nT 111 F igu re 3 b is th e ini tia l base-m ocle l 

th ic kn ess p ro fi le a nd th e IOIl'e r CUI 'l'CS shol\' shee t- a nd 

stream -ice p ro fi les a lo ng th e EI S .\ I [:\TT tra nsect a t't l'!' 

20 ka. T h lTl' is a surface cl rall'-c1OIl'n of'abo llt 100 m at th e 

thickness (m) a 
'- E3:Xo=O.1 3400 "---_______ _ 

3200 

3000 

2800 

2600 

2400 

Hs (divide) 
transect ice 
volume (km3) 

volume \: -- - - --- --
9ge3 

93e3 

87e3 
Hs (head) 81e3 

E5: Xo= 5. b 
3400 "-------------------------
3200 
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2800 

2600 

2400 

o 

Hs (divide) 

9ge3 
'. volume 
.......... _ ....................... ,. .......... -......................... _........ 93e3 

5 10 15 
time (ka) 

20 

87e3 

81e3 

FI~r; . 5. T illll' seriej !if ice-dil'I'de /lrirklle.IS. framer/ - ire 
l'O/IIIII{, alld ice-.l ltee/ /lrirklll'.l:' a/ /he ire-.I/rl'alll head. ( a) 

corre.l/)ollds 10 \ u = O. I alld ( b) di.ljl/a)' ,1 oscit/alioll,1 

mlired ~)' gre({ter creel) (OlljJlillg, AO = 5. 
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,\fal.l liall alld (;falke : Smlil il 'iO' le.ll.l oI eVIIIJled ire-.lheel / ice-.III"('alll ((rllalllie.1 

y (km) a Thickness (m) Height (m) b 
1500 3292 3500 

3021 
3000 

1200 2750 
2479 2500 

900 :~.: 2208 2000 t: 
1937 

1666 
1500 

600 . 
1395 1000 

300 1124 500 -.!>-- base model . 
--sheet ice 

\ 

853 I 

0 
- - )of- - stream ice 

0 
0 300 600 900 1200 1500 0 200 400 600 750 

x(km) 
Height (m) 

Distance from divide (km) 

U (m/a) 
3400 

.~ 
d c I 

I 

4000 3200 
I 

J 
3000 I H s (divide) 

3000 -.!>-- sheet flow Volume (km3) ,. 
2800 - --- - stream flow I 

I 2600 92e3 

2000 
I 

84e3 ,. 
2400 

I 77e3 ,. 
2200 volume ... . 

1000 
I . ...... . .... . .. . .. . . . .. . .. 6ge3 • 2000 

1800 
62e3 

/ Hs (head) 
0 .... .-,,~ 1600 54e3 

0 200 400 600 750 0 2 4 6 8 10 

Distance from divide (km) Time (ko) 

Ft~£t. 6. Eqlliliblilllll ((I 'lIalllie /Jroji'll'.1 ji'OlJ/ (Ill el/m ill/ell I /( 'ilit Iil'e-ji)ld ill(l'I'(OI'.1 ill ire-.llleall/ l 'flori!)'. :1 11 plofile.l ale al 

10 ka , l( 'ilh (Ye = 0 .5 (I l1d '(0 = 0. 1. ( a ) jJlo ls Ihicklles.1 (O Il IUIIIS , ( b ) /)lols IraJ/secl /JrQ/ileJ alld ( () rlis/JI(~)' .I dejJlh -az'l'mged 

l'elocilies a.1 ill Flj;llre 3. ( rI ) ShOll'S lillle serie.1 !if rliride IlIicklleS,I, IrallJer/ I'ofllllle alld sheellhieklll's.\ al lhe ire-slream head . 
. \ vie Ihe gleal~1' ellhallced Ihillllillg relaliN 10 Figure 3. 

di \'ide a nd m'e r +00 III michnlY a lo ng th e strea m . Plo t 
Fig ure 3c di spl ays ci epth-m'C ragcd ho ri zo nt a l icc \'(' 10 -

c iti es iJ., a nd u(' a long th e tra nsec t. Cree p \ 'C' lociti es a rc 

dra m a ti ca ll y red uced du e to sur race 10 \I 'C' rin g a nd 
flatt cning, co nsistent with ex pecta tions und er thin a nd 
IU\\'-slo pin g ice. I ce -strea m s llrf~lce draw-do \\'n a nd 
upwa rd s cO llCa\'it y a re o !Jser \'('d in .-\nt a rct ic ice strea ms, 

pa rti cul a rl y nea r th eir head (Sh a btai e and o thers, 1988 ). 

Plo t Fig ure 3d d ep ic ts th e tim e f\'o lutio n oC ice-di"ide a nd 

ice-stream head thi ckn esses a nd tota l tra nsec t-i ce ,·o lum e. 

5.3. Creep capture of ice 

\\ 'e "a ri ed c ree p-ca pture coe fli c ient Ao in a se t 0[' 

ex pe rim e nt s ,,·ith th e sing le- strea m m ocl e l. S trea m 

al'l i\·at io n. \,(, loc it y a nd pos iti onin g \1'eIT prescribecl in 
sec ti o n 3.2. Th e crcep-co up ling pa ramc tc ri za ti o n E q ua ­
ti on (35 )) . has it s p l1\'sica l ba, is in reason a bl y co nstra in cd 
q ua nt iti es, from ice p rope rti es a nd G len 's nO\I' la\\'. \\'e 

th erefo re a nti cipa te th a t th e coeffi c ien t \ 0 ~ 1. .\ ra nge of 

simlll a ti o ns \ 'a rying \ 0 from 0.0 I 10 10 a f1irm s thi s, \\' ith 

unph ysical o r hi g h-strung beha\ 'io ur ex h ibit ed beyond 
thi s ra nge. In a ll cases . ice- thi ckn ess a nd \,(, Ioe ity p ro fil es 

3++ 

a re iden tica l ill fC)J'Jll to th ose in Fig ure 3. Ice-strea m 
profile s are co nca \ 'C-upwa rd s except at th e o utl e t, ,,-here 

zero thi ckn ess is enfo rced in th ese tes ts: g in' n liTe reig n, 

s trea m no \\' across th e boundary g i\ 'C's a n ice cliff' ,,-hi ch 

Ill o re close ly reselll bles a cah-i ng rro nt. 
Fig ure + pl o ts shee t a nd stream thinning a long the 

tra nsec t. re lati n ' to th e initi a l (base-model ) thi ckn ess. ,\11 

p ro fil es a re a t 20 b a nd a re equili brated. Th e hear! o rth e 

ice strea m is 350 kill fr o m th e di\' id e a nd strea m 

thi ckn esses pl o tted a bmT this simple trac k-shee t thi ckn ess 

(Cl(' = 0 a t th ese po ints) . The impac t o f \ 0 o n shcc t-i ce 
cit'\'<l ti ons is almos t ind isce rnibl e . Strea m-i ce e\'(l luti on is 
111 0re se nsiti n' to cree p-exc ha nge strcng th. II'ith thinner 
ice strea ms und er loll' couplin g. As \(1 increases, shec t a nd 

stream thi ckn esses tra ck eac h o th er 111 0 re close ly and th e 

resulting ice strea m thi ckens. Th ere is esse nti a ll y a 

ba la n ce b e tll'ee n \ 11 a nd ( h ~ - "~. )" whi c h a dju s ts 
( h ~ - h~ ) to Ill ee t th e feedin g requirem ents of th e ice 
strea m. 

Beha\ 'io ur a t th e ice-s trea m hea cl beco mes inte res t­

ing '" spo racli c ,,'hen \ 0 in creases , as see n ill ti me seri es 

plo t tecl in Fig ure 5. The plo t in Fig ure Sa corresponds to 

the case \ 11 = 0. 1 a nci Fig ure 5 b is fil l' \ 11 = 5. Th e f(JI'Illcr 
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.\fan /wlt alll/ ( :tari;I' : SOlli l il'il)' II',, /., 0/ (oll/) /ed i(I' - ,I/11'1'1 ice- ,I I INIIII r!J'lIll1l1 i(1 

y (km) a Thickness (m) y b Thickness (m) 
1500 3362 3284 

3142 3042 

1200 2921 2799 
2701 2557 

900 2480 2314 

2259 2072 

600 2039 1829 

1818 1587 

300 1597 1344 
1377 1101 

0 
0 300 600 900 1200 1500 0 300 600 900 1200 1500 

x (km) H(m) 
x(km) 

H(m) 
C d 

3000 initial profile 3000 

2500 2500 

2000 2000 

1500 Case D1 1500 Case D2 
••••• stream ice • ••• • stream ice 

1000 --sheet ice 1000 - -sheet ice 

500 500 

0 0 

0 200 400 600 750 0 200 400 600 750 
H(m) 
~ from divide (km) 

H(m) Distance from divide (km) 

3400 e 3400 f 
3200 

3200 divide 
3000 divide 

Case D1 
3000 2800 

2600 
2800 

2400 
2600 2200 

inter-stream ridge 
2400 2000 

stream axes 1800 
stream axes 

2200 1600 

0 2 4 6 8 10 0 2 4 6 8 10 
Time (ke) Time (ke) 

Fig, 7. I~IJ/(ilih)'i/(III 1{J'lIalllic jJroji/c,1 l('i/It Ill 'O ircI/rr'alll ,1 50 kill a/){f)'/ I/roddlillg /Itl' 1:'IS.I /1. \ T /),{///II'cl , R I' III//I ( a . (' 

alld I') rOITl'.lj)olld /0 (([ ,11' D I : Oll//C/ l' ('/oci!)' IU'9()() III (/ I ([lid \ 11 = 0.5. RI',III//' ( h. d 11I1I1.J) m!Tnj!olld /0 ('([II' DJ: 011//1'/ 

l'e/o(i(l' 4 1R()() III a I alld \ 11 = I . ( ({ ) alld ( h ) 1/zOll ' Illl.la((' (Oll/Ollrl a/it'!' 10 k({. ( r ) alll/ ( d ) 1/lOll ' dit idc alld Irall,II'C/ 

/mlflll'l alld Iheel alld ,l/rNII!! /lrojitl',1 ({Iollg a 1011//111' icc I/rNUII: dU/i'rl'llu' l hf/wl'l'IIl/rl'll/!l.1 IIrc 1111011. ( I') IIl1d ( /) I//o l l' 

lillll' ,1I' ri('1 0/ rlil 'ide Ihicklle,l ,l ({lid illler-.,lrl'({)II ridge ({lid Ihel'l Ihicklll',l Il'l 01 1111' III'({(II!/ ('({ch I/rl'lllll ali, ( .1' = 1100 k)ll ) . 

Sln'1I111 /m!lilel CUI!/il.IC lite illlagl' ,10 i!az 'l' hel'll olllil/ed: I/rmlll alll/ 1//('(' / /JI"ojllel .Iii/' II gil'l' lIl/rl'lllll olcillale ill /1i!IW' . 

case sm oo thl y a pproac hes a nd m a inta illS equilibriulll 
thi ck nc"cs. \Tloc i(i es a nd tramlT t \o lullH'. Sh ce t 11 0\1 a t 
the head o f' th c in' str('a m has !ll o rc th a n d o ubled fi'o!ll 
th e initi a l co nfi g ura ti o n as a rcs ult of's ur! ilce qee pe nin g. 

This is impOrt a nl fi) r icc-"trea m no uri "hm c nl /i 'o m th c 

periph era l shCC I icc . end er enh a nced CI,(,C P couplin g in 

the 100IlT pl o ts. lhe iu'-strca lll hea el ,Ippea rs un stable, Ice 
,It th c di \ iel e ,Ind e ls(,1I herc qui c k'" approa c hes equili­
brium hut head thi c kn esscs I a mi rl's lIIJin g cree p \T lo­

c il ies osc ill a lc . Pul ses o r exc hange \ .r occur 11 hen shee t 

, trea m h e ig ht diffc rc n ccs are g rcat but ca nn o t 1)(' 

m a inta ined beca use or th e m o re ponde rou s crcep-tim c 

rl'S pOlhl' o r ice fi 'o lll th e su rro unelin g shee t. \\' c do no l 
,dl ()\\ thi s to af1l'C t th e "tream fl oll b ut m a int a in a 
co nsta nt ra te of' s trcam flu shing fro m th e head, These 
co m b ill ed influ e nces m a ke th e b l' ha\ io ur erra ti c but no n­

ci in'l'g l' nt. 

Th ese res ull ' o fk r so m c inlnes tin g g uici a nce , LOII­

couplin g coC[lil'il' nt s \ ' ie ld lI'ithin-cc ll , UrlilCl' g ra di ent s o f 
o rci n ( h ~ - h ~):::::; l OO m . Th esl' arc pe rhaps la rge a nclll e 
prl'fi: r couplin g coclTi cil'llt , \ 11> O.G II'hi c h mIlTOII' thc 

dil1<.' IT nce. Exc ursio ns in beha\ 'jo r a t lh l' icc- , lrca m head 

in crease \1 ith increas in g \ 11 a nd a bm 'e \ 11 = 5 \I-e lIT re 

fi) rccd to d ecrease (h -na llli c l im e , tl'P, li 'o m 10 to :2 5 a . 
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Marshall alld C'larke: Se/lsi/i1Ji~J ' /es/s of coupled ire-shee/ /ice-Slrealll 1£)'"(/lIIics 

W c (,ully expect that the d ynamic excurs ions would be 
much d a mped in a rea l ph ysical situation. Interplay with 
strea m-ice \'e locities ca n be expec ted and might pro\'(' 
quite interes ting . Our trea tment of inler-cell fcedin g can 
a lso be refined. In th cse tcs ts, streams a re fed onl]' from th e 
loca l shee t ice, \"ith a longer res ponse tim c ('rom 

neig hbouring cc ll s. Experiments wc have done with a 
broader source rcgion directl y fecding th c ice-strea m head 
yic ld a smoo th cr e\'o lution and permit exchangc coeITi ­
cients XO in the range 50 100. 

5.4. Ice-strealIl velocity 

'Ne lound pred ic table rrsponses to variations in pre­
scrihed ice-strea m \·e!ocity. Surface draw-down and 
concave-upwards surfacc proliles persist as long as nux 
QcucHc increascs downstream. Thcse characterist ics are 

enhanced by increases in , ·e locity. Fig ure 6 shows surface 

profiles a nd tempora l e\'oluti on ('or an o utl e t "elocity or 
4 .5 km a I. There is a sing le ice stream which is activated 
as before but with a ll ve locities increased five-[()Id. 
XO = 0 .5 in thi s tes t a nd head beha \'iour is smoo th 
following small osc ill a tions during the initi a l ac ti\ ·ation . 

5.5. Double strealIl lIlodel 

'N e arc quite interested in th e mutu a l interaction of two 
or more ice strea ms (as present on th e Sip le Coas t, 
Antarcti ca, for example). As a preliminary stability tes t , 

we introduce two p a rallel ice streams sepa rated by 50 km 
and straddling the EIS~IINT transec t. Each stream is 
400 km long and up to 50 km wide , occupying a single 
row of cell s as before. Ac ti\'a tion of each stream is 
identica l to that in the single-stream case (sec tion (5.2 )) . 
and effective equi libri a are achie\'ed by 10 ka. 

Resu lts 0(' two tes t scenarios a re plotted in Figure 7. 
The images on the left co rrespond to outlet \'eloc iti es 0(' 

900ma I and Xo = 0.5 (case 01 ). Strea m \'e locities are 
doubl rd and XO = I on the right (case 02 ) . All profiles 
are at 10ka . EIS:rdIKT transec t prolilcs are plotted in 
Figure 7c and d; this is no\\' an inter-strea m ridge and is 

drawn-down ex tensi\ 'e ly by drainage to both streams. 

Th e two lower cun'Cs in Fig ure 7c a nd cl plot sheet- ice 
a nd strea m-ice thicknesses a long a single ice-stream axis. 
The second ice-stream axis is id entiea l in case 01 but not 
in 02. Tim e se ri es ol'sheet-ice thi ckn esses in Fi g ure 7e and 
fdemon stra te rh e difrerence. The "gentle" case on the left 
e\'olves smoothl y with the two ice streams indistinguish­

ab le a nd no apparent interac tion. Under high er coupling 
and larger nuxes hig hl y correlated , strea m inte rac ti ons 
arc e\·id ent with anti-phase thickness osci ll ations or sheet 
ice a long the two stream axrs . Stream-thickness e\'o lu­
tions muddle th e image and arc not plotted ; shee t and 

stream thicknesses osci ll ate in ph ase a long each stream. 

6. SUMMARY 

Th e mixture framew ork is conceptuall y and numerically 

simple as an enhancement to ex isting model strategies. 

Tests of numerical robustness and ph ysical Sf'nse arc 
encourag ing o\'er a range or physicall y plausible scena r­
IOS; we are optimistic th a t sub-grid ice streams can be 
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physically accounted within comprehensive model s \\'ith­
out increasing num erical reso lution . Computationa l cos ts 
a re nominally d o ubl ed , a ltho ugh some condit ions lorced 
smaller time steps to ensure dynamic stability (i.e. a 
reduction from 10 to 2~5 a ). 

W e re-emphasize that ice-stream go\'erning ph ysics IS 

not described in this work . Stream veloc iti es, act i\'a tion 

and grow th need to be objecti\'ely and freely determined . 
At the minimum , thi s requires a d esc ription or sub-i ce 
h ydrolog ical reg im e and sub- g rid bed coupling . In 
addition , ice-dynam ica l coupling be tween sheet and 
strea m com ponen ts should be refi ned to desc ri be better 

dynamica l control s of strea m Oow. W e ex pect sid e drag 
a long shee t/s tream boundaries to be important. Details of 
transient e\'olution and shut-down should be ex plored 
l'urther, as equilibri um ice streams may ne\'er be realized in 
Nature. \\'e bclie\'e that the mixture framework prO\'ides 

us \"ith the means to as k sensibl e questions and ma ke 

detailed quantitative studies 0(' ice-stream beha\·iour. 
More soph isti cated treatments of ice-stream me­

cha nics and shee t/stream momentum coup ling a re con­
ceptuall y stra ig ht forward within the mixture fram ell·ork. 
The genera l li-amework a lso a ll ows direct extens ion to 

mixture thermodynamics and a three-constituent mixture 

which includ es ice sheh 'Cs . 
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