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Abstract

In this paper, we extend the integer-valued model class to give a nonnegative integer-
valued bilinear process, denoted by INBL(p, ¢, m, n), similar to the real-valued bilinear
model. We demonstrate the existence of this strictly stationary process and give an
existence condition for it. The estimation problem is discussed in the context of a
particular simple case. The method of moments is applied and the asymptotic joint
distribution of the estimators is given: it turns out to be a normal distribution. We present
numerical examples and applications of the model to real time series data on meningitis
and Escherichia coli infections.
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1. Introduction

As was pointed out in [22, p. 3], discrete-valued time series are commonly encountered in
practice. In the last two decades, many developments have been made in this field. Conse-
quently, tools specifically designed for discrete-valued series are now available for data analysis.

There has been a real effort to define a family of models that are structurally simple,
sufficiently versatile, and also accessible. Pioneering work must be mentioned. Several
articles have dealt with statistical data expressed in terms of counts taken sequentially in
time and correlated. Many authors have tackled the problem of integer-valued time series
analysis. Jacobs and Lewis in [16], [17], and [18] presented and applied the so-called discrete
autoregressive moving average models. Some autoregressive moving average models for
dependent sequences of Poisson counts were suggested in [8], [21], [23], and [24]. In [2],
Alzaid and Al-Osh introduced integer-valued pth-order autoregressive (INAR(p)) models and,
in [1], integer-valued gth-order moving average (INMA(g)) models. In [11], Du and Li gave
the first rigorous construction of an integer-valued autoregressive process. Gauthier and Latour
in [14] and Latour in [19] and [20] developed a more general version of the INAR(p) model,
denoted by GINAR(p). Park and Kim in [25] studied the properties of the INMA(g) model,
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while Dion et al.in [9] established links between some models used in integer-valued time series
analysis and branching processes.

More recently, a simple integer-valued generalized autoregressive conditional heteroske-
dastic-type model of orders p and g (the INGARCH(p, g) model) has been proposed. See [13]
for some results on this model and its application in epidemiology. This model was also studied
in [28] and applied in finance to model the number of transactions taking place during a short
interval of time. Streettin [30] has derived some stationarity results for the INGARCH(1, 1)
model. Like a model proposed by Davis ef al. in [6], this is an observation-driven model.

In this paper, as in many other ones, the Steutel-van Harn operator is used. Let us recall the
definition of this operator from [14].

Definition 1.1. (Steutel-van Harn operator.) Let {Y;};cn be a sequence of independent and
identically distributed nonnegative integer-valued variables with mean « and variance X, inde-
pendent of X, which is a nonnegative integer-valued variable. The Steutel-van Harn operator
«o is defined by

X

o x — XEYi if X > 0,
1=
0 otherwise.

The sequence {Y;};en is called a counting sequence. Note that, as indicated in Definition 1.1,
the mean of the summands {Y;} associated with the operator «o is denoted by «. Suppose that
Bo is another Steutel-van Harn operator based on a counting sequence {17 i }ien. The operators
ao and Bo are said to be independent if and only if the counting sequences {Y; };cn and {Yi}ien
are mutually independent.

We would like to extend the integer-valued model class to give a nonnegative integer-valued
bilinear process, denoted by INBL(p, g, m, n), similar to the real-valued bilinear process
presented by Tong in [31, pp. 114-115]. A time series {X;};cz is generated by a bilinear
model if it satisfies the equation

m
Xt—a+2a,xt I+Zc,e, ,+22bek(st Xik) + e, (1.1)

k=1 {£=1

where {¢;};c7 1S a sequence of independent, identically distributed random variables, usually
but not always with zero mean, and where a, a; (i = 1,...,p),¢; (j = 1,...,¢9), and
b € =1,...,n, k =1,...,m), are real constants. In (1.1) we can ‘formally’ substitute
Steutel-van Harn operators for some of the parameters, giving an equation of the form

Za,oxt l+Zc,oet ,+ZZbeko(s, Xik) + &, (12)

k=1 (=1

where the operators gjo (i = 1,...,p),cjo(j =1,...,9),and bggo (£ =1,...,n, k =
1,...,m) are mutually independent and {¢;};c7 is a sequence of independent, identically
distributed nonnegative integer-valued random variables of finite mean w and finite variance
2, independent of the operators.
In (1.2) it may seem more approprlate to write @ o instead of o jo, to explicitly indicate that
there exists a sequence of variables {Y 1) }ken for all 1. However, because (1.2) more closely
resembles the standard equation of the bilinear model in its present form, we prefer to use the

notation ¢ jo.
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Model (1.2) has never been studied before (to the authors’ knowledge) and is quite com-
plicated. We believe that it is better to restrict our discussion to the first-order bilinear model

X;=aoX, 1+bo(eg 11X 1) +e&, (1.3)

where the sequences involved in the operators ao and bo are respectively of means a and b and
variances « and 8. Let ¥ and Y respectively denote generic variables used in ao and bo. It
should be pointed out that using the Steutel-van Harn operator in (1.2) instead of using the usual
multiplication means that we are not allowed simply to invoke known results established for
the classical real-valued bilinear process, as was done in [15], [26], [27], and [31, pp. 114{f.].

The structure of the paper is as follows. In Section 2 we demonstrate the existence of a
strictly stationary process satisfying (1.3). In Section 3 a sufficient condition for second-order
stationarity is obtained. In Section 4 we discuss the problem of the estimation of the parameters
in a model where ¢;, t € Z, has a Poisson distribution with mean p and the sequences involved
in the operators ao and bo have Poisson distributions with respective means a and b. In Section 5
the asymptotic distribution of estimators is derived. In Section 6 we present numerical examples
and applications of this model to real time series.

2. Existence of a strictly stationary bilinear process

In Theorem 2.1 we give a sufficient condition under which there is a strictly stationary
process {X;};cz that satisfies (1.3) and is such that ¢; is independent of X, s < ¢.

Theorem 2.1. Ifa + b < 1 then there exists a unique strictly stationary process {X,};ez, that
satisfies (1.3) and is such that €, is independent of X5, s < t.

The proof of this theorem is based on several results that we shall prove first. For each ¢,
let us introduce a sequence of random variables, {X z(”)}neN’ that will be used in the proof of
Theorem 2.1 to generate a strictly stationary solution to (1.3). Let

0, n<0,
x" = e, n=0, 2.1)
a® o Xt(ﬁl) +b0 o (8,_1Xt(ﬁl)) +¢&, n>0.

The notation a® o and b0 indicates that the counting sequences {Y, k(t) }een and {17 k(t) }ren used

in the operators ao and bo are fixed at time . We will show that the sequence {X t(") tnez has
an almost-sure limit, denoted hereafter by X, for all z. We will prove that the limit process
{X:}:ez satisfies the conditions of Theorem 2.1. To simplify the proof of the main result we
demonstrate the following lemmas, which concern the sequence defined by (2.1).

Lemma 2.1. The sequence {Xl(")}nez is nondecreasing for all t € 7.

Proof. We prove this result by induction. For n = 0, we have

X0 Za® 0 X0 10 6 (6, X0 46, > & = XO.

Now suppose that X t(k) > X t(kfl) for all # and for all k < n — 1. Since & is a nonnegative
integer-valued random variable, using the induction hypothesis yields

-1 -2 -1 -2
Xt(lil ) = X,(’il ) and SI,IXI(rLI ) = Stflxl(ril )7
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and by definition of o and b0 we obtain

a®ox" 1V >a®ox™? and b o (61 X"7V) = 0D o (61" 7P).

Consequently we can write X t(") > X ,(”71), and the proof follows by induction on n.

Lemma 2.2. The process {X ,(")},GZ is strictly stationary for alln € N.

Proof. According to [5, p. 12], to show that the process {Xt(”)}tez is strictly stationary it

suffices to show that the two vectors (Xi"), e Xé"))’ and (Xﬁ)h, e Xﬁh)’ are identically
distributed. It is clear that
0 0
Xy €l X Lzh El+h
: = : and : =
©) )
X, &g Xyl E0+h
are identically distributed, since (8i"+1) e, EEH—H) ) and (8}'_1;11), e eér_le))/ are identically

distributed. Hence, the process {X t(o)},ez is strictly stationary. Now suppose that the process
{X ,(r)}tez is strictly stationary for all » such that 1 < r < n. We then have

XYZH) aWo ... 0o X(()")
(n+1) o ... g® )
X, 0o a‘“o X",
pDo ... 0o X(()n)so &1
+ : . : +1
0o --- bWYo Xén_)lgf—l &y
and
Xﬁr—;l) athe ... 0o X}(ln)
1) S (20 )
Xyih 0o a © Xyth-1
pthg ... 0o X}(l")sh El4h
+ : : : + :
0o s b, Xér_ﬁ_)h_lgﬁ-'rh—l Et+h

By the induction hypothesis and the property of the random vectors involved in the right-hand

sides of the two preceeding equalities, the vectors (Xin'H), e, XE"H))’ and (X(n'H) el

1+h >
X é’:,rll) )’ are identically distributed.

Lemma 2.3. The vectors (X,(n), X,("_l))’ and (Xt(i)h, X;i;l))’ are identically distributed for
alln,h € N.

Proof. The proof is similar to the previous one, and is thus omitted.
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Letk, = E[Xl(") — X,(n_l)]. By Lemma 2.3 and the structure of the process { X, (")}tez, we
conclude that k;, is independent of ¢.

Lemma 2.4. The sequence {k,},c7 is a geometric sequence with ratio a + bu.

Proof. Because the sequence {X l(") }nez 1s nondecreasing, we have the following equality
in distribution:

XM = X" 2 a0 (x"Y = X"P) + 50 0 (e (X" = X)),

By taking expectations on both sides of this equality and using the properties of the Steutel-van
Harn operator, we have

ko = E[X"™ — X" D) = aBIX" Y = X"+ bELe (XD — X)),

From (2.1) we observe that, forall j = 1,...,n — 1, Xt("_;j) — Xt('i;j_l) depends only on
&—j—1,...,&—n and the sequence involved in the operator. Hence,

Blet (X" = X)) = wEIX" D - x"77)

and, so,
kn = (a+bwkn—1 = (a +bpw)" ki,
where k; = E[X\ | — X \1=ap+bo?+u?).

Now we prove that the sequence {X ,(") }neN has a unique almost surely nonnegative integer-
valued limit, X,, for all ¢. The process {X;};ez satisfies the conditions of Theorem 2.1.

Almost sure convergence of {X," () tnen. Let (2, &, P) be the common probablhty space
on which the relevant random variables are defined. Since the sequence {X }neN is a
nondecreasing sequence of nonnegative integers, we have

lim X" (w) = X,(w) forallw e Q.
n— oo

It remains to show that X, is almost surely finite. To do so, it suffices to show that the set
Aso = {w: X;(w) = oo} is such that P{A,,} = 0. We observe that

~-NU

where A, = {w: X,(")(w) — Xt("fl)(a)) > 0}. On the one hand, we have

Ay =limsup A,
n— o0

||C8

oo
kn =E[X," — X" 12 Y Plo: X" (@) — X" V(0) = k} = P{A,).
k=1

On the other hand, in Lemma 2.4 we showed that k, = (a + but)"~'k;. Consequently, if a +
bu < 1 then the series ), | k, converges and, hence, the series ) .| P(A,) also converges.
Applying the Borel-Cantelli lemma yields P{A,} = 0, from which we conclude that X; is
almost surely finite and that the process {X;};c7z satisfies the conditions of Theorem 2.1.
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Strict stationarity. According to Lemma 2.3, the process {X; ) }iez 1is strictly stationary.
Because X; is the almost-sure limit of the sequence {X }neN for all #, it is obvious that the
process {X,};ez is also strictly stationary.

Nonnegative integer- valuedness Since X; is the almost-sure limit of the nondecreasmg
integer-valued sequence {X }neN for all ¢, we can find an N; > 0 such that X, () - X, m — 0
for all m and n with m > n > Ny, and clearly X( = = X, for all n > N;. Thus, X; is a
nonnegative integer-valued random variable.

Independence. Let Y (t) denote all of the sequences involved in the operators, and let % (-)
denote the smallest o -algebra that makes measurable the random variables it takes as arguments.
With this notation, and from the structure of the process {X;};cz, for all s < t we have

?’(X.WXS*L ) - ?(lela Xl‘fz’ )
C‘?’(Sl—lsT(l‘_ 1)’ 81—27T(t_2)a"-)7 (22)
from which we deduce that ¢; is independent of X, s < t.

Uniqueness. Let {Z;},c7 be another process satisfying (1.3) that is strictly stationary and
such that &; is independent of Zs, s < t. We will demonstrate that X, = Z;. It suffices to
show that the set By, = {w: |X;(w) — Z;(w)| > 0} is of probability 0. Note that By, =
Moz U, Bm = limsup,,_, o, By, where B, = {w: 1X" (@) — Z;(w)| > 0}. The following
notation will be used:

0
wO=e, W =1X" () - Zi@),
LY=o, L}") = min(X", Z,).

On the one hand, we have

W =1a® o X"V —a® 0 Z 1 + 5@ o (e X" TV) = bW 0 (61 Z,-1))

Wt(nll) & 1W(n 1)

O} i (1)
z; SR S
1= 1=

2a oWV + 50 o (e W),

where, recall, {Y,”},cn and {Y, t)}neN respectivel?r denote the sequences involved in the
operators a®o and bMo. From the structure of W,", we observe that &, is independent
of Wt("1 b By using the expected value properties of the Steutel-van Harn operator we thus
find that

E[W ] = (a + bu)" E[W°)],

where E[W,( )n] = E[&;] = w. On the other hand, we have

E[W,"12 > " Plw: [X{" (@) — Z(w)| = k} = P(B,).
k=1

Consequently,

D PBi <u) (atbp) < oo,

n>1 n>1

since a + b < 1. This means that X; is almost surely unique.
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3. Stationarity condition

In the previous section, we proved that the process { X, };¢7 is strictly stationary. To conclude
that this process is second-order stationary, it suffices to show that the first two moments of X;
exist.

Remark 3.1. Since the processes {X;};c7z and {e;},c7 are strictly stationary, the processes
{X:et}iez, {X,zst},ez, and {tht}tzez are also strictly stationary.

Proposition 3.1. Let the process {X;};c7 satisfy the conditions of Theorem 2.1. Then E[X;]
exists.

Proof. From (1.3) and by using properties of the Steutel-van Harn operator, we have
E[X/] = aE[X;—1] + bE[e;—1 X;—1] + p. (3.1

Observe that
& Xy =(aoXi—1)e + (bo(e—1Xi—1))er + 8[2-

Using the independence property of ¢;, we also have
E[X:&/] = apE[Xi—1] + bu E[Xi—16-1] + 0 + 1. (3.2)
From Remark 3.1, we conclude that
E[X;e;] = E[X;—18/-1].

Consequently,
apE[X,—1] + 0% + p?
1—bu '
Finally, using the fact that the process {X;},c7 is strictly stationarity, we obtain

E[X; 1611 =

bo? 4
1—(a+bu)’

This expectation exists because a 4+ b < 1 by the existence condition.

E[X:]=

From now on, we will omit the superscript in the operator and we will write ao and bo
instead of o and b®o.

Proposition 3.2. Let the process {X;}:c7, satisfy the conditions of Theorem 2.1, and suppose
that &; has a finite fourth moment. If (a + bu)* + bo? then E[X,?] exists.

Proof. Observe that
E[X7]=E[B} | + 2B, 1 +¢/1,

where B;_1 =a o X;—1 + b o (X;_1&_1). Using the independence property of &;, we have
E[X7] = E[B ]+ 2 E[B,—1] + 0 + 1, (3.3)
and using the properties of the Steutel-van Harn operator yields
E[B}|] = E[(a 0 X,—)’] + 2E[(@ 0 X;-1)(b o (X;—16-1))] + E[(b o (X;—161-1))°]
=« E[X,_1] + a® E[X? |1+ 2abE[X?_ &i_1]1+ BE[X,—18-1]
+b*E[(Xr—16-1)°].
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From Remark 3.1, we obtain
E[X? &_1] = E[X}e]
=E[(B” | +2Bi_1& + &2)er]
= wE[B} |1+ 2(c” + u*) B[B,_1] + El¢;]

and
E[(X;-18,-1)*] = E[(X:£)°]
=E[(B2 | +2Bi—18; + &)l
= (0° + u*)E[B} 1+ 2E[1E[B,_1] + E[¢}].
Let
V) = « E[X,_1] + 4ab(c? + u*)E[B,_1] + 2abE[&}],
C? = BE[X,_1&-1] + 2b” E[¢}] + b* E[s}].
Consequently,
E[B || = [abu + b*(6? + u»]E[B> |1+ a”E[X2_ 1+ !V + ¢,
whence

@B 1+ ¢ 4
1 — Qabp + b2(62 + p2)’
By the strict stationarity property of the process {X;};cz, and using (3.3), we conclude that

E[B} 1=

" + 2 + (1 - Qabp + b*(0° + u») QuELB_1] + 0> + 4?)
1 — (% + 2abu + b2(c2 + u?))
iV + ¢ + (1 — Qabp + b*(0% + u»)) QRE[B,_1] + 6% + 12
1 — ((a+bu)? + b2c?) '

E[X?] =

If (a + bu)?> + b*0? < 1 then the numerator and the denominator both become positive, and
E[X,2] exists.

We can now state the following theorem.

Theorem 3.1. If (a + bu)*> + b>6? < 1 then there exists a unique second-order, strictly
stationary process that satisfyies (1.3) and is such that ¢; is independent of X5, s < t.

3.1. Sufficient condition for the existence of E[X tp ]

As we will see later, to have asymptotic normality of the estimator, the existence of E[X 7]
for p > 4isrequired. For arandom variable X, let | X||, = E[|X|?]"/?. The aim of this section
is to give a sufficient condition for the existence of E[X ,p ]. In view of 1.3, let mg = E[X tp ].

Obviously,
mp < llaoX;—illp+lbo(e—1Xe—Dllp + ll&cll p- (3.4)
For the first term on the right-hand side of (3.4), we have
Xi—1
lao X;—11p =El@o X,1)"1 = E[Z Y;,]
j=1
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By using the convexity of the function f(z) = z”, we find that

Xi—1

-1
lla o X;—1ll; < E[X,”_1 (Z Y}’,)} = E[Y”]E[X] 1.

Jj=1

Hence, by strict stationarity, we obtain
llaoXellp < IXellpllYlp.

For the second term on the right-hand side of (3.4), by the same argument we find that

b o (er—1 X;—II5 < El(e—1 X,—1)’1E[Y?].

Let us introduce the following notation: ”5 = E[(g;—1X:-1)7?], aﬁ = E[Y?], bz = E[Y7"],
and /LZ = E[e”]. We can then write

mp < apmp +bpny,+ wp. 3.5
By substituting a o X;_5 + b o (¢;—2X;—2) + &;—1 for X;_1, we obtain
ny =Ellei—1(@o X;2+bo (g-2X,-2) + &-1]"],
from which we deduce that

np < ller—1a o Xi—allp + ller—1(b o (er—2Xi—2)l p + lle?_ I

v 2
= llellpllYlpmp +lelplY I pnp 4+ llep.

Isolating 1, leads to

2
_ lelplYllpmp + 1121, _ Hpapmp + 1oy

np < — =
L—llellplYllp 1= ppbp
Relation (3.5) becomes
b bpis apmp + pp +bp(u3, — u3)
pMpdp rH2p pitp 14 P\H2p P
mpf(ap"'—) —— +Up =< ,
1 —pupbp 1 —bpup 1 —pupby

and isolating m , gives
Hp +bp(us, — 13)
1—(ap +pupbp)

Under the hypothesis that a,, i, and b, exist, we conclude that m , exists if

mpf

ap+ﬂpbp<1<$||Y”p+”8”p||y||p<l. (3.6)

In the next section we assume that the random variables Y, 17, and ¢ are all Poisson and,
thus, that all their moments exist. In that case, E[X/] exists if a pt+upby, < 1.
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4. Parameter estimation

In the estimation procedure discussed in this section, we assume that the distribution of
the random variables of the sequence {¢;},c7 is & (i), the Poisson distribution with parameter
W, and that the distributions of variables of the sequences involved in the operators ao and
bo are respectively & (a) and & (b). Even though similar results might hold for many other
distributions, we prefer to investigate the Poisson case because it arises very naturally in many
counting processes, in the same way that the Gaussian distribution arises in the continuous case.
Also, the Poisson distribution is computationally more tractable than other distributions when
dealing with integer-valued processes. Therefore, we expect that the Poisson distribution for &;
in the INBL(p, g, m, n) process plays a role similar to that of the Gaussian distribution in the
classical BL(p, g, m, n) model. The estimation problem associated with the INBL(1, 0, 1, 1)
process is more complicated than that associated with the BL(1, 0, 1, 1) process. However, we
have successfully developed some higher-order moments for the simple, nonnegative integer-
valued bilinear model, so we can apply the method of moments.

Assume first that the existence and stationarity conditions hold, i.e. that (a+bu)>+b*u < 1,
and let y (0) be the variance of the process. After some tedious calculations, we obtain

E[X, X111 = (a + bp) EIX71+ 2bjjex + bpt+ ppax
and, for k > 2,

E[X: X141l = (a + bp) BIX Xy yp—1] + bupx + npx,
where ux = E[X;]. Consequently, we have the following expressions:

y(1) = (@ +bw)y 0) + (a + bu)uy — ux + 2bpupx + b + ppx, (4.1)
y(k) = (@+bwyk—1)+ (a+bwuy — ux +buux +ppx, k=2, (42)
Since &; is & (u)-distributed, by the proof of Proposition 3.1 we have

bu+pn

= TG+

Therefore, by simple substitution, we obtain

(a+bpk — uk + 2buux + b+ iy = bu(uy +1)

and
(a+bwpy — 1y +buux +pupx = 0.
Thus, (4.1) and (4.2) imply that

y (k)
a+byp=—-"7
y(k—1)
and
bu — y(1) — (a+bu)y(0)
w= .
nx + 1
By defining A = a + b and B = b, since ux = (b + p)/(1 — (a + b)) we deduce that
B
u=ux(—A)—B, a=A—-—B, and b= —.
u
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Given the observations X1, ..., X, let
_ 1 <&
X, = - Z X, 4.3)
g
and
1 n—k _ _
P == X = X)X, = X, (44)

t=1

Note that we use n~ ! instead of (n — k) ! as the normalizing constant for our estimator of the
autocovariance y (k). From (4.3) and (4.4) we obtain the moment estimators /i, a, and b of the
corresponding parameters u, a, and b as follows:

aA=X1-A) - B, (4.5)

a=A-B, (4.6)

. B

bh=—, (4.7)
n

where A = 7(2)/9(1) and B = ($(1) — AP (0)) /(X + 1).

Theorem 4.1. The moment estimators [, 4, and b, definedin (4.5), (4.6), and (4.7), are strongly
consistent.

Proof. To demonstrate that the moment estimators fi, a, and b are strongly consistent it
suffices to prove that the process { X;};c7 is ergodic. As we saw previously, from (2.2) we have

?(Xlrxtflv ) C ?’(815 T(t)98171’ T(t - 1)’ )

Hence,

DX

o0
(F X X1,-) C

t=0 t

Fer, Y(@), 81, Y(t—=1),...). (4.8)
0

Because the right-hand side of (4.8) is the tail of a o-field of independent random variables
(& and Y (2)), the probability of any event initis O or 1, from which we conclude that any event
in the o-field of the left-hand side is also of probability O or 1. Thus, from [32], the process
{X:};ez 1s ergodic. Since the process {X;},c7z is stationary and ergodic, we conclude that the
estimators X, and p (k) are strongly consistent. Consequently, we deduce that the moment
estimators fi, d, and b are strongly consistent.

5. Asymptotic distribution of the estimators

5.1. Weak dependence of the process

To obtain the asymptotic distribution of the estimators given in Section 4, we will use some
weak dependence results; see [7] or [10]. Let us denote by #y the common probability space
on which are defined the variables Y;; and Y;;&;, t < 0, such that

Fo =0, 1?it,gt: t <0),

and let J? denote the common probability space on which are defined the variables Y, Zj, and
&, t € Z,suchthat ¥ = o (Y4, Yis, 6;: t € Z). Lets; = Eg [X(],s = E[X;],u; = Eg[6: X(],
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and u = E[e; X;]. Inthe notation of [7], we will calculate 6; = E[|s; — s|]. Obviously (see (3.1)
and (3.2)),

sy =as;—1 +bu1 + u,

5.1
uy = aps;—1 + bpue—y + o? + 12,
for all t > 1. We can write
n(sy — ) = w(as—1 + bus_1),
WS — M2 =Ur — 0% — Mz, (5.2)

Uy = usy + o2,
and substitution of (5.2) into (5.1) gives
st = (@ +bp)s—1 +bo® + .

We also have
s = (a+b,u)s+bo2+/t.

Now let z; = s; —s = Eg,[X;] — E[X/]. Straightforward computation yields

2t =(a+bu)z;—1
=(a+bu'zo
= (a + bp) (Ex[Xo] — E[Xo])
= (a +bu) (Xo —E[Xo])
< 2(a + bu)" E[Xo]
w+ bo?

_ t
=2a by

Thus, {X;} is a 6-weakly dependent process, with 8, given by
6, = (a +bw)" E[|Xo — E[X0oll] < 2(a + bw)" E[| Xol].

5.2. Basic general and asymptotic results

Definition 5.1. (Asymptotic normality [5, p. 211], [29, p. 122].) The sequence {X,,} of random
k-vectors is asymptotically normal with ‘mean vector’ u and ‘covariance matrix’ X,, if

(i) X, has no zero diagonal elements for all sufficiently large n, and

(i) VX is AN(A'p,, A'E,1) for every A € RF such that A’E,A > 0 for all sufficiently
large n.

Proposition 5.1. (Transformation of asymptotically normal vectors [5, p. 211], [29, p. 122].)
Suppose that X, is AN(u, 6,21):), where X is a symmetric nonnegative-definite matrix and
cn = 0asn — oo. If g(X) = (g1(X), ..., gn(X)) is a mapping from R¥ into R"™ such that
each g;(-) is continuously differentiable in a neighborhood of n, and if all diagonal elements
of DX.D' are nonzero, where D is the m x k matrix with (i, j)th entry [(3g;/9x;)(i)], then
g(X) is AN(g(p), c2DX D).

https://doi.org/10.1239/aap/1151337085 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1151337085

A simple integer-valued bilinear time series model 571

Let us introduce some new notation. For the process {X;}, we write E[X;] = ux (as before)
and cov(X;, X;4,) = y(h) for h € Z. We consider the following estimators:

1
X = - ZX, (as before),
t=1
1n7h
Py ==Y (X; — ux)Xpn — px),  h=0,1,2.
n

t=1

In practice, ux is replaced by its strongly convergent estimator X.

5.3. A central limit theorem

Results of [7] can be used to obtain asymptotic distributions. As an example, we can show that
if X1, ..., X, are observations from model (1.3), then \/n X is asymptotically normal. Indeed,
if in (3.6) we let p = 2 + §, the sufficient conditions E[|Xt|2+‘3] <ooand ) ; i2/%0, < oo are
obviously satisfied.

Let V = (X;, X2, X, X,—1, X, X;—2)" and let A = (a, b, ¢, d)’ € R*. We would like to give
a central limit theorem for A’V. Bardet et al. in [4] proved a heredity lemma giving conditions
ensuring that a function 4 : R¥ — R applied to a weakly dependent time series produces another
weakly dependent time series. Their proof can easily be adapted, giving Lemma 5.1, in which
we use the following norm:

G, wi)llo = ut] + -+ - 4 fugl.

Lemma 5.1. Assume that {X,};c7, is a k-vectorial stationary time series such that there exists a
p > 2satisfying || Xollp < 00. Let {Y;};cz be the stationary time series defined by Y, = h(X;),
t € Z, where h: RK — R is such that |h(x)| < c||x||% and

[h(x) = h(x")] < cllx —xlo(lxllo + l1x"llo + 1)

for x, x' € Rf and ¢ > 0. If {X,}1ez is a O-weakly dependent time series then {Y:};ez, is a
0-weakly dependent time series such that, for all v € N, 6, = const. 9,('7 —2/p= , Where the
constant is greater than 0.

LetU = (X;, X;_1, X;—2). Letusdefine h: R3 — Rbyh(x,y,z) = ax+bx*+cxy+dxz,
for constants a, b, ¢, and d in R. Obviously, |h(x)| < const. ||x||?>. Hence,

Ih(x, y,2) —h(x',y', 2 < lal|lx —x'| + |b] |x* — X+ el Ixy —x'y'| + |d| |xz — x'Z/|
<Clx—=x",y =y, z2=DlloUlx, y, Dllo + I1x", 2", 2Dl6 + D,

with C = max(|al, |b|, |c|, |d]|). We deduce that gY,} = {h(X;, X;—1, X;—2)} is a é—weakly
dependent time series, with 6; < const. 0,”~ VP=D Let U, = (uy, u, u3, ug) be the four-
vector (X, 7(0), 7(1), 7(2))’. The vector /nU, has a normal distribution. Parameters of this
distribution can be obtained from classical results.

We know that X is unbiased for puy (see [3, pp- 218-219]). Because y (k) decreases at a
geometric rate as k — 0o, it is clear that 011 = ZZ‘;OO y(r) < oo: we conclude that the
asymptotic variance of X is n~loyy.
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With the notation used in Wei [33, p. 95], let the kth-order cumulant of X; be denoted by
Cr(iy, ..., ix—1). We have

C3(, j) = E[(X; — ux)(Xiqi — px) (X j — mx)],
Ca(i, j, k) =BI(X; — px) (Xpgi — px) (X j — ix) Xk — px)]
— Co()Ca2(j — k) = C2(HCalk — i) = C2 () C2 (i — ).

Anderson in [3, Chapter 8], assuming that

o o0
Y ICr—h.r)| <oo and Y |Ca(h,—r,g —r)| < o0,

r=—00 r=—00

provided results that are useful in computing the parameters of the asymptotic joint distribution
of our estimators. These conditions are satisfied by the cumulants of the process considered
here. In Appendix A we prove that these series are finite.

It is well known that y (k) is asymptotically unbiased for y (h), h =0, 1, 2. Fori =2, 3,4
and j = 2, 3, 4, let us denote by o;; the following expression:

o
oij= Y vy +i—j+ye—j+dyr+i-2)+Cali =2,—r,j—2-r)].
r=—00
Clearly we have Zf’;_oo )/(r)2 < o0, and, fori = 2,3,4 and j = 2, 3,4, nila,-j is the
asymptotic covariance between y (i — 2) and y(j — 2). The covariance between X and y (h),

h = 0,1,2, is also required. We only need to compute E[(X — nx)7(h)] to obtain the
asymptotic covariances. Simple computations yield:

cov(X, 7 (h))
1

:

1 1
5 == ( —L>C3(r,r) ifh =0,
nr—fnJrl n
1 n—1
1
oy = ( L)Cs(r,r+1)+z< —U>C3(r—1 r)y ifh=1,
n n
— r——n+l r=1
1 1 r 2
—oyy) = — Z ( ——>C3(rr+2)+< —-)c;( L1
nr— n+1 n
+Z(1 - m)cs(r—z r) ifh=2.

We conclude that
lim o7 = Z Cs(r—j+2,r), j=234
r=—00

The vector U, has an asymptotic normal distribution with mean uy = (uy, ¥ (0), y (1), ¥y (2))
and covariance matrix n~! Xy, where Xy is the matrix whose (i, j)th entry is o; j. Using the
definition of the estimators, in order to have

gux,v0),y(D),y(2) = (n.a,b)
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we let

(3 — us)(uy + Duy + usug — u3

uz(uy +1)

ug(uy +uy+1) — u%
uz(uy +1)

2
Uz — Uiy

g1(ur, up, u3, ug) =

)

go(uy, up, uz, ug) =

3

g3(ur, uz, uz, ug) = )
(uz —ug)(my + Duy + uouqg — u?

The matrix D’ of Proposition 5.1 is

[ (3 — wa) i + 12 — upug + u3 u3 — usuy W3 — uzug)Quy + 1)y — u3) |
Di(u1 +1) Di(uy +1) D3
ug ug ujug(u + 1) (w3 — uq)
D Dy D%
wa(uy (uy + 1) —u2) — u3 L3 tuaQur +ua+ D uin + D@3 — Qus = uz)ug)
M3D1 D1u3 D%
_m A - mtntl il + (s = o)
i D D D% _

where Dy = uz(ui + 1), Dy = (u3 — ua)(uy + Duy + uoug — u3, uy = iy, up = y(0),
uz =y(1),and v4 = y(2).

6. Applications

In this section we give two examples to illustrate the fact that the model described in this
article can be used to represent series encountered in epidemiology. Two real series of length
143 are considered: the first (series 1) is the weekly number of cases of E. coli O157:H7
infections and the second (series 2) the weekly number of meningitis cases. Both series start
in January 1990 (see Figure 1). The data set comes from the Infectious Disease Services of the
Public Health Department in Roberval, Canada.

There is an important correlation at lag 1 for both series. Thus, assuming that they were
generated according to a model satisfying (1.3), the parameters are estimated as suggested in
Section 4. Results are given in Table 1.

In the second case, we notice that the value of b seems to be small. It would be useful to
determine if this coefficient is significant or not. This may be seen as questioning the usefulness
of the bilinear component in the model. By using the asymptotic results given in Section 5, we
could compute a confidence interval. However, many computations are involved in producing
such a confidence interval, and in practice we prefer a simpler approach. In fact, the standard
error of the parameter can also be estimated by bootstrap (see [12] for details). The latter
approach is much more appropriate, and is indeed recommended if 7 is not very large.

A GINAR(1) process is a submodel of the bilinear model of (1.3). In a bootstrap framework,
one approach would thus be to model these two time series using a GINAR model as in
Latour [20] and assess if there is any gain in adding the bilinear component. (Estimation results
are presented in Table 2). Under the hypothesis that the appropriate model is a GINAR(1)
process, by bootstrap we can estimate the distribution of b if we proceed to estimate all of the
parameters in the full model.
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FIGURE 1: Time series data on infectious diseases: we plot X; against ¢ for cases of
meningitis (left) and E. coli infection (right).

TABLE 1: Estimation of the parameters under the hypothesis that both series satisfy (1.3).

A

a b i
Series 1 0.145 0.196 1.198
Series2 0.171 0.031 0.295

TABLE 2: Least-squares estimates of the parameters under the hypothesis
that both series are generated by a GINAR(1) process.

a u

Series1 0.441 1.311
Series2  0.210  0.290

TaBLE 3: Quantiles of the empirical distribution of b.

5% 10% 90%  95%

Series1 —0.214 —0.148 0.121 0.147
Series2 —1.045 —0.609 0.586 0.858

Under the hypothesis that the true model is a GINAR(1) process, the estimation of the
parameters leads to a model that can be written as

X, =doX, | +e 6.1)

with a ~ 0.441 for the first series and a &~ 0.210 for the second series.

We simulated 4000 series of length 143 using (6.1). We computed the value of the estimators
defined in Section 4 and determined the empirical distribution of b. In Table 3 some quantiles
are given. There we see that the percentage probability of observing a value as high as 0.196
for b is less than 5% for the first time series. In the second case, by a similar argument, the
value b = 0.0311 is not significant. A closer investigation may be performed to identify a better
model in the GINAR family to describe the second series. We refer the reader to Latour [20]
for a more complete example of fitting a GINAR model.
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7. Conclusion

The model defined in this article is an effort to supply to practitioners another tool specifically
designed for the analysis of integer-valued time series. Some other results are obviously needed
in order to offer a complete tool box for the analysis of integer-valued time series that exhibit
bilinear behavior.

Appendix A.

Here we use the following notation: )?, stands for X; — i, and xT =x ATV (=T)is the
‘truncated value’ of x. A convenient value for T will be given later. Explicitly, we have

—T ifx <-T,
x={x if —T<x<T,
T ifT <x.
The difference between the truncated and original values, x T — x, is denoted by x. We will
show that
(0.¢]
k= Y i+ i+ j+ k)] < oo, (A1)
i,j,k=—00

a consequence of which is that we have Zf’;_oo |Cq(h, —1, g —1)| < o0.

The summation giving 4 is less than or equal to the sum of three terms that we denote by
/cy), ¢ = 1,2,3. The first term is a sum over indices i such that |i| > |j|, |k|, the second
is a sum over indices j such that |j| > |i|, |k| and the third is a sum over indices k such that
|k| > |i], | j]. We will give the details for the first sum, /cil), only.

We have

Cy(i, j, k) = cov(Xo, X; X; Xi) — C2(i)Ca2(j — k) — Co(j)Ca(k — i) — C2(k)C2(i — j).

Note that
XiXjXe =X X[ X[ + X X]X{ + X X5 Xi + XX X;..

Let us have a closer look at cov(X¢, X; X j Xi), writing this term as

cov(Xo, X; X X) = cov(Xo. X; X[ X}
+ cov(Xo. X X[ X" + X;—lexk + XX Xp) (A.2)
= cov(Xo, X;' X[ X)) + R,

where Ry is the second term in (A.2). By weak dependence, we have
L T eTeT 1 TyTyT 2
cov| Xo, FXi Xj X, ) = ?39‘” and cov(Xo, X; Xj X, ) <3T70),

from which we deduce that

cov(Xo, X; X Xy) < cov(Xo. X X[ X;|) + Ry.
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By applying Holder’s inequality with p =4 and g = %, we obtain
Rr <E[Xo(X] X X;" + X X7 Xi + X X; Xp)[]
< I Xollal X" X X3+ X[ X5 Xe + XX X llaa.
Applying Minkowski’s inequality to the last term yields
IX X XE + X[ X7 Xp + XX Xellags
< IXT XX lags + 1XT X Xallags + 11X X Xllaga.
By applying Lyapunov’s inequality to each term, we find that
Ry < 1XollaC1X;" X[ X lla+ 11X X5 Xella + 1 X;-X Xz lla).
Because |XZ| < |X¢|, we finally obtain
Ry < 6] Xol311Xq Ila-
Next, we show that || Xg [|$ < 2*T*~7 E[|X|”]. Note that
IXg 113 = 1Xo — XI5 = E[IXo — Xg I*].

Clearly, | Xo — XJ | = 0 when |Xo| < T. Otherwise, we have |Xo — X | < |Xo|+T < 2|Xo|.
We conclude that | Xo — X | < 2|Xo|1{x,|>7)- Thus,

X0 — X{ I3 < 2* B[ Xo|*1jx=71]-

Now apply Holder’s inequality with p* = p/4 and ¢* = p/(p — 4). The last expectation can
be bounded by

2*E[|XolP 17 El1(xo1=1)]'~*? = 2* E[|Xo|P1"/? P{|Xo| = T} ~¥/7.
Applying Markov’s inequality yields
T4 4 4 1 P t=p 4 P r4—p
X0 — Xg Iy =271 Xoll, WE[|X0| ] =2"Xollp T"P.
We can thus assert that
4 _
| cov(Xo, Xi X Xi)| < 3726 + 6] Xol3 1 Xolly/* x 27177/,
If we take T!11P/4 = Glﬂl, the orders of the two terms are therefore the same and
| cov(Xo, Xi X Xp)| < const. ) TP/ IEPIY = congy. g~/ (P,

Then, in /cil), Jj and k take on 2|i| + 1 values, implying that

o0
Kf) < const. Z(Zr 1129V o,

r=0
The other terms are easier to control. Forexample, if | j| > |i], |k| thencov(XoX;, Xi+; Xit+j+k)
is approximated by cov(XoX;, XiTJrin—Er/+k)' Thus, as claimed above, the series in (A.1)
converges. ' '
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