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Abstract. Entropy of measure-preserving or continuous actions of amenable discrete
groups allows for various equivalent approaches. Among them are those given by the
techniques developed by Ollagnier and Pinchon on the one hand and the Ornstein—Weiss
lemma on the other. We extend these two approaches to the context of actions of
amenable topological groups. In contrast to the discrete setting, our results reveal a
remarkable difference between the two concepts of entropy in the realm of non-discrete
groups: while the first quantity collapses to O in the non-discrete case, the second yields
a well-behaved invariant for amenable unimodular groups. Concerning the latter, we
moreover study the corresponding notion of topological pressure, prove a Goodwyn-type
theorem, and establish the equivalence with the uniform lattice approach (for locally
compact groups admitting a uniform lattice). Our study elaborates on a version of the
Ornstein—Weiss lemma due to Gromov.
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1. Introduction

The concept of entropy for dynamical systems was introduced by the works of Kolmogorov
[Kol58] and Sinai [Sin59], and has since facilitated numerous applications. The wealth of
insights supported by this notion has motivated a variety of useful generalizations to large
classes of group actions. Most notably, a powerful entropy theory has been developed
both for continuous and for measure-preserving actions of amenable discrete groups (see,
e.g., [CSCK14, HYZ11, LW00, O1185, OP82, OW87, STZ80, WZ92, Yanl5, YZ16)).
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More recent, very influential advances beyond the realm of amenable groups include sofic
entropy (see [Bow18] for a comprehensive account) and naive entropy [Burl7, DFR16].

In many concrete situations, the acting group of a dynamical system comes along
equipped with a natural group topology that is compatible with the action. Therefore,
it seems natural to build on amenability of topological groups (which is weaker than
amenability of the underlying discrete group) to develop a robust, well-behaved entropy
theory. For instance, in the study of aperiodic order, it is natural to consider actions of
non-discrete, metrizable, o-compact, locally compact (abelian) groups, such as R?. In
such a case, one often uses a uniform lattice A (for example, 74 in R4 ) and computes
the entropy of the original action as the entropy of the restricted action of the discrete
(abelian) group A. However, the existence of a uniform lattice in a locally compact group
is a strong requirement, and it is natural to ask for an intrinsic definition of entropy for
actions of general (amenable) topological groups. In [TZ91], such an intrinsic definition is
presented for actions of R, and for amenable unimodular locally compact groups, further
ideas are discussed in [OW87].

The purpose of the present work is to put forward entropy theory for actions of
(non-discrete) amenable topological groups. To this end, we pursue and compare two
approaches based on different approximation techniques for amenable topological groups.
While the first one combines a topological version of Fglner’s amenability criterion [ST18]
with ideas of Ollagnier and Pinchon [OlI85, OP78, OP82], the second one builds on the
concept of van Hove nets and the quasi-tiling theory developed by Ornstein and Weiss
[OWST].

One of the main difficulties in defining entropy of non-discrete topological groups is
that one wishes to consider a finite partition & and compute a common refinement

oy = \/geA{g_l(A) | A € a}

for certain ‘averaging’ subsets A € G. In the definition of entropy, one requires that o4
is also a finite partition for which it is crucial that A is finite. In the context of discrete
amenable groups, that causes no problem since Fglner nets can be used for averaging
and consist of finite sets. However, in the general context of amenable unimodular locally
compact groups G, one often uses certain nets of compact subsets for averaging. To be
more precise, let 6 denote a Haar measure on a unimodular locally compact group G. For
compact subsets K, A C G, the K-boundary of A is defined as dx A := KAN KG—\A
A net (A;);cs of compact subsets of G is called van Hove if 6 (dx A;)/6(A;) converges to O
for every compact subset K € G. For discrete amenable groups, the concepts of Fglner
and van Hove nets agree [Tem84]. Since van Hove sets in non-discrete amenable locally
compact groups are not necessarily finite, the classical definition of entropy cannot be
applied directly.

In [ST18], a generalization of Fglner nets to the context of general amenable topological
groups is introduced that allows to average over finite sets. To introduce this concept,
let G be a topological group. For finite subsets E, F € G and any neighbourhood U
of the neutral element in G, we define the U-matching number matchp (E, F, U) as the
maximum cardinality of a subset M C E for which there exists an injection (: M — F
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with x € Ut(x) for all x € M. A net (F;);e; of finite, non-empty subsets of G is called
a thin Fglner net if, for every g € G and every identity neighborhood U in G, the
ratio matchp (F;, gF;, U)/|F;| converges to 1. According to [ST18, Theorem 4.5], the
topological group G is amenable if and only if G admits a thin Fglner net. Now, let (X, ®)
be any probability space. As usual, for a finite measurable partition « of X, we consider
the Shannon entropy defined as

Hu(@)i= =3 o H(A) Tog(u(A)).

Based on the preceding discussion, if G is amenable, then one may define, for any
measure-preserving action of G on (X, u), the corresponding Ollagnier entropy as
Hy (o)

E°" (rr) := sup {lim —4—*
w0 = suplim =

o finite measurable partition of X } ,

where (F;);e; is a thin Fglner net. See §2.4 for the notion of a measure-preserving action
of a topological group. In §6.2, we will show that all the limits in this formula exist and
are independent of the choice of a thin Fglner net. This will be achieved by generalizing a
technique of [Ol185]. To present this generalization, we topologize the set F(G) of all finite
subsets of G in a natural way. For details on this topology, see §3.1. We will show that, for
every measure-preserving action of G on a probability space (X, u), the induced map

F(G) — RZQ, F +— HM(OKF)

is continuous, right-invariant, and satisfies Shearer’s inequality (see §2.9 for the relevant
definitions). This observation will be combined with the following abstract convergence
theorem, where 4 (G) := F(G) \ {4}.

THEOREM. (Topological version of Ollagnier’s lemma; Theorem 3.4) Let G be an
amenable topological group, and let f: F(G) — Rxq be a continuous, right-invariant
function satisfying Shearer’s inequality. Then, for any thin Fglner net (F;)ic; in G, the
following limit exists and satisfies

S(Fy) . f(F)
nf ——

1 = 1 .
iel |Fj| FeF,(G) |F]|

Now recall that for a measure-preserving action w of a (not necessarily amenable)
topological group G on a probability space (X, 1), we define the naive entropy entropy as

H, (x
El(fv)(n) :=sup inf w@r)
a FeFi(G) |F]

where the supremum is taken over all finite measurable partitions o of X. Similar to
the well-known context of actions of discrete amenable groups, we also obtain from
Ollagnier’s lemma that for measure-preserving actions of general amenable groups,
we have

(Ol (- — (v
E" () = E! ().
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From the following theorem, we thus observe that E,(LO”) (r) = O for all measure-preserving
actions of non-discrete amenable groups that are metrizable or locally compact.

THEOREM. Let G be a non-discrete topological group that is metrizable or locally

compact. If w is a measure-preserving action of G on a probability space (X, |v), then
(nv)

E, '(7) =0.

We achieve this result by finding an appropriate topological model for . We then prove
a similar result for naive topological entropy and use this to show that naive topological
entropy bounds naive entropy (see Corollary 6.8 below for further details). We note that
the phase space is not assumed to be a Lebesgue space and that our notion of topological
model differs from the standard notion.

Unfortunately, this shows that the approach via thin Fglner nets does not yield a useful
invariant in the context beyond discrete groups and one needs to come back to the averaging
along van Hove nets. A natural idea in this context is to reconsider uniform lattices and to
note that a uniform lattice is a Delone subgroup. Here, we call a subset w € G Delone if
w is uniformly discrete (that is, there exists a neighborhood V of the identity in G such that
(gV)gew is a disjoint family) and relatively dense (that is, there exists a compact subset
K C G such that Kw = G). Since any locally compact topological group contains Delone
sets, it is natural to ask whether one can avoid the group structure in @ while defining
entropy. As a net of averaging subsets of w, we consider (A; N w);er, Where (A;);cs is a
van Hove net in G. For a measure-preserving action 7 of an amenable unimodular locally
compact group G on a probability space (X, ), we define the Ornstein—Weiss entropy as

ELOW) (;r) := sup lim sup M
o el (Ai)

where the supremum is taken over all finite measurable partitions « of X. Note that if w is
a uniform lattice in G and (A;); <z is a van Hove net, then (A; N w);¢; constitutes a Fglner
net in w, and dens(w) := lim;¢; |A; N w|/0(A;) exists and is independent of the choice
of a van Hove net (see Lemma 6.29). We thus obtain directly from our definition that the
Ornstein—Weiss entropy coincides with the usual notion of entropy whenever G contains
a uniform lattice. It is natural to ask whether our definition depends on the choice of a
Delone set and the choice of a van Hove net.

)

THEOREM. The Ornstein—Weiss entropy of a measure-preserving action of an amenable
unimodular locally compact group on a probability space is independent of both the choice
of a van Hove net and the choice of a Delone set.

We achieve this independence in §6 as follows. As in the context of naive entropy,
we first find a topological model for our action. With the additional topological structure,
we then present an alternative approach to Ornstein—Weiss entropy, which does not involve
Delone sets. To show independence of the choice of a van Hove net, we will apply the
following topological version of the Ornstein—Weiss lemma to this alternative approach.
To state our version of the Ornstein—Weiss lemma, let us denote by K(G) the set of all
compact subsets of G (see §2.9 for the relevant definitions concerning real-valued functions
on K(G)).
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THEOREM. (Ornstein—Weiss lemma; Theorem 4.8) Let 6 be a Haar measure on an
amenable unimodular locally compact group G and let f: K(G) — R be monotone,
right-invariant, and subadditive. Then, for every van Hove net (A;)icy in G, the limit

y f(AD)
m —-
iel 0(A;)

exists, is finite, and does not depend on the particular choice of a van Hove net (A;)icy.

The Ornstein—Weiss lemma is based on the quasi-tiling techniques developed by
Ornstein and Weiss in [OW87]. In [Gro99], Gromov gives a brief sketch of a proof,
which is worked out in detail in [CSCK14, HYZ11, Kri07, Kril0]. A proof of the
Ornstein—Weiss lemma is also contained in [LWO00, Appendix]. Here, we do not intend to
list all important references on this behalf and recommend [Hau21] for further historical
comments. However, note that none of these proofs (aside from [OWS87] and the brief
sketch in [Gro99]) considers non-discrete topological groups. In [Hau21], this result was
then extended to certain non-discrete topological groups studied in the context of aperiodic
order, but it remained open whether the result holds for all amenable unimodular locally
compact groups. For a proof of the full statement, we show and use a slight improvement
(Proposition 4.6) of the quasi-tiling results of [OW87] in §4. We note that the claim in
[Gro99] is even stronger than our version: we did not succeed in avoiding the assumption
of monotonicity in our proof, and it remains open whether this is possible.

As another application of these ideas, we will furthermore define and study the
Ornstein—Weiss topological pressure of a continuous action 7 of an amenable unimodular
locally compact group G on a compact Hausdorff space X and f € C(X) as follows. For a
finite open cover U/ and a compact subset A € G, we denote

PrU) :=log < ZUGU SUp, ef(x)>

and fa(x) 1= fA f(g.x) dO(g). For a finite subset FF C G, we furthermore consider
the common refinement Ur := \/ge F{g_l(U ) | U € U}. We define the Ornstein—Weiss
topological pressure of m with respect to f as

(OW) . PfAi (Z/{A,ﬂw)
Py () :=sup lim sup —————

U el 0(A)
where the supremum is taken over all finite open covers U/ of X. Again, we will present a
different approach to this notion that does not require the usage of Delone sets and apply
the Ornstein—Weiss lemma to it to obtain the following.

i

THEOREM. The Ornstein—-Weiss topological pressure of a continuous action of an
amenable unimodular locally compact group on a compact Hausdorff space is indepen-
dent of the choice of a van Hove net and the choice of a Delone set.

We obtain the following version of Goodwyn’s theorem. See Theorem 6.31 for details.
It remains open whether the variational principle holds in this context.
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THEOREM. Let w be a continuous action of an amenable unimodular locally compact
group G on a compact Hausdorff space X. If u is a w-invariant regular Borel probability
measure on X and f € C(X), then

ECY )+ u(h) = p”" 6.

2. Preliminaries

2.1. General notation. Let X be a set. The symmetric difference of two subsets A, B C X
will be denoted by AAB := (A \ B) U (B \ A). The cardinality of a finite subset ' C X is
denoted by | F|. We denote by Y¥ the set of all maps from X to another set Y. We denote by
F(X) the set of all finite subsets of X. Furthermore, let 71 (X) := F(X) \ {¢}. For finite
sets U and )V of subsets of X, we say that I/ is finer than V if for each U € U, there exists
V € Vsuchthat U C V. We also write )V < U/ in this situation. For two (indexed) families
(A})ier and (Bj)jej of sets with I N J =@, we define (A;);c; U (Bj)jej = (Cp)kerus by

A ifkel,
Cp = ] kelUlJ).
By ifkelJ

Moreover, if (A;);e7 is a family of sets and A is a set, then we let
(ADier U (A) = (Apier U(A)y,

where J is a singleton set disjoint from /. Now, let X be a topological space. Then we denote
by IC(X) the set of all compact subsets of X. The closure of a subset A C X is denoted by
‘A and we write d A for the topological boundary of A in X. Finally, let G be a group. For
any two subsets A, B € G, we define AB :={ab|ae€ A,be B}.ForA C Gand g € G,
welet gA = {g}A and Ag := A{g}.

2.2. Compact Hausdorff spaces. Let X be a compact Hausdorff space. Let C(X) denote
the space of all continuous functions on X, and let Uy denote the uniformity of X, that is,
the set of all neighborhoods (in X x X) of the diagonal {(x, x) | x € X}. The members
of Uy are called entourages of X. Let n € Ux. Then, n € Uy is said to be symmetric if
n={(,x)]| (x,y) €n}, and n is called open if n is open with respect to the product
topology on X x X. Furthermore, let

nn:={(x,z) € X x X | thereexists y € X: (x,y), (¥, 2) € n}.

For any x € X, we define n[x] :={y € X | (y, x) € n}. A set F of subsets of X is said to
be at scale n if each M € F satisfies M 2 ¢ n. Given an open cover U of X, a symmetric
entourage k € Uy is said to be Lebesgue with respect to U if for each x € X, there exists
U € U such that k[x] € U. A standard argument shows that any open cover of a compact
Hausdorff space admits an open Lebesgue entourage. For further details on uniformities
and, in particular, the notion of uniform continuity, the reader is referred to [Kel55].

2.3. Topological groups. Let G be a topological group, that is, a group G equipped with
a Hausdorff topology such that the mapping G x G — G, (g, h) — gh~! is continuous.
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The neighborhood filter of the neutral element in G will be denoted by U/(G). As usual, a
subset A C G of a topological group G will be called precompact if for any U € U(G),
there exists a finite subset ' € G such that A C U F. Note that precompact subsets of a
locally compact topological group are characterized by having a compact closure.

2.4. Actions of topological groups. For a start, let G be a group and let X be a set. A map

m: G — X x X iscalled an action (of G on X) if:

e forevery g € G,themap 78: X — X, x — m(g, x) is a bijection; and

e the resulting map G — Sym(X), g — 78 to the full symmetric group Sym(X), that
is, the group of all bijections from X to X, is a group homomorphism.

As is customary, if the action 7 is clear from the context, then we also write g.x := (g, x)

and g.A:=n8(A)forge G,x € X,and A C X.

Now, let G be a topological group. An action = of G on a topological space X is
called continuous if m: G x X — X is continuous with respect to the product topology
on G x X. Given a continuous action 7 of G on a compact Hausdorff space X, we
call a regular Borel probability measure u on X m-invariant (or simply invariant) if
n(g.A) = n(A) for every g € G and every measurable subset A € X. Furthermore, an
action 7 of G on a probability space (X, w) is called measure preserving if:

(1) =8: X — X is measurable for every g € G;
(2) w(A) = pu(g.A) for every g € G and every measurable A € X; and
(3) for every measurable subset A € X, the map

G — Ry, grH— u(AAg.A)
is continuous, which is equivalent, by 77 being measure preserving, to requiring that
w(ALg.A) — 0 as g — eg.
Note that condition (3) is trivially satisfied whenever G is discrete. More generally, if 7 is
an action of a locally compact group G that satisfies conditions (1) and (2), then condition

(3)isimplied by 7: G x X — X being measurable with respect to the product o -algebra
on G x X. For a proof of the latter, see [OW87, Ch. II.§1, Lemma 1].

LEMMA 2.1. Any continuous action w on a compact Hausdorff space X equipped with an
invariant and regular Borel probability measure (1 is measure preserving.

Proof. Consider a Borel measurable subset A € X and let ¢ > 0. By regularity of u
and Urysohn’s lemma, there exists f € C(X) such that || x4 — fll1 < ¢&/3. Thanks to a
standard argument (see, e.g., [EFHN15, Theorem 4.17]), we find a neighborhood U of the
neutral element in G such that || f — f o 78| < &/3 for every g € U. In particular, if
g € U, then

WAD(™).A) = l1Xa — Xg1y.alll = llxa — xa 0 781
<lxa—fli+1f=fomfloo+lfont —xaontli<e O

2.5. Amenability. 'We continue with a brief review of the concept of amenability for
general topological groups. To this end, let G be a topological group. Then, G is called
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amenable if every continuous action of G on a non-empty compact Hausdorff space admits
an invariant regular Borel probability measure. Equivalently, G is amenable if and only if
every continuous action of G by affine homeomorphisms on a non-void compact convex
subset of a locally convex topological vector space has a fixed point. A well-known result
by Rickert [Ric67, Theorem 4.2] asserts that G is amenable if and only if there exists
a left-invariant mean on the space of right-uniformly continuous bounded real-valued
functions on G. For more details on amenability of general topological groups, we refer to
[GdIH17, Pes06].

For the purposes of the present work, a characterization of amenability of topological
groups in terms of almost invariant finite non-empty subsets (Theorem 2.3 below)
will be relevant. This result is due to [ST18] and constitutes a topological version of
Fglner’s amenability criterion [Fgl55]. To recall the precise statement, we will clarify
some convenient notation concerning matchings in bipartite graphs, essentially following
[ST18]. Let us consider a bipartite graph, that is, a triple 5 = (E, F, R) consisting of two
finite sets E and F and some subset R C E X F. A matching in B is an injective mapping
¢: D — F suchthat D C E and (x, ¢(x)) € R for all x € D. The matching number of B
is defined as

match(B) := sup{|D| | ¢: D — F matching in B}.

With regard to amenability of topological groups, the following type of bipartite graphs
and matching numbers has been revealed as relevant in [ST18].

Definition 2.2. Let G be a topological group. For U € U(G), let us define
Ur :={(x,y) € G x Glxy~' e U}.
For E, F € F(G) and U € U(G), we define
matchp (E, F, U) := match(E, F, Upr N (E x F)).

A net (F;);cs of non-empty finite subsets of G will be called a thin Fglner net in G if, for
every U € U(G) and for every g € G,
matchp (F;, gF;, U) iel
Fl — 1
l

THEOREM 2.3. [ST18, Theorem 4.5] A topological group is amenable if and only if it
admits a thin Folner net.

For later use, let us include the following reformulation of the thin Fglner property.
LEMMA 2.4. Let G be a topological group. For F € F(G), U € U(G), and g € G,
matchy (F, gF, U) = sup, csym(r) [{x € F | (¥ (x), gx) € Up}l.

Proof. (<)Letg: F —gF be abijection and consider the set D :={x € F | (x, ¢(x)) € Up}.
Of course, y: F — F,x — ¢~ !(gx) is a bijection. Note that ¢(x) = gy ~!(x) for each
xeF.LetC:={x e F|(y(x), gx) € Up}. Forevery x € F, we have
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Yyl eCe= '), er ') e Ur < (x, gy (1) € Up
<— (x,p(x) €eUp <= x €D,

which means that y ~!(D) = C, which in turn implies that |C| = |D|.

(=) Let y € Sym(F) and define C := {x € F | (y(x), gx) € Up}. We consider the
bijection ¢: F — gF,x gy '(x) and let D := {x € F | (x, ¢(x)) € Up}. For every
x eF,

y(x) € D (y(x), p(y(x))) € Ur < (y(x), gx) e Ur <= x € C,
which means that y (C) = D. Hence, |C| = |D|. O

2.6. Geometric notions. We continue with a few bits of geometric terminology. Again,
let G be a topological group. A subset w C G is called uniformly discrete if there exists
an identity neighborhood U € U(G) such that (gU) ¢, is a disjoint family, in which case,
the set w will also be called U-discrete. A subset w C G is called:

e relatively dense if there exists a compact subset K € G such that Ko = G;

e Delone if w is uniformly discrete and relatively dense;

e Jocally finite if ® N K is finite for every compact K C G.

Note that any Delone set in a locally compact topological group is locally finite.

2.7. van Hove nets. Let G be alocally compact topological group. Recall that G admits a
(left) Haar measure, that is, a non-zero, regular, locally finite Borel measure 6 on G which
satisfies (A) = 0(gA) for all Borel measurable A C G and all g € G. Haar measure is
unique up to scaling, that is, for two Haar measures 6 and 6" on G, there exists a constant
¢ such that 8’ = c6. As usual, G is called unimodular if some (every) Haar measure 6 on
G furthermore satisfies (Ag) = 6(A) for all Borel measurable A € G and all g € G.

Throughout the manuscript, whenever G is assumed to be a locally compact group,
we let 6 denote a fixed Haar measure on G. Now, let G be a unimodular locally
compact group. For any measurable subset A € G, we have 0(A) = 0(A~"). We define
IxkA:=KAN KG—\A for subsets K, A € G. Note that dx A is compact and hence
measurable, whenever K is compact and A is precompact. For ¢ > 0 and a compact subset
K C G, we say that a precompact and measurable subset A C G of positive Haar measure
is (g, K)-invariant if

Recall from §1 that a net (A;);je; of compact subsets of G is called van Hove if
limje; a(A;, K) =0 for every compact K € G (where we assume implicitly that
0(A;) > 0for sufficiently large i € I). A unimodular locally compact group is amenable if
and only if it admits a van Hove net [Hau21l, Tem84]. With the arguments from [Hau22,
§2.6], it is straightforward to obtain the following. We include some comments on the
proof for the convenience of the reader.

LEMMA 2.5. Let G be a unimodular locally compact group and let 6 be a Haar measure
on G. Let (Aj)ic be a van Hove net in G and let K € G be non-empty and compact.
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(1) (K Aj)ier is avan Hove net which satisfies lim;c; 0(K A;)/0(A;) = 1.

(i) There exists a van Hove net (B;)icy (with the same index set) for which we have
lim;e; 6(B;)/0(A;) = 1, and which satisfies KB; C A; and Bf C K_lAl.C for all
iel

Proof. 1t is straightforward to show item (i) [Hau21, Proposition 2.3]. To see item (ii), we
set B; := {g € G; Kg C A;} and follow well-known arguments as in [Hau22, Proposition
2.2] to show lim;e; 6(B;)/0(A;) = 1 and K B; C A;. Furthermore, for g € Bf, we have
Kg N AS # ¢ and hence g € KA. O

2.8. Uniform lattices and van Hove nets. Let G be a locally compact group. A discrete
subgroup w of G is called a uniform lattice if the quotient G/w is compact, that is, w is
a Delone subgroup of G. A subset C C G is said to be regular if 8(dC) = 0 for some
(any) left Haar measure 6 on G. A fundamental domain of a uniform lattice w is a Borel
measurable set C C G such that for any g € G, there exist unique ¢ € C and v € w such
that g = cv.

LEMMA 2.6. Any uniform lattice w in a unimodular locally compact group G admits a
regular and precompact fundamental domain with non-empty interior.

Proof. We first show that G admits a compact, regular neighborhood of eg which
satisfies M~ 'M Nw = {eg}. Choose a compact neighborhood M of e which satisfies
M 'MNnow= {eg}. From [Kel55, Ch. 6], we know that there exist finitely many
continuous pseudometrics d, . . ., dy on M and & > 0 such that

J ~
ni= () _ (@) € Mld;(x, y) < e} € Uy

and such that nleg] is contained in the interior of M. By a standard argument involving
Froda’s theorem, for each j € {1, ..., J}, there exists r; € (0, &) such that the closed
dj-ball Ef{ (eg) is regular. Then, M := ﬂlJ: 1 Ef; (eg) is a compact and regular neighbor-
hood of e which satisfies M~ 'M Nw = {eg).

Let K C G be a compact subset such that Kw = G. Then, {gU | g € K} is an open
cover of K and thus there exists a finite sequence (gn)fy:] such that Uflvzl g, U DK.
From [Hau21, Mor15], we know that C := Uﬁy:l gnM\ (U;:ll giMw) is a precompact
fundamental domain. Setting F := o N (U,Ilv:1 g,,M)_l(U,Ilvzl gnM), we obtain a finite
set with C := U,I,V:l anM \ (U;':_ll gi M F) and the regularity of M implies C to be regular.
Since M has non-empty interior, so does C. O

2.9. Combinatorial properties of set functions

Definition 2.7. Let X be a set. For k € N+, a k-cover of X is a finite family (C;);c; of
subsets of X such that

forallx e X, [{iel]|xeCi}| >k
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Let F CP(X) be closed under finite unions and binary intersections. A map

f:F = Rso:

e s called monotone if f(E) < f(F)forall E, F € Fwith E C F};

e is called subadditive if f(#)) =0and f(EUF) < f(E)+ f(F)forall E, F € F;

o satisfies Shearer’s inequality if, for every k € N.g, every F € F, and every k-cover
(Ci)ier of F by members of F, we have f(F) < 1/k ) ;.; f(Ci);

e s called strongly subadditive if f(#)=0and f(EUF) < f(E)+ f(F)— f(ENF)
forall £, F € F.

The concept of covering multiplicity originates in the work of [Kel59]. The notion of
satisfaction of Shearer’s inequality stated above is a priori weaker than that defined in
[DFR16], but is easily seen to be equivalent for monotone set functions. Also, it is shown
in [DFR16, Proposition 2.4] that, for monotone set functions, strong subadditivity implies
Shearer’s inequality, which in turn implies subadditivity.

3. The Ollagnier lemma

In this section, we will be concerned with a topological version of Ollagnier’s ergodic
theorem [OI185, Proposition 3.1.9] and with topological and measure-theoretic entropy of
continuous action of amenable topological groups. For a start, we briefly agree on some
terminology concerning continuity of real-valued set functions.

3.1. Continuity of set functions. We are going to address some continuity matters for
set functions. More precisely, we will endow that set of all finite subsets of a topological
group with a suitable topology. For this purpose, let G be a topological group. For any
finite subset F' € G and an identity neighborhood U € U(G), we define

U[F]:={F' € F(G) | there exists ¢: F’ — F bijective forall x € F': xp(x)~! € U}.
It is straightforward to verify that
{T € F(G) |forall F € T thereexists U e U(G): U[F] C T}
constitutes a topology on F(G). Moreover, for each F € F(G), the collection
{UIF11U € U(G)}

is a neighborhood basis of F in the resulting topological space F(G). Henceforth,
whenever the set of all finite subsets of a topological group is considered as a topological
space, any statement will be referring to this topology. In connection with the concept of set
functions discussed in §2.9, we note that an important family of continuous set functions
on topological groups is provided by Lemma 6.13.

For later use, we record some additional observations concerning the topology intro-
duced above and the Fglner-type matching conditions for amenability discussed in §2.5.

LEMMA 3.1. Let G be any non-discrete topological group. If U e U(G) and E, F € F(G),
then there exists F' € U[F] such that

forallg € E\{eg}, F NgF =0.
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Proof. Denote by Z the set of all pairs (F’, ) consisting of a finite subset ¥/ C G and
an injective map ¢: F’ — F such that xg(x)™! € U forall x € F’ and F' N gF' = @ for
every g € E \ {eg}. Let (F/, ) € Z such that |F’'| = sup{|F"| | (F”, ¥) € Z}. We claim
that |F’| = | F|. In contrast, assume that |F’| < |F|. Then, there exists y € F \ ¢(F’).
Since G is a perfect Hausdorff space, every open non-empty subset of G is infinite.
Consequently, there exists some

/ / —1
ery\(F UUgGEgF Ug F).

We define F” := F'U{x} and : F” — F such that V| = ¢ and ¥ (x) = y. We
observe that (F”, ¥) is a member of Z. Since |F’| < |F”|, this clearly contradicts our
hypothesis. Hence, | F’| = | F| and therefore ¢ is a bijection. This finishes the proof.  [J

LEMMA 3.2. Let G be a topological group. If F € F(G), U € U(G), and x € G, then
UlFx]={F'x | F € U[F]}.

Proof. Let F € F(G),U e U(G),and x € G.If E € U[Fx], then there exists a bijection
¢: E — Fx such that ygo(y)_l eUpforallye E,andso ¢: Ex ' > F, yr> e(yx)x~!
is a well-defined bijection satisfying

YoM = ye)x )T = yxp(yx) T e U
forall y € Ex~1, whence Ex~! € U[F] and thus
E=Ex"'x e{F'x | F e U[F].

Conversely, if F/ € U[F], then there exists a bijective map ¢: F’ — F with yp(y)~! € U
forally € F/,sothaty: F'x — Fx, y — @(yx~!)x is a well-defined bijection satisfying

Y =yeox o =y Tlex )T e U
for all y € F’x, which shows that F'x € U[Fx]. This completes the proof. O

LEMMA 3.3. Let G be a topological group, let E, Fy € F(G), andlet U,V € U(G) such
that V' =V and VVV CU. Let W := NeeEuteq) g 'Vg. Then, for all F € W[Fp]
and g € E,

matchp (F, gF, U) > matchp (Fy, g Fo, W).

Proof. Let F € W[Fp]and g € E. Fix any bijection ¢: F — Fy such that (x, ¢(x)) € Wp
for all x € F. By Lemma 2.4, there is a permutation )y on Fy with |Dg| = matchp
(Fo, g Fo, W) for

Do :={x € Fy | (yo(x), gx) € Wp}.

Consider y := ¢ lopyoge Sym(F) and let D:={x e F | (y(x), gx) € Ur}. We
claim that ¢~ (Dg) € D. To prove this, let x € @ 1(Dy). Then, (yo(p(x)), go(x)) € Wp.
Moreover, by our choice of ¢, both

(¥ (x), yolep(x))) = (Y (x), p(y (x))) € Wp
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and (x, 9(x)) € Wp, and thus gx(gp(x))™' = gxp(x)"1g~! € gWg™! C V, that is,
(gp(x), gx) € Vp. It follows that (y(x), gx) € Up, thatis, x € D. This proves our claim.
Hence,

Lemma 2.4

matche (F, gF, U) = |D| > |¢~"(Do)| = |Do| = match (Fo, gFo, W). [

3.2. Proof of Ollagnier’s lemma for topological groups. We have prepared everything
to prove the announced topological version of Ollagnier’s convergence theorem.

THEOREM 3.4. (Ollagnier lemma) Let G be an amenable topological group. Furthermore,
let f: F(G) — Rxo be a continuous and right-invariant function satisfying Shearer’s
inequality. Then, for any thin Fplner net (F;)icy in G, the following limit exists and satisfies

fE) _ F(F)
|Fi| Fer @ Tp

lim; ey
Remark 3.5. In [Ol185], a proof of the theorem in the context of discrete amenable groups
is presented. We thus assume in our proof without loss of generality that G is a non-discrete
amenable topological group. Furthermore, we abbreviate diamM := sup, yyep2 [X — Y|
for M C R.

Proof. To prove the desired convergence, it suffices to show that
f(F) _ f(K)
[Fil — |K]|
For this purpose, let K € F(G) and ¢ > 0. By right invariance of f, we may and will

assume that K contains the neutral element of G. Since K is finite and f is continuous,
there exists U € U(G) suchthat U=! = U, KK~'NUU = {eg}, and

forall K € 7 (G), limsup;.; @))

forall K’ € K, diam f(UIK']) < g @)

For each K’ € K and every x € G, right invariance of f readily implies that

diam f(ULK'x]) “™2 > diam({f (K"x) | K" € U[K']} = diam fU[K'D "2 ;
3)

Consider C := max{l, sup{ f(K’) | K’ C K}} and note that, by right invariance of f,
sup{f(K'x) | K'C K,x € G} <C. 4)

Let 7 := 1 — ¢/3C|K|. Furthermore, let V € 2/(G) such that V~! =V and vicu.
Define

o —1
W= ﬂgeKuK" g Ve

Since (Fj);cs constitutes a thin Fglner net in G, there exists ig € I such that

foralli e I,igp <i forall g € K, matchp(F;, gF;, W) > t|Fj|. 5
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Let i € I with igp <i. Since f is continuous, there exists some Wy € U(G) such that
Wo € W and diam f(Wy[F;]) < ¢e/3. By Lemma 3.1 and since we assume G to be
non-discrete, there exists F € Wo[F;] with FNgF = for every g € K \ {eg}. In
particular, we deduce from diam f (Wy[F;]) < ¢/3

|F(FD) — F(F)| < § ©6)

Furthermore, thanks to Lemma 3.3, equation (5), and our choice of Wy C W, it fol-
lows that matchp (F, gF, U) > matchp (F;, gF;, W) whenever g € K. Hence, for each
g € K\ {eg}, there exists an injection ¥, : Dy — gF such that D, C F, |Dg| > T|F],
and

forallx € Dg, (x,¥g(x)) € Up. @)
For each g € K \ {eg}, consider the bijection ¢, : G — G defined by
Yl (x) ifx € Ye(Dy),
Pg(x) 1= { Yo (x) if x € Dy, (x € G).

X otherwise
Put D, := F, Ye; :=idF, and ¢, :=idg. Let
y:KxG— G, (g x)— ¢(gx).
We now claim that
forall gg, g1 € K forallx € G, y(go, x) = y(g1,Xx) = go = &1- ®)

Indeed, if x € G and go, g1 € K with y(go, x) = y (g1, x), then from U~! = U and

equation (7)
(gox, (g0, X)) = (80X, Pgo(g0X)) € Up,
equation (7)
(g1x, (g1, %)) = (g1x, g, (g1%)) €  Up,
we infer that (gox, g1x) € (UU)r and therefore gogf] = (gox)(gl)c)_1 e UU, whence
go = g1 as KK 'nUU = {ec}. Next, we prove that

forally e G, |{x € G |thereexistsg € K: y(g,x) = y}| = |K]|. ©)]
To see this, let y € G. For each g € K, the map G — G, x — y(g, x) is a bijection,
whence
HxeGly(g.x)=yl=1
Since

{x € G |thereexists g € K: y(g,x) =y} equaion U {(xeG|y(gx) =y},
gek
it follows that

l{x € G | there exists g € K: y(g, x) = y}| = deK H{x € G |y(g, x) =y} =IK|
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This proves equation (9). Now, we consider the finite set
. _ -1 -1
Hi={xeGlyKxhnF£o=]J  s7'o; (F)
and note that
-1, -1 _
HI= ) e e (DI =IK|IFI. (10)
We observe that, by equation (9),
forallye F, |[xe H|yey(K x{x})NF}| =|K]|,
which entails that (y (K x {x}) N F)yeq is a |K|-covering of F. Since f satisfies Shearer’s

inequality, we observe

1
FE) S 2 Dy fE X DO E). (11)

Moreover, for each x € G, we have |y (K x {x})| = | K| due to equation (8), and then
y(K x {x}) € U[Kx] (12)

by equation (7) and U = U™, wherefore
equation (3) g
< -
3
Also, if x € G, then equation (12) implies that y (K x {x}) N F € U[K'x] for some
K’ C K, so that

|f (v (K x {x})) = f(Kx)]| (13)

equation (3) g

Ify(K x XN F) = f(K'0)| =< 3

and thus

equation (4) e

Fy K x{xhnF) =< C+§. (14)

Furthermore, since eg € K and ¢,.; = idg,

Hyi={x€Gly(Kx DS Fh=( _ g ', (F)=[) _ xeF|pex)eF).

Now, if g € K and x € g_ll//g(Dg), then @, (gx) = wg_l(gx) € F. This entails that
(Nyex & VDo) S x € Flgg(g0) € F} = Ho

and, in turn,

|Ho| >

(Nyex & VeDo)| = IFI = ‘ U,k £\ & WD)
> [FI= ) (PN WDl =1FI =3 | 1F\ Dyl

> |F| - |K|(1 — 7)|F| = (1 - i)w.
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Hence, considering the set
. _ -1 -1 /=1 _/—1
Hi=H\Ho=]J _ e 'os PO\ (¢ 0 (P,

we conclude that

e|F|IK|

=)0 e o (P \ Hol < [KI(FI = [HoD = ——.  (15)

Consequently, it follows that

F equation (6) 7 g equation (11) ] % F &
)™ g+ SE T Y e < np 4
FOE < DN F) +— 3 fK x )N F) +
= — XX E— XX -
K| Lxery 7V K| Lxer 7Y 3
1 1 e
= K7 e, JOE XM 4 2D K DN F) £ 2
equations (13)+(14) 1 e| H C+¢e/3)|H e
909 1 Sk 4 SO (C /DI e
|K| ~~xeHo 3K IK| 3
e|H| C|Hy| e
= K) 4+ 2 £
K| x€Hy FE) + 3|K| + |K | 3
equations<(10)+(15) f(K)|HO| e|F| e|F| n &
- | K| 3 3 3
J(K)|Ho| J(K)|F]|
<= ———— +¢|lF| = ——— +¢|F|,
K| K|

and therefore,

f(F) _ [(F) _ f(K)

= < + €.
| Fil |F K|

This proves equation (1) and hence the theorem. O

4. The Ornstein—Weiss lemma

As described in §1, we will next present a proof of the Ornstein—Weiss lemma for
non-discrete locally compact groups using quasi-tiling techniques, which is based on
[CSCK14, Gro99, Kri07, LW00, OW87]. Throughout this section, let G be an amenable
unimodular locally compact group and recall that 8 denotes a Haar measure on G.

4.1. On e-disjointness and invariance. Let ¢ > 0. A finite family (A;);c; of compact
subsets of G is called e-disjoint if there exists a family of compact subsets B; € A; (i € I)
such that (B;);<; are pairwise disjoint and 6(B;) > (1 — €)0(A;) foreachi € I. For every
e-disjoint finite family (A;);e; of compact subsets of G, it is straightforward to show that

(I—e)) . 0(A) < 9( U.., A,-).

The lemmas in this subsection are standard and can, for example, be found in [Kri(7,
OWS8T7]. We include the short proofs for the convenience of the reader.
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LEMMA 4.1. Let (Aj)icF be a finite and e-disjoint family of compact subsets of G. Then,
for every compact A € G with (AN (U;cp Ai)) < €0(A), the extended finite family
(Aj)ier U (A) is e-disjoint.

Proof. As (A;)icF is e-disjoint, there exist disjoint compact subsets B; C A; (i € F) such
that 0(B;) > (1 — €)8(A;) for each i € F. By our assumptions,

9<A \ (UieF A,-)) > 0(A) — 9< UieF Ai) > (1 — £)8(A).

Thus, there is p > 0 such that (1 — p)0(A \ ;cp Ai) > (1 —€)0(A). As 0 is regular,
there exists a compact subset B C A\ [J;cp Ai such that 6(B) > (1 — p)O(A\
Uier Ai) = (1 —&)0(A). For each i € I, the set B is disjoint from A;, and thus disjoint
from B;. Hence, (A;)ic; U (A) is e-disjoint. O

LEMMA 4.2. Let K € K(G) and € € (0, 1). If (A})ieF is an e-disjoint finite family of
non-empty, compact subsets of G, then

max;cr o(A;, K)
a(UieF A K) =T 1=

Proof. Let us abbreviate M := max; a(A;, K) = max; 6(dgA;)/0(A;). A straightfor-
ward argument shows that g ({;cr Ai) € U;cr 9k Ai, and hence

(05U 1)) =0( U 04
= 0@OkA) =" O(A) (93(’; SEMY 0.

Since the considered family is e-disjoint, we obtain that (1 —¢) ZieF 0(A;) <
0(U;cr Ai) and thus conclude that
“(U- A, K) _ 09k UieF Aj) < MZieF 0(Ai) _ M . O
ieF O Uicr A (I—e)dicrpb(A) 1—¢

LEMMA 4.3. Let K € K(G) and ¢ > 0. Any precompact and measurable subsets
R, B C Gwith0 <6(B) <O0(R)and (R \ B) > €0 (R) satisfy
a(R, K)+ a(B, K)

- .
Proof. A straightforward argument shows that dx (R \ B) € dg R U dg B. Thus, if ¢ > 0
and (R \ B) > ¢6(R), then we conclude that

0@k (R\B)) _10(0kR) +00@kB) _1(0@kR)  0(0kB)
O(R\B) ~ ¢ 0(R) “ e\ 6(R) 0(B) )

a(R\B,K) <

4.2. On (e, A)-fillings. Let A, R C G be a measurable subset with positive Haar
measure and let € > 0. Assume A to be compact. We call C € G an (¢, A)-filling of R
if AC C R and the family (Ag)¢ec is e-disjoint. If G is discrete, then every precompact
subset R of G is finite, and the cardinality of every (¢, A)-filling C of R is bounded by |R|.
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The next lemma shows that we can bound the cardinality of such C even without the
discreteness assumption.

LEMMA 4.4. Lete > 0, A C G be a compact subset of positive Haar measure, and R € G
be a precompact, measurable subset. Then, every (e, A)-filling C of R satisfies
O(R
IC| < L
(1 —#)6(A)
In particular, there are (¢, A)-fillings of R of finite maximal cardinality.

Proof. As (Ag)gec is an g-disjoint family, we obtain
_ _ — (] — O
0(R) = 6(AC) = 0(Ugec Ag) > (1=e) ) 0(Ag) = (1= )ICIA(A).

The idea of the proof of the next lemma is sketched in [Gro99] and given in detail for
discrete groups in [CSCK14, Kri07, Kril0]. We include a full prove for the convenience
of the reader.

LEMMA 4.5. Let A C G be a compact subset, R € G be a precompact, measurable
subset, and assume both sets to have positive Haar measure. Let furthermore ¢ € (0, 1).
Then, for every (e, A)-filling C of R of finite maximal cardinality, we have

0(AC) > (1 — a(R, A" )O(R).

Proof. Since 6(A) > 0, there exists a € G such that Aa contains the identity eg.
Then, 6(d 441 R) = Q(a_laAqR) = 6(d4-1R), and upon translating C, we may and
will assume without lost of generality that A contains eg. For g € R\ 94-1 R, we have
g € R C A 'R and thus g ¢ A~'RC. In particular, Ag N R€ is empty, and we deduce that
Ag C R.If g ¢ C, then necessarily 6(Ag N AC) > ¢6(Ag), as otherwise, by Lemma 4.1,
(Ag")gccuigy Would be an e-disjoint family, a contradiction to the maximal cardinality
of C. For g € C, we furthermore obtain Ag C AC and thus, 0(Ag N AC) = 0(Ag) >
€0(A) from ¢ € (0, 1). This shows that, for every g € R\ 9,-1 R,

0(Ag N AC) > £6(A).

Let now xps denote the characteristic function of a subset M C G. For any g’ € G, we
compute that

0(A) =0(A"") = /G xalg™h do(g) = /G xa(g'g™") do(g).
Thus, Tonelli’s theorem implies

0(A)O(AC)

=/69(A)XAC(g’) d9(g/)=/G/GXA(8/8_1)d9(g)XAc(g’) do(g)
=/ / xa(g'g Dxac(g) do(g) d9(g)=/ / xagnac(g") do(g') do(g)
G Ja G Ja

=f 0(Ag N AC) d@(g)zf 0(A) do(g) = e0(A)O(R \ 3,1 R).
G R\d, 1R
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Consequently, we arrive at

_0(04-1R)

0(AC) > e6(R\ 04-1R) 28(9(R)—9(8A1R))=e<1 )

)9(R). O

4.3. One-quasi-tiling. Let A € K(G) and let e > 0. A finite family (A;);cr of compact
subsets of G is an e-quasi-tiling of A if there exists a family of finite sets (C;);cF such that:
(a) foreveryi € F,the family (A;g)gec; is e-disjoint;

(b) (A;Ci)jer is adisjoint family; and

© OANU;er AiC) = (1 —e)0(A).

A family (C;);cr satisfying these conditions is referred to as a family of e-quasi-tiling
centers of (A;)ier (with respect to A). In [LW00, OW83, OW87], it is shown that, for
any van Hove sequence (A,),en and any e > 0, one can find a finite subset F € N
such that, for every sufficiently invariant A, the family (A;);cr e-quasi-tiles A. We will
follow the ideas that lead to this concept and show that, with some modifications of these
methods, one can also construct e-quasi-tiling centers C; such that R := A \ Ui cr AiCiis
‘relatively invariant’, that is, that allows to control (g R)/6(A) for some given compact
subset K C G.

PROPOSITION 4.6. For any van Hove net (A;)icy, any cofinal subset J C I, any
e € (0, 1/2), and any non-empty and compact subset K C G, there exist a finite subset
FCJ, 6 >0, and a compact subset D C G with the following property. For any
(8, D)-invariant and compact subset A C G, the finite family (A;)icF is an e-quasi-tiling
of A and the e-quasi-tiling centers (C;)icr can be chosen such that UieF A;C; C A and
such that R := A\ UieF A; C; satisfies 0(R) + 0(0x R) < €0 (A).

Proof. As ¢ € (0,1/2), there exists N € N such that (1 —&/2)Y < e/2. As (A))jes is
a van Hove net, we can choose inductively i, € J for n = N, ..., 1 such that A; has
positive Haar measure, such that the i, are pairwise distinct and such that

N -1 2(N—n)+4
Ol(Ai,,, KU ( Um:n+l Aim < g2(N=—m+4

We abbreviate K, := K U (UZan Al._ml) and observe that A; is (2N K-
invariant for n =0, ..., N. Furthermore, we have Ko 2 K; 2---2 Ky = K and
Al S Kyaforn=1,...,N.

We set F :={if,...,in}, 6 := 2N+l and D = Ko, and consider a compact and
(6, D)-invariant subset A of G. Set Ry := A. Using Lemma 4.4, we now choose inductively
forn=1,..., M finite (¢, A;,)-fillings C,, of R,_1 of maximal cardinality, where we
abbreviate R, := R,—1\ 4;,C, and M < N is the smallest integer where our choices
lead to O(Ry) =60(Ry—1\ Ai,Cu) <e0(Ry—1) and N if we never encounter this
situation. Thus, in particular, forn =1, ..., M — 1, there holds 0 (R;,) > €0(R,—1). For
ne{M+1,...,N}, we set C, := . Note that R, is precompact and measurable for
n=20,...,M and that there holds

R=Ry € Ry—1 € Ry=A.
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We will now show that defining C;, := C,, we get that (C;)icr = (Cn)r]:’:1 is a family of
g-quasi-tiling centers that fulfills the required properties.

We first show inductively forn =0, ..., M — 1 that R, is (82(N_”)+1, K;)-invariant,
that is,

a(Ry, Ky) < e2N=m+1, (16)

This is clearly satisfied for n = 0, as Ry = A, Ko = D, and g2WV-0+1 — 5 To proceed
inductively, we assume R, to be (82(N —n)+1
K,+1 € K, we obtain

, K,)-invariant for some n < M — 1 and as

a(Ry, Kyy1) < 82(N7n)+]~

Now recall that 4;,,, is (e2V "4,

obtain that (A;,,, &)gec

Ky y1)-invariant. As Cp41 is an (g, A;,,,)-filling, we

.1 18 e-disjoint and apply Lemma 4.2 to see

IA

O5(Ai,l+1 Crt1, Kuy1) max Ot(Ai,ng, Kui1)

1 — ¢ geCupi
Ol(A,‘n_H, Kn+l)
1—¢

S2(N—n)+4
<5 T paw-ntt

1—e
For this, we have used that ¢ < 1/2 yields thate/(1 —¢) < 1. Aswe assumen < M — 1,
we obtain (R, \ A; ., Cn+1) = 0(Rp+1) > €60(Ry,). Thus, Lemma 4.3 yields that

Int1

a(Ryt1, Kyy1) = a(Ry \ Ain+1cn+l, Kut1)
- a(Ry, Kpy1) +a(Ai, Cor1, K1)

&
< 22WN=m) < 2N=-m)=1 _ 2(N=(r+D)+]

and we have completed the induction to show equation (16).
We next show that

0(R) < ge(A). (17)
This statement is satisfied whenever M < N, as then we obtain that
O(R) = 0(Ry) < e(Ry-1) < e0(A).

To show equation (17), we thus assume without lost of generality that M = N and that
0(R) > 0. Then, 8(Ry) = 6(R) > 0 and, forn € {I,..., N — 1}, we obtain

O(Rn) = e0(Ry—1) = €"0(Ro) = £"0(A) > 0.

For n <M = N, we have chosen C, to be an (e, A;,)-filling of R,_; of maximal
cardinality. Thus, we obtain from Lemma 4.5, equation (16), and Ai_,, ! C K, _ that

0(A;,C
Bl o o Ryt A7) 2 61— Ryt Ky1)) 2 61 — 280014 >

22 n) £
O(Ru-1) — 2
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Thus,

O(Ry) = 0(Ry—1) — 0(A;,Cp) < (1 )9(Rn1)

)
2

and we obtain from our choice of N that

N
O(R) = 6(Ry) < (1 _ %) 6(Ro) < ge(A).

This shows the claimed statement in equation (17).

As Cj is an (g, A;,)-filling of R,_;, we obtain from the construction R, := R,_1 \
A;, Cy, that (A;,8)gec, 1s e-disjoint for all n < M and that (A;C;)icr = (Al-nCn)f;”=1 L
((/))ffz v+1 1s a disjoint family. In particular, we observe that (A; g)gec; is e-disjoint for all
i € F.Furthermore, one obtains

M M
Jac=JA,c.c|JRi=Ro=A
n=1 n=0

ieF =

Thus, equation (17) allows to compute
9<A N UieF Al-c,») =0(A) —0(R) > (1 — £)0(A).

This shows that (A;);eF is an e-quasi-tiling of A and that UieF A;C; C A.
By equation (17), it remains to show that 8(dg R) < (¢/2)0(A). Recall that A;,, is
(82(N_M)+4, K jp)-invariant. As K C Ky, we obtain

a(A;,, K) < &*

Since Cy is an (g, A;,)-filling, we observe that (A;,g)gec,, is &-disjoint and apply
Lemma 4.2 to see

a(A;,Cu, K)

IA

max a(A;, g, K
1—c¢ geCy ( lMg )

a(A;jy,, K)
1—¢

84

<
“1-—c

< &3,

Furthermore, a straightforward argument shows that dx Ry = dx (Ry—1 \ Ai),Cm) S
0x Ry—1 U0k (Ai,Cy). As K € D, we obtain that A is (K, §)-invariantand as § € (0, 1),
we have 6(K) < 6(A). Thus, equation (16) and K € Ky € Kjp;— allow to compute

00k R) - 0@k Ry-1) 600kAi,Cyu)
0(A) ~—  6(A) 6(A)
<a(Ry-1,K)+a(A;,Cu, K)

<a(Ry-1, Ky—1) +¢&°

£
553+53§§. O
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4.4. A proof of the Ornstein—Weiss lemma for non-discrete groups. If G is a discrete
group, then subadditivity and right invariance can be used to show that f(F)/|F| <
f({ecg}) for every finite, non-empty subset F' € G. This is not any longer the case in
the non-discrete setting as presented in [Hau21, Remarks 3.1 and 4.6]. We next present a
result that can serve as a replacement of the mentioned boundedness.

LEMMA 4.7. Let f: K(G) — [0, 00) be a monotone, right invariant, and subadditive
mapping, and let K be a compact neighborhood of eg. Then, there exists a constant cx > 0
such that, for every non-empty, precompact, measurable subsets R C G,

f(R) < ckO(KR).

Proof. Note first that the subadditivity and the monotonicity of f imply that f only takes
values in [0, 00). Let V be a compact and symmetric neighborhood of eg that satisfies
V € K and set cx := f(VV)/6(V). For a non-empty and precompact subset R € G, we
let F C R be a V-separated subset, that is, such that (Vg) geF 1s a disjoint family. Then,
VF = UgeF V g is a disjoint union and thus

O(VR) = 0(VF) =Y _ 0(Vg)=|Flo(V).
geF
In particular, we obtain the cardinality of F to be bounded by 8(VR)/0(V) < co. We
thus assume without lost of generality that F is a V-separated subset of R of maximal

cardinality. Then, for any g € R, there is ¢’ € F such that Vg and Vg’ intersect. Thus,
g € VVg C VVF and we observe that R € V'V F. We compute that

R) < f(VVF) < VVg) =I|F|f(VV
FRY = fVVE) <Y f(VVe) =IFIf(VV)
- 0(VR)
- o)
With the slight improvement of the Ornstein—Weiss quasi-tiling machinery at hand,

we are now ready to prove the Ornstein—Weiss lemma for arbitrary amenable unimodular
locally compact groups.

f(VV)=cgb(VR) < ck0(KR). O

THEOREM 4.8. (Ornstein—Weiss lemma) Let G be an amenable unimodular locally
compact group and let f: K(G) — R be a monotone, subadditive, and right-invariant
function. Then, for any van Hove net (A;)icy in G, the limit

i J(Ai)

im——

iel 6(A;)

exists, is finite, and independent of the choice of a van Hove net.

Proof. Lete € (0, 1/2) and choose an arbitrary compact neighborhood K of eg. Then, by
Lemma 4.7, there exists a constant ¢ such that f(A) < ¢6(K A) for every non-empty, pre-
compact, measurable subset A € G. Consider A := lim infje; f(A;)/0(A;). As (KA})ier
is a van Hove net in G with lim;¢; 0(K A;)/0(A;) = 1, it follows that

A =lim }nf f(A})/O(KA;) <c < oo.
le
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In particular, there is a cofinal subset J C I such that (f(A;))/0(A;))ics converges
to A. Thus, there exists j € J such that for alli € J withi > j, we have

w <Ai+e. (18)
0(A;)
Since also {i € J |i > j} is cofinal in I, we assume without lost of generality that
equation (18) holds for all i € J. From Proposition 4.6, we obtain the existence of a
finite subset ' C J, § > 0, as well as a compact, non-empty subset D C G such that any
(6, D)-invariant, compact subset A € G can be ¢-quasi-tiled and the e-quasi-tiling centers
can be chosen with the additional properties as in Proposition 4.6.

We now consider a compact and (§, D)-invariant subset A € G and choose
g-quasi-tiling centers C; such that these additional properties are satisfied, that is, such that
UieF A;C; € A and such that R := A\ UieF A;C; satisfies O(R) + 0(dg R) < €6(A).
From F C J and equation (18), we obtain f(A;)/0(A;) < A+ e foreveryi € F, and we
compute

f( Uier AiCi>

f(Aig)
0(A) =2

ieF geC; G(A)

:Z:z:fMUGMQ
ieF geC; Q(Ai) Q(A)
0(A;)
<@A+e —,
;g; 0(A)

By the properties of e-quasi-tiling centers, ((A;g)gec;)ieF is an e-disjoint family. There-
fore,  J;cp AiCi S A implies that

0(A;) 0(A;g) 10Uy AC) 1
ZZQ(A)_ZZ 0(A) S1—8 0(A) 51—8'

ieF geC; ieF geC;

‘We have shown that

f( Uier AiCi) hte
<

0(A) T 1l-¢ (1)

Note that eg € K implies KR € R U dx R. As we require the e-quasi-tiling centers to
satisfy O(R) + 0(dx R) < €6(A), we obtain from the choice of the constant ¢ at the
beginning of the proof that

f(R) < cO(KR) < c(0(R)+6(0gR)) < ecH(A).
Thus, equation (19) yields that

f(A) < f(UieF A;C) f(E) - A+e
0(A) — 6(A) 0(A) — 1—c¢
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for every (8, K)-invariant, compact subset A C G. Hence, considering another van Hove

net (B,),j, we see that
B A+e
lim sup M < L + ec.
el Q(BL) 1—¢
Since ¢ > 0 was arbitrary, this shows that, for any two van Hove nets (A;);c; and (Bz)[ i
in G,
B A;
lim sup J(B) §A=1iminff( i) <c,
i (B iel  6(A;))
which clearly implies the statement of the theorem. O

5. Algebra isomorphism and topological models
As explained in §1, we will need to find appropriate topological models for our
measure-preserving actions.

5.1. Algebra isomorphism between measure-preserving actions. Let (X, i) be a proba-
bility space and note that the relation given by u(AAB) = 0 is an equivalence relation on
all subsets A, B C X. Let [A] denote the equivalence class of A € G. The set X (X) of all
equivalence classes is called the measure algebra of X. Note that [A N B] and [A U B] are
independent of the choice of representatives from [A] and [B], respectively. This allows
to write [A] N [B] and [A] U [B], respectively, for these sets. Furthermore, note that u
is constant on each equivalence class [A] € X (X), which allows to write u[A]. Consider
now probability spaces (X, 1) and (Y, v). We call a bijective mapping ¢: £(X) — X(Y)
that satisfies t([A] N [B]) = «([A]) N ¢([B]), t([A]U [B]) = t([A]) U t([B]), and u[A] =
v(([A]) for all [A], [B] € £(X) an algebra isomorphism between (X, n) and (Y, v).

If  is a measure-preserving action on (X, w), then we may define g.[A] := [g.A] for all
[A] € £(X) and g € G. Given another measure-preserving action ¢ of G on a probability
space (Y, v), by an algebra isomorphism between m and ¢, we will mean an algebra
isomorphism ¢ between (X, 1) and (Y, v) such that g.(¢t[A]) = t(g.[A]) for all g € G and
[A] € £(A). Measure-preserving actions 7w and ¢ are called algebra isomorphic if there
exists an algebra isomorphism between 7 and ¢.

5.2. About topological models. For regular Borel probability measure v on a compact
Hausdorff space K, we define the support supp(v) as the set of all x € K such that for
any an open neighborhood U of x, we have v(U) > 0. Here, v is said to have full support
if K = supp(v). Let w be an measure-preserving action of a topological group G on a
probability space (X, ). A topological model of m is a continuous action ¢ of G on a
compact Hausdorff space K together with an invariant regular Borel probability measure v
that has full support and such that ¢ considered as a measure-preserving action on (K, v)
is algebra isomorphic to .

Remark 5.1. Note that we do not assume (X, u) to be a Lebesgue space and that K is
not assumed to be separable or to be metrizable. Note furthermore that in contrast to
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the usual Jewett—Krieger theorem, we do not require a topological model to be uniquely
ergodic (see [Jew70, Kri72] for the original work of Jewett and Krieger, and [EFHN1S5,
Ros88, Wei85] for generalizations to actions of amenable discrete groups). In the usual
Jewett—Krieger theorem, one also uses a stronger notion of isomorphism than algebra
isomorphism. Nevertheless, for our purposes (entropy theory), algebra isomorphisms are
sufficient and allow us to state our results beyond Lebesgue spaces.

With similar arguments presented in [EFHNIS, §12.3], one can show that any
measure-preserving action of a discrete group has a topological model. Since we are not
aware of a reference beyond the context of discrete groups, we include a full proof of the
following.

PROPOSITION 5.2. Every measure-preserving action w of a topological group G on a
probability space (X, i) admits a topological model.

For the proof of Proposition 5.2, we introduce the following notation from [EFHNI15].
Let (X, n) and (Y, v) be probability spaces and p € {1, co}. A bijective positive operator
T:LP(X, ) — LP(Y,v)is called a Markov isomorphism if T has a positive inverse and
satisfies T xx = xy and [, Tf dv = [, f du forall f € LP(X, ). A Markov isomor-
phism T: LP(X, u) — LP(X, ) is called a Markov automorphism. Let MAut? (X, u)
denote the set of all Markov automorphisms on L? (X, 1) and equip MAut? (X, () with the
strong operator topology. From [EFHN15, Theorem 13.15], we quote that MAut” (X, u)
is a topological group under composition. From [EFHN1S, Proposition 13.6], we further-
more know that the restriction mapping induces an isomorphism of topological groups
(a homeomorphism that is also a group homomorphism) between MAut®™ (X, u) and
MAut! (X, p).

For a measure-preserving action w, we denote my: G — MAut* (X, u) for the
Koopman representation defined by . (g)(f) := fon8 forall f € L*°(X, ). Similarly,
we define the Koopman representation m,: G — MAut' (X, ). For an action @ on a
compact Hausdorff space X for which each ¢¢ is continuous, we furthermore define
analogously the Koopman representation ¢,: G — L(C (X)), where L(C(K)) denotes
the set of all bounded linear operators C(K) — C(K) equipped with the strong operator
topology. From [EFHN1S5, Theorem 4.17], we quote that ¢ is a continuous action if and
only if the Koopman representation ¢..: G — L£(C(X)) is continuous.

Proof of Proposition 5.2. To construct the topological model ¢ and the algebra isomor-
phism ¢ for 7, we essentially follow the arguments from [EFHNI1S, §12.3]. We will
then add to these arguments and argue that ¢ is indeed a continuous action. (This is
trivially satisfied if G is discrete.) For the convenience of the reader, we present the full
construction.

Note that L°°(X, u) is a commutative C*-algebra with unit xx. Thus, by the
Gelfand—Naimark theorem, there exists a compact Hausdorff space K and a unital
C*-algebra isomorphism ®: C(K) — L°°(X, u). By the Riesz—Markov—Kakutani
representation theorem, there exists a unique regular Borel probability measure v on
K such that [ fdv= [, ®(f)dp forall f e C(K). It is straightforward to observe
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that the canonical operator C(K) — L°°(K, v) is a homeomorphism and that ® preserves
the respective L!-norms. In particular, v has full support. With standard arguments, one
then obtains that ® extends uniquely to a Markov isomorphism LY(K,v) > LY(X, 0,
which we also denote by ®. The restriction of @ to the set of all characteristic functions in
the corresponding L'-spaces then induces an algebra isomorphism ¢: £(K) — Z(X).

For g € G, we consider the Markov automorphism ®~! o 7f o ®: C(K) — C(K).
From [EFHNI1S5, Theorem 7.23], we know that there exists a unique homeomorphism %
such that ®~! o 7f o & = ¢f. It is straightforward to check that this defines an action
¢: G x K — K, thatvisinvariant, and that : establishes an algebra isomorphism between
the measure-preserving action ¢ of G (equipped with the discrete topology) on (K, v)
and 7.

It remains to show that ¢ is continuous with respect to the original topology of G. Since
7 is measure preserving, any characteristic function f € L' (X, ) satisfies

7 f — flli — 0 asg — eg.

By a straightforward density argument, this readily entails the continuity of the Koopman
representation 7,: G — MAut!' (X, ). Since restriction induces a homeomorphism
between MAutl(X , ) and MAut>*(X, u), the Koopman representation m,: G —
MAut®™ (X, w) is continuous, too. For every f € C(K), we know that ®(f) € L*(X, v)
and hence,

(1 0 ®)(f) = @) — @(f) asg — eg.

Thus, @5 (f) = (P~ ol o ®)(f) — f as g — eg. This proves the continuity of the
Koopman representation ¢, : G — L(C(K)), which implies the continuity of ¢. O

6. Entropy and topological pressure
Let  be an action of a group G on a set X, and let I/ be any finite set of subsets of X. For
g € G, we define U, := {g~'.U | U € U}. For a finite set F C G, we furthermore define

Up = { ﬂgeF g_l.U(g) ‘ U EZ/{F}.

6.1. Naive entropy and topological pressure. We next study naive entropy and naive
topological pressure as a tool to gain insights on the Ollagnier entropy. Let G be a
topological group. For a continuously measure-preserving action 7 of G on a probability
space (X, ), we use the notation defined in §1 to define the naive entropy

E(r) :=sup _inf Huler)
a FeFi(G) |F|
where the supremum is taken over all finite measurable partitions « of X. For any
continuous action 7 of G on a compact Hausdorff space X, any f € C(X), and any
F € F(G), we define X f := dep f om8. The naive topological pressure of w at
f € C(X) is defined as
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(nv

Py, r(U
Py )() :=sup _inf PrpsUr)
’ U FeFi(G) |F|

s

where the supremum is taken over all finite open covers U of X. The naive topological
entropy of 1 is p(()"v) ().

6.1.1. A naive version of Goodwyn’s theorem. The following version of Goodwyn’s
theorem generalizes [Burl7, Theorem 1.3], where it is shown for actions of discrete groups
and only naive topological entropy is considered. To prove this result, we use a different
technique following ideas of [OlI85]. We note that naive entropy does not depend on the
choice of the group topology. Thus, in the case of naive topological entropy (f = 0), the
following can also directly be obtained from [Bur17, Theorem 1.3].

THEOREM 6.1. (Goodwyn’s theorem for naive entropy and topological pressure) Let mw be
a continuous action of a topological group G on a compact Hausdorff space X. If u is a
m-invariant regular Borel probability measure on X and f € C(X), then

ESV (0) + u(f) < p} (o).

We will need the following notions for the proof of Theorem 6.1. For finite measurable
partitions « and $ of a probability space (X, i), we define the entropy of « given § as

M(AOB)>

H == ANB)1
w(@|B) > wAn )og( e

Aea,Bep
For further properties of this concept, the reader is referred to [Wal82, §4.3]. Now, let X be
a compact Hausdorff space. A finite measurable partition o of X is said to be adapted to
an open cover U of X if there exists an injective mapping {{: @ — U such that A C $((A)
for each A € «. For a regular Borel probability measure ;& on X and an open cover U
on X, we define the overlap ratio as R, (U) := sup, g H, (| ), where the supremum is
taken over all finite measurable partitions « and B of X, which are adapted to /. The
overlap ratio satisfies the following simple invariance property. If G is a group acting by
homeomorphisms on X, then it is straightforward to show that R, (/) = R, ({4,) for every
g € G. For a more detailed account on these notions, see [OlI85]. From the arguments
presented in [OlI85, Section 5.2.12], we obtain furthermore the following lemma.

LEMMA 6.2. Let i be a regular Borel probability measure on a compact Hausdorff space
X. For every finite measurable partition o of X and every ¢ > 0, there exists an open cover
U of X such that o is adapted to U and such that R, (U) < e.

We will furthermore need the following combinatorial lemma from [Wal82].

LEMMA 6.3. Let k € N and ay, .. .,ax, p1,- - -, Pk be given real numbers such that
pi = 0and Yi_y pi = 1. Then, Y, pi(a; —log(pi)) < log(¥5_, e%).

The following lemma will be useful for the proofs of Theorems 6.1 and 6.31 below.

LEMMA 6.4. Let m be a continuous action of a topological group G on a compact
Hausdorff space X. Let u be a m-invariant, regular Borel probability measure on X.
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For every finite measurable partition o of X and every ¢ > 0, there exists a finite open
cover U such that, for any f € C(X) and any finite set F C G,

Hy(ap) +n(f) =PrUF) +|Fle.

Proof. From Lemma 6.2, we obtain the existence of an open cover U/ of X such that «
is adapted to ¢/ and such that R, (if) < e. Consider now f € C(X) and F € F(G).
Consider furthermore a finite measurable partition 8 of X that is adapted to Uf. Using
Lemma 6.3, we compute

H,(B) + n(f) = Z M(B)( Sug fx)— log(/L(B))) <log ( Z oSUPren f(X)>
xXe

Bep Bep

= log Z sup e/ @ < log Z sup e/ W) = Py UF).
Bep XEB Ueldy xeU

Now consider g € F and recall that U, < Ur < B. Thus, for each B € B, there exists
Up € U, such that B C Up. Considering

y® ::{U{BeﬁIUB=U}‘U€ug}\{@},

we obtain a finite measurable partition of X that is adapted to I/, and satisfies y® < B.
The finite measurable partition o, is also adapted to Uf,. Thus, the basic properties of the
static entropy and the invariance of the overlap ratio allow to estimate

Hu(ar|B) <Y HuleglB) < Y Hulogly®) < > RuWUy) < |FIR,U) < |Fle.
ger geF geF

Combining our observations, we thus obtain

Hy(ap) + n(f) < Hy(B) + n(f) + Hy(ar|B) < PrUr) + |Fle. O
Proof of Theorem 6.1. Of course, it suffices to verify that E,(fv)(n) +u(f) < p(f"") () + ¢
for every ¢ > 0. For this purpose, let ¢ > 0. Consider any finite measurable partition o
of X. By Lemma 6.4, there exists a finite open cover I/ such that, for every F' € F(G),

Hyu(er) + u( > f) <Py, ;Up) +IFle,

where we let Zp f 1=}, p f o78. In particular,

H,(aF) Hy(ap) + pu( )
inf ——— +u(f) = - s
FeF,(G) |F] FeF(G) |F|
P U
< inf M
FeF4(G) |F|

<py" () +e.

Taking the supremum over all finite measurable partitions of X, we conclude that
E,(L"") )+ u(f) < pgfw)(n) + ¢, as desired. O
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Remark 6.5. It remains open whether the variational principle holds for naive entropy
and naive topological pressure (in case there exist invariant and regular Borel probability
measures i on X). However, if such measures exist and G is metrizable or locally compact,
then Theorem 6.7 below readily entails that sup,, ng) () = E™) () (= 0) as soon as G
is non-discrete.

Remark 6.6. In [OP82] and in [OIlI85, 5.2.12], the proof of Goodwyn’s half of the
variational principle makes heavy use of subadditivity properties of the overlap ratio
[O1185, Proposition 5.2.11] and the following claim. For u € Mg (X) and all finite open
covers U, it is claimed that whenever « is a finite measurable partition of X that is
adapted to U via an injective map : o — U such that w(U(A) \ A) is small, then ar
is adapted to Up for any finite set F C G. Considering X = {1, 2, 3} and the action
of Z on X introduced by 71(1) =3, #1(2) =2, and 7! (3) = 1, we can choose the
partition o = {{1, 2}, {3}} that is adapted to U = {X, {1, 3}} via : o — U that sends
{1,2} — X and {3} — {1, 3}. The Dirac measure §, is then an invariant and regular
Borel probability measure that satisfies §7(U(A) \ A) =0 for all A € «. Nevertheless,
ago,1y = {{1}, {2}, {3}, ¥} and Ujo,1y = U, and thus clearly oo 1) is not adapted to U 1}.
In a correspondence with J. M. Ollagnier, it was discussed how to repair the proof of
the statement in the context of actions of discrete amenable groups and the proof above
contains ideas from this discussion.

6.1.2. Naive topological entropy for actions of non-discrete groups. It is well known
that naive (measure-theoretic) and topological entropy can only take the values 0 and co
for actions of non-amenable discrete groups [Burl7]. Our next objective is to show that
naive entropy is 0 whenever the acting topological group is non-discrete and, moreover,
metrizable or locally compact.

THEOREM 6.7. For any continuous action w of a topological group that contains an
infinite precompact subset, we have p(()"v) () =0.

Since any measure-preserving action has a topological model by Proposition 5.2, the
combination of Theorems 6.1 and 6.7 readily entails the following corollary.

COROLLARY 6.8. For any measure-preserving action w of a topological group that
contains an infinite precompact subset, we have Eg’ v) (r)=0.

Remark 6.9. Let G be a non-discrete topological group. If G is metrizable or locally
compact, then G has an infinite compact subset. Indeed, if G is metrizable, then G admits a
non-stationary convergent sequence (g, ),eN, and we observe that {g, | n € N} constitutes
an infinite compact subset of G [Lev68]. If G is locally compact, then G contains a compact
subset with non-empty interior, which is necessarily infinite by non-discreteness of G.

To prove Theorem 6.7, we need the following notation from [OP82]. Consider a
continuous action of a topological group G on a compact Hausdorff space X. For n € Ux
and A C G, we define ny = ﬂgeA ng, where

ng = {(x,y) € X*| (gx,gy) €n} (g€i).
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Conveniently, modifying an argument from [Hau21, Lemma 4.2], we present a short proof
of the following statement.

LEMMA 6.10. Let G be a topological group acting continuously on a compact Hausdorff
space X. For n € Ux and A C G precompact, we have ng € Uy.

Proof. Consider a symmetric k € Uy such that kxxx € 1. Since 7 is continuous and
X is compact, a standard argument shows that there exists an identity neighborhood
V € U(G) such that {(g.x,x) | g€ G, x € X} C k. By A being precompact, there is
a finite subset F € G with A C VF. A straightforward computation now shows that
na 2 kr € Uy. O]

Consider a continuous action of a topological group G on a compact Hausdorff space X.
For open covers U and V of X and a subset A C G, we say that )V A-refines U if, for each
g € A, the cover V is finer than Uf,. From [Sch15, Lemma 3.2], we quote the following for
which we include a short (alternative) proof.

LEMMA 6.11. Let G be a topological group acting continuously on a compact Hausdorff
space X. If U is a finite open cover of X and A C G is precompact, then there exists a finite
open cover V of X which A-refines U.

Proof. Let n be a Lebesgue entourage of . Since n4 € Uy for x € X, there exists an
open neighborhood V, of x that is contained in n4[x]. For g € A, we observe the existence
of U € Ug such that V; C ng[x] € U and hence that {V, | x € X} A-refines U/. Since X is
compact, we can choose a finite subcover V of {V; | x € X}. O

Proof of Theorem 6.7. Let U be a finite open cover of X and consider an infinite and
precompact set A. Let V be a finite open cover that A-refines /. In particular, we obtain that
V is finer than UF for all finite subsets F C A and thus Py(Ur) = log |UF| < |V]| < oo.
Since A is assumed to be infinite, we observe

Po(U
it 0UR)
FeFi(G) |F]
Taking the supremum over all finite open covers of X, we obtain the statement. U

We conclude this subsection with an example of a non-precompact topological group
that does not contain an infinite precompact subset, which has been communicated to the
authors by Maxime Gheysens.

Example 6.12. Let H by any non-trivial discrete group (such as, for example, the additive
group of integers). Furthermore, consider any uncountable set /. We turn the direct power
G := H! into a topological group by endowing it with the countable-box topology, that is,
the one generated by the basic open subsets of the form

{geG|foralli e C: g € U},

where C is any countable subset of I and (U;);cc is any family of subsets of H. It is
easy to verify that this topology indeed constitutes a group topology on G. Moreover, this
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topology is non-discrete (for cardinality reasons) and Hausdorff (as it contains the usual
product topology). Now, the topological group G has the additional property that each
of its countable subsets is uniformly discrete. Indeed, if A is a countable subset of G,
then for any pair (g, #) € A x A with g # h, we can find an index i(g, ) € I such that
8i(g,h) F hi(g,n)» so that A will be U-discrete for the open identity neighborhood

U:={geG|foralli e C: g €{ey}} e U(G),

where C :={i(g,h) | g, h € A, g # h}. Consequently, G cannot possess any countably
infinite precompact subset, which — by the axiom of choice — entails that G does not contain
any infinite precompact subset at all. Choosing H to be abelian, the group G will be abelian,
too, and thus amenable even as a discrete group.

6.2. Ollagnier entropy. Let m be a measure-preserving action of an amenable topo-
logical group G on a probability space (X, u). Recall from §1 that we define Ollagnier
entropy as

>

. Hy(ap)
EOD () := sup lim —2—L2
w0 o icl |Fi

where the supremum is taken over all finite measurable partitions of X and where (Fj);c; is
a thin Fglner net. Here, the limit exists and is independent from the choice of a thin Fglner
net by Ollagnier’s lemma (Theorem 3.4), which can be applied by the following lemma.

LEMMA 6.13. Let m be a measure-preserving action of a topological group G on a
probability space (X, ). For any finite measurable partition o of X, the map

Fi(G) — Rxg, Fr— H,(af)

is right-invariant, continuous, and satisfies Shearer’s inequality.

Proof. Let « be a finite measurable partition of X. It is standard to show that the considered
map is right-invariant and satisfies Shearer’s inequality (see, e.g., [DFR16]). To show
the continuity, consider any F € F(G). Since 7 is measure preserving, there exists an
open neighborhood V of eg such that u(AAg.A) < ¢/(|F||af]|) for each A € a. Now, let
E € V[F] and choose a bijection b: F — E suchthat b(g) € Vg for each g € F. For any
map AV F > a, g A® we observe that

“((ﬂgeF gl'A(g)>A<mgeF(b(g))1'A(g))) < 'bL(UgeF gl.A(g)A(b(g))l.A(g)>
=1 A9 —1 4(2)
=Y e A AE) AW

=Y ulb(®)g™H).A®aA®)
geF
|Fle I
T IFlef] T e
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This shows that

FiG) — R, Fr— Y “<<ﬂg€F g—l,A(g)>A<mgeF(b(g))—1,A(g)>>

is continuous. By a standard argument (as for example contained in [Wal82, Lemma 4.15]),
we thus obtain the continuity of 7 (G) — R, F — H (aF). O

As another application of Ollagnier’s lemma, we obtain that the limit in the definition
of the Ollagnier entropy is actually an infimum, that is, the following.

THEOREM 6.14. Any measure-preserving action w of an amenable topological group on
a probability space (X, ) satisfies ELO”)(n) = Effv)(n).

From Corollary 6.8, we conclude the following.

COROLLARY 6.15. Let w be a measure-preserving action of an amenable topological
group G on a probability space (X, ). If G contains an infinite precompact subset, then
(oll)
E () =0.
"

6.3. Ornstein—Weiss entropy. Let G be an amenable unimodular locally compact group,
and consider a van Hove net A = (A;);c; and a Delone set w in G. For a measure-
preserving action w of G on a probability space (X, u), we define the Ornstein—Weiss
entropy as

H,(aa
ECW) () := sup lim sup Hy(@ai00)
- o iel 0(A;)

where the supremum is taken over all finite measurable partitions of X. For a contin-
uous action w of G on a compact Hausdorff space X and f € C(X), we define the
Ornstein—Weiss topological pressure as

s

Pr(Uy,
p;QJXVZ)(n) := sup lim sup PrUainw)

U el 0(A;)

where the supremum is taken over all finite open covers U/ of X. We will next show that
these notions are independent of the choice of a van Hove net .A and a Delone set w.

>

6.3.1. Ornstein—Weiss entropy. Consider a measure-preserving action mw of an
amenable unimodular locally compact group G on a probability space (X, ). Note that
Ornstein—Weiss entropy is an invariant under algebra isomorphism of measure-preserving
actions (for a fixed van Hove net and a fixed Delone set). Thus, by considering a topological
model of m (see Proposition 5.2), we thus assume without lost of generality that X is a
compact Hausdorff space, that p is a regular Borel probability measure on X, and that &
is a continuous action on X. This topological setup will allow us to present an alternative
approach to Ornstein—Weiss entropy that facilitates an application of the Ornstein—Weiss
lemma.

For n € Uy, we define H,[n] :=infy H,(a), where the infimum is taken over all
finite measurable partitions o of X at scale . Now recall from §6.1.2 that we define
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na = ﬂgeA{(x, y) € X?| (g, x,g.y) € n} and that n4 € Uy for any compact subset
ACG. It is straightforward to show that K(G) > A+ Hy[na] is monotone,
right-invariant, and subadditive. The Ornstein—Weiss lemma thus allows to define

Hulna,
EOW[x, ] = lim 2]
* iel  O(A))

independently from the choice of the van Hove net. We will next show the following.

THEOREM 6.16. Let  be a continuous action of an amenable unimodular locally compact
group on a compact Hausdorff space X and p be an invariant regular Borel probability
measure on X. For any van Hove net A and any Delone set w in G, we have
ow
By i () = sup E7Y[r o],
nelx

COROLLARY 6.17. For any measure-preserving action w of an amenable unimodular
locally compact group on a probability space (X, W), the Ornstein—Weiss entropy

ow
ECY () =B ) (r)

is independent of both the choice of a van Hove net and the choice of a Delone set.

Remark 6.18. Tt would be interesting to clarify the relationship between our notion of
Ornstein—Weiss entropy and the notions of spatial entropy and orbital entropy considered
in [OW87].

We begin the proof of Theorem 6.16 with the following lemma.

LEMMA 6.19. Let u be a regular Borel probability measure on a compact Hausdorff space
X. For ¢ > 0 and a finite measurable partition o of X, there exists n € Uy such that o is at
scale n and such that H, («|B) < ¢ for every finite measurable partition B of X at scale .

Proof. We represent o := {Ayq, ..., A,}. It is well known that there exists § > O such
that whenever y = {C}, ..., C,} is a partition that satisfies Y :_, u(A; AC;) < 8, then
H, (x|y) < e [Wal82, Lemma 4.15]). As  is regular, there exist compact subsets D; C A;
with (A; \ D;) < 8/(2r?) fori € {1,...,r}. Let Do := X \ U'_, Di, Ui :== Dy U D;,
n = Ule(U,- x Up),and U := {Uy, . . ., U, }. Clearly, « is at scale 7.

Consider a finite measurable partition g at scale n. Let B € . Whenever B € Dy, then
B C U; for any i € {1, ..., r}. Otherwise, there exists i € {l,...,r} and d € B with
d € D;. In particular, we observe d ¢ U; for j € {1,...,r} with j #i. For b € B, we
have (b, d) € B? C n= Uf:l U; and hence, b € U;. This shows B C U; and we have
shown that 8 is finer than Y. In particular, there exists a finite measurable partition
y ={Ci,...,C/}of X with C; C U; and Y < y < B. Since y is a partition, we obtain
D; CC; for all i € {1,...,r} and compute C;AA; € (U; \ D;) U(A; \ D;) = Dy U
(A; \ D;), and hence

1(CinAy) < (Do) + u(A; \ D) < 8/(2r) +8/(2r*) < 8/r.
Our choice of § thus implies H, («|8) < H (aly) < e. O
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Remark 6.20. Consider U as constructed in the previous proof. It is standard to show
that any finite measurable partition 8 of X that is finer than I/ satisfies H, (x|8) < ¢. For
example, this argument is carried out in the proof of [HYZ11, Theorem 3.5]. Nevertheless,
we decided to include the short proof for the reader’s convenience.

LEMMA 6.21. Let G be an amenable unimodular locally compact group. Let w € G be
closed and let K C G be compact such that Kw = G. Let (A;)ics be a van Hove net in G
and define F; := w N A; for each i € I. Then, the net (K F;);cj is van Hove and satisfies
lim;c; (K F;)/60(A;) = 1 and

lim 6(K F; AA)/6(A;) = lim 0(K Fi AA) /0(K Fr) = 0.
1S S

Proof. From Lemma 2.5, we obtain the existence of a van Hove net (B;);c; that satisfies
K~!'B; C A; and Bf C K A{ foralli € I and, furthermore, lim;c; 6(B;)/0(A;) = 1.Itis
straightforward to show that B; € K F;. We compute

0(Bi) _0(KF) _0(KA)

0(A)) = 0(Ai) — 6(A)
and observe lim;c; 6(K F;)/60(A;) = 1. We furthermore obtain (K F;)¢ € Bf € K A?. For
a compact subset C C G, this allows to compute

dc(KF;) = CKF,NC(KF)¢ C CKA; NCKAS = dck A;.
We deduce that (K F;);c; is a van Hove net. To show lim;c; (K F; AA;)/0(A;) = 0, let

k € K. AsP(X) is an abelian group under A, with the identity as inverse map and neutral
element ¢, we compute
KF;AA; = KF;,AOANA; = (KFiAkA)A(KA; AA;) C(KF;AkA;) U (KA;AA;)
C (KA \kAj) U (kA; \ KF;) U (kA; AA;)
COogA; UkA; \ KF;)U9;inAi U B{eG’kq}Ai.
Now recall that B; € K F; and K~'B; C A;. Hence, B; C kA; and we obtain
_OkA\NKF) _0kAi\B) _0kA)  0(B)
- 0(Ai) - 0(A) 0(Ai)  0(A)
Since (A;);ey is van Hove, we conclude
_OKEAA) _00kA) | OKAN\NKF) | 00kehA) | 00k k-1nAD)
T 04D T 0(A) 0(Ai) 0(Ai) 0(Ai)
as desired and furthermore, lim;c; (K F; AA;)/0(K F;) = 0. O

—-1-1=0.

— 0,

Proof of Theorem 6.16. Let A = (A;);c; be a van Hove net and w be a Delone set in
G. Let K € G be a compact subset such that Kw = G and eg € K. Let V be a compact
neighborhood of eg such that (Vv),e, is a disjoint family. We abbreviate F; := A; Nw
and observe ng, 2 ngr, = (Mk)r;. Hence, H,[np] < Hulnkr] = Hul(nk)F]. Since
nk € Uy, we observe

Hyulnr, H,[nkF, H,ler
lim sup Al ] < lim sup Hulnkr) < sup lim sup uleri]
ier  0(Ai) iel 0(Ai) ecUy iel  O(A)
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Taking the supremum over all n € Uy, we obtain from Lemma 6.21 that

sup ELOW)[JT, n] = sup lim sup ulnal
nelyx nely el 0(A;)
wlnkr] H,[nr]

= sup lim sup ————— = sup lim sup .
nely iel 0(Ai) neUy iel  O(Ai)
Now consider n € Uy and a finite measurable partition o of X at scale . Then, af, is at
scale nf, and hence Hy[nr ] < H, (aF;). This shows

sup EI(LOW) [, n] = sup lim sup w < sup lim sup M = E(OXV;
nely nely  iel (A) a jer O9(A) Mot
where the last supremum is taken over all finite measurable partitions « of X.

To show the reverse inequality, let &¢ > 0 and « be a finite measurable partition of X. By
Lemma 6.19, there exists an entourage 7 € Uy such that, for any finite measurable partition
y of X at scale n, we have H,(x|y) < e. For i € I, we consider a finite measurable
partition B of X at scale np,. Clearly, B,-1 := {g(B); B € B} is at scale 1 for any g € F;
and hence, Hy, («|B,-1) < &. This observation allows to compute

Hy(ar,) < Hy(B) + Hu(ar|B) < Hu(B) + Hyulag|p)
= Hyu(B) + Hu(a|By—1) < Hu(B) + | File.

Taking the infimum over all finite measurable partitions 8 of X at scale 1, it follows that

(),

Hy(ap) < Hulnp ]+ |File < Hylna ]+ |File.
Here, we used F; € A; for the second inequality. By our choice of V, we furthermore
know that (Vg)ecr; is a disjoint family. Hence, 6(VA;) > 0(VF;) = deFi 0(Vg) =
|F;10(V), and Lemma 6.21 implies that
. Fi| I | Fil 1
=limsuyp —— < ——.
ier  0(A) ier (VA — 0(V)

Combining our observations, we conclude that

H . H . F;
lim sup M < lim sup M + ¢ lim sup i < E,&OW)[n, n] +
ier  0(Aj) ier  0(A) ier = 0(Aj)

Since ¢ > 0 was arbitrary, this shows that

&
o)’

lim sup H,,(ar,)/0(A;) < EC™[x, 11 < sup B[, nl.
iel nelx

Taking the supremum over all finite measurable partitions « of X now yields the desired
statement. O

Remark 6.22. Note that the previous proof also shows that for any finite measurable
partition « of X, there exists a constant ¢ € R (independent of the choice of (A;);cs or w)
such that

H, .
lim sup —pAT ) (@4,00) <c
iel 0(A))
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Indeed, there exists n € Uy such thatlim sup;.; H,(04;ne)/0(A;) < ELOW) [, n], where
the latter is finite as a consequence of the Ornstein—Weiss lemma.

Furthermore, with similar arguments as above, one shows that the limit superior in the
formula of Ornstein—Weiss entropy can be replaced by a limit inferior.

Recall that we introduced Delone sets, as we wanted A; N w to be finite. It is natural to
ask whether one can replace Delone sets by locally finite and relatively dense sets in our
definition of entropy. The next example shows that this is not the case.

Example 6.23. Let T:=R / Z be the circle equipped with the Lebesgue measure A.
Then, 78 (x) := x + gmod 1 defines a continuous action of R on T with E;OW)(JT) =0.
Consider the finite measurable partition « := {[0, 1/2), [1/2, 1)} of T. Then, w :=Z U
(Mpen(n,n +11N{27"z | z € Z}) is a locally finite and relatively dense set for which
Q0,1 consists of 2" intervals of equal length. Thus,

Hy (jonne)
A 0.y OER

6.4. Ornstein—Weiss topological pressure. Let w be a continuous action of an amenable
unimodular locally compact group G on a compact Hausdorff space X. Consider any
f € C(X) and n € Ux. Define P¢[n] := infyy Py(U), where the infimum is taken over
all finite open covers U of X at scale . We next show that the Ornstein—Weiss lemma can
also be applied in this context.

PROPOSITION 6.24. Let m be a continuous action of an amenable unimodular locally
compact group G on a compact Hausdorff space X, and let f € C(X) and n € Uy. For
every van Hove net (A;)icy in G, the limit

b o] i i Py, (na;)
,n] i=lim ———
Pl ilel 0(A;)

exists, is finite, and does not depend on the particular choice of (A;)icy.

Proof. 1t is straightforward to show that, if f >0, then K(G) > A+ Py, (na) is
monotone, right-invariant, and subadditive, and then the statement follows from the
Ornstein—Weiss lemma. In general, since X is compact, there exists ¢ € R with f + ¢ > 0.
Another standard argument shows that P(s1c), (n4) = Py, (na) + c6(A) for every com-
pact subset A € G, and hence we obtain the general statement. O

Similar as above, we have the following.

THEOREM 6.25. Let m be a continuous action of an amenable unimodular locally
compact group G on a compact Hausdorff space X and f € C(X). For any van Hove

net A and any Delone set o in G, we have
(ow

pf,A,f,)(JT) = sup pylm, ).
nelx

https://doi.org/10.1017/etds.2024.52 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.52

Entropy of group actions beyond uniform lattices 1497

In particular, p}-OW) () := p;OXi () is independent of the choice of a van Hove net and

the choice of a Delone set.

PROPOSITION 6.26. Let w be a continuous action of an amenable unimodular locally
compact group G on a compact Hausdorff space X. For any f € C(X), any van Hove net
(A))ier, and any locally finite and relatively dense set w in G, we have
. PfAi (n(A,-ﬂw))
sup pylm,n]l = sup limsup ———.
nelx nelUyx  iel 0(A;)

The formula remains valid if the limit superior is replaced by a limit inferior.

Proof. Let K € G be a compact subset such that Kw =G and eg € K. Define
F; .= A; N w. From Lemma 6.21, we know that (K F;);c; is a van Hove net in G that
satisfies

l.in;l O(KF;)/0(A;) =1

and lim;c; O((K F;)AA;)/0(K F;) = 0. From
PfKFi (nkF;) _ PfA,- (K F;) - | fxF — failloo - (K F;AA;)

0(K F;) O(KF) |~ 0(K F;) -~ O(KF) 1/ lloo-
we thus obtain
_ Prer,kr)  Pry (MK E)
pylm, n] =lim = lim
: iel O(KF;) iel O(KF;)
From (nx)r, = nkF, and ng € Uy, we thus observe
[ 1< li PfA,- (¢F) - I PfAl. (exF;) [ |
prlm,n] < sup limsup ———— < sup lim ———— = sup p¢[m,¢].
/ ecUy el O(KF) — ceuyicl  O(KF) ecUy

Taking the supremum over all n € Uy yields the statement. O

Proof of Theorem 6.25. Again, we denote F; := A; N w. Consider n € Uy and a finite
open cover U{ at scale n. For i € I, we observe that Uy, is at scale nfg, and hence

PfA,- (k] < PfA,- UF).
From Proposition 6.26, we thus obtain

p;OW)[N, 7] = lim sup PZA,» [an] <1i Py, (Z/.{Fi)
iel (Ai) iel 0(A)
As 1 was arbitrary, we observe sup, .y, p;OW) [T, n] < pchW) (). To show the reverse
direction, let U/ be a finite open cover of X. Consider a Lebesgue entourage n of U. It is
straightforward to show that any finite open cover V at scale g, is finer than Uf,, and
we observe Py, (UF;) = Py, [nF;] and we conclude the statement of Theorem 6.25 from

Proposition 6.26. O
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Remark 6.27. The arguments above allow to conclude that for any locally finite and
relatively dense subsets w (and any van Hove net (A;);e7), we have
(ow

)( ) li PfAi (uA,ﬂw)
P ) = sup lim sup —————
f U el 0(A;)

See Example 6.23 for a locally finite and relatively dense subset that is not a Delone set.

Remark 6.28. Lemma 6.11 facilitates a third approach to Ornstein—Weiss topological
pressure. Indeed, recall from this lemma that for any finite open cover ¢/ and any compact
set A of G, there exists a finite open cover ) that A-refines Y. For f € C(X), we define
Pr(U, A) :=infy, Py(V), where the infimum is taken over all such V. A straightforward
argument shows that if f is positive, then K(G) — Rxg, andA +— Py, (U, A) is mono-
tone, right invariant, and subadditive. For general f € C(X), we apply the Ornstein—Weiss
lemma as above to obtain that the following limit exists, is finite, and does not depend on
the choice of a van Hove net (A;);c; in G. We define

Py, U, Aj)
(OW) T Sa; \UAs A
,U) = lim ———
Py () il 6(A)
Note that for every finite set /' € G, we have Py(U, F) = Py(Ur). With a similar
argument as in the proof of Proposition 6.26, we observe

ow ow
" () = sup p'”" o, 1),
u
where the supremum is taken over all finite open covers U of X.

6.5. Restricting to uniform lattices. With the following lemma, we introduce the notion
of a density dens(w) of a uniform lattice w in an amenable unimodular group. This allows
to relate averaging along van Hove nets in G to averaging along van Hove nets in the
discrete subgroup w.

LEMMA 6.29. Let w be a uniform lattice in an amenable unimodular locally compact
group G and (A;)ic; be avan Hove net in G. Then, (A; N w)icy is a van Hove net in w for
which

AN
dens(w) := lim M
iel 6(A;)

exists. This limit is independent of the choice of the van Hove net (A;)icj-

Proof. Let C be a regular and precompact fundamental domain of @ with non-empty
interior. Let K denote the closure of C and F; := A; Nw. Then, 8(KF;) = 0(K)|F;|
and we obtain limje; |F;|/0(A;) = 0(K)~! limje; 0(K F;)/0(A;) = 0(K)™'  from
Lemma 6.21. With a standard argument, one obtains that the existence of this limit (for all
van Hove nets) implies the independence of the choice of a van Hove net [Kril0].

To show that (F;);c; constitutes a van Hove net in w, let ' C G be a compact subset
and denote by 9% F; the F-boundary of F; in . A straightforward computation shows that
CopF; C BgFAi and hence

https://doi.org/10.1017/etds.2024.52 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.52

Entropy of group actions beyond uniform lattices 1499

UF; 6(CALF; 03¢ A, 039 . A;

Oslimsupﬂ =1imsupM flimsupM =limM =
iel | Fil ier  O(CFy) iel 0(B;) iel  0(A;)

O]

From the following, we obtain that Ornstein—Weiss entropy and topological pressure
restrict to the classical definitions in the context of actions of discrete amenable groups.
In particular, we obtain that our notion agrees with the notion considered in [Fel80] in the
context of actions of RY.

THEOREM 6.30. Let  be an action of an amenable unimodular locally compact group G

and ¢ be the restriction of 7w to a uniform lattice w C G. Let K be the closure of a regular

and precompact fundamental domain of w.

(i) If w is a measure-preserving action on a probability space (X, i), so is ¢ and we
have

E°™) () = dens(w) EC™)(p).

(1) If m is a continuous action on a compact Hausdorff space X, so is ¢ and for any

f € C(X), we have

p'?™ () = dens() p'2"(p).

Proof of Theorem 6.30. We obtain the first formula as a direct consequence of the
definition of the Ornstein—Weiss entropy and Lemma 6.29. To show the second formula,
we consider the closure K of a regular and precompact fundamental domain C of w and a
van Hove net (A;);c7 in G. Let K denote the closure of C and F; := A; N w. Now recall
from Lemma 6.21 that (K F;);ey is a van Hove net in G. From the proof of Lemma 6.29, we
know that dens(w) = 6(K)~! and from the regularity of C, we observe fx F=2 r Jk-
For n € Uy, we compute

Prer (NKF) Py s (k) F)
(OW) . JkF, i . F T ow)
,n] =lim ———— = ———— =d , .
py " lm.n]=lim 0(KF) i — KOIF | ens(w) pr. Lo, nkl
Consider k € K. Since nx 2 ng € Uy for n € Uy, we observe
ow ow ow
pﬁc,( "(p) = sup p},( "o, m] < sup pgc,( Tp, ]
nely nelyx
ow ow
< sup p'?"lp, 21 =p0" (@)
8€Ux
The combination of these observations yields
ow ow ow ow
'Y ) = sup p©"[w, 1l = dens(w) sup p'Y"lp, nx] = dens() p'2" (¢).

nely nelx

O

6.6. Goodwyn’s theorem for Ornstein—Weiss entropy. Our next objective is to show that
Ornstein—Weiss entropy satisfies Goodwyn’s theorem.
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THEOREM 6.31. (Goodwyn’s theorem for Ornstein—Weiss entropy) Let 7w be a continuous
action of an amenable unimodular locally compact group G on a compact Hausdorff space
X. For every invariant, regular Borel probability measure . on X and every f € C(X),

ECY () + () < p¥" ().

Proof of Theorem 6.31. Let (A;)ic; be a van Hove net and w be a Delone set in G. Let V
be a compact neighborhood of the identity element in G and consider a V-discrete Delone
set win G. Let F; :=wN A; forall i € I. We obtain |F;[0(V) =60(VF;) <6(VA;) and
thus

|Fil 1
- < -
O(VA;) — 6(V)

lim sup

sup
iel 0 i) iel

By Lemma 6.4, for every finite measurable partition « of X, there exists a finite open cover
U of X such that, for every i € I,
Hy(ap) + u(fa) = Pg, UF) + [Fil0(V)e.

Since u is invariant, we know w(fa,) = n(f)0(A;). We thus obtain

. /L( FI [L(aFi)+M(fAi)

fimsup =y T =TT )
< lim su M—Himsu |Fi IG(V)
=T Tacan el T 0(An)

= pﬂcow) () +e.
Taking the supremum over all finite measurable partitions « of X, we conclude that
o
ECM () + () <pP™ () +e.

The desired statement now follows, as ¢ > 0 was arbitrary. O
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