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Abstract

In this paper, we give certain analytic functional relations for the double harmonic series related to
the double Euler numbers. These can be regarded as continuous generalizations of the known discrete
relations obtained by the author recently.
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1. Introduction

Let N be the set of natural numbers, No = N U {0}, Z the ring of rational integers, Q
the field of rational numbers, R the field of real numbers, and C the field of complex
numbers.

As multiple analogues of the Tornheim double series, Matsumoto defined the
Mordell-Tornheim zeta function

= 1
(1) Emrr(S1, 82,00 8,58) = — _
r 9 [} r» m.;|nz;. .. '”Z:, (ml + . + ”2,—)"’
ny.ma...., m,=1
for complex variables s,, 55, ..., s,, s, where the sum is over r-tuples of positive

integers (see [3]). He showed that this function can be continued meromorphically to
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320 Hirofumi Tsumura 2]

C !, In the 1950’s, the values &yr2(k1, k; k) for &y, ko, k € N were investigated by
Tornheim [6] and Mordell [4]. After that, various explicit evaluation formulas for them
were obtained (see, for example, [2,5,8]). Recently, as continuous generalizations
of the discrete relations in [8], the author has given certain functional relations for
Zut2(81, 52 ), which essentially include both Tornheim’s and Mordell’s results (see
(7).

More recently we considered the multiple Euler numbers and the related multiple
series, and obtained some relations for the values of them at positive integers (see
[10D).

In the present paper, we consider

- 1
2 Tan(s1,5238) = )

m.n=0

Cm+a)"Cn+b):Cm+2n+a+b)

fora, b € {1,2). Note that ¥, ,(sy, s5;5) is what we considered in [9, 10]. The aim
of this paper is to give certain functional relations between these double series and
the Riemann zeta function ¢ (s) (see Theorem 4.7), by the same method as in [7]. For
example, we have

(3) T1(2,5:3) +T1202,3;5) — %45(5,3;2)
5 _
=S(1=277) 86+ 352 -4 (1 =277) (s +5)
for all s € C with Re(s) > 0. In particular, putting s = 2 in (3), we have a non-trivial
relation
155 127
4 2,2;3) = — - — .
(4) Tl 3) o £(5)5(2) 3 ¢

Indeed, this is a concrete example derived from [10, Theorem 1.1] (see also [9]). Thus
we can regard our present results as analytic generalizations of our previous discrete
results in [9, 10].

2. Preliminaries

We make use of the same notation as in [7,9, 10]. For u € [1, 1 + 8], we define a
set of numbers {&,, (1)} by

2ue* = x™
(5) Flxu = Z—— =3 En() =

m=(}
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[3] Double harmonic series related to the double Euler numbers 321

We denote &,,(1) by E,, which is called the mth Euler number (see [1, Chapter 1]).
We see that (see [9, Section 2})

(6) () = Eyjjli =0 (j € Nyp),
. —-1/m
) lim inf (M) >2 el 1+8)).
m—oo m! 2
Fors € C with Re(s) > 0, we define
e (=
@®) p(s’")_;—_(zm-u)x‘

LEMMA 2.1. Foru € [1, 1 + 8], p(s; u) is defined and holomorphic for all s € C.
Letc e RwithO <c < 1. Foranyy € Rwith0 < y < m/2, there exists a constant
M = M(y) > O independent of u € [1, 1 + 8] such that

c—nu M(
) lo( ~ )] < "y) (n € No.
In particular,
e =1/n
(10) lim inf (‘p(c_"_"_)‘> >
n—>o0 n! 2

PROOF. Lety €e RwithO <y <x/2,and C, : z = ye' for0 <t < 2m, where
i = +/—1. We can easily check that

i
(11) / F(zu)z" 'dz = ﬂé’:—"(—u—) (n € Np).
c, !
Let M,(y) = max |F(z, u)| for (z,u) € C, x [1, 1+ §]. Then we obtain
& 1 _ M
|___{:4__)_| = —/ |F(zu)| 2| ™ "|dz] < 1) (n € Ny).
n! 2 c, n

Now we use the method of contour integrals (see, for example, [11, Proof of The-
orem 4.2]). We consider the path € which consists of the positive real axis [y, 00]
(top side), a circle C,, around O of radius y, and the positive real axis [y, 00} (bottom
side), where 0 < y < /2. Note that we interpret #* to mean exp(s logt), where the
imaginary part of log¢ varies from 0 (on the top side of the real axis) to 2w (on the
bottom side). Let

H(s;u) =/F(—t;u)t""'dt
Q

=(e2”'*"—1)/ F(—t;u)t""'a't+/ F(—t;u)t* dt.
y C,
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322 Hirofumi Tsumura 4

Note that H (s; u) is defined and holomorphic for all s € C. Fors € C with Re(s) > 1,
letting y — 0, we have

H(s;u) = (7" — )f F(—t;u)t’™" dt
0

=2(e¥ — 1) T(s)p(s;u).
Hence
L 1 N ra-s) ]
(12) p(s,u) = T D l_‘(S)H(s,u) = Tmior H(s;u).

Combining (8) and (12), we see that p(s; u) is defined and holomorphic for ail s € C.
For N € N, we have

(13) H(c— N;u) = (e — 1)/ F(—t;u)t VN 'ds +f F(—t;)t " ' ds.
Y C,

Y

Assume N > 1. For simplicity, we denote by I, and I, the first and second terms on
the right-hand side, respectively. Note that

/x o-Crtige=N=1 gyl e~y N-l
y : - 2n +1
Hence we have
Nt 2mi o0 e—(2n+l)y
14 1 < c—N— mic 1 .
(14) ILf <y e 1;2“1
On the other hand, by using the fact that
thdt = et _ |
b+1 b _1
<, Y (——-—b I ) b#-1
for b € C and (11), we have
(— )" .
Qri)Ey(u) (ifc = 0),
h= E.u)(=1)"y"
c—N 2mic _ 1 fo 1 .
e )Zo:(n+c—N)n! @o<ec<l)

Note that the above infinite series in the second case is convergent because of the
assumption y < /2. Hence we have

£
o) »Ivv(!“)l (if ¢ = 0),
5] <
2 yeN |ezm'c _ E :g (u ) (if0<c < 1)

N)‘
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{51 Double harmonic series related to the double Euler numbers 323

For the first case, as we mentioned above, there exists a constant M,(y) > 0 indepen-
dent of u such that

(15) | < ZH©)

For the second case, we letd = min|c —m|forallm € Z. Fix £ with0 < y < £ <
/2. Then we see that the second case yields that

M\ (&)
d(1-y/§)’

Hence, by combining (12)-(16), there exists a constant M, = M,(y) > 0 which
depends on y but is independent of N and u such that
1 My(y)

= EIH(C—N;MN < o

(16) ILY <y e — 1]

! ple = Niu) (N € Ny).

T+ N-o¢)

Since IT'(1 + N — ¢)} < NYT'(1 — ¢){, we obtain the proof of (9). Furthermore, we
can immediately obtain (10) from (9). O

Fort e C,r e Rwithr > landu € [1,1 + 8], we let

e (_u)-ne(2n+l)l

9(t;r;u)=2-—(27+_—1)r—

n=0

Here J(¢;r;u) is holomorphic for t € C with Re(r) < 0. Suppose u € (1,1 + &),
g€ (—n/2,n/2),l e Nandc € RwithO <c < 1,andletr =1+ c. By (8), we
have

(i6)
!

J

(17) ?(i9:l+c;u):zp(1+c_j;u)

j=0

It follows from Lemma 2.1 that the right-hand side of (17) is uniformly convergent
withrespecttou € [1, 148] when8 € (—m/2, n/2). Hence F(i0;1+c; 1) is defined
by the right-hand side of (17) with u = 1 for 6 € (—m/2, 7/2). Thus we can define

ind . 1 T
(18) Ft:l+ciu) = gp(1+c—1,u)ﬁ (m < 5)

foru € {1, 1 4+ 8)]. Putting r =1 + ¢ > 1, we obtain the following.

LEMMA 2.2. Suppose r € R withr > landu € [1,1 + 8. Then F(t,r;u) is
holomorphicon {t € C | |t| < n/2}.
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324 Hirofumi Tsumura [6]

3. Some lemmas
From (5), (11), (12) and (13) with ¢ = 0, we see that
1
(19) p(—k;u) = -2-&(14) (k € No)

foru € [1,1 4 6].

We denote the pth derivative of sin(X) by sin'”’(X). Furthermore, we denote
sin®(X)|,_, by sin” (@) for @ € R. Let A, = {1+ (—1)"}/2 for m € Z. Then we
have

. ir! ; i (iX)y
(200 sin®(X) = — (¥ + (=1)7e¥) = i7" ‘ZAPHH 7

j=0

Fork e N, p € No,u € [1,1 + 6] and 8 € R, we define

i (—u)™"sin®”((2n + 1)8)

(21) X, (i05k;u) = 2 2n + 1F
i
= _p_- {F; ksu) + (=D F(—ib5k;u)}
and
22 10:k;u) = X, (i0; kyu) — i"”! k= jruphpurs, S
(22) 9,05k u) = X, (10, kiu) — i Zp( Jiwhprre;—— I

j=0

forke N, peNguel[l,1+5jand8 € R. Whenu € (1,1 + §], it follows from
(17), (19)—(22) that

. i 0 8 (ie)n+k
(23) Y,(i05k;u) = — ; n(u))"p+l+'l+k—(n e

From Lemma 2.1, this is uniformly convergent with respect to u € {1, 1 + §] when

8 € (—m/2,m/2). By (6), we have &€,(1)A,,; = O for n € N. Hence we obtain the
following.

LEMMA 3.1. With the above notation and under the assumptionthat p = k (mod 2)
and 8 € (- /2, 1 /2),

(24) lim“j,,(i@;k;u) =0
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M Double harmonic series related to the double Euler numbers 325

Foru € [1, 1 + §], we define

oc

) . (_u)—m—n
@) Slor, 2, 53) 1= 20 @m+ D" Q2n+ )2 2m + 2n +2)°°

[e ¢l

' . (_u)-Zm-n
(26) A1, 52, 5300) 1= fz’o Qm + 1) (2n + 2) (2m + 2n + 3)°"

By [9, Lemma 2.2], we have the following.

LEMMA 3.2. Foru € (1,1 + 6],

. . (ze)"
@D FO:s;wF (65 55u) = Zs(s.,sz, —Niu)——,

N=0
(28) F(—ib;s;,u)F(i0;55;u)
(19)N

=——Z (R, =N, 5530 + (=) "Risz, =N, s} —
N=0

—2m

u
+ ,..Z=o 2m + st
ForneZ,pe Ny, ke N, r e Rwithr > landu € (1,1 + 8], we define

29) Bf(nk,r;u)
(— )P

[G(k r.nu)+ Rk, n, r;u) + (—1)"AR(r, n,k;u)}]

- Z ( )p(k FiwAppipjp(r + j+nsu).

Note that if n € N then we can define BP(n;k, r; 1) by the right-hand side of (29)
withu = 1.

LEMMA 3.3. With the above notation and foru € (1, 1 + 6],

(30) Yo (0 ki u)F(i0;r u)

oo

i W9)Y (i)' u
=iP"'y BP(=N;:k,r; .
! sz;) ( n T T T §(2m+1)k+r

—2m

PROOF. We use the same method as in the proof of [9, Lemma 2.3]. By combining
(21) and Lemma 3.2, we can calculate X, (i6; k; u)F (i6; r;u). On the other hand, by
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326 Hirofumi Tsumura [8]

combining (17) and (22) and using the binomial theorem, we have
k . i 00 .
. @6y (i6)"
> ptk— T D Pl —vin—=
j=0 =0

oC 3 N 0 N
=) Z(.)p(k—j;u)lp+1+jp(r+j—N;u) @
v=0 L =0 \J N:

k
j=0

Hence, by (29), we obtain the assertion. |

LEMMA 3.4. Suppose k € N, p € Ng, r e Rwithr > landu € (1,1 + 8). For
anyy € Rwith0 < y < m/2, there exists a constant M = M(y) > 0 independent
ofu € (1, 1+ 8] such that

IBP (—nsk, riu)l - M(y)

(31) (n € Ng).

n!
In particular,

P(—mn- . —/n

(32) liminf(lB ( "’k’r’")') >Z

n—soc n! 2
Furthermore, if p = k (mod 2), then
(33) Iin} B?(—=N:k,r;u) =0 (N eN),

. (=1)P & 1

0 . _

(34) lim BPO:k, riu) = —5— 3 G

m=0

PROOF. By (21), (22) and Lemma 2.2, Y, (¢; k; u) can be defined and holomorphic
on(teC||t| <n/2) whenu € [1,1+8]. SoisY,(t;k;u)F(t;r;u). In particular,
when u € (1, 1 + 8], it follows from (30) that

(35) Yo ts k)T (t5riu)
(_l')p—l oo u-m

2 = (2m+ 1)*+r

oc tN
= ip_l ZBP(—N,,(, r;u)m +

N=0

fort € Cwith |¢t| < /2. By the same method as in the proof of Lemma 2.1, we obtain
(31) and (32). Hence the right-hand side of (35) is uniformly convergent with respect
tou € (1, 1+ 8], namely (35) holds for u = 1. On the other hand, by Lemma 3.1, we
see that the left-hand side of (35) tends to O as © — 1, when p = k (mod 2). Thus
we obtain (33) and (34). ]
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91 Double harmonic series related to the double Euler numbers 327

4. Double series T, ,(s1, 523 §)

By the same method as in [7], we aim to give some relation formulas for
Tas(s1, 825 5) defined by (2).

LEMMA 4.1. Suppose k € N, p €e No, r e Rwithr > 1,d € N, 0 € R and
ue(l,1+4+8] Then

36) 1 i [ (2(—u)—m-" cos((2m + 2n + 2)6)

m+ 1)¢¥(2n + 1)'2m + 2n + 2)4
(-hr (—u) =" cos((2n + 2)6)
u QCm+1)Q2n+2)2m+2n + 3)
(—1)P* (—u)=>™ " cos((2n + 2)0) }
u Cm+1)Cn+2)YQ2m +2n+ 3)

k j .
. . (=6) (d—1+j—v
=2 Ak = =D g ) — ( PRl )

j=0 v=0

+

. (—u)"" cos™(2m + 1)8)
X Z (2m + 1)d+j+r—v

o (10)2N
_ P _IN-L re
= E BP(d —2N;k,r;u) 2N

N=0
PROOF. By (25) and (26), we have

(19)2N
(2N)!

i (~u)~"" cos((2m + 2n + 2)6)

o0
L] ) 2N
. Qm+ )" (2n+ )= @m + 20+ 2)° Z (51, 52,53 = 2N ) oy

and
0 —y\—2m—n & 2N
Z ( u‘) cos.((2n + 18) - Zm(ﬁ,sz IN. sy S (i6) -
e @2m + D" Qn +2)2Q2m + 2n + 3)» — (2N)!

Furthermore, we recall

37 Z (=6)" (a +o= v) i ()" cos" (2 + b)6)

vl c—vV (2m + b)a+l+c+r v
m=0

v=0
_ i (a +c¢—2N i (—u)™" i6)
T c £ (2m + by+i+c+r=IN (2N)!
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fora,c € Ng, b € {1,2} and r € R with r > 1 (see [8, (3.2)]). By applying this
equation with (a, b,c) = (d — 1, 1, j), we have

(—1)/ i (—j)” (d - 1 +Jj- V) i (—u)™ cos‘”)((2¢ + 1)

= j—v — (2m + 1)d+]+r—u

(2N -d (i6)*"
—g( j )p(“”’ 2N

(d-— L+ —ZN) _ (_1)j<21v ‘—d).
J J

By (29), we obtain the assertion. O

because

Whend > 2and 0 € (—n/2, m/2), it follows from (31) that there exists a constant
M > 1 independent of u € (1, 1 4 8] such that

: 2N —_ 1 d d

(i6) < M(2N d)! (z) < M (J_I_)

(2N)! 2N! 2 2N —1)2\2

for any N with 2N > d. This means that if d > 2 then the right-hand sides of (36) is
uniformly convergent withrespecttou € (1, 1468]. Sowe canlet u — 1 in both sides
of (36), namely (36) holds for u = } when 6 € (—n/2, 7/2). Using Lemma 3.4,

we have the following proposition. Note that each side of (37) is continuous for
€ [—n/2, /2], hence (37) holds for 6 € [—n/2, 7/2].

BP(d —2N:k,r;u)

PROPOSITION 4.2. Suppose k e N, p € No, r e Rwithr > 1,d e Nwithd > 2
and 6 € [—n/2,n/2). Ifk = p (mod 2), then

1 (=)™ cos((2m + 2n + 2)6)
2 Z [ Qm + 1)*@2n + 1)’ 2m + 2n + 2)¢
(—1)"cos((2n + 2)0)
Cm+ D*Q2n +2)12m 4+ 2n + 3)"
(—1)"cos((2n + 2)6)
2m+ 1) 2n +2)Y2m + 2n + 3)* ]

k J .
_ | (—6) (d—1+j—v
— _ 1)/ .
,-E:(, ptk = ji D(=1) Ay v§=0 - ( i )

}”: (=)™ cos™(2m + 1)8)
x
(2’71 + 1)d+j+r—v

(38)

+(=1*

+(=1)r*

m=0
d/2]
- ZCB"(d — 2Nk, r: 1)

N=0

(iQ)ZN
Q2N
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[11] Double harmonic series related to the double Euler numbers 329

When d > 3, we can differentiate (37) with respect to 8 because of its uniform
convergency. Using the known relation

(o) 0)=(50)

PROPOSITION 4.3. Suppose k € N, p € No, r e Rwithr > 1,d € Nwithd > 3
and 8 € [—n /2, /2). Ifk = p (mod 2), then

we have the following.

l & (=)™ sin((2m + 2n + 2)6)
39 - Em% { 2m + 1)*(2n + 1) 2m + 2n + 2)4-1
(=1)"sin((2n + 2)6)
2m + D) Q2n +2)4-'2m + 2n + 3)
+(=1)7* (=17 sin((2n + 2)8) }
2m + 1)'2n +2)-'2m + 2n + 3)*

: ‘ L (—0) (d—2+ ) —
=3 ok = i D= DAy, 32 ( " ”)

v! j — v
j=0 v=0 J

+ (=17

L (=D costV((2m + 1)6)
X ZO (2m + 1)d—l+j+r—u

ld/2} Np2N-1
-DYe
=Y " Brd - 2Nk 1 pEve
prmt Q2N -1

We apply Proposition 4.2 and Proposition 4.3 with & = 7 /2. In particular, in (39)

we replace d — 1 with d. Let y(s) = ano(Zn + D™ = (1 =-27%)¢(s). Then we
have the following relations for T, ,(s|, s1; 5).

COROLLARY 4.4. Suppose k e N, p € No, r € Rwithr > 1 and d € N with
d>2 Ifk = p (mod 2), then

(40) -;— [Tk, rsd) + (=DP Tk, dir) + (=DPHMT L, d5 K

k
=Y plk = s D=1 A pprs;

j=0
[(j=1/2] 2u+1 .
(= 1)#(mr/2)* (d —24 —2u) .
TS (4T d+j+r—2u—1)
; Qu+ D! joou—1 JYEtJ a
/2] . N
=ZB”(d—2N;k.r;l)M—
o 2N)!
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330 Hirofumi Tsumura [12]
COROLLARY 4.5. Suppose k € N, p € No, r € Rwithr > 1 and d € N with
d>2 Ifk=p (mod 2), then

k

(41) Y otk = ji (=1 A1y,

j=0

U . w g
XZE@—( - >¢(d+1+r—2u)

Lo Topt \ -
[(d+1)/2]) -
(—=1)¥(m/2)*N-!
= BPd+1—2N:k, ri1)—2 T
g @+ D —oN =
[(d-1)/2) N+1 2N +1
—1 2
3 B — 1 — 2Nk, s 1) /)
L 2N + 1)!

Now we give the explicit relation formulas for T, ;(s;, 52;5). We make use of the
following lemma which is equivalent to [7, Lemma 4.4].

LEMMA 4.6. Let {Aap)heny {Banlnen, and {Cap}nen, be sequences such that

2)% ! 2)%
A2h = ZCZII -2 (lzrz/ ))' ) ZO 2h— 2] (l”/ )1)' (h € No).

Then
h
Ay =—2""3"2"Bt2h —2v) (h € No).

v=0

PROOF. Putting (a2, B2), y2;) = (272 A3;,27% B,;, 272 Cy;) in {7, Lemma 4.4],
we immediately obtain the assertion. g

We simply write p(s) = p(s; 1). It is well-known that

(—1)’7r2f+'

WEZj (j € No)

(42) pQ2j+1) =

(see [1, Chapter 1])). Then, from Corollary 4.4, Corollary 4.5 and Lemma 4.6, we
obtain the following result.
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[13] Double harmonic series related to the double Euler numbers 331
THEOREM 4.7. Let k, | € N. Then

43) — Stk 52D + (DT 00k, 28 5) + Tia(s, 28 b))

k

=2 Y plk— =1

j#k jfzn?od 2) |
B I
L2 i plk— -1 [Z/:é e
<3 22“(2”;L_j2_u2“)w(2v 1) s = 2m2Q1 - 2v)
1

v=

+ (=2 (k + 5)8(2D)
and

(44) -k, s 20+ 1)+ DTk, 2 + 1) — D205, 2L + 15K))

k

=2 ) plk— =1

ik j(:rgod 2)
[(G-1)/2) (_1)u(n/2)2u+l (21712']—2#)
< > RSy QL+ s = 2)
por Qu + 1!
p-u K A (=D
+ k=L ) ———
D P Ve
j#k (mod 2)
{ .
WwHl+j-2
x 222“( Y +j _+2’“ “)w(zu Y24 45— 2002 —2v)
v=0

hold for all s € C with both Re(s) > 0 and Re(s) > | — k, where Y¥(s) =
(1 =27") &)

PrROOF. In Lemma 4.6, let A,, be the left-hand side of (40) in the case d = 2h,
B, the left-hand side of (41) in the case d = 2h + 1 divided by —m/2 for h € N.
Furthermore, let C;, = B*(2h;k;r;1) for h € N and

1)
A()ZB():C()=Bk(O,k,r,1)=( 21) Vf(k+r)

https://doi.org/10.1017/51446788700010922 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700010922

332 Hirofumi Tsumura [14]

(see (34)). Then, applying Lemma 4.6 and putting h =1 € N, we see that (43) holds
for any s = r € R with r > 1. We can easily check that (2) is convergent absolutely
when Re(s;) > 0, Re(s;) > 0, Re(s) > 0, and Re(s; +s5) > 1, Re(s; +5) > 1,
Re(s; + 52 + 5) > 2 (see [2, 6]). Hence (43) holds for any s € C with Re(s) > 0 and
k + Re(s) > 1. Similarly, let A,, be the left-hand side of (40) in the case d = 2h + 1
for h € N, By, the left-hand side of (41) in the case d = 2h + 2 divided by —m /2
for h € Ny. Furthermore, Cy, = B*(2h + l;k;r; 1) for b € Ny. Then, applying
Lemma 4.6, putting » = [ € N, and using the same consideration as above, we
obtain (44). ]

EXAMPLE 1. Applying (44) with (k,!) = (2, 1), we obtain (3). Applying (43) with
(k,1) = (1, 1) and replacing s with s + 2, we have

(45) — T s+ 22+ %51, 25 +2) + Fia(s +2,2;1)
1 , .
=5 (1=277)¢6 +35@ = (1 -277) 46 +5).
This means that the left-hand side of (45) can be continued meromorphically to the
whole complex plane. Combining (3) and (45), we have

(46)  T11(2,5:3) + T12(2,355) — %1005, 3:2)
—4{-Ti(Ls +2:2) + T1a(1, 255 +2) + Tia(s + 2,2, D)}
1 .
=5 (1-277) 86 +32¢@.

From the functional equation for ¢ (s), we can trivially obtain the functional equation
for the left-hand side of (46).

REMARK. From Theorem 4.7, we obtain the fact that T, , (k, m; n) can be expressed
as arational linear combination of products of the Riemann zeta values, whenk, m, n €
N withn > 2 and k + m + n is odd. Indeed, applying (43) with s = m € N such that
k £ m (mod 2), we see that

=Tk, m;21) + (=1)™{Z ok, 2L;m) + T, 5(m, 25 k))

can be expressed as a rational linear combination of products of the Riemann zeta
values, by (42). Replacing k with m and s with k in (43), we also see that so is

T (m, k20 + (=D T 2 0n, 2L k) + T4 5(k, 205 m)).

Hence, so is T, ,(k, m;2l). Furthermore, applying (44) with s = m € N such that
k = m (mod 2), we see that so is ¥, ;(k, m; 2] + 1). Thus we obtain the assertion.
This fact is a special case of known results for multiple series (see [10, Theorem 1.1]).
So we can regard Theorem 4.7 as analytic generalizations of the discrete results for
double series given in {9, 10].
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