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Abstract

We consider a branching particle system where an individual particle gives birth to a
random number of offspring at the place where it dies. The probability distribution of
the number of offspring is given by px, k = 2,3,.... The corresponding branching
process is related to the semilinear partial differential equation du /0t = Au(t, x) +
Z/fiz Pk (x)uk (t,x)forx € R4, where A is the infinitesimal generator of a multiplicative
semigroup and the pgs, k = 2,3, ..., are nonnegative functions such that ), px = 1.
We obtain sufficient conditions for the existence of global positive solutions to semilinear
equations of this form. Our results extend previous work by Nagasawa and Sirao (1969)
and others.
Keywords: Branching particle system; semilinear partial differential equation; global
solution
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1. Introduction

In this paper we investigate the existence of global solutions to the semilinear initial value
problem

?}—I: = Au(t,x) + F(t, x, u), u,x) = f(x), x e RY. €))

Here A is the infinitesimal generator of a linear contraction semigroup on the space B(R?) of
bounded measurable functions on RY, and

o0
F(t,x,u) = Zpk(x)uk(t,x), t>0, xe Rd,
k=2

where the py: R4 — [0, 1] are measurable functions such that Z,‘:iz pr(x) = 1.
In 1966 Fujita [1] studied finite-time blow up and existence of global solutions for the
following semilinear equation:
ou

i Au(t,x) +u'te, u(0,x) = f(x), x € RY,

where A is the Laplacian and o > 0. By means of analytic tools, he showed that if « > 2/d
then the equation possesses both global and nonglobal solutions. This was considered to be
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pioneering work at the time, inspiring both mathematicians and probabilists to come up with new
and interesting results concerning global solutions and blow ups for semilinear equations. In
fact, the authors of the first such work, Nagasawa and Sirao [8], mentioned in their introduction
that they were motivated by Fujita’s work.

Ikeda et al. [2], [3], [4], [5] gave a full description of branching Markov processes, which
actually worked as a foundation for Nagasawa and Sirao to come up with the first probabilistic
study of existence of global solutions and finite-time blow up for the equation

88—2’ = Au(t, x) + c)uP @, x), u,x) = f(x), x e RY, )

where A is the infinitesimal generator of a linear nonnegative contraction semigroup on the space
B(R?) of bounded measurable functions on R?, ¢(x) is a nonnegative bounded measurable
function, and 8 > 2. They studied both the existence and nonexistence of global solutions
of the above equation. Their method was based on probabilistic arguments relating to the
branching Markov processes described in the work of Tkeda et al. They derived Fujita’s result
as a corollary of their result for the o-Laplacian A = —(—A)"‘/ 2.0 <a <2 The space—time
evolution of the branching population is as follows: an individual in the population develops
a motion with generator A and after an exponential lifetime, it is replaced by a population
consisting of B individuals at the site where it died.

Using a representation theorem in terms of branching particle systems, Lépez-Mimbela [6]
and Lopez-Mimbela and Wakolbinger [7] extended the results of [8] to systems of semilinear
equations with integral powers in their nonlinearities. Along the line of Nagasawa and Sirao’s
approach, Lépez-Mimbela [6] showed that the solution u;(x) of the Nagasawa—Sirao equation
(with initial condition ug = f') has the representation

1 (x) :=E[exp<sf> I1 f(y)],

yexy

where X7 is a branching particle system in R? (with exponential individual lifetimes and
offspring number ) starting from one ancestor at x and §; is the total length of the family tree
up to time ¢. This approach not only works for the «-Laplacian but also for a wider class of
generators.

In our case the offspring number is not fixed. It may vary from 0 to co. The motivation
behind this is as follows. We remove the restriction that an individual in the population
will give rise to a fixed number of offspring. Then instead of giving rise to S offspring
at any stage, we could have a probability distribution on the number of offspring. Such a
probability distribution may be concentrated on finitely many values, say 81, B2, ..., Bp, etc.
with coefficients ¢1(x), c2(x), ..., cp(x), etc. or infinitely many values, say all nonnegative
integers 0, 1, 2, ... with probabilities, pg, p1, p2, ..., say, adding up to 1. In the former case
the number of offspring is bounded, and in the latter case the number of offspring may be
unbounded. Thus, in the former case we replace c(x)u? (z, x) by Z,’::l cx (x)uPr(x), where
ck(x) is bounded by a number, say ||ck|| for each k, and we consider

p
E;—l: = Au + kXZ;Ck(x)uf‘k(t, x), u(0,x) = f(x), x € RY. 3)

In the latter case we replace c(x)u® (¢, x) by some sort of probability generating function,
namely Z,fio pk(x)uk(t, x) with pog = 0, p; = 0, and pr(x) = py for some constant py for
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all k. So, we consider

0

o0
M_ k _ d
o _Au+k§pku . u(0,x) = f(x), x e R 4)

Inboth (3) and (4) A is the infinitesimal generator of a linear nonnegative contraction semigroup
on the space B(RY) of bounded measurable functions on R¢. In the latter case the pys are
constants adding up to 1.

By means of probabilistic representations of semilinear equations, here we shall study only
the existence of global solutions of (1). When A is the d-dimensional Laplacian and the number
of offspring is fixed, we have a global solution provided that f decays exponentially fast and
d is large enough. It is interesting to see if, in our case, similar conditions guarantee the
existence of global positive solutions, namely, large mobility of individuals and quick decay of
the initial value ensure boundedness of u(z, x) for all # > 0. In the next section we introduce
the ingredients we need to verify this, following Ikeda et al. [2], [3], [4], [5]. In Section 3
we describe Nagasawa—Sirao’s condition for the existence of global solutions, and then we
consider the bounded setup, i.e. the number of offspring is finite. We obtain conditions for
global solutions which are similar to those of Nagasawa and Sirao. In Section 4 we consider
the unbounded setup and observe that we need extra conditions for the existence of global
solutions. In Section 5 we prove a preliminary result that precedes our main theorem for the
unbounded case, and in Section 6 we prove several lemmas that are necessary to carry out our
arguments in Section 5. In Section 7 we state and prove our main theorem, which actually gives
conditions for the existence of global solutions in our case. We conclude with some interesting
examples in Section 8.

2. Preliminaries

Before proceeding any further,following Ikeda et al. [2], [3], [4], [S], we need to introduce
some background related to branching Markov processes. Nagasawa and Sirao [8] considered
a branching Markov process where an individual in a particular generation gives birth to exactly
B offspring at the location of its death. Now we describe their setup.

Let D denote a compact Hausdorff space with a countable open base, and let B(D) denote the
space of bounded Borel measurable functions on D. Here B+ (D) denotes the set of nonnegative
elements of B(D). Let {T;; ¢+ > 0} be a nonnegative contraction semigroup on B(D) defined
through a kernel T;(x, dy) such that the following four conditions are satisfied:

(1) T;(x,-) is a nonnegative Borel measure on D with T;(x, D) < 1;
@i1) T.(-, B) is measurable on [0, co) x D for any Borel subset B of D;
(iii) forany ¢, s > 0, x € D, and Borel subset B,

Tt-‘rS(va):[Tt(xﬂdy)Tt(y7dB);

@iv) for f € B(D),
Tf() = f T, (e, dy) £ ().
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We shall deal with positive mild solutions v(¢, x) to (1) with initial data f € B¥ (D), which in
the finite case is given by

t 14
vt x) = ’Ef(x>+f dSTs(chv(t—s, -)ﬁk>(x)
0 k=1

and in the infinite case is given by

P 00
v(t,x) =T, f(x) +/ dsT; (Z pru(t — s, -)k)(X)- )
0 2

We can apply the successive approximation method to obtain a (local) positive solution to (5).
However, instead we shall use a linear dilatation of this equation, which is more appropri-
ate for our purpose. We consider a linear integral equation on an enlarged space given by
S = U,C;O:1 D", where D" is a symmetric n-fold product of D, n > 1; see [2], [3], [4], and [5]
for a detailed definition of S.

For f € BT (D), Ikeda et al. [2], [3], [4], [5] set f IT: 1 f(xj) when x = (x1,x2, ...,
xp) € D™ fis then a measurable function on § and f € Bﬂ[(S) if f<1.

Now we state some fundamental facts which will play an important role in our work; see
(21, [31], [4], [5], and [8].

(1) There exist unique nonnegative kernels 7; (x, dy) and W(x, dsdy) defined on [0, c0) x § x S
and S x [0, c0) x S, respectively, such that when x = (x1, x2, ..., x,) € D",

/Sm, anfo) =[] T e,
j=1

and in the finite case

n V4 n
/ W(x, dsdy) £ (s, y) = dsZR(Zc;f(s, ~)")(xk> [T 56 e

k=1 j=I ik, i=1

IlcjlldSZT(f(s SWHIEN) H Ty (f (s, ) (xi)
i#k,i=1

M= Mw

||c,||/ \IJ,-(x,dsdy)f(y),

and in the infinite case

/tlf(x,dsdy)f(s,y): dsZR(Zp,-f(s, ')k>(xk) [T 76 ne

k=1 j=2 i#k,i=1

= pids Y T(fGs. @) [ Te(fG e

j=2 k=1 ik, i=1

3

o

~
II
NS}

p;f W (x, dsdy) £ (),
sn+j—1
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where Zgo pr = 1. It can be seen that ¥, (x, dsdy) is defined as follows:

/s W dsdy) f() = Y T )90 [T L6 .
= k=1

ik, i=1

Moreover, if x € D", the support of T; (x, -) is concentrated on D" and the support of W; (x, ds-)
is concentrated on D"/~ for j =1,..., pin the former case and j = 2, 3, ... in the latter
case. Therefore,

[veasanion =30 [ v io. ©
=2 !

Having done this, we obtain the linear integral equation which is a linear dilatation of (1)
with initial data f, given by

P t
u(t,x) =T f(x) +/ /‘If(x, dsdy)u(r —s, y), x€S, feB(,
0 Js

where

T, f(x) = /S T,(x, dy) f (7).
Then, we set
uo(t, x) = T, f (x),

t
uk<r,x)=/ /wx,dsdy)ukfl(r—s,yx k=1 ™
0 S

(i) The function ug(z, x) is well defined and Z/fio ui(t, x) converges for sufficiently small
t > 0. Setting

o]

w(t,x) =Y w(t,x),

k=0

when the right-hand side converges, we conclude, as in [2], [3], [4], and [5], that u is the
minimal (local) solution of (5).

(ii1) The most important property is considered to be the branching property:

n
u(t,x) = Hu(t,xj) when x = (x1,...,x,) € D",
j=1

which is also due to Ikeda et al. [2], [3], [4], [5].

3. Conditions for the existence of global positive solutions in the bounded case

As mentioned earlier, Nagasawa and Sirao [8] considered global solutions and blow ups for
the following equation:

Z;—l: = Au(t,x) + c(x)uﬁ(t, x), u(0,x) = f(x),
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which is (2) above. Here A is the infinitesimal generator of a linear nonnegative contraction
semigroup on the space B(RY) of bounded measurable functions on R, ¢(x) is a nonnegative
bounded measurable function, and 8 > 2. Then the conditions for global solutions are given
by the following theorem.

Theorem 1. For f € BT (D) satisfying

B - 1)||c||[0 sup(T, f (»))P~1dr < 1,

yeD
there exists a global solution u(t, x) of (2). Moreover; there exists a constant M > 0 such that
u(t, x) < MT, f (x).

The offspring number is 8 in Nagasawa and Sirao’s paper. In our case the offspring number
is not fixed, it varies from B to 8, in the former case and from 2 to co in the latter case. As
mentioned earlier, in our setup, we replace c(x)uﬂ (¢, x) by either

P 00
ch(x)uﬁ’f(x) or Zpk(x)uk(t,x).
k=1 k=2

Hence, our semilinear equation is given by (3) or (4) accordingly. In this section we consider
the former case when the number of offspring is bounded:

u

P
— = Au(t,x) + ch(x) uﬁk(t, X), u(0, x) = f(x). ®)

ot k=1

Then, following the approach adopted in Nagasawa—Sirao’s work, we can prove the following

proposition.
Proposition 1. Foranyt > 0 and x = (x1, ..., x,), we have
k—1 . k
on+i —1 ! , _—
uet, x) < 11i=0t kfﬁ max = D)ot ( f gy Pmn =t ds) T, f (%),
' 0

where oy = sup; Ty f, Bmin = min(By, ..., Bp), Bmax = max(Bi,...,Bp), and |c| =
max(llcill, ..., lleplD-

Proof. We have

P t o
ui(t,x) < ||c||n<Zf Gsﬁj_ldS)th(X)
j=170

t —_—
< ||c||np< f oy Pmin =1 ds)th(x).
0
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Then,

t P
ux(t, x) < /0 /Z:;cj-(x) /Snw,-fl W;(x,dsdy)ui(t —s,y)

t p t—s
5/0 dschn/O lellpn + B; — Dofmn= dr
j=1

X Y (T fO)P) ] T(Ties )
i=1 I1=1,1#i
p

t s o
5/ ds||c||2<2</ p<n+ﬂj—1>ofmi"—1dr)aff‘l)nf<x>
0 0

j=1

t P s ——
/ ds||c||2<2 / p<n+/3,-—1>a,ﬂmin—ldr)afmm—lnﬂx)
0 : 0
j=1

nn + -1 ! L 2____
< %pzncuz(/o o P 1ds) T f(x).

In general, using mathematical induction on &, we shall show that

k—1 . _ t k o
(e, x) < Hizo @+ 1P = 1) ||c||kpk( fo o Prin=1 ds) Tro. O

IA

So, suppose that we have shown this for all k& < m. Then, we shall show this for k = m + 1.
Now because of (9), we have

m—1 . _ t m____
Mm(t, X) < ]_[i:() (n + l(ﬂmax 1)) ”C”mpm </O O,Sﬂmm—l dS> th(x)

m!

Now because of (7), we have

t
Mm+1(l,x)=/ /‘I’(x,deY)Mm—l(t—S,)’)
0 Js

t P
< ci(x W (x, dsdy)ug(t — s,
=/ ; 00 [ sty =5,

t P m—1 .
j= + i— D+ max — | m. _m
5/0 asfie Y iz @+ B = D & iGnax = D)y,
=1

m!

t—s m 1
x( /0 a,ﬂminldr) D Tej )T f)P) [T To(Ties )00
i=1

=1, [#i

< llef™**p" f [T (1 + (B; = D) + i (Brnax — 1)

m!
j=1

s LR g—
x(/ aﬁmiﬁ‘dr) M )
0
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p m—1 .
< fefrtpn Y iz @ B = D+ i Fnan = D)

m!
j=1

§ m o —
X (/ 0,’3"““71 dr) crsﬂmi“*lT,f(x)
0

P m—1 o . 3
. ”c”m-HPm Z Hi:o (I’l + (/3] 1)+ l(ﬂmax 1))
j=1

(m + 1)!

t m+1 o
x ( f osﬂmiﬂ—lds> T F ()
0

m—1 . _ t m+1 o
< ||C||m+l[)m+l l_[,'=() n~+ G+ D(Bmax — 1) Usﬁmi“_l ds T, f ().

Thus, by the induction hypothesis, the proof is complete.
The next result is the analog of Corollary 3.2 of [8].
Corollary 1. Let u(t, x) be the probabilistic solution of (8). Then,

u(t, x) < Tzf(X)<1 + kam),
k=1

where

k—1 . _ ¢ k
Uk(t) — I—[i:()(l +]l;,3max 1)) (chp/ O.Sﬂmin*] ds) .
! 0

Hence, we obtain Theorem 2, below, which is similar to Theorem 1.
Theorem 2. For f € BT (D) satisfying

(Bmax — 1)||C||/0 sup(T; f (y))Pmin=tdr < 1,

yeD
there exists a global solution u(t, x) of (8). Moreover, there exists a constant M > 0 such that
u(t, x) < MT, f (x).

So, we have seen that if there are finitely many terms instead of just one term in the branching
part of the semilinear equation, we can solve the problem more easily by closely following the
steps of Nagasawa and Sirao. But, if there are infinitely many terms, as in (4), we have to be
a little careful. In this case the idea of a common bound for the coefficients in the summation
will not help. We need some extra conditions in order to obtain global solutions for our setup.
These conditions are given in our main theorem (Theorem 4) in Section 4.

4. Conditions for the existence of global positive solutions in the unbounded case

Before examining the conditions for global solutions for the case in which the number
of offspring is unbounded, let us study our setup carefully. As mentioned earlier, A is the
infinitesimal generator of a linear nonnegative contraction semigroup on the space B(R?) of
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bounded measurable functions on R?. Then, we study the existence of global solutions from a

probabilistic point of view.
We follow the same approach used by Nagasawa and Sirao [8]. We first prove the following
intermediate theorem which gives an upper bound for u (¢, x) for all k.

Theorem 3. Let X be an integer-valued random variable taking values | with probability p;
forl =2,3,... with ) 72, py = 1. Let ux(t, x) be as defined in Section 2 for each k. Then,
for f € BY(RY) and x = (x1, x2, ..., xn) € R", we have

ur(t, %) < (1) E[AR(X) Byt (X)] + €2 (k) E[Ap(X)] E[ By« (X)DT, £ ().

where
k—1 .
; X —1
Ak(X) = Hl:o (f’l —i]_{'l( )) s
t k
Bi:(X) = (/ o X1 ds> ,
0
oy = sup 7y f,
N
cr(k) =citk — 1) +2c2(k = 1),
and

c2(k) =2c1(k — 1) + Tea(k — 1),
fork =1,2,3,... with the convention that c1(1) = 1 and c(1) = 0.
Once we prove this theorem, the following corollary is an immediate result.

Corollary 2. Let u(t, x) be the mild solution of (2). Then,

u(t,¥) < uo(t, x) + 3 (100 ELAR (O By (X)) + 2(6) ELAR COTELBr (DT, £ ().
k=1

Proof. We have

u(t,x) =Y upt,x) = uo(t, x) + Y ui(t, x).

k=0 k=1
Then, we apply the upper bound for uy (¢, x) from Theorem 2 to complete the proof.

Next we state our main theorem, which provides the conditions under which we have global
solutions to (4).

Theorem 4. Let X be an integer-valued random variable taking the value | with probability
piforl =2,3,... with) ;25 pi = 1. Define

p(j) =9 — 1>f o/ ds.
0

Then ifu(t, x) is a mild solution of (4), the series in Corollary 2 is convergent if and only if p(j)
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is less than 1 for all j ranging from 1 to oo and inequalities (i) and (ii) below hold, where
® oy
E[foa_d} < o
1 —p(X)
and

(ii)

n+ X — D oXds)?

E[< V(oo ds) } e
1 —p(X)

Remark. We can replace (4) in Theorem 4 with the equation

8 o0
M Au +a2pkuk, u,x) = f(x), x € Rd,
ot P

where a is an arbitrary positive constant. By normalizing, in this case it is sufficient to assume
that the p;s are summable.

It is clear that the last two conditions for the existence of global solutions actually give us
the following conditions on the pjs:

® o
Y e <o
(el A =9 - 1)
and
(i)

oo

: -1
(n+j—=1 [g 0! dsp;
Z < _j-1 fol —— <0
Do od T d)T =9 =1

So, we shall prove these two conditions while proving Theorem 4 in Section 7.

Note. We can compare conditions (i) and (ii) above with Theorems 1 and 2, which basically give
the conditions for global solutions in Nagasawa and Sirao’s case and its subsequent intermediate
extension. We can see that ‘p(j) =9(j — 1) fooo o/ lds < 1 for all j > 2’ is basically the
condition ‘(8 — 1)||c|| fooo 0,1 ds < 1’ when we have a fixed number of offspring f instead
of a random number of offspring varying over all positive integers larger than 1 as in our case.

5. Proof of Theorem 3

From (7), we observe the following:

[ —
w1t %) sf EfnoX~"1dsT, F (5),
0

2
us(t, x) < <E[—n(” +2X_ D </t0§_lds) ]
0

2
+2E[W}E[/ta§—lds} )T,/f(\x), (10)
0
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where 7 is the number of individuals in the initial population x = (x1, ..., x,). This is obtained
as follows. In (6) we have the relation between W and Wy. Using this, from (7), we have the
following:

¢
uz(t,x)zf /\Il(x,dsdy)ul(t—s,y)
0o JS

t 00
zf Zpk/ Wy (x, dsdy)uy(t — s, y)
0 k=2 n+k—1
t 0 t—s
5/ dszpk/ E[(n + k — Do '1dr
o =

XZT(Tz SN [T @ hHa
1=1, 1#£i

:/ dsZpk</ [n(n +k — 1)o; =1 dr) k= 1l_IT[ fxp)

:/ ds(/ E[n(n+Y—l)a,X10SY1]dr>7}/f-(\x),
0 0

where Y is an integer-valued random variable identically distributed as X. Now, in order to
simplify this, we use the following. If X and Y are independent and identically distributed
random variables then the expectation of a function of these two variables, say H (X, Y), is
given by

E[H(X,Y)] = Z Z (m,k)P[X =m, Y = k]

P”ﬂéﬁ ||

H(k,k)P[X = k]P[Y = k]

~
Il
=}

+Z i H(m, k)P[X = m]P[Y = k]

k=0 m=k+1

+> ) H(m.k)P[X =m]P[Y = k].

m=0 k=m+1

Using this, f(; ds(fy Eln(n + Y — Do X 1e¥ 1] dr)m) can be written as the sum of three
terms. The first term simplifies as follows:

t s © 0 t s
/ ds/ er(p,%n(nJrk—1)05—105—1)§Zp,%n(n+k—1)/ dsoSk_I/ ok=tar
0 0 = - 0 0
k—1 2
EA [
0

=2

2
2 0
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The second term simplifies as follows:

/ ds/ er Z (pkpmn(n +k — 1o~ ! Sk D)

k=2 m=k+1

IA

0 t s
Z pkpmn(n +k — 1)/ dsos'“l/ ok=Lar
m=k-+1 0 0
00 2
nn+k—1) roo
Z Pkﬂn#(/ ok ds
m=k+1 0
[e'e) 2
nn+k—1) r
5 LD ([ )
2 m=2 0

=l e ]

The third term simplifies as follows

t s 00 00
/0 ds/ Z Z (pkpmn(n +k — D)o k 1)

k

k=2

IA

NIER EAﬂg Mg <

»
Il

IA
lws]

m=2
o o
SZ Z kpmn(n—l—k—l)/ dso ]/ k=1 qr
m=2 k=m+1 0
00 00 2
nn+k—1) -
<> > Pkpmf(/(; o) 1dS>
m=2 k=m+1
0o o0 2
nn+k—1) ro
SZZpkpmf</o o) lds)
m=2 k=2

- 2
§E|:n(ﬂ+X— 1)j|E[(/IU§_1 dS) :|
2 0
Combining all these, we obtain
t s -
/ ds(/ Eln(n+Y — l)arX_losy_l]dr>T,f(x)
0 0
2
< (E[wg’%mm) ]
2 0
— ! 2 —
+2E[W}E[(/ aj“ds> Dth(x).
0

Thus, we have obtained (10). Now suppose that we have proved that
u(t, x) < (c1(k) E[Ax(X) Bk, (X)] + c2(k) E(Ax (X)) E[ B« (X)DT; f (x),

where Ay (X), Bk, (X), o5, c1(k), and c2 (k) are as defined in the statement of Theorem 3. Now
we want to prove the inequality for u,. In order to do this, first of all, we introduce Dy ; (X, Y)
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which is defined as

n I+ — 1) +i(X — Dy
t

Dis(X, Y) = o

= Si(X, V)al !,

where S; (X, X) = (k + H! Aj+1(X). Then we use the following lemmas to complete the
proof.

Lemma 1. We have
ug+1(t, x) < (ci1(k) Pk, 1) + c2(k) Q(k, t))Tt/f(\X),
where P(k,t) and Q(k,t) are given by
t
Pkt = [ dSEIDL (X V) B COL
0

t
0k 1) = fo ds E[ Dy, (X, )] E[By.s— (X)].

Lemma 2. We have

k I k-1
Pk, 1) < E[H"‘O(n +iX—1) </tosx‘1 dr) ]
(k + 1)! 0

k . _ t k+1
OSSR N
Lemma 3. We have

k . _ t k+1
Ok, 1) < ZE[HiZO(?k—:_ZEi 1) (/0 osX_ldr> :|

)]
(k+1)! o

Lemma 4. Using Lemmas 1, 2, and 3, the upper bound for uy41(t, x) is given by

(c1(k + 1) E[Ar1(X) Big1.4 ()] + c2(k + 1) E[ Ay 1 )T E[Brgr s DT, f (),

where
cik +1) = ci(k) + 2c2(k)

and

ok +1) =2c1(k) +Tcr(k).

Once these four lemmas are proved, the proof of Theorem 3 is also complete by the induction
hypothesis.
We prove the lemmas in the next section.
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6. Proof of Lemmas 1-4

Proof of Lemma 1. To start with, we observe that

t
U1 (1, %) = /O /S W(x, dsdy)ug(t — s, y)

t o0
= / Zplf \I'(I)(x, dsdy)ui(t —s,y)
0 Dn+k—]
=2
o

t
< / > prdsei(k)Pock, t — ) + ca(k) Qo k.t — )Ly (x)

0=
=ci(k)M(k,t) + cy(k)N(k, 1),

where
Lims) =Y T )@ [ Tlti-o@je) < no/ 2 Tf@),
= Ja=1, jutj
hi(x) = Ti(f (x)),
k—1 _ . _ t—s k
Po(k’t_s):E[n,'zo(n-F(l k'1)+l(X 1))(/ er_ldr> ]
: 0
k—1 . oy 1—s k
0ot —5) —E [Micor+-D+iX =17, oX-1g) 1.
k! 0 "
Mk, r)-/ ZpldsPo(kl‘ $)Lg 1~ (x),
0
N (k, r)-/ szdsQoUc t—$)Ly 5 (x).
Therefore,

upt1(t, x) < c1(k)yM(k, 1) + c2(k)N (k, 7).
Then, we can show that
M(k,t) < P(k, t)T,f(x)
Nk, 1) < Q. 0T, f (),

where ,
Pk, 1) =[ ds E[Dys(X, Y) By ;—5(X)]
0
and .
Q(k, t)=/0 ds E[ Dy, s (X, V)] E[Bg ;—s(X)].
Thus,

U1 (1, %) < (1) Pk, 1) + c2(k) Qk, N T, f ().

So, Lemma 1 is proved.
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Proof of Lemma 2. We observe that

t
Pk, 1) =/ ds E[Dy s (X, Y) B, (X)]
0

oo o0

t
= /0 ds Y "> pipmDs(m, 1) Bs—s(m)

=2 m=2
=Fk,s,t —s)+G(k,s,t —s)+ H(k,s,t —s),

where

t X 1—s k
F(k,s,t—s):/ Zplek(l,l)(/ arl_ldr> ol=lds,
0 =2 0
t X 0 t—s k
G(k,s,t—s):/ oy plpmSk(l,m)</ a,’—ldr> om=1ds,
0 0

=2 m=Il+1

t o0 00 t—s k
H(k,s,t —s) :/ Z Z plpmSk(l,m)(/ orl_ldr> asm_lds.
0 0

m=2 l=m+1

Upon simplifying, we obtain the following:

F(k,s,t —s) < E[Ar41(X) Biy1,: (X)),
Gk,s, 1t —5) < E[Ag41 (X1 E[Bt1,1(X)],
H(k,s,t —s) < E[Ar41(X)] E[Brt1,:(X)].

Thus, we have
Pk, 1) < E[Ak+1(X)Bit1,:(X)] + 2E[Af 1 (X)] E[Bg+1,:(X)].

Hence,

k . _ t k+1
Pk.1) < E[Hi_o(n +i(X—1)) (/ GSX,1 ds) i|
(k+ 1) 0

k . k+1
+2E[H"‘°(n+l(x_1))]15[([[0?‘—1 ds) }
k+1)! ) s

Thus, we have an upper bound for P (k, t).

Proof of Lemma 3. We observe that

t
Q(k, 1) =/0 ds E[Dy s (X, Y)]E[By,1—s(X)]

[o. ol SENe o)

_ / ds 3" 3" > pipwp;Dis(n. D Bii—s ()

=2 m=2 j=2
=U(k,s,t—s)+Vk,s,t —s)+ W(k,s,t —5),
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where

0o o0 t—s k
Uk,s, t—s)= / Z Z plpiSk(l, m)osm_1 (/ o,m_l dr) ds,
2 m=2 0
o0 o
V(k,s,t—s):/Z Z
=2 m

l m m—+1

W(k,s,t—s):/Z

=2

-
||

WK

t—s k
PiPmp; S, myal" ! (f ol ™! dr> ds,
0

2

\

1M

m=j+1

o0 t—s . k
Z PlePjSk(l m)Um ](/ O'rj_ldr> ds.
0

265

Now, we can show that both U (k, s,t —s) and V (k, s, t — s) are less that Z(k, s, t — s), where

oo o0 t k+1
Z(k,s,t—s):Z Zplpm(k—l—l)]Sk(l,m)(/ osmlds> .
0

=2 m=2

‘We can show that

Z(k,s,t —5) < E[Ap1(X) Brg1,1(X)] + 2E[Ag41 (X)) E[ By1,(X)].

Also,
1 k+1
Wik,s, t —s) = E[(k + D)7'Si(X, Y)]E[/ st_lds:| )
0
But,
E[(k + D7 'Sk(X, )] < 3E[Ag41(X)].
Therefore,

Wik, s, 1 —s) < 3E[Ap 1 (X)]E[Biy1,:(X)].

Thus, we have

Qk,t)y=U(k,s,t —s)+ V(k,s,t —s)+ W(k,s,t —s)
<2Z(k,s,t —s)+ W(k,s,t —s)
< 2(B[Ak+1(X) Bt 1,6 (X)] + 2 E[Ag1 (O] E[Bi+1,:(X)])
+ 3E[Ak+1(X)] E[Bi+1.:(X)]
= 2E[Ak+1(X)Bi+1.:(X)]1 + TE[Ak+1(X)]1E[ B +1..(X)].

Hence,

]f_ (X —1 t k+1
O(k, I)SZE[HZ_O(?;CT;)! ) (/0 %X_lds> }

k — k+1
+7E|:Hi=0(n+l(x 1))}E[</la§—lds) }
k+1)! o

Thus, we have an upper bound for Q (k, ¢) also.
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Proof of Lemma 4. Combining the upper bounds for P (k, t) and Q(k, t) from Lemma 2 and
Lemma 3, we ultimately obtain an upper bound for uy41(f, x):

(1) P (k. 1) + e2(k) Q(k, )T, f ()
< ((c1(k) + 2¢2(k)) E[Ag41(X) Bi11,1(X)]
+ Qe1(k) + Te2 (k) ELAg1 CO1E[Bir 1, (X)DT; £ (x)
< (e1(k + D E[Ar11(X) Bis1,0(X)] + e2(k + 1) E[Ags1 CO1E[Big1,s CONT; £ (2).

Thus,
ugt1(t, x) < (01(k+1)E[Ak+1(X)Bk+1,t(X)]+62(k+l)E[Ak+1(X)]E[Bk+1,z(X)])m),

where ¢ (k + 1) = c1(k) + 2c2(k) and ¢a(k + 1) = 2¢1 (k) + 7cp (k). Here,

k . t k41
| |-_ +i(X —1 _
Arp1(X) = ’_0(?k +lf)! ) and Bpi1,(X) = (/(; GSX 1ds) )

Thus, the bounds are correct forall k > 1. Fork = 1, ¢;(1) = 1 and ¢»(1) = 0.

7. Proof of Theorem 4: conditions for global solutions

It was shown in Corollary 2 that if (¢, x) is a mild solution then

u(t,x) < uo(t, x) + Y _ (1K) E[A(X) By (X)] + 2 (k) B[ Ak (X)) E[ B (X)DT; f (x).
k=1

We are interested in the series appearing on the right-hand side of the above inequality. If this
series is convergent then it is clear that we have global solutions to (4). So, we show that this
series is convergent. We can observe that the given series is actually a sum of two series, namely

D e1(k) E[Ax(X) Br.1(X)]

k=1

and

ZCz(k) E[Ax(X)]E[ B, (X)].

k=2

Firstly, we shall look at the former series. Now,

D et E[A (X)) Br (X)] = Y c1(k))_pj Ac(j)Br.i ().

k=1 k=1 j=2

We shall verify that, under the assumptions in Theorem 4, the series

D e Y pjAc()Br(j)

k=1 j=2
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is convergent, where

o k 00 | k
Br:(j) = (/ os]_l ds) < Bi(j) = (/ st_l ds) for all ¢.
0 0

Now,
Y a1t pjAc(DBL() =D _p;i Y 1) Ax(j) Bi(j)-
k=1 j=2 j=2 k=1

So, let us first obtain conditions for the convergence of the inner series on the right-hand side.
By the ratio test, the inner series is convergent if
ci(k+ 1) Ag1(j) Brg1())
cik)y  Ar(j)  Bi())

M 1)/ ol Vds <1,

<1,

or
9(j—1)/ o] T ds <1,
0

since cj(k + 1)/c1(k) < 9
Now, 9(j — 1) fo Uf ds = p(j) < 1 for all j by hypothesis. Then,

D 1) Ar(j)Bi(j) < oo.

k=1
Let c1 (k) Ax(j)Bi(j) = a,j for all j. As a consequence,
o0 o0 al .
~Nk—1 »J
Dy < ) P any =
P P 1—p(j)
Then we have

ijzak] - ijl ai,j
j=2 k=1

p(J)

B Z Cl(l)Al(])Bl(])
—p(j)

e¢]

Pj
j=2 (f() av dS) ! -9 — 1)

=n

which is less than co by Theorem 4(i). So, we have verified that the first series is convergent
under the given hypothesis.

Now we shall look at the latter series, Z,fiz c2(k) E[Ax(X)]E[Bx :(X)]. As before, we
shall verify that

> e2(k) ELAR(X)] E[Bx(X)] < oo,
k=2
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where By (X) = ([~ 0 X~ ds)*. Now,

Z c2(k) E[Ax (X)] E[Bi (X)]
k=2

(k) Y Y Pi ARG Br(j2)

M

k=2 D=2 jp=2
o0 o0 o0

= Z Z PR Y () A Bi(jo).
1=2 jp=2 k=2

We write this as the sum of three terms, namely

P8 > ea()Ak(in Bi(jn).

j|=2 k=2
Z Z pﬂp/zZCZ(k)Ak(]Z)Bk(]l)
2=2 j1=j+1

and

>N pirnY A Bi(j).

N=2 jp=j1+1 k=2
Now the first term satisfies
o0 o o o0
Y3 a®AGDBGD = Y pi > ca()Ar(jn) Bi (). (11)
=2 k=2 j1=2 k=2
The second term satisfies
o0 o0 o o0 o
SN pipiY ®AGDBG) < Y ppY kA Bi(j).  (12)

And the third term satisfies

> Z pjlp,ZZcz(k)Aml)Bk(m < Zp,.Zcz(k)Akul)Bk(jl). (13)
J1=2 jp=j1+1 j1=2 k=2

Thus, from (11), (12), and (13), we can conclude that the second series satisfies

Y () E[AR(X)IE[BL(X)] <3 p; Y ca(k) Ac(j) B (). (14)

k=2 j=2 k=2

Now, we can argue exactly as in the case of the first series and conclude that the right-hand side
satisfies

2)A B
3ZPIZC2(k)Ak(])Bk(]) < 32 L%)M
=2

https://doi.org/10.1239/aap/1208358895 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1208358895

Nonexplosion of a class of semilinear equations 269

The right-hand side of the above inequality can be simplified to arrive at condition (ii) in the
hypothesis, i.e.

. i—1
i (n +]'— 1) fooo o dsp;
(el s =9 - 1)

Thus, the second series is also finite by condition (ii) of Theorem 4. Hence, since both series
are finite under the given conditions, the proof of Theorem 4 is complete. So, we conclude that
the conditions given in Theorem 4 are indeed the required conditions for global solutions in
our case.

8. Some interesting examples

Here we apply Theorem 4 to some interesting cases.
The first example that we consider is the following:

% = Aut,x) + ;pkuk(t,x), u(0,x) = f(x),

where we are assuming that A is such that oy = sup, Ts f = e~ 105 and that the p js are of
the order of (j — 1)™2. Then, we go back to the conditions of Theorem 4. Condition (i) of
Theorem 4 leads us to
- pj o DPj
D e =X

/ SU=D

(el s =9 - 1)

Now this is finite because of the assumption that the p ;s are of the order of (j — 1)~2. To verify
condition (ii) of Theorem 4, we proceed as follows. We have to show that

[e¢]

. —1
m+j—1 [;°0! dsp;
Z o _j-1 fol - <00
o oo el T ds)T =9 - 1)

This is now equal to

oo oo oo

pj n+j—-1_ n Dj Dj
N . = - 5 T T
o G-Dh10G -1 10 ; (j—1? Z 10(j — 1)

J=2

The first term on the right-hand side is always finite and the second term on the right-hand side
is finite because of the assumption that the p ;s are of the order of (j — D2

In the second example we consider symmetric a-stable processes. Let 7; be a d-dimensional
symmetric «-stable process. Then, it is known that

T, f(x) = /R = D)y

and
exp(—1]2|%) = f €9 b1, v da.
Rd

Then Theorem 3.5 of [8] gives us a condition on f under which their semilinear equation had
a global solution provided that d(8 — 1)/« > 1, where 8 was the fixed number of offspring
generated by each parent. We shall now see that a similar condition will give rise to global
solutions in our setup as well.
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Theorem S. Let T; be a d-dimensional symmetric a-stable process, where d > 4. Let 1 be a
positive number. Also, assume that our initial data satisfies

0<f(x)<dpt+n,x)

for a sufficiently small positive number 5. Then there exists a global solution u(t, x) to our
semilinear equation (4) where a(x) is identically equal to 1.

Proof. Since d > 4, we know that d/« is bigger than 2. Then d(j — 1)/« is bigger than 2
for all j > 2. Also, by hypothesis, our initial data f satisfies

0< f(x)<dp(t+n,x)

for some positive numbers é and 1. Then, following the steps in Theorem 3.5 of [8], we arrive

at © - - nl—d(j—l)/a
Tds <8/ 7' p,0)0) T —m0——— 15
/0 o s < p(1,0) A —ja—1 (15)
Now, for the existence of global solutions, we need to verify the conditions of Theorem 4,
namely
()
o0
Pj
Z [e9] j—l —1 . <
j=2 (fo Oy ds) - 9(] -1
and
(ii)

00 . oo _j—1
n+j—1 fo Os dSpj
Z oo _j—1 -1 . <o
oo ol d)T =9~ 1)
So, from (15), we have

© . - d(j —ja—1
N o G-/ o
(/0 > ds) D= Gy e oY D

This implies that

= 571 p(1,0)) T~/

’

o —1 . 1 _0or: _ i—1 i—1._1-d(j—1)/a
- d(j -1 1-9(j — D&/~ p(1,0) J
</ ol 1ds> oG- 1) (j—D/a (=D p(1,0)) "y
0

which then implies that

0 -1 -1
<</ of ! ds> —9(j — 1)>
0

- 5j—1p(1’0)j—1,71—d(j—1)/0t
T d( = Dja—1=9( = D8I~ p(1,0)J Tyl =dG=D/e

(16)

Now, si'nce nl’d(j_ —D/¢ < 1 the numerator on the right-hand side of (16) is less than or
equal to 8/~ p(1,0)/~!. Similarly, the denominator on the right-hand side of (16) is greater
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than orequal tod(j — 1)/ — 1 —9(j — 1)8-/_1p(1, 0)/~!. Now, we can choose § so small
that, for large j (say j > J), we have

87 p(1, 0 < MmUY < (j - 1)7?

for some positive number M. Then (16) becomes

00 -1 -1 : -2
-1 o G—D
<</0 o ds) U 1)) SAG-Dja—1-9G D

Now, for large j, we have 9(j — 1)’1 < 1, so the denominator is greater than or equal to
d(j — 1)/a — 2. As a result, the right-hand side of the above inequality is of the order of
(G- 1)_3. So, for some large J* > J, we have

o0 oo

pj < Dj
j;* (ol ds)y" =9 —1) j;* d(j —D3/a =2(j = D*’

which is less than oo, and, hence,

oo

> = P <00

o0 ool T AT =9 - 1)

Now, because of the observation made while verifying Theorem 4(i) we have, for large j,

00 -1 -1 : -2
j-1 Cori G-D
<</0 o ds) U 1)) SAG-Dja—1-9G DT

Now, because of the discussion above with respect to verifying Theorem 4(i), from (15), we

have )
o 1)

/ oilag < =D

0 dij—D/a—1

Therefore, from the second condition, for some large j = J**, we have

i n+j—-1 fooogg—ldspj - i (n+j—Dp;
Pyt (Jo? ol M)t =9 —1) ~ Py (—D*d(G—D/ja—Dd(—D/a—=2)

which is obviously less than oo and, hence, the whole series is less than co. Therefore, using
similar arguments as in the case of Theorem 4(i), we can conclude that Theorem 4(ii) is also
satisfied.

Hence, we have seen that the conditions for the existence of global solutions are satisfied
for symmetric a-stable processes.

Remark. The assumptions for the existence of global solutions for symmetric «-stable pro-
cesses in the case of a fixed number of offspring for each individual (Nagasawa and Sirao’s
case) are exactly the same as the case of a random number of offspring for an individual parent
(our case). This follows by comparing Theorem 3.5 of [8] and our Theorem 5.
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