L))

Check for
updates

Forum of Mathematics, Pi (2024), Vol. 12:e11 1-53
doi:10.1017/fmp.2024.9 CAMBRIDGE
UNIVERSITY PRESS

RESEARCH ARTICLE

Theta functions, fourth moments of eigenforms and the
sup-norm problem II

Ilya Khayutin', Paul D. Nelson "~ 2 and Raphael S. Steiner

1Department of Mathematics, Northwestern University, 2033 Sheridan Road, Evanston, IL 60208, USA.

ZDepartment of Mathematics, Aarhus University, Ny Munkegade 118, Building 1530, room 417, 8000 Aarhus C, Denmark;
E-mail: paul.nelson@math.au.dk.

3Computing Systems Lab, Huawei Zurich Research Center, Thurgauerstrasse 80, 8050 Zurich, Switzerland;

E-mail: raphael.steiner.academic @gmail.com (corresponding author).

Received: 19 January 2023; Revised: 4 February 2024; Accepted: 5 April 2024
2020 Mathematics Subject Classification: Primary — 11F12; Secondary — 11F27, 11F70, 11F72, 11D45, 11N75, 14G35

Abstract

Let f be an LZ-normalized holomorphic newform of weight k on [y(N)\H with N squarefree or, more generally,
on any hyperbolic surface I'\H attached to an Eichler order of squarefree level in an indefinite quaternion algebra
over Q. Denote by V the hyperbolic volume of said surface. We prove the sup-norm estimate

k 1
19()2 flloo <& (kV)4*®
with absolute implied constant. For a cuspidal Maall newform ¢ of eigenvalue A on such a surface, we prove that
1
ol <a,6 V3+e.

We establish analogous estimates in the setting of definite quaternion algebras.
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1. Introduction

Let I'\H be a finite volume hyperbolic surface. A basic problem in quantum chaos is to understand the
limiting behavior of L?-normalized Laplace eigenfunctions ¢ on I'\H. This behavior can be quantified
through weak limits of L?-masses (‘quantum ergodicity’), bounds for LP-norms and so forth. We
consider in this paper the sup-norm problem, which consists of bounding the supremum or L®-norm
of an L?-normalized eigenfunction ¢ with respect to the eigenvalue A, and/or the geometry of the
underlying manifold I'\H. A general bound in this direction, due to Bérard [Bér77], asserts that

lglleo < (1+12,])% /log(2 + [A,]). (1.1)

Here and henceforth, A < B means that there is a constant C such that |A| < CB; we allow C to depend
on any subscripts of < and write ¢ for an arbitrary, but sufficiently small, positive constant, which may
change from line to line.

Stronger bounds have been established in the arithmetic case that

o I'\H is an arithmetic manifold, such as the modular surface SL,(Z)\H or a congruence cover, and
o ¢ is a Hecke—Maaf; form, that is, an eigenfunction not only of the Laplacian but also of the Hecke
operators.

The pioneering result in that case is due to Iwaniec—Sarnak [IS95], who showed for congruence lattices
I' that

5
”‘P”OO <, e (1 + |/ltp|)ﬂ+e- (12)

The above estimates depend in an unspecified manner upon the underlying manifold. Consider, for
instance, the case that I is the Hecke congruence subgroup I'\(N) = SL»(Z) N ( 4%, %) so that I'\H is
an arithmetic manifold of volume N'*°(1), We suppose that N is squarefree. A direct quantification of

the Iwaniec—Sarnak argument (see [BH10, §10]) gives the estimate
lglloo <o NT (14 |2 )5, (1.3)

where we normalize ¢ to have L2-norm one with respect to the hyperbolic probability measure, that
is, the multiple of the hyperbolic measure having total volume one. The level aspect case of the sup-
norm problem is to improve the dependence of the bound (1.3) upon N. The first improvement in the
exponent was a major breakthrough of Blomer-Holowinsky [BH10], achieved 13 years after the work
of Iwaniec—Sarnak. For a Hecke-Maal} newform ¢ of eigenvalue A, they managed to show

1

11
lelleo <, N275 (1.4)

(with explicit polynomial dependence upon 4,). Subsequently, Templier [ Tem10] and Harcos—Templier
[HT12, HT13] established several improved bounds, culminating in

1 €
lello <a,.e N37€. (1.5)

The estimate (1.5) is comparable in strength to the Weyl bound for the Riemann zeta function and has
long been regarded as a natural limit for the sup-norm problem in the squarefree level aspect [HT13,
Remarks (i)]. It has been extended to number fields [BHM 16, BHMM?20, Ass24] and to more general
vectors than newforms [HNS 19, Ass21]. For levels that are not squarefree (e.g., powers of a fixed prime),
the flavor of the problem is quite different (see Remark 1.4), and stronger estimates have been achieved
in [Sah17, Mar16, Sah20, Com21, HS20].

In this work, we bring new methodology to bear on the sup-norm problem in the squarefree level
aspect. By obtaining optimal solutions to the technical problems that arise in applying that methodology,
we deduce the following improvement of Equation (1.5).
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Theorem 1.1. Let N be a squarefree natural number. Let ¢ be a cuspidal Hecke—Maaf; newform for
[o(N) with trivial (central) character. Suppose that ¢ is L*>-normalized with respect to the hyperbolic
probability measure on Ty(N)\H. Then

1
el <a,,e N37€.

Our main results apply not only to I'o(N)\H but also to compact arithmetic quotients. In general, such
a manifold is of the shape I'\H, where I is commensurable with a lattice attached to a maximal order in
a quaternion algebra B over a totally real field F, with B split at exactly one Archimedean place. We are
content here to consider the case F = Q so that B is an indefinite quaternion algebra, characterized up
to isomorphism by its reduced discriminant dp. For each natural number N coprime to dp, we denote
by F(? (N) the group of proper (i.e., norm one) units arising from an Eichler order of level N in B (see
Section 2.1 for details). For example, if B = Mat,«,(Q), then we could take Fég (N) =Ty(N). We prove
the following theorem.

Theorem 1.2. LetT" = l"g (N) be as above with the level N being squarefree. Let ¢ be a cuspidal Hecke—

Maaf3 newform for T with trivial (central) character, L*-normalized with respect to the hyperbolic
probability measure on T\H. Then, with V = (dgN)"*°" the covolume of T,

1
”90”00 <</1¢,E vare, (1.6)

Theorem 1.2 specializes to Theorem 1.1 upon taking B = Matyy, (Q). It improves upon (the F = Q
case of) Templier’s result [Tem10], which gave the nontrivial bound Vi ute We emphasize that the
estimate (1.6) is uniform in the quaternion algebra B, hence gives a strong saving in the ‘discriminant
aspect’; the first nontrivial results in that aspect (for B indefinite, as we have assumed) were established
only very recently by Toma [Tom23], updating an earlier preprint, giving (among other things) the bound
V2~1+¢. Our method applies equally in the setting of definite quaternion algebras, where we improve
the exponent 1 of Blomer-Michel [BM 11, BM13] down to  in analogy with Theorem 1.2 (see Section
§2.3 for details).

Remark 1.3. The dependence on the eigenvalue in Equation (1.6) that follows from our proof is of
exponential nature. With some finer Archimedean considerations, it seems likely that one could show

[|olle <& /liJrsV%*S; indeed, by comparison, we obtain such an estimate for the definite analogue
of Equation (1.6) (see Corollary 2.3). Such a refinement of Equation (1.6) seems to require lengthy
Archimedean calculations that we feel would distract from the primary novelties of this paper concerning
the level aspect.

Remark 1.4. We have noted already that we focus in this paper on the case of squarefree levels. The
opposite case is the depth aspect, where the level is a power N = p”" of a fixed prime p. In that case,
local arguments give the bound |||l <p.dp,s (/ISDN)I/ #& [Marl6], which has been improved to
lelleo <a,.p.dp.e N 5/24+& [HS20)] via arithmetic amplification and refined local analysis.

Remark 1.5. In a function field setting analogous to that of Theorem 1.1, Sawin [Saw21] has used
geometric techniques to establish (among other things) the sup-norm bound <« N i“’f?, where a; > 0
tends to zero as the cardinality g of the underlying finite field tends to co. We do not see any obstruction
to adapting the techniques of this paper to the function field setting, where we expect they would give
the improved bound <, N e,

By combining the arguments of this paper with those of the prequel [KS20] concerning the weight
aspect for holomorphic forms, we obtain the following uniform hybrid bound in the weight and level
aspects.
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Theorem 1.6. LetT" = Fg (N) be as in Theorem 1.2. Let f be a cuspidal holomorphic newform for T with
trivial (central) character and weight k > 2. Suppose fis L*>-normalized with respect to the hyperbolic
probability measure on T\H. Then

I9()? flleo < (KV)3¥€,

where V = (dgN)"*°() denotes the covolume of T.

1.1. Selected applications

A straightforward application of these improved sup-norms is to L”-norms for 2 < p < oo by means
of interpolation. We state here only the split holomorphic case, as in this case, strong L*-bounds were
given by Buttcane—Khan [BK 5] with subconvexity input from [Youl7].

Corollary 1.7. Let q denote an odd prime and f a cuspidal holomorphic newform for I'y(q) with trivial
(central) character and weight k. Suppose f is L*>-normalized with respect to the hyperbolic probability
measure on Ig(q)\H. Then, for 2 < p < co and any n > 0, we have

1
6 3p s ZSPS4,
1
i

ISC)3 flly <kon {q
q

w4 < p< oo,

for k sufficiently large in terms of n.

Further applications of sup-norm bounds include shifted convolution problems and subconvexity
results for L-functions; see, for example, [Har03, HM06, HC19, HS20, Nor21]. Often, such applications
would be obtained from a uniform version of Wilton’s estimate. By applying the arguments of [HMO06,
§2.7] with our improved sup-norm bound, we derive the following corollary.

Corollary 1.8. Let A(m), m € N, denote the Hecke eigenvalues, normalized so that the Ramanujan
conjecture reads |A(m)| <z m*, of either a cuspidal Hecke—Maaf3 newform or a cuspidal holomorphic
newform of weight k on T'n(N) with trivial (central) character, where N is squarefree. Then, for any
« € R, one has

1
Niate, in the Maaf3 case,
Z A(m)e(ma) <. Mt 7 ) # .
Nat€k2%€  in the holomorphic case,
m<M
where the implied constant in the Maaf3 case further depends on the eigenvalue of the form.
As a consequence, we may, for example, improve the main theorem in [HC19].

Corollary 1.9. Let ¢ either be a cuspidal Hecke—Maaf; newform or a cuspidal holomorphic newform
onTy(q), with q prime. Let y be a primitive Dirichlet character of modulus m with (m, q) = 1. Suppose
that g = m" with 0 < n < 2. Then, we have

1 Tie [ p—dl— _Zn-4d
Lig®y. 1) <. C (c W 4 ¢ VO )

where the implied constant depends on the eigenvalue respectively weight of o, C = qm? is the conductor
of the L-function and 1) is the current best bound towards the generalized Ramanujan conjecture if ¢ is
a Maaf3 form and 0 if ¢ is holomorphic.

1.2. The fourth moment and further applications

The method underlying most previous works on this problem, including the work of Harcos—Templier
giving the bound <, N'/3*€_is based on the amplification method introduced in the original paper
of Iwaniec—Sarnak. Recently, Steiner [Ste20] and Khayutin—Steiner [KS20] introduced a new method
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based on analysis of fourth moments over families. The key observation of these papers was that such a
fourth moment naturally arises as the L?-norm of a theta kernel. Alternatively, Blomer et al. [BHMM?22]
have demonstrated that one may use Voronoi summation for Rankin—Selberg convolutions in place of a
theta kernel. Prior to the application to fourth moments, theta kernels have played similar roles in the
study of quantum variance [Nell16, Nell7, Nell9, Nel20], numerical computations [Nel15] and in the
proof of Waldspurger’s formula [Wal85]. In each of these earlier works, theta kernels apparently served
as a substitute for parabolic Fourier expansions, giving a tool for establishing analogues on compact
quotients (where such expansions are not available) of results known already for noncompact quotients.
The present work differs in that our main result is new even for the noncompact quotients I'g(N)\H.

In this paper, we follow generally the theta kernel strategy of the prequel [KS20] and prove a fourth
moment bound from which one may deduce the Theorems 1.1, 1.2 and 1.6 after some additional
analysis near any cusps. In what follows, we let I" = Fg (N) be a lattice as in Theorem 1.2 and denote
by V = (dgN)'*°() the volume of I'\H.

The formulation of our results requires some quantification of the closeness of a point z € I'\H to
the cusps. If I'\H is noncompact (i.e., dg = 1), then we may assume that I' = T'y(N), and we set

H(z) = max I(yz),
(2) [ max (y2)

where Ag(N) denotes the lattice of Atkin—Lehner operators for I'(N) (see Section §2.2 for another
formulation of the definition of H). If T'\H is compact, then we set H(z) = 0.

Theorem 1.10. Let T = F(])B (N) be as in Theorem 1.2. Fix A > 0, and let (¢;); be an orthonormal set
of cuspidal Hecke—Maaf} newforms with trivial (central) character and Laplace-eigenvalue bounded by
A on the hyperbolic surface T'\H equipped with the hyperbolic probability measure. Then, for any two
points z,w € I'\H, we have

S (1@ = i) <en VI (14 VIHE? + HO?). (1.7)

13

Similarly, for an orthonormal set ( f;); of cuspidal holomorphic newforms for I' of weight k and
trivial (central) character with respect to the hyperbolic probability measure on I'\H, we have

K K 2
(I3 AP =130 E f(m)P?)
<. (Vk)'*e (1 +VI[H(z) + Hw)] + VK2 [H(2)? + H(w)z])
Sfor any two points z,w € I'\H.

In the case that the hyperbolic surface I'\H is compact, we may integrate z and w over the whole
surface and get an essentially sharp bound on the fourth moment of fourth norms in the level aspect,
thereby extending a result of Blomer [Blo13] to the case of cocompact lattices I'.

Corollary 1.11. With notation and assumptions as in Theorem 1.10 and assuming further that T'\H is
compact, we have

Dllgilly <en VI,
i
k
DUIBOT LI <e (Vi)'
i

This result may also be recast as a double average of triple L-functions by means of Watson’s formula
[Wat08, Theorem 3].
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The final application of Theorem 1.10 we mention is to the diameter of compact arithmetic hyperbolic
surfaces I'\H [Ste23]. Here, one may use the sharp bound on the ‘fourth moment’ of exceptional
eigenforms, together with a strong density estimate for the exceptional eigenvalues, to get an optimal
estimate on the almost diameter and an estimate on the diameter of the same strength as if one were to
assume the Selberg eigenvalue conjecture.

1.3. The added complexity of the level aspect

Compared to the weight aspect treated in the prequel, the level aspect requires many new ideas. Here, we
tacitly restrict to the case of squarefree level; the general case would require a more nuanced discussion.
In some sense, the level aspect may be understood as intermediate in difficulty between the holomorphic
and eigenvalue aspects. Indeed, relative to known techniques, the difficulty in the sup-norm problem is
reflected in the essential support of the matrix coefficient of the automorphic form being bounded. In
the weight, (squarefree) level and eigenvalue aspects, the matrix coefficient concentrates on a space of
dimension one, two and three, respectively.

We now briefly recall the main idea of the theta approach and discuss some of the new challenges
that arise in the level aspect. We focus first on the case of Hecke-MaaB forms on I'h(N)\H, as in
Theorem 1.1. Take R = ( 37, ) so that that the set of proper units of R is precisely I')(N). For £ | N,

let R(¢) = ( N% I Zg) denote the partially dualized lattices of the order R. Let o, € SL,(R) be any
matrix taking i to z € H. Let ¢ be an arithmetically normalized cuspidal Hecke—Maall newform. The

theta identity at the heart of the argument then reads

1 -
(0(z, W), 0) = 02 e(w), (1.83)
where V denotes the covolume of I'y(N) and the theta function is given by

9(1, w; S) — S(S) Z e—n(a2+b2+cz+d2)5(s) e27ri(ad—hc)‘R(s)' (1.9)
( ‘Z Z ) eoZ'Roy,

By Bessel’s inequality, the left-hand side of Equation (1.7) is in essence captured by the L?-norm of
the difference of the theta kernels 6(z,z;-) — 6(w, w; ). From here, one may then proceed as in the
prequel by covering a fundamental domain by Siegel sets and making use of the orthogonality relations
in the unipotent direction. One ends up with a weighted sum over matrices y;,y, € R({) satisfying
det(y1) = det(y>) and for which the entries of o Yyio,,i = 1,2, satisfy certain bounds (and similarly for
w). The bounds imposed on these entries depend crucially upon the precise choice of Siegel domains, so
it is important that we make a good choice. Like in the prequel, we split the count according to whether
tr(yy) = tr(y2) or not.

In the case of nonequal trace, the naive choice of Siegel domains consisting of I'o(N)\ SL,(Z)-
translates of the standard Siegel domain for SL,(Z) leads to a rather challenging counting problem. In
order to get a sharp bound on Equation (1.7), one faces the challenge of counting, for each divisor ¢ of
N and each T with 712 « T <« 1, the sextuples of integers (ay, by, ¢y, as, by, ¢3) satisfying

(ciyN/O?* +2(a; — cixN/€)? +y2(Raix + b€ — cix>NJO)* <T?, i=1,2, (1.10)

bicy = bycy  (mod £2/N). (1.11)

We would need to know that the number of such sextuples is roughly O({T?) in the range
N'!'<y< N2 and x| < % We do not know how to establish such a bound directly when, for
instance, £ = N. On the other hand, when ¢ = 1, the congruence condition is void and, using arguments
of Harcos—Templier, we can prove the required bound with some room to spare, namely, for 7 up to

N'/2. Our solution to this dichotomy is thus to decrease the size of the Siegel domains associated to
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larger ¢ at the expense of increasing those associated to smaller €. This solution may be implemented
most simply by applying an Atkin—Lehner involution to the covering of T'y(N)\H by SL,(Z)-translates
of the standard fundamental domain for SL;(Z). With this maneuver, we reduce to considering the range
T < N2(~!. We are then able to prove the required bound by forgoing the congruence condition, reduc-
ing the problem to counting triples of integers (a;, b;, c¢;) satisfying Equation (1.10), which we carry out
using geometry of numbers techniques. We refer subsequently to this type of counting problem, where
we count traceless matrices y € R(£)° with a bound on the entries of o, lyo,, as “Type I.

In the case of equal trace, we need to count sextuples of integers (ay, by, c1,az, by, ¢2) satisfying
Equation (1.10) and

a%+b1c1%=a%+bzcz%. (1.12)

We need to bound this count by O(£T) in the same ranges as before. We refer to this type of counting
problem as ‘“Type II’. The key observation is that (ay, by, c1) turns out to determine (as, by, ) up to a
small number of possibilities. This allows us to reduce Type II estimates to Type I estimates.

The above arguments suffice for noncompact quotients, that is, for the proof of Theorem 1.1. They
rely on the use of matrix coordinates ( 4 Z )with respect to which the lattices I')(N) are described by the
simple congruence condition ¢ = 0 (N). We were unable to find an analogously straightforward way to
separate the variables in the compact setting (e.g., using fixed quadratic subalgebras of B). In the case
that B is definite, the Type I counts were treated in a coordinate-free way by Blomer—Michel [BM 11,
BM13], who controlled the successive minima of the ternary quadratic lattice underlying Fég(N ) in
terms of only the content, level and discriminant of that lattice. We extend their arguments to the
case that B is indefinite by defining analogous Archimedean quantities that control the disparity of the
reduced norm and a majorant, such as the square of the Frobenius norm of o7 Ly, fory € R(¢)°.

Following the same strategy as in the noncompact case, it remains then only to reduce Type II
estimates to Type I estimates. This reduction is perhaps the most subtle part of our counting arguments.
It requires us to establish the analogue in the compact setting of the key observation noted following
Equation (1.12). For example, in case that B is definite, writing R for an Eichler order of level N, we
need to show that for each n <« V, the number of elements y € R with trace 0 and norm # is essentially
O(1), uniformly in N and B. We eventually managed to do so through a delicate argument involving
commutators and representations of binary quadratic forms.

1.4. Organization of the paper

The complete statements of our results may be found in Section §2. In Section §3, we reduce the proofs
to those of two auxiliary collections of results:

o those concerning matrix counting, and
o those reducing the required estimates for theta functions to matrix counting.

The latter, including the appropriate splicing of a fundamental domain into Siegel sets, may be found in
Section §4. In Section §5, we summarize the required properties of the theta functions. The proofs of
said properties are deferred to Appendix A.

Sections §7 and §8 are dedicated to the anisotropic extension of the lattice counting argument of
Blomer—Michel, which we subsequently apply to the Type I counting problem in Section §9.

The final section, § 10, treats the crucial Type II counting problem.

2. Statement of results
2.1. Setup

Let B be a quaternion algebra over Q. We denote by dp its reduced discriminant, or equivalently, the
product of the primes at which B ramifies. We write G for the linear algebraic group over Q given by
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G(L) = L*\(B ® L)* for any Q-algebra L. Then G is an inner form of PGL,, and all rational forms
of PGL,; arise in this way. Denote by [G] the adelic quotient G(Q)\G (A). We fix the probability Haar
measure on [G]. Let K, be a compact maximal torus of G(R). We assume that K, comes equipped
with a choice of isomorphism « : R/7Z 5 K. Inthe split case B = Matyx(Q), we identify G = PGL,

_ [ cos(0) sin(8)
and set k(0) = (—sin(H) cos() )

Let R be an Eichler order in B, that is, an intersection of two maximal orders. We denote by N the
level of R. It is a natural number, coprime to dp, characterized as follows: For each prime p t dp,
there is an isomorphism B, := B ® Q, = Maty»(Qp) under which R, = R ®z Z, maps to the

order ( szp éi ) We may then identify G(Q)) with PGL»(Q),) and the image of R}, with a finite index

subgroup of PGL,(Z,,). We assume that N is squarefree so that dgN is likewise squarefree. We denote
by Kg the compact open subgroup of G(Ay) = [}, G(Q)) given by the image of [],, R7;.
Fix k € 2Z. Let A denote the set of cusp forms ¢ : [G] — C having the following properties:

o ¢(g(8)) = e™?¢p(g) for all .
o ¢ is an eigenfunction for some fixed Casimir operator for G(R), with eigenvalue A,. For the sake of

concreteness, we scale the Casimir operator such that it agrees with the standard Laplace operator on
the locally symmetric space G(R)/K, which identifies with either H or S2.

o ¢ is Kg-invariant: ¢(gk) = ¢(g) for k € Kx.

o ¢ belongs to the newspace for R, that is, K is the largest subgroup of G (A s) keeping ¢ invariant.
Equivalently, ¢ is orthogonal the space of Kg/-invariant cusp forms for every Eichler order R’ strictly
containing R.

o ¢ is an eigenform for almost all Hecke operators.

If k > 2, then we write A" C A for the subspace of automorphic lifts of holomorphic forms or,
equivalently, the kernel of the raising (resp. lowering) operator attached to K, if B is definite (resp.
indefinite).

Denote by F a maximal orthonormal subset of A. Analogously, we define 7! ¢ Al if k > 2.
Because of the multiplicity-one theorem for GL; and its inner forms, the bases F, 7! are unique up to
rescaling each element by a scalar of unit magnitude. We note that the sets A, A", F and F"°! depend
on k; while we suppress this dependence from the notation, k is one of the main parameters of interest.

We will consider several subfamilies of 7 and F"°!. Here, a minus sign in the exponent signifies the
indefinite case, a plus sign the definite case.

o If B is indefinite and k = 0, then we take /'~ := J and let | (resp. F_; ) denote the subsets defined
by taking the Casimir eigenvalue equal to —A (respectively at most L in magnitude).

o If B is indefinite and k > 2, then we take F—-hol := Fhol,

o If B is definite and k = 0, then we let F;;, C F be the subset of forms, whose associated automorphic
representation at infinity is isomorphic to the unique irreducible unitary representation of SU,(C) of
degree m+1. In other words, their eigenvalue with respect to the Casimir operator equals to —m (m+1).

o If B is definite and k > 2, then we let F*hol = Fhol

2.2. The split case

Assume for the moment that B is split. We may suppose then that

Z 7
B =Matrxx(Q), G=PGL;, R= (NZ Z)’ 2.1
cosf sinf
Ko =PSO,(R), «(0) = (_ sinf cos 9) 2.2)

https://doi.org/10.1017/fmp.2024.9 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2024.9

10 1. Khayutin, P. D. Nelson and R. S. Steiner

and may identify

[G]/KeKg = To(N)\H.
We define

H : [G]/KxKr — Rso,

as follows. Let Ag(N) < GL,(Q)* denote the group generated by I'y(XN) and all Atkin—Lehner operators.
If g € [G]/K«KR identifies with z € T'o(N)\H, then we set

H(g) =H(z) = Jmmax I(yz).

Since the Atkin—Lehner operators constitute scaling matrices for the various cusps of I'x(N) (cf. §4.3.1),
the function H may be understood as a normalized height or as quantifying closeness to the cusps. Let
a € P1(Z) be acusp of I'y(N), and let o, € SLy(Z) such that oqc0 = a. Then,

H(z) = max M, 2.3)
a WCl

where a runs over all cusps of T'h(N), zq = O'a_lZ and w, is the cusp width of a.

2.3. Results on forms

We adopt the following asymptotic notation <:
A< A & A < (dgNA+k)(1+u))®A,,

where y is a quantity relating to the eigenvalues with respect to the Casimir operator of the automorphic
forms of relevance to the inequality. Concretely, when talking about the families .7-';, F <L Fr.F +hol
we mean u = |A|, L, m, k, respectively.

Theorem 2.1. Let g1, g2 € [G]. If B is indefinite, then

D e(enP = 19(e)P)? <p dpN (1+dpN [H(g)* + H(g)?] ), 24)
peF_;
for L > 0, and
DT Ue(enlP = le(g))?
‘pe]:—,hol

< dpNk (1+(dpN)} [H(g) + H(g2)] +dpNk™} [H(g1)* + H(22)"] ). (25)

for k = 2 even. In both cases, the term involving H(g1 2) is only present if B is split.
If B is definite, then

D7 (elen P - le(g2))? < dpN(m +1)2, 2.6)
pEFH
for m € Ny, and
> le(enl* < dpNk, 2.7)
SpE]:+,ho]

Jor k € 2N.
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Remark 2.2. In the indefinite holomorphic case (2.5), one may have the same bound for the fourth
moment rather than the squared difference under the assumption that the weight satisfies k >,, (dgN)"
for some 1 > 0, in which case the implied constant also depends on 7 and the implied constant in the
assumed lower bound for the weight.

Corollary 2.3. For k > 2 and ¢ € F™, we have
1
lello < (dBNk)*.

For k =0 and ¢ € F, we have

1
lello <a, (dBN)*.

If B is definite, then we have more precisely
1 1
llelleo < (dN)*(1+]2p])7%.

By a well-known procedure, these statements may be translated into the classical language, thus
giving rise to the theorems in the introduction. For further details; see, for example, [Bum97, §3.2 &
§3.6] for the indefinite case and [BM 13] for the definite case.

2.4. Counting problems: setup

2.4.1. Lattices locally dual to R
Let ¢ be a divisor of the squarefree number dgN. We denote by R({) the lattice in B whose local
components R({), are given

o for p dividing ¢, by the lattice Rl\; C B, dual to R,, and
o otherwise, by R,.

2.4.2. Reduced trace and norm
We denote by tr and det the reduced trace and reduced norm on B, and also on its completions. We use
a superscripted 0, as in R or R(¢ )0, to denote the kernel of the reduced trace.

2.4.3. Coordinates tailored to K,

Define B, := B®R. If B is indefinite, then B, = Mat;x;(R) is split; otherwise, By is isomorphic to the
real Hamilton quaternions. The exponential series identifies B, with the Lie algebra of G (R). We write
i € BY, for the derivative at the identity of « so that k(6) = exp(6i). Then, i*> = —1. We may find j € B,
with j> = +1 (+1 if B is indefinite, —1 if B is definite) so that B, = R(i) ® R(i)j. We note that j is not
uniquely determined, but any two choices differ by multiplication by a norm one element of R(i). We
set k = ij. Then, i, j, k give an R-basis of BSO. For real numbers a, b, ¢, we set [a, b, c] = ai+ bj + ck.
A general element of B, may then be written [a, b, c] + d, where we identify the real number d with a
scalar element of B,. In these coordinates,

tr([a,b,c] +d) =2d, det([a,b,c]+d) =a*F (b* +c*) +d°. (2.8)
Example 2.4. Suppose that B, = Matyx>(R) and that « is as in Equation (2.2). Then, with suitable
choices,
d+c b+a
[a,b,c] +d = (b—a d—c)'
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2.4.4. Archimedean regions
For T > 0 and 6 € (0, 1], we denote by Q(6, T) the set of all elements [a, b, ¢] + d of B for which

A+ +P+d><T?, b>+c* <6T.

With Q* (6, T), we denote the subset of nonzero elements of Q(6, T). Likewise, for T > 0 and § € (0, 1],
we let ¥(6,T) denote the set of all elements [a, b, ¢] + d of B, for which

A+br+F+d> <1, P +d? <oT?

and ¥* (6, T) its subset consisting of nonzero elements.

2.5. Counting problems: results

We adopt the following asymptotic notation for counting estimates (compare with the notation <
introduced in §2.3):

Al <Ay & A <. (dgN(1+T))%A,.

Recall from §2.2 the height function H defined in the split case. In the nonsplit case, we adopt the
convention in the following results that any terms involving H (in minima or sums) should be omitted.

Theorem 2.5 (Type I estimates). Ler g € G(R). Then, the first successive minima (see Definition 6.1)
of g7 R(£)°g with respect to Q(5, 1) N BY, is > min {f’%, 5’16’%H(g)’1 } Furthermore, we have

3 1
{362 £2
1 R(0) g N Q(6,T)| < 1+(5%+&5%H(g))r+ 00 esH(g) | T2+ Lo,
BN)Q dBN

If B is nonsplit, we further have that the first successive minima of g~ 'R(€)°g with respect to
¥(5,1) N BY is at least > €2 and

3 1
02 262
~ 2.0

18 R(0)° g NW(5,T)| < 1+ 2T + 1
(dgN)2 dpN

Theorem 2.6 (Type II estimates). Let g € G(R) and n € %Z. We have
1 0 1 ! e 2
g7 R(£)°gNQ(5,T) Ndet " ({n})| < 1 +€62H(g)T + d—NéT .
B

The proof of these results occupies §7 onwards. In §3, we explain how these results imply our main
fourth moment bound, Theorem 2.1.

3. Division and reduction of the proof
3.1. Traversing the genus

Recall that K is defined as the image of the subgroup [],, R}, in G(A); itis a compact open subgroup
of G(Ay). In due course, we will consider the conjugated sets /iy Kg h}l, for hy € G(Ay). These are
precisely the compact open subgroups Kg- associated to the Eichler orders R’ in the genus of R. We
note that R” has the same level as R and may be given explicitly by the following intersection:

R =hp(R®Z)h;' NB(Q),
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where Z denotes the closure of Z inside A . We further note that the action of G(A ) on the genus of
R commutes with partial dualization in the sense that

R'(6) = hy (R(0) ® Z)h,' 0 B(Q).

This observation permits us to formulate the required L?-estimates for our differences of theta kernels
in terms of integration over Archimedean, rather than adelic, arguments. To that end, we introduce the
notation

R(L;h) = h) R (O)heo = h) (hy (R(£) ® Z)h7' N B(Q))heo

for i = (heo, hy) € G(A). We note that for 2 € G(R) (i.e., hy = 1), the set R({; h) is just h~'R(¢)h.
Since taking the trace commutes with conjugation, we may extend the notation to kernels of the reduced
trace without concern for confusion regarding the order of operation, that is,

R )" = (h) R (0)heo)® = h) R'(0)°heo = h) (hy (R(0)° @ Z)h3' 0 B(Q)) heo.

If B is split, then the class number of R is one and we have fixed the representative as in Equation
(2.1). In this case, we find for 1 € G(A) that h"'Rh = h'"'Rh’, where h’ € G(R) has the same image
under the isomorphism [G]/KoKgr = I'o(N)\H as i does. In particular, we have the equality of height
functions (see §2.2) H(h) = H(h').

Remark 3.1. By considering a right translate of ¢ € F and thereby moving the maximal compact K,
and the Eichler order R around, one could reduce the statement of the main Corollary 2.3 to the case that
g is the identity. However, in the split case, our counting arguments do depend on the particular order in
the genus. Moreover, our method relies on a difference of theta kernels defined relative to different g.
Such a reduction would thus be premature.

3.2. Estimating fourth moments via lattice sums

In §5, we introduce certain theta kernels. A spectral expansion of their L?>-norms will yield the fourth
moments of interest, while a ‘geometric’ expansion, using Siegel domains and Fourier expansions,
bounds those L2-norms in terms of certain lattice sums. We now state the latter bounds.

Proposition 3.2. Suppose B is indefinite. Then, for g1, g> € |G], there exists £|dgN, g € {g1, g2}, and

1
0<T< w (here, the notation < is as in §2.3) so that, for k =0,

dpN
2, (el = le(e)P)? < 1+ > 1, 3.1)
s 71,72€R(£:2)NQ* (1,T):
det(y1)=det(y2)
while for k > 0,
dpNk
2. (el =~ le(e)P)’ < 1+ =3 1. (3.2)

peF—hol v1,¥2€R(£;2)NQ* (1,T):
det(y)=det(y2)

Proposition 3.3. Suppose B is indefinite. Let g € |G, and assume that k > (dgN)" for some arbitrarily

1
small n > 0. Then, there exists {|dgN and 0 < T < M so that

dgNk
D, @t <y 1 =5 > 1. (33)
peF bl Y1,72€R(6:8)NQ* (k™1*4.T):
det(y1)=det(y2)>0
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Proposition 3.4. Suppose B is definite and the weight is k = 0. Then, for g1,82 € [G] and m € Ny,

1
there exists {|dgN, 0 < T < w and ﬁ < 6 < 1 50 that
2 dgN
> (letenP = le(e?) < 1+ 2= 3 1 (3.4)
peFh 62T Y1.72€R(£:g)

Y1,72€Q* (8, T)U¥* (6,T):
det(y1)=det(y2)

1
Proposition 3.5. Suppose B is definite. Then, for g € [G], there exists |dgN and 0 < T < M S0

that
dgNk
4 B -2027
> lele)lf <1+ = > 1+ > K207 (3.5)
peF+hol Y1,72€R(£;8)NQ* (k~1+€ . T): ¥1,726R(£;g)NQ* (1,T):
det(y1)=det(y2) det(y1)=det(y2)

3.3. Reduction to ternary lattices

In this section, we reduce the vital counting problem involving quaternary quadratic form to problems
involving only ternary quadratic forms. The key observation is that we may orthogonally decompose the
quaternion algebra B, into its trace part and its traceless part BY. Thus, forany a = % tr()+a” € ReBY,
we have

det(a) = % tr(a)? + det(a?). (3.6)

We further note that the trace is invariant under conjugation. Hence, we have tr(R({;g)) € Z. We
conclude that

R(t:8) € 3Z® 3R(£;8)° 3.7

is a sublattice of the direct sum of the lattices %Z in R and %R(f; 2)%in BY . Using this decomposition,

we deduce
Z 1 <, T?|R(L;8)° 2
. :9)°NQ8,27)|*+T 1 (3.8)
Y1,72€R(€:8)NQ*(8,T) Y1,72€R(£:8)°NQ(8,2T)
det(y1)=det(y2) det(y;)=det(y2)

by distinguishing the two cases of equal and nonequal trace and applying the divisor bound to the equality
- 1 2_ 1 2 _ 0 0
det(y1) = det(y2) & ztr(y1)” - gtr(y2)” = det(y;) — det(yy).

We remark that we have forfeited the congruence condition det(y?) = det(yg ) mod (1), and this forfeiture

will be reflected in the suboptimality of our final counting estimates on larger scales when £ > 1. We

circumnavigate these larger scales by an appropriate choice of a covering domain (cf. Lemma 4.1).
Note that we may further bound the diagonal contribution by considering its largest fiber:

1< |R(f;g)oﬂg(6,2T)|X mz}x |R(598)009(5,2T)ﬂdet‘l({n})|, 3.9)
72 €R(£:8)°NQ(8,2T) nelz
71 yiieet(y])g:del()/z) |H|S4T2
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Arguing along the same lines, we also arrive at

> 1 <. T¢|R(6;2)° NW(5,2T)|2 +6°T > 1 (3.10)
TR () AR (0. 1) M V2ER (6:g)°0¥(6.2T)
detlyn=det(y2) det(y1)=det(y2)
and
Z 1 <|R(£;)° NW(68,2T)| x max IR(¢;9)° N Q(1,2T) ndet ' ({n})]. (3.11)
72€R(£:2)°NW(65,2T) nezl
" 7chetm)g:det(n) In| <47

Note that in this last inequality, we have passed from ¥(6, 2T) to the larger set Q(1,27) = ¥(1,27);
the resulting bound remains adequate for us thanks to the additional saving of ¢ 2 in Equation (3.10).

3.4. Proof of Theorem 2.1

Theorem 2.1 is an immediate consequence of the following pair of lemmas together with Propositions
3.2 through 3.5.

Lemma 3.6. We have

52
1 < (72 (1 +0252H(g) + (2 6H(g)T + ﬁ(sﬂ)
Y1,72€R(£;8)NQ* (8.T) B
det(y1)=det(y2)

2
x(l +0267H(g) + (262 H(g)T + Laﬂ). 3.12)
dgN
Proof. Recall, from the discussion of Section §3.1, that we may express R(¢; g)o, for g € G(A), as
(g")"'R’(£)°g’, where R’ is an Eichler order of the same level and g’ € G(R), with H(g) = H(g’) in
the case that B is split. We may thus apply the results of Section §2.5.

Since tr(R(¢; g)) C Z, we find that the first successive minimum of R(¢; g) with respect to Q(6, 1)
is at least the minimum of 1 and the first successive minimum of R(¢; g)° with respect to Q(5, 1) N BY..
The latter is > min{f‘%, 5‘16‘%H(g)‘1} =: A by Theorem 2.5, where the term involving H(g) is to be
omitted if B is nonsplit. Thus, we find that R(¢; g) N Q* (8, T) is empty for T < A, in which case there
is nothing to show. Next, assume instead that 7 > A. Then, by Theorem 2.5, we have

3 .1

202

187 R(0) g N Q(65,2T)| < 1+ (f% +55%H(g)) T+ ( d -

52
+(8H(g) | T? + ——=oT>
BN)? dgN

(3.13)

¢ £?
<027 |1+ 252 H(g) + 53T + £26H(g)T + ——oT? |,
sN)2 dpN

where we have used | < €3T +(52 H (g)T and ¢ 3 < (2. Further note that the middle term in the bracket
is dominated by the sum of the first and last term in the bracket. We also find by Theorem 2.6 that

52
max |g7 ' R(0)%g N Q(8,2T) ndet "' ({n})] < 1+ £62 H(g)T + —— T2
nE%Z dBN
(3.14)
<02 [1+¢262H(9)T + £ s
TN
We conclude the Lemma by further appealing to the inequalities (3.8) and (3.9). m}
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Lemma 3.7. Assume that B is nonsplit. Then

2
1< €T (1 + ¢ T+ ¢

1
Y1,726R(6:8)NY*(8,T) (dgN)> dsN
det(y1)=det(y2)

5272 . (3.15)

Proof. As in the proof of Lemma 3.6, we find that the first successive minimum of R(¢; g) with respect
to ¥(6, 1) is at least the minimum of 6% and the first successive minimum of R(t;g)° with respect
to W(d,1) N BY,. The latter is > T by Theorem 2.5. Therefore, R(£;g) N ¥*(5,T) is empty for
T < (2 <1< 6‘%, in which case there is nothing to show. If 7 > f‘%, then, by Theorem 2.5, we

have
-1 0 i & 2, O s
g R(6)"g NWY(5,2T)| < 1+£€2T + =T+ 62T
(dgN):  dsN
) (3.16)
4
<07 |1+ T+ ——53T|,
(dgN)? N
where we have used 1 < ¢ %T and ¢ 3 < {2, Furthermore, by Theorem 2.6, we have
1 0 1 £2 2 11 2 2
max |g7 R(£)°gNQ(1,2T)Ndet™ ({n})| < 1+ —=T~ < £2672 (1 + ——02T ) , (3.17)
nelz dgN dgN

where we have used 1 < €2 and 1 < 6~2. We conclude the lemma by further appealing to the inequalities
(3.10) and (3.11). ]

3.5. Proof of Corollary 2.3

Let ¢ € F, respectively 7!, be L?-normalized. Assume first that B is nonsplit. Then, since [G]/KwKg
is compact and equipped with a probability measure, we may find g, in [G] such that |¢(g2)| < 1. Hence,
Corollary 2.3 follows immediately from Theorem 2.1 by positivity and the particular choice of g;.

We now turn our attention to the case that B is split, in other words when dp = 1. Here, we need to
supplement Theorem 2.1 with the additional information that for H(g) > N ‘%, we have

le(g)] <1, N if o e F, (3.18)

lo(2)] < (kN) if o € Fohol, (3.19)

The former is recorded in [Tem15, Prop. 3.1 & 3.2], for example, and the latter may be deduced from
the Fourier expansion along the lines of Xia [Xia07]. We include a brief proof here for the sake of
completeness.

Lemma 3.8. Assume B is split, and let ¢ € F =" be an L*-normalized holomorphic cuspidal newform
of squarefree level N and even weight k > 2. Then, we have for all g € [G],

(@) < H@" (K H(@) ™ +kH(g)}) (3.20)

IfH(g) > 2, then we have the stronger bound

2’

le(g)] < 1. (3.21)
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Proof. Suppose that g corresponds to z = x +iy € [)(N)\H. As |¢(g)| is further invariant under the
Atkin—Lehner operators we may further assume that z has maximal imaginary part under the action
of the group Ag(N) generated by the Atkin—Lehner operators and I'o(N), thus H(g) = y. We shall
subsequently make use of the Fourier expansion of ¢ at co:

(o)

¥ ane(n(x +iy))

n=1

le(g)] =

We may bound the Fourier coefficients by appealing to Deligne’s bound for the Hecke eigenvalues
[Del71, Del74]. This implies |a,| <¢ n%+8|a1 |." We find

lp(2)] < lar|(2m)~Fy2e Z(zﬂ-ny)%+ge—27rny'

n=1

The above sum, we may bound by comparison to the corresponding integral. For this manner, we note
that the function x®e™ increases up to x = a and then decreases. We may also bound the first Fourier
coefficient a; by a result of Hoffstein—Lockhart [HL.94] (cf. [HMO06, Eq. (31)]?). The bound reads
la| <g (Nk)£(4zr)%l“(k)_%. We thus arrive at

Lo 25y (1 (kw1 (k=1\T
le(8)] <z (NK)®y - -T + e
C(kyz \Y 2 2

1

<, (Nk)®?y™*® (k4y_% + k_%y%) ,

where we have made use of Stirling’s approximation. If y > %, then the maximum summand occurs
when n = 1 and we may derive the improved bound

k 1
22vy2 (1 k+1
lo(8)] <o (NK)*y~s =2 ( F( :

r(t v (2 )“2”)%88_2”)
2
< (Nk)®y™ 2. O

To deduce Equation (3.19) from the lemma, we consider separately the cases N 2 <H (g) < % and
H(g) = % applying Equation (3.20) in the former case and Equation (3.21) in the latter.

We may now deduce the split case of Corollary 2.3, as follows. Our task is to bound ¢(g1) suitably for
g1 € [G]. We may assume that H(g|) < N‘%, as otherwise the estimates (3.18) and (3.19) are adequate.
In that case, we choose another point g, € [G] arbitrarily with H(g;) = N =2 such that lp(g2)| <a, N i
respectively |¢(g2)| < (kN) i by Equation (3.18), respectively Equation (3.19). We apply Theorem 2.1
with these choices of g; and g,. Upon recalling that dg = 1 in the split case, we find by positivity that
Equation (2.4), respectively Equation (2.5), yield

1 .
lle(g1)” = lp(g2)I*| <a, N2, respectively
1
lle(g)* = le(g2) 1| < (KN)2.

We conclude by the triangle inequality and taking square roots:

le(gD)1? < [le(g) P = le(g) Pl + e (g2)

k
1At the ramified primes p | N the stronger bound |apl | < (ph 271 |a; | holds and is a far less deep result (cf. [AL70, Thm. 3]).
2Notice the different normalization of the measure and a; in Section §2.
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4. Arithmetic quotients as real manifolds
4.1. Measure normalizations
For indefinite B, we fix an isomorphism G(R) = PGL;(R) sending K., to PSO;(R). We fix the Haar

measure dg = dz} dx de for g = ( o xy:ll/;z ) k(6) on SLZ(R) The push-forward of this measure to the

so that its restriction to PSL,(R) coincides with the push- forward of the Haar measure from SL;(R).
If B is definite, we fix an isomorphism G(R) = SO3;(R) sending K, to SO,(R). We fix a Haar
measure on SO3(R) so that the measure of the 2-sphere S = SO3(R)/SO,(R) is 47.

4.2. Yolumes

Recall, that we fixed the measure on [G] to be the probability Haar measure. Hence, the volume of the
quotient [G]/KRg is 1. In due course, we shall also require the volume of said quotient when viewed as
a real manifold with respect to our fixed Haar measure on G(R). More specifically, we will need the
volume with respect to the measure on G’(R), where G’ is the linear algebraic group defined over Q
whose rational points are the proper unit quaternions B'. There is an obvious isogeny map G’ — G,
where G’ is the simply connected form and G is the adjoint one. Define Rll, =R, N G'(Qp) to be the
proper unit quaternions in the local order R ,, and set K 113 =11, R},. Then, the map [G’]/K 113 — [G]/Kr
is a homeomorphism that pushes forward the probability Haar measure on [G']/K lle to the probability
Haar measure on [G]/Kg; see Lemma A.2. In general, this map is not bijective if Kg is replaced by a
general compact open subgroup of G (A ) and the fact that the map is indeed a homeomorphism is due
to Kg being the projectivized group of units of an Eichler order.

By Borel’s finiteness of class numbers [Bor63], [G']/K }? is a finite collection of G’(R)-orbits with
representatives 61, ...,0, € G’(A). Define I'; = G'(Q) N 61-KIIQ5;1; the intersection is taken in G’ (A )
but regarded as a subset of G’(Q) and hence also of G’(R). In particular, I'; is a lattice in G’(R).
It follows that

h
[G]/Kr = [G']/Kx =| |T:\G'(R).
i=1

This is a finite disjoint union of finite-volume homogeneous spaces for the real Lie group G’(R). We
define covol(I;) to be the measure of a fundamental domain for the action of I'; on G’(R) with respect

to the fixed Haar measure on G’(R), either dx dy de in the indefinite case or the measure giving volume
47 to SO3(R)/SO;(R) in the definite case. We ﬁnally set

h
V=Vi.Nn= Z covol(I).
i=1

If B is indefinite, then G’(R) = SL,(R) is noncompact and strong approximation implies that 7 = 1
and we can write [G]/Kg = I'\ SL,(R). In this case, V is the volume of the hyperbolic surface I'\H

with respect to the volume form dxf Y If B is definite, then in general A can be large and [G]/K. KR is

a finite collection of quotients of 2-spheres by discrete rotation groups.
Recall that we have denoted by dp the reduced discriminant of B and by N the squarefree level of
the Eichler order R. The volume is given in both cases by

1) ]_[ (1 + l) = (dgN)"*oW, .1
p p

V=Vin= dBN]_[ (
pIN

plds
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This follows from a corresponding mass formula; see [Voil8, Thm 39.1.8] in the indefinite case and
[Voil8, Thm 25.1.1 & Thm 25.3.18] in the definite one. The space is furthermore compact if and only
if B nonsplit, that is, dg > 1.

4.3. Siegel domains

The main purpose of this section is to provide a specific Siegel-domain covering in order to bound
the L%-norm of the (difference of) theta kernels in §5.2. Let M be a squarefree natural number and
set U = ( e Z) N SLy(Af). The theta functions of interest will turn out to be right invariant in the
symplectic variable under U with M = dpN, but the present discussion applies to any squarefree M.

4.3.1. Cusps and Atkin-Lehner operators

Since M is squarefree, a representative set of cusps for I'x(M) is given by the ratios %, where ¢ runs
through the positive divisors of M. The width of the cusp % (understood here as with respect to the
group I'g(M)) is given by £ [Iwa97, §2.4]. For each £|M, we choose an element 7, € SL;(Z) satisfying

o= (_01 é) mod?, 1 = ((1) ‘1)) mod M /C. “2)

Then, the cusp 7,00 is I'o(M)-equivalent to the cusp % Hence, writing n(x) = (! ¥), we see that
the elements 1yn(j), where j = 0,...,¢£ — 1 and €|M, give a complete system of representatives for
I'o(M)\ SL,(Z). The normalized matrices 7 = tpa({), where a(y) = diag(y%,y’%), are scaling
matrices for the respective cusps. Furthermore, the matrices 7, are Atkin—Lehner operators for I'g(M)
and give a set of representatives for Aqg(M)/To(M) [AL70, Lemma 9].

4.3.2. Coverings
The basic idea of the following lemma is to apply the Fricke involution to the tiling of I'o(M)\H by
translates of the standard fundamental domain for SL,(Z)\H.

Lemma 4.1. Let F : [SLy] — Rsg be a measurable function that is right U invariant and of weight 0.

Then,
yU2 xy-1/2 dy
/[SL Floyds <y Z /f 2 / (z2)e e )K""U)) dx_'

M o

Here, (T)c denotes the image of T in the Archimedean coordinate of SL;(A).
Proof. Let f : H — Ry be given by

12 . -1/2
f@=F (") Ksv).
Then, f is ['y(M) invariant on the left and we have

1 dxdy 1 dxdy
[ Floe = O e
[SL»] 1,M JTy(M)\H y LM JTy(M)\H y

The standard Siegel set {z € H| 0 < R(x) < 1and J(z) > ?} contains a fundamental domain for
SL,(Z). Using that the 7,n(j),for j = 0,...,¢f—1and £|M, form arepresentative set for ['o(M)\ SL,(Z)
and that f is nonnegative, we may bound

dxd o ol d
/ f( TMZ) y < 2/ / f(TMng)dx—;].
To(M)\H 0 Yy

(M
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Since Ty Tr = yf'% for some y € ['h(M), we have the identity
@tz = fEaa(0)7'2) = f(rag a(Fa(0)7'2).

Substituting this identity above and applying the change of variables IMZ z > z givesthedesiredresult. O

5. Theta kernels and their Z2-norms
5.1. Theta kernels and lifts

In this section, we summarize the required results on theta kernels and their lifts. The necessary theory
is developed in Appendix A.

5.1.1. Theta functions

The theta kernels constructed in Appendix A are modular functions on Oget(A) X SL(A). The group
G acts by conjugation on the quadratic space (B, det), preserving the quadratic form. This gives an
embedding G — Oge. We are mainly concerned here with the pullback of the theta kernels to
G(A) x SLy(A). We denote that pullback by ©(g, s). The function ©(g, s) is right K x U ! invariant,

where U, L= ( J ZNZ Z) NSL> (A ) and of moderate growth. We caution that it is not a theta kernel for

the Howe dual pair of the orthogonal group of the traceless quaternions and SL,.
We shall require several explicit expressions of the theta kernels ®. Define functions P, u, X on By,
by setting, for y = [a,b,c] +d € B,

Ply) =a*+b*+c*+d* u(y) =b*+c* X(y)=d+ia. (5.1

In other words, by identifying i € B, with i € C, we have that

o X is the projection from By, = C @ Cj to the summand C,
o u is the squared magnitude of the projection onto the other summand Cj and
o P is the sum of the squared magnitudes of the two projections.

Upon recalling the notation R(¢; g) from Section §3.1, we define for g € G(A) and z = x +iy € H the
theta functions

070 =y 1 Xk P De(xdet(y)), (52)
YER(L8)
ifk>6

o) = Sl ST () IR ) ez det(y). (53)

YER(€:8)

det(y)>0

+,m +m m X 2-
9g:€ (2) = 2m + D)y! Z det(y)"P,, (%) e(zdet(y)), (5.4)
YER(£:8)

0 (2) = (k+ Dy*E Y X(p)e(zdet(y)), 5.5)

Y€ER(L:g)

where P, is the m-th Legendre polynomial. When ¢ = 1, we abbreviate by dropping the subscript, for
example, 0, = Gg |- We are now ready to express © by means of strong approximation. Set

1/2 -1/2 s(0) sin(6
o= (") (520 mia)) € SLa®).
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Table 1. Families and the choice of ©.

B indefinite definite

g F- ]:—,hol ]::,', ]:+,hol
O 85 (k=0) 0, o™ o™ g
K 0 k k 2m+2 k+2

Then, (g, suUg) = 0,(2)e™*? for some k € 2Z and a choice of 6, from Equations (5.2)~(5.5). The
precise choice and value of x depends on the family G under consideration and may be read off Table 1.
(For our study of F~M°!, the precise choice of ® depends upon the size of k.)

Antipating the application of Lemma 4.1, we further require Fourier—Whittaker expansions of ® at
all of the cusps. They are expressable in terms of the 6, ¢, from Equations (5.2)—(5.5) and a weight «,
the choice of which are given by the Table | as before. We have

p(ged(?, dp))

n Og.0(z)e™?, (5.6)

@(g, (Tf)oosooUlle) =
for £|dp N with u the Mobius function, 7, as in Equation (4.2), and where (7/)s denotes the image of
7, in the Archimedean coordinate of SL,(A).

5.1.2. Jacquet-Langlands lifts
Set Ug to be the image of

{g € (dfi\/i%) : detg EZX}

in PGLy(Af). This is a compact open subgroup of PGL(Ay). For each ¢ in the families
F-, Fohol Fr Fhol e consider the Jacquet-Langlands transfer 7" to [PGL;] of the represen-
tation 7 generated by ¢. In the case that G is split, we let 7' = . The space of vectors in 7'"
that are Ug-invariant and K.-isotypical of minimal nonnegative weight is one-dimensional [JL70,
Cas73]. We define the arithmetically normalized Jacquet-Langlands lift ' € L?([SL;]) of ¢ to be the

U }e—invariant restriction? to [SL;] of a vector in this one-dimensional space, that has a Whittaker func-
12

tion at (y " xyy_ I ) € SL,(R) — SL,(A)given by

o 24yKi;(2ry)e(x) if ¢ € .7-";”2, and

o yie(x +iy) if ¢ is in either of the families F !, F* F+hol where x = k, 2m + 2, k + 2 depends
on the family as before.

The bounds by Hoffstein—Lockhart [H[.94] and Iwaniec [Iwa90] then imply the following bounds for
the L2-norm of the arithmetically normalized Jacquet-Langlands lift (cf. [HMO6, (30), (31)]#). One may
also compare with the geometric normalization in [PY 19, Thm. 6.1]. If B is indefinite and ¢ € F i,

29
3t

we have
™13 = (dsN(1+¢)))° cosh(rr) ™" (5.7)

In the other cases, that is, when ¢ lies in either of the families 7=, 7+ or 7+l we have

) I'(x)

G (5.8)

™13 = (dsNK)°"!
where « depends on the family in accord with Table 1.

31t is more natural to consider ¢ as a function on [PGL, ], but we allow ourselves to reduce to the restriction because the
map [SLQ]/UI]{ — [PGL;]/UR is a homeomorphism; see Appendix A.
4Notice the different normalization of the measure and a; in Section §2.

https://doi.org/10.1017/fmp.2024.9 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2024.9

22 1. Khayutin, P. D. Nelson and R. S. Steiner
5.1.3. Explicit theta lifting
The key identity is summarized in the following proposition.

Proposition 5.1. Let g € [G]. Let G, © and k according to Table 1. Then, for ¢ € G, we have

©(8.).¢") _ le(®)I?
<¢JL’90JL> VdB,N '

(5.9)

Proof. The proof is carried out in the appendix. In short, Proposition A.16 implies that for ¢ € G,
the theta lift pp of ¢ — defined in Equation (A.5), depending upon the precise family G — satisfies
0o = Vag.N)~ 1o The claim then follows from Propositions A.15 and A.12. O

5.2. L*-norms of theta kernels

5.2.1. Proofs of Propositions 3.2 through 3.5

The proofs are similar, so we discuss the first in detail and then explain the nonoverlapping parts of the
rest. Recall the notation < from §2.3. We denote by @, @~h°l @+ @+l the various functions ‘®’
defined as in §5.1.1.

Proof of Proposition 3.2. Let G denote either F_, or F "' according to whether k = 0 or k > 2. By
Proposition 5.1, we may write

lle™ 112
Vig.N

B>

(le(enP = 1¢(g2) ) = (@7 (81,) = © (82,1, ™).

By Bessel’s inequality, it follows that

Z ||90

ng

JL||2 5 ) 2 ~ B 5
= (eGP ~le(@F)” < 107(s1,) - 0 (2. I (5.10)

We now bound the right-hand side of Equation (5.10) (and in particular, verify that it is finite). Since
07 (g, ) is Ke-isotypical, Lemma 4.1 and Equation (5.6) give the bound

dy
/\/’ 2 / 2 glf(z) g(Z)|2dX?- (5.11)

tidgN ¥ = agm

<

V1 ,dgN

We insert the definition (5.2) into the inner integral and evaluate, giving

2
1 [t _ _
i [ 1000 -0, P =1 ) Y Y Ko
0 ne4z |i=l YER(L;8i)
det(y)=n

Note that the sum over i kills the contribution from y = 0, so we may omit that contribution in what
follows. We separate the two sums by Cauchy—Schwarz and bound X (@) by P(«a) 2, giving

2

1 [ B 21 £
5—2/0 10, 0(2) = 0, ,(2)Pdx <<Z— Z Z P(y)2e 2P| 2k, (5.12)

izl nelz|0#yeR(L:g:)
det(y)=n
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We now treat the contributions from i = 1,2 individually. We commence with the integral in the
variable y. Let

1 < o dt
Q(s,X)=w/x e 731

denote the normalized incomplete gamma function. Setting g := g;, we find

2

4 k+1 o 5 d
(4m) Z P(y)%efhtyP(y) y2+k_§

P(k+1) Jy 0#yeR(L:g) y

det(y)=n
2 (2\/P(71)P(Vz)

P(y1) + P(y2) \ P(y1) + P(72)

k
) Q (k+1,27Y (P(y1) + P(72)))

0#y1,y2 GR(f;g)
det(y1)=det(y2)=n

2
) o7 P2 k+ 1277 (P(y)) + P(12))) . (5.13)
()#yl,;;R(f;g) P(y1) + P(y2)

det(y1)=det(y2)=n

Since Q(s,x) is superpolynomially small in both s and x as soon as x > s, we see by dyadically
partitioning max; {P(y;) %} that Equation (5.13) is further bounded by

> !
¥1,72€R(£;8)NQ* (1,T})
det(y1)=det(y2)=n

2 —-A
TjY)

1
<<AZT_J2(l+k+1

J

forany A > 0, where T} = 2/, j € Z. By putting all of these estimates together, we arrive at

1 2
3 2l (le(enl - le(s2) P
Vapn)? &
-A
T(k+ 1) (4m) % & | e T
<A (V)(ﬂ) ZZZZ_Z(l"'dejl 1
LdgN i=1 CldgN = j Tj B + Y1,72€R(£;8:)NQ* (1,T5)

det(y1)=det(y2)

forany A > 0. Let us recall from Equation (4.1) that Vy,, v, Vi ayn = (dpN)'*°V) and that for p € F_,
we have [|¢""|| >1 1 (see Equation (5.7)). In order to conclude the first part of the proposition, we note
that the range of T may be limited from above to < (dgN) 2671 by the superpolynomial decay and any
polynomial bound on the second moment matrix count, which was noted in §3.4 and is the subject of
the remaining sections §6 through § 10. The second part of the proposition follows along the same lines,
but we need to use the bound ||¢*"||? > (k) (4x) % for ¢ € F~M! instead (see Equation (5.8)). O

Proof of Proposition 3.3. We follow the recipe of the previous proof, only this time for the family
F~ol to which the theta function ® " corresponds. As we shall see, the latter already possesses a
finite L?-norm. Hence, we need not consider a difference of theta functions. After the initial steps, we
arrive at
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JL||2

Mgy <« L KTG D
o Vas.N)? Vidsn  (4m)*

lk
det(y)2
X(y)

DD

tldgN ~ nelN  |veR(L:8)
det(y)=n

O(k—1.2V3mnzty).  (5.14)

We further simplify using the lower bound ||¢'“||?> > T'(k)(4x)% (see Equation (5.8)), the ap-
proximations Vg, v, Vi azn = (dgN y!*o(1) and the superpolynomial decay of normalized incomplete
gamma function, as well as the identities

IX(y)|* =det(y) +u(y) and 2u(y)+det(y) = P(y).

We obtain
2
ey (g,
> le@r \AZ > - ( ——) (1+ ) . 515)
de peFhol é’IdBN neN dgN k YER(L:8) "
det(y)=n

for any A > 0. By the triangle inequality, we reduce to estimating similar expressions but with the sum
over 7 restricted by one of the following conditions:

(i) u(y) < k7% det(y),
(i) k~'*¢det(y) < u(y) < det(y) or
(iii) det(y) < u(y).

In Case (i), we bound (1 + u(y)/n)‘g < 1. Furthermore, we have det(y) < P(y) and u(y) <
k~'*€P(y). Hence, after dyadically partitioning the range of P(y)%, we arrive at

2 T? A

“ 2Tkt

tidgN

1.

) Y1,72€R(£:9)NQ* (k™12 T;)
det(y1)=det(y2)>0

In Case (ii), we use that (1 + u(y)/n)_% <(1+ ks‘l)_% has superpolynomial decay in k (and hence
also in (dpN) as k >, (dgN)" by assumption). As in Case (i), we have det(y) < P(y), but this time
only u(y) < P(y). We arrive at a contribution of

A 1o 1 e T;
<A’7] (kdBN)7 Z ZZF 1+m7
tldgN ~ j 7J B Y1,72€R(£;8)NQ* (1,T5)
det(y1)=det(y2)>0

1.

In Case (iii), we bound

(1 + ”(7))_2 <274 (1 + ”(7))_4

n n

The factor 2% we use for superpolynomial decay in (kdgN) as before. The other factor we use as
follows
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L R A R PO N PO Tc7) e A B P G ICO N
;(l+ n ) (1+ BNE) (1+ n ) Su(y)(l-i-dBN k )

Hence, Equation (5.15) is bounded by

-k
<an kdsN) A Y 5y ! (1+ £ o2t

tldgN ~ y1,72€R((:8) u(yr) +u(y2) dgN k
det(y;)=det(y2)

T2 7I+1
fldBN J Y1,2€R(£:8)NQ* (1,T))

det(y1)=det(y2)>0

where we have dyadically partitioned maxi{P(yi)% } =< \u(y1) + u(y2). The proof of the proposition is
now concluded as in the previous case. O

Proof of Proposition 3.4. We treat the definite spherical case in the same spirit as the indefinite spherical
case. We readily arrive at the estimate

||¢JL||2 2 1 2m+1DT2m+1)
2 oy e@nP - le(@l) < provTe:
S ( 1.dgN (4n)

2

XZ Z Zl Z pm(WT_“(V)) 02m+1,2V3mnzty).  (5.16)

n
i=1 €|dgN ng%N yeR(¢:gi)
det(y)=n

We simplify the inequality by using the lower bound ||¢""||> > T'(2m + 2)(4n)~>"~2 (see Equa-
tion (5.8)), the approximations Vg, N, Vi.azn = (dBN)“"(') and the superpolynomial decay of the
normalized incomplete Gamma function Q. We obtain

o Zf (16enP - lo@l)
2

1 | e a7 IX()I> —u(y)
< - 1+ —-— P, |——=] , (5.17
3w Sl ama) | 5 () s
i=1 £|ldgN ~ peln YER(L:8i)

det(y)=n

for any A > 0. We proceed further by appealing to the Bernstein inequality [Ber31] for the Legendre

polynomials:
. 2 1
Pn(t) <minql,4/————, forff| <1. (5.18)
m (1 - 2)3

We recall that det(y) = |X(y)|? + u(y) so that, with y and # as in the above sum,

_IXOP-u®) _ XWP -u) 1_2= AXWI® - uly) 0
n CIXOPHuy)’ n’ B
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Dyadically partitioning P(y)% = det(y)%, we conclude that Equation (5.17) is bounded by

2 o 1 @ T\
w2, EZT_jZ(l dBNm+1)

i=1 |ldgN = j

2

1 T;
X Z Z min{l, - 2-’ 1} . (5.19)
T2 <n<dT? yeR(L:gi) (m+1)2 (|X(y)]* - uly))?
4 T yeo*(121))-0*(1,1))
det(y)=n

where T} = 2/ as before. The minimum in Equation (5.19) lies between =< (m + 1)‘% and 1. Let us
consider the y € Q*(1,27;) — Q*(1,T;) for which

, { 1 T; } 11
min< 1, ] = = -—, (5.20)
(m+1)2 (IX(y)|? - u(y))* (m+1)2 0%

for some given & with 1/(m +1)? < ¢ < 1. Inparticular, |X (y)|? - u(y) < 6TJ‘.‘. Since | X (y)|> +u(y) =
P(y) = sz, both cannot be simultaneously small. Hence,

IX(Y)1? - u(y)
max{|X (y)%, u(y)}

min{|X (), u(y)} = < 8T

Thus, after replacing ¢ with its multiple by a scalar of the form = 1 if needed (which has no affect
on Equation (5.20)), we may assume that min{|X (y)|%, u(y)} < 6(2T]~)2, that is, that y lies in either
Q*(8,2T;) or ¥*(6,2T;). We now consider dyadic scales 6, of 6’s between < 1/(m* + 1) and 1. The
just mentioned arguments then allow us to bound second line in Equation (5.19) by

D (Z S mented]

Tj2£n<4Tj2 a Y€ER(L:8:)
YEQ* (64,2T;) V™ (64,2T;)
det(y)=n

There are at most < 1 dyadic scales in the range 1/(m? + 1) < & < 1. Thus, after applying Cauchy—
Schwarz in order to pull out the sum over ¢,, we bound Equation (5.19) by

2 T2 A 1
J -1¢72
m+1)"6,%. 5.21
AZ Z ZT2 ( dBNm+1) ; ; YZEZR(Z.g‘) ( ) a ( )
71,72EQ*(éu,ZTj)U\P*(écHZTj))

det(y1)=det(y2)

The proof is once more concluded as it was for the first proposition. O

Proof of Proposition 3.5. One final time we iterate the initial steps for the holomorphic family "' in
the definite case. We are again in the situation where the theta kernel ®*"! has finite Z?-norm, so we
obtain, without having to take differences,
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JL||2

2
11 |90(g)|4 < 1 (k+1DT(k+1)
(Vag.N)? Vi,dgN (4m)k+2

¢€f+,hol

x Z Z Z (%7)2)2 O(k+1,2V3nnzts).  (5.22)

l’\dBN neN YER(38)
det(y)=n

We simplify this estimate using the lower bound ||¢’“||? > T'(k + 2)(47) =2 (see Equation (5.8)), the
approximations Vg, n, Vi,azn = (dBN) 1+o(1) | the superpolynomial decay of the normalized incomplete
gamma function Q and the identity | X (y)|*> = det(y) — u(y). We thereby obtain

2

de D le(@lt <a Z Z ( dBNk) D (1—@)2 . (523)
YER(L:g)

peF+hol f\dBN ne+: N
det(y)=n

for any A > 0. We dyadically partition P(y)% = det(y)% and distinguish the two cases:

() u(y) < k~'*¢ det(y), and
(i) k=€ det(y) < u(y).

We separate them by the triangle inequality. Using the inequality (1 — u(y)/n) < 1, we see that the
contribution of the first case is bounded by

1o 1 e T
< L Y 1,
“ ¥ (vt %
lldgN JoJ Y1,72€R(£;9)NQ* (k™14 T;)
det(y1)=det(y2)

where T} = 2/, j € Z. In the second case, we see that (1 — ka_l)% enjoys superpolynomial decay in k.
The contribution of the second case is thus bounded by

2\ —A
( . T_J

k4 1.
Wk ) Z T
€|dBN ¥1,72€R(£;g)NQ* (1,T7)
det(y1)=det(y2)
The proof is now concluded as it was for the previous propositions. O

6. Preliminaries on the geometry of numbers
6.1. Bounds on successive minima

Definition 6.1. Let V be an n-dimensional real vector space. Let L C V be a lattice (i.e., a cocompact
discrete subgroup). Given a compact convex 0-symmetric subset X of V with nonempty interior, we
define a function N : V — Ry by N(v) := inf{r > 0 : v € ¢tK}. Given a positive-definite quadratic
form Q on V, we define such a function by N(v) := Q(v)'/2, or equivalently, by applying the previous
definition with C the unit ball for Q. In either case, we define the successive minima 11 < --- < A, of
KC on L (or of Q on L) as: Ay, is the smallest positive real for which there is a linearly independent subset
{vi,...,vi} of Lfor which N(v;) < Ay foreach 1 < j < k.
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Lemma 6.2. Let z € H with maximal imaginary part under the orbit of the Atkin—Lehner operators
Ao(N) of To(N) with N squarefree. Then, we have

V3 5 _ (¢,N)
> — > 7
J(z) = N and |cz+d|” = N

for any (c, d) € Z? distinct from (0, 0).

Proof. This is essentially [HT 12, Lemma 1]. That reference gives the slightly weaker bound obtained by
omitting the factor (¢, N), but the stronger bound that we have stated follows from their proof, keeping
track of (¢, N) at each step rather than bounding it from below by 1. O

6.2. Lattice counting

Lemma 6.3. Let fic be the distance function of a closed convex 0-symmetric set I C R" of positive

volume. Let A C R"™ be a lattice, and let 11 < A» < --- < A, denote the successive minima (see
Definition 6.1) of KC on A. Then, there is a basis vy, ..., vy, of A such that fic(v;) =, 4;.
Proof. This is [GL87, Thm. 2, p. 66]. m]

Lemma 6.4. Let L C R" be a closed convex O-symmetric set of positive volume. Let A C R" be a
lattice, and let A1 < Ay < -+ < A, denote the successive minima of KC on A. Then

z 1
KN A| xnl_[(l+z).
i=1 !

Proof. The lower bound follows from van der Corput’s generalization of Minkowski’s first theorem
[vdC36]. It states that for K’ ¢ R< a closed convex 0-symmetric set and A C R a lattice, one has

(K’
AN 412 fintk A A +1 2 21-d YOHKD 6.1)
vol(R4/A’)
Let d be the largest integer such that 1; < 1. Letv; € A, fori =1,...,d, be a set of linearly independent

vectors such that /ll.‘lvi € K. Let K’ be the convex hull of the vectors i/ll.‘lvi and A’ the span of the
vectors v;. In particular, K’ is nonempty, hence 0 € K’ N A’, and so

K" NA| = |K'nA|+1.

Using Equation (6.1), it follows now that

. 1K) 141
KA K AN >4 YO ) 2 T2
| =] = VOl(RA/AN — d! 1:1[/1-

For the upper bound, we refer to [BHWO93, Prop. 2.1]. O

Lemma 6.5. Let A C R? be a lattice of rank 2 and B C R? a ball of radius R (not necessarily centred
at 0). If 1 < A, are the successive minima of A, then
R R
[BNA|l <1+ —+—.
A1 A

Proof. See [HT13, Lemma 2.1]. O
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7. Local preliminaries on orders
7.1. Quadratic preliminaries

Let F be a non-Archimedean local field of characteristic # 2. Let E/ F be a separable quadratic extension,
thus E is either the split quadratic extension F @ F or a quadratic field extension. We write o (resp. og)
for the ring of integers in F (resp. E), x + X for the canonical involution on E and

nr(x) = xx, tr(x)=x+X

for the norm and trace. Recall that the different ideal d for this extension is the smallest og-ideal for
which tr(d™!) C o, and in fact ' = {x € E : tr(xog) C o}. If E/F is split or unramified, then d = 0.

We may regard E as a two-dimensional vector space over F.

Let g : E — F be a nondegenerate binary quadratic form with the property that for all e, x € E, we
have g(ex) = nr(e)q(x). In other words, g is an F-multiple of nr, specifically g = g(1) nr.

Forx,y € E, we set (x,y) = g(x+y) —q(x) — q(y) = g(1) tr(xy) so that g(x) = {x,x)/2.

Let a C E be a fractional og-ideal. Write a" for the dual of a with respect to the quadratic form g,
thatis, a¥ == {x € E : (x,a) C 0}.

Let n denote the fractional o-ideal generated by g(a).

Lemma 7.1. We have a = dbna".

Proof. Let a be a generator of a. Then n = g(1) nr(a) = og(1)aa, a¥ = {g(1)"'x : x € E, tr(xad) C
o} = q(1)"'@ "d>~". Multiplying through, the conclusion follows. O

Corollary 7.2. Suppose that E|F is unramified and that q is integral on a so that a C aV. Then the
elementary divisors for the 0-module inclusion a <— a" are (n,n).

Proof. Our hypotheses imply that » = o and that n is an integral ideal. The lemma implies that there
is an isomorphism (first of oz-modules, then of o-modules) a¥/a = og/nog = (0/1)?, whence the
conclusion. O

Remark 7.3. Under the hypotheses of the corollary, the discriminant ideal of the binary quadratic form
(¢, a) is 2. More generally, under the hypotheses of the lemma, the discriminant ideal is Dn?, with
D = nr(d). Conversely, given the discriminant ideal, we may compute n as its square root.

7.2. Quaternionic preliminaries: general case

Let F be a non-Archimedean local field, let B be a quaternion F-algebra and let E be a separable
quadratic F-subalgebra of B. We equip B with the quadratic form ¢ : B — F given by the reduced
norm, whose bilinearization (,) as above is described by the reduced trace and the main involution
on B via the formula (x,y) = tr(xy). We have a canonical decomposition B = E & E*, where
Et={xeB:{(x,yy=0forally € E}.

Let o and og denote the respective maximal orders of F' and E. We write d for the different ideal, as
before.

Let us say that an order R in B is E-adapted if it is of the form R = og @ a for some og-submodule
a of E*+ (for the action by either left or right multiplication — it doesn’t matter which because they are
conjugates of each other).

Consider such an order R. Its traceless submodule is given by

Rozo?geaa.

We aim to compute the dual lattice (R°)V with respect to g. To that end, it suffices to dual-
ize each summand in the above decomposition because (R%)Y = (D%)V ® a¥. We generally have
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(>0 c ()Y c %(b_l)o. If E is unramified or split, then (0%,)" = %DOE = %(b‘l)o. On the other hand,
we can compute a¥ using the results of the previous section. Indeed, the choice of any invertible ele-
ment j € E* defines an isomorphism E — E*, x + xj. Transporting ¢ and a via the inverse of this
isomorphism gives us a fractional ideal in E and a quadratic form on E that satisfy the hypotheses of
that section. We obtain

a’ =0 'nla,
where 1 is the integral o-ideal characterized by either of the following properties:

o 1 is generated by g(a).
o Dn? is the discriminant ideal of (g, a).

Let D denote the discriminant ideal of R. The discriminant ideal of the summand (g, og) is D. Since
the discriminant ideal is multiplicative with respect to direct sums, we obtain

D = D™’ (7.1)

We may regard this last identity as a formula for 1.

7.3. Quaternionic preliminaries: unramified case

Let us restrict henceforth to the case that E/F is unramified. (The ramified case would be relevant for
studying, for example, the ‘minimal vectors’ considered in [HNS19, HN18, Sah20].)
The above formula then simplifies to

and we obtain
a’/a = (o/n)>.

There are three possibilities for F ¢ E C B, up to isomorphism:

(i) B is split and E = F @ F. We may then find an isomorphism B = Matx,(F) under which E
identifies with the diagonal subalgebra.
(ii) B is split and E/F is the unique unramified quadratic field extension.
(iii) B is nonsplit and E/F is the unique unramified quadratic field extension.

In Case (i), the E-adapted orders R are just the Eichler orders. An Eichler order of level q has
discriminant g2 (cf. [Voil8, §23.4]), hence the ideal n defined above is q.

Case (ii) corresponds to another type of ‘minimal vectors’, which we do not consider in this paper.

In Case (iii), the maximal order R is E-adapted and has discriminant ideal p> (cf. [Voil8, §15.2.11,
§23.4]), hence n = p.

7.4. Bounds for commutators of elements of R°

Lemma 7.4. Let E/F unramified and R be an E-adapted order. Let [y, y2] = y1y2 — y2y1 denote the
commutator for two elements y1,7ys in B. Then, we have

() g([y1,y2]) enforally;,y: €R,
(ii) [y1,y2] € n'R forall y1,y2 € RY,
(i) g([y1,y2]) € w2 forall y1, v, € R.
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Proof. By the previous discussion, we may write y; = a; + 8; with @; € og and 5; € a if y; € R,
respectively n'a if ; € RY. We have [a1, @2] = 0 and [, 8] = 2218, € a, respectively € n”la.
Lastly, we have a® = na¥a = n and (a")? = n~'aa” = n~!. Hence,

[B1,B2] = B1B2 — B2fB1 € m, respectively n!.

By the bilinearity of the commutator, we obtain Claim (ii) and subsequently Claim (iii). Similarly, we
have q([B1,82]) € n? for B; € a. Thus, by orthogonality, we have

q([y1,72]) = qRa1 B2 — 2a0B1 + [B1, B2]) = q(2a1 82 — 2a281) + q([B1, B2]) €,

for y; € R, which gives Claim (i). O

8. Invariants of rational quadratic forms

Let V be an n-dimensional Q-vector space and ¢ : V — Q anondegenerate quadratic form. We normalize
the polarization (, ) of ¢ such that (x, x) = 2¢g(x).

Givenalattice L C V and a positive-definite quadratic form Q on V®gR, one can define the successive
minima of the pair (L, Q). Our aim in this section is to provide certain estimates for those successive
minima in terms of other invariants of (L, Q). Our results may be understood as a generalization of
those of Blomer—Michel [BM 13, §3, §4], who treated the special case that ¢ is definite and Q = g. We
mention also the work of Saha [Sah20, §2].

8.1. Non-Archimedean invariants
Let L C V be a lattice, that is, a Z-submodule whose rank is the dimension of V. Define

o the content C of L to be the greatest common divisor of g (L),

o the level N of L to be the reciprocal of the content of the dual lattice LY and

o the (unsigned) discriminant A of L to be the absolute value of the determinant of the Gram matrix of
g on L. (The discriminant of a quadratic form is traditionally defined without taking absolute values,
but the sign will not matter for us.)

Remark 8.1. In general, the content of L does not agree with the content of the Gram matrix of ¢ on
L, that is, the greatest common divisor of the entries. However, if g is integral on L, then the level of L
agrees with the level of the Gram matrix of g.

Remark 8.2. For our purposes, the content, respectively level, may be replaced by the first, respectively
last, elementary divisor of the Gram matrix of g as these quantities differ by a bounded power of 2.

To get acquainted with these quantities, consider for instance the case that L admits a basis ey, ..., e,
with respect to which ¢ is given by the diagonal quadratic form ¢ (3 x;e;) = % > al-xl.2 for some nonzero
rational numbers ay, ..., a,. Then

C= %gcd(al,...,an),
N =2/gcd(1/ay,...,1/a,) =2 -lem(ay, ..., an),

A=lay---anl.

We may relate the invariants attached to homothetic lattices: the effect of the substitution L +— mL
for a nonzero rational scalar m is

C — m>C, N — m>N, A - m*'N.
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8.2. Archimedean invariants

Next, write Vg := V®g R and let Q : Vg — R be a positive-definite quadratic form. We may find
a basis ey, ..., e, of Vg so that, writing x = ¥ x;e;, we have Q(x) = § ¥ x? and g(x) = § 3 a;x?
for some nonzero real numbers ay,...,a,. The dual QY of Q with respect to ¢ may be defined by
0Y(x) = 3 a?x?. We note that in the scaled coordinates y = 3, a;'y;e;, we have QV(y) = 1 ¥ y? and
q(y) = % ¥ a;'y?. The Gram matrix relative to q of Q is defined to be the diagonal matrix with entries
(ar,...,an).

Define

o the content C of Q to be the infimum of the ratio Q/|q| over the set where g # 0,

o the level N of Q to be the reciprocal of the content of the dual Q¥ of Q and

o the discriminant A of Q to be the absolute value of the reciprocal of the determinant of the Gram
matrix relative to g of Q.

The invariants of Q may be described in terms of coordinates as above by

C =1/max(lai,...,|an]) = min(1/layl,..., 1/|an]),
N =max(1/lail,...,1/lap]) = 1/min(lail, ..., |an]).
A=1/lay---an|.

These again behave predictably under homotheties: If we substitute Q — Q,, = [x + Q(m~'x)]
for some nonzero real scalar m (which has the effect of multiplying the Q-unit ball by m), then the
coefficients transform like a; — mZ2a; and hence the invariants like

C— m2C, N — m™2N, A= m A,

For later reference, it will be convenient to explicate the definition of ‘level’ in terms of matrices.
To that end, we note first that for any basis ey, ..., e, of V, we may find symmetric matrices S and P
that represent ¢ and Q in the sense that, for example, g(3 x;e;) = % 2. 2. %;S;;x;. By singular value
decomposition, we may find nonsingular matrices A and D, with D diagonal, so that

P=A'A and S=A'DA. 8.1)

The level of Q is then the operator norm of the matrix D!, For instance, if we choose our basis so that
0> xje;) = % inz and (3, x;e;) = % > dixl.z, then the level of Q is max |d;|".

Remark 8.3. We may relate the above definition of level to more standard notions. We recall that the
form Q is a majorant of q if PS™'P = S, or equivalently, if D> = 1. Suppose that |¢| < Q. Then the level
of O is always at least 1, and it is equal to 1 if and only if Q is a majorant of g. Indeed, the assumption
lg| < Q implies that |d;| < 1 for each i, with equality precisely when D? = 1.

8.3. Duality

We note that replacing L (resp. Q) with its dual L (resp. Q") has the following effect on the invariants:
(C,N,A)— (1/N,1/C,1/A). (8.2)

In what follows, this relation allows us to reduce slightly the number of computations required. For
instance, we can read off the invariants of the dual of an Eichler order (or its traceless submodule) from
those of the Eichler order itself.
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8.4. Adelic invariants

Let (Q, L) be a pair consisting of a positive-definite quadratic form Q and a lattice L as above. We define
the content (resp. level, discriminant) of the pair to be the product of the corresponding invariants of Q
and L.

We note that the invariants C, N, A assigned to the pair (Q, L) are invariant by rational homotheties,
that is, replacing L by mL and Q by Q,, for the same nonzero rational scalar m, and also under
automorphisms of V that preserve g.

Furthermore, the discriminant of the pair (Q, L) is the same as the determinant of the Gram matrix
of O with respect to a Z-basis of L, as the discriminant of Q is nothing but the inverse of the determinant
of the matrix D in the singular value decomposition (8.1).

8.5. Statement of result

Proposition 8.4. Let V be an n-dimensional Q-vector space. Let g : V — Q be an anisotropic quadratic
form. Let L C 'V be a lattice. Let Q : Vg — R be a positive-definite quadratic form. Let 11 < --- < A,
denote the successive minima of Q on L (see Definition 6.1). Let C, N, A denote the content, level and
discriminant of the pair (Q, L). Then,

() A, = C'?
(i) A+ Ay < A2 and
(iii) Ay ---Apog > (A/N)V2

In particular, for n = 3, we have for all X > 0 that

X2 X3
+ —.
A/N VA

Remark 8.5. This last estimate is scale-invariant in the sense that replacing (Q, L) with (Q,,, mL) for
a positive rational scalar m has no effect on the right-hand side. This feature is not surprising in view
of the multiplication-by-m bijection {v € L : Q(v) < X?} = {v € mL : Q,,(v) < X?}. The estimate
is likewise invariant under replacing (Q, X) by (Q,,, X/m?) for some nonzero real number m, as one
might expect for similar reasons.

|{veL:Q(v)sX2}|<<l+\/%+

Proof. We follow the basic strategy of Blomer—Michel [BM13, §3, §4], who established the corre-
sponding result for g positive-definite and Q = g.

Let v be a nonzero element of L. Since L is anisotropic, we have g(v) # 0. Let Cg, Cr, denote the
content of Q, respectively L. By the definition of the content, we have Cy|¢(v) and Q > Cgplq|. Thus,
Q(v) = Cplg(v)| = CoCr = C, giving Claim (i).

By Lemma 6.3, we may find a basis ey, ..., e, of L so that the submodules L,, := stm Zej have
covolume = [];,, 4; in their real span, with volume defined using the restriction of Q. On the other
hand, that covolume is the square root of the Gram determinant of Q on L,,. Write det(Q, L,,) and
det(qg, L,,) for the respective Gram determinants of Q and g. Then

[T = dee. Li)?. (8.3)

Jj<m

Since det(Q, L,;) = A by the remark in §8.4, the case m = n of this estimate gives Claim (ii).

For the proof of Claim (iii), observe first that in view of Claim (ii), it is equivalent to check that
Ay < (NLNQ)” 2 where N, respectively N, is the level of L, respectively Q. To that end, write
P =A"A and S = A’ DA for the matrices of Q and ¢, as in §8.2, and consider the final matrix entry
(P, of the inverse of P. Cramer’s rule expresses (P~!),, = det(Q, L,_1)/det(Q, L,), so by the
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cases m = n — 1, n of Equation (8.3), we have (P‘l),m = 1//131. On the other hand, since Ng bounds the
operator norm of D! , we have

| (S_l)nn | = | <A_tena D_IA_ten> | < NQ<A_ten7 A_t€n> = NQ(P_I)nn-

Cramer’s rule likewise expresses (S7!),, = det(q, L,_)/det(q, L,) as a ratio of Gram determinants.
Since ¢ is anisotropic, both determinants are nonzero. Since 2Ny (S™!),, € Z, it follows that 1 /(2N ) <
|(S™pnl. Thus, 1/42 < (P71, = 1/(2N1.Ng), giving the required estimate. O

9. Type I estimates

The local computations of Section §7, together with the behavior of invariants under duality recorded
in §8.2, imply that the elementary divisors of the Gram matrix of the reduced trace form on g~'R(£)%g
are given by

(3,428, 242) | 24 apN,
(3,98, 42N) | 2apN,2 1, ©.1)

(3,428,482 ), 2ldgN, 2.

Hence, the content, level and discriminant of g~ R(£)°g with respect to the reduced norm are comparable
to 1/¢, dgN /€ and (dgN)?/* respectively. Here, ‘comparable to’ means the ratios are bounded from
above and below by positive constants. Suppose that the reduced norm on R is anisotropic. In this case,
we wish to apply Proposition 8.4 to the lattice g~' R(£)?g with ¢ given by the reduced norm. Recall the
notation P, u and X from Equation (5.1). As a first choice, we let Q = P + 6~ 'u, whose content, level
and discriminant are comparable to 1,6~! and 62, respectively. This yields that the first successive
minima of g"'R(£)°g with respect to P + ¢ 'u is > s , and hence also with respect to Q(8,1) N BY,.
Furthermore,

3.1
G0 o, 004

lg7'R(0°g NQ(S,T)| < 1+ 2T + 1
(dBN)f dgN

This proves the first half of Theorem 2.5. Similarly, we have for the choice Q = P + 6| X|? that
the content, level and discriminant Q are comparable to 1,5~ and 6!, respectively. Thus, the first
successive minima of g~' R(£)°g with respect to ¥ (&, 1) N BY is > ¢% and

3 1
£ _p, 6% s
(dgN)z  dBN

17 R(O g NP(5,T)| < 1 +02T +

s

which is the second half of Theorem 2.5.

We now turn to the case that the quaternion algebra B is split. Here, we proceed in a more ad
hoc manner. First, we note that R(f)o is normalized by the Atkin—Lehner operators. Thus, we need
only consider g € G(R) such that g -i = x + iy has maximal imaginary part under the action of the
Atkin—Lehner operators. In particular, we have H(g) = y. Let 41 < A» < A3 be the successive minima
(Definition 6.1) of the closed convex 0-symmetric set Q(8, 1) N B with respect to the lattice g™ R(£)"g.
Since Q(6, 1) is both left and right Ke.-invariant, we may further assume that g = (1 ) diag(yz, y~2).
By Lemma 6.4, we have

72 73

T

-1 0 -1 0

R(¢ N, T = R(¢ NTQO, D =<1+ —+—+ .
7 RO’ 0 Q0TI =187 RO’ NTQG, DI = 14 -+ 7=+ o
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LetBo=(22) € R(0), thusa € Z,b € }Z,c € T Z. Let

a—cx +(2ax+b - cx?)

@ =g 'Bog = o ex—a

Suppose By # 0.1If (a, c) # (0,0), then by Lemma 6.2 we have P(ag) > %Icz —al* > 2—15. Otherwise, we

have u(ag) = (%)2 > 2(t’ly)2' Hence, we have A, > min{£~%,£~'y~162}. In order to get a lower bound

on A1 A5 and 114243, we shall give an upper bound on |g~'R(£)°g N Q(&, T)| along the lines of Harcos—
Templier [HT13]. First, we bound the number of choices of ¢ by <« 1 + 1% as |cy| < P(ozo)% < T. For
each such choice of ¢, the equation

1
= -z +2az + b|2 = u(ay) < 6T
y

2 in which we need to count lattice points of the lattice

defines a circle of radius ¢ %Ty and center cz
generated by 2z and %. This lattice has covolume 2y /¢ and first successive minima > (¢N )’% by Lemma
6.2. We may thus apply Lemma 6.5 to bound the number of (a, b) by < 1 + K%N%(S%Ty +05T%y. We

obtain

T2 T3
-+
Ay A1 dads

T
< (1 + —) (1 L OENSTY +€6T2y) :
Ny

By letting T tend to oo, it follows that A; 1,43 > N¢~25~!. By taking T = N2 [(£6) 2, we obtain

1 AT 0351 (360
— << —+—+y+ —F < -
14> N N1y N2 N2

+{5y.

We thereby conclude the proof of the final case of Theorem 2.5.

10. Type II estimates
10.1. Bounds for representation numbers of binary quadratic forms

Lemma 10.1. Let M be a free Z-module of rank 2. Let q : M — Z be a nondegenerate integral binary
quadratic form. Let Q be a positive-definite quadratic form on M ® R such that |q| < Q. Let n be a
nonzero integer and let X > 1. Set

S:={BeM:q(B)=n0() < X*}.
Then,
S| <& (X|n])®.

Proof. We begin with a preliminary reduction. Suppose we can find a lattice M’ in M ® Q that contains M
and on which the Q-bilinear extension of ¢ is integral. It suffices then to verify the lemma after replacing
M with M’. Indeed, doing so enlarges the set S. In particular, we may assume that the quadratic form M
is primitive.

Suppose now that M is primitive and anisotropic. Without loss of generality, M is either positive-
definite or indefinite. By the form-ideal correspondence, we may assume then that M is an invertible
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ideal of an order o in a quadratic field, with g given by the element norm v divided by the ideal norm
v(M) of M:

q(B) =v(B)/v(M).
‘We will establish the estimate
IS] < log(2 + X2/|n|)t(n), (10.1)

which suffices in view of the divisor bound. Let oy, denote the maximal order in the quadratic field
containing o. For each 8 € S, the o-ideal M -1 S8 has norm |n|, as does the ppax-ideal oy M ' 8. The
number of py,x-ideals of norm |n| is at most 7(n). Suppose two elements Sy, 8 € S give rise to the
same Dmax-ideal. Then, /B is a norm one unit in o,,. The required estimate follows in the imaginary
quadratic case (without the logarithmic factor) because |0, | < 6. In the real quadratic case, we fix a
positive generator 7 for the group = Z of non-root-of-unity norm one units in o, and write 8 = +8on°
for some ¢ € Z. It will suffice then to verify that £ < log(2+ X?/|n|). To that end, we estimate g (3o +3)
in two ways. On the one hand, the triangle inequality for the Euclidean norm defined by Q gives the
upper bound |g(Bo + B8)| < Q(Bo + B) < Q(Bo) + Q(B) < X?. On the other hand, the multiplicativity
of v gives the identity (B0 +8) = nv(1 +n’). The lower bound v(1+ 1) > ;- 1.618¢ for fundamental
units now yields the required estimate for £.

It remains to consider the case that M is isotropic and g nondegenerate. In that case, after applying
our preliminary reduction to enlarge M if necessary, we may assume that M = Z? and g(x,y) = xy.
Indeed, we may choose a basis ey, e, for M with e; isotropic. Then, g is given with respect to the

coordinates xe; + ye, by g(x, y) = axy + by? for some a, b € Z, with a # 0. Then g(*=2, y) = xy and

a

McM = {x_ubyel +yey : x,y € Z},s0 (M’, q) gives the required enlargement. Now, since n # 0,

the divisor bound gives |S| = 27(n) < |n|®. O

10.2. Local quaternionic preliminaries
Let B be a quaternion algebra over the rationals. We write dp for its reduced discriminant and ¢ for its

reduced norm.

10.2.1. Non-Archimedean preliminaries
Let R c B be an Eichler order of level N, with N coprime to dp.

Lemma 10.2. For x,y € R(£)°, we have [x,y] € %RO and q([x,y]) € d‘;3N Z.

Proof. This follows from the local computations in Lemma 7.4 together with the fact that the trace of a
commutator is zero. a

10.2.2. Archimedean preliminaries
Recall the notation ‘Q’ from §2.4.4 and ‘P’ from Equation (5.1).

Lemma 10.3. For0 < § < 1l and x,y € Q(6,T), we have
q([x, y]) < oT*
and
P([x,y]) < oT*.
Proof. For 6 = 1, the required estimates reduce via homogeneity to the compactness of the unit ball

and the continuity of multiplication. We turn to the case 0 < § < 1. We embed B, < Matyx(C) by

i— ((’) _Ol. ). i ( fl (1)) Then, P is asymptotic to the restriction of the squared Euclidean norm on the
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matrix entries, while ¢ is the restriction of the determinant. We may assume that x = [ay, by, c;] and
y = [aa, by, c3] are nonzero. We may assume (by the known § = 1 case) that ¢ is sufficiently small. The
required conclusion then reduces via homogeneity to the following assertion: The commutator of any
two matrices of the form

aii 0(8'?) azi  0(6'?)
(0(51/2) —ali) and (0(51/2) —azi)

. 1/2
is of the form ( O?((S?/)z) 0(;‘(5(5))
Indeed, the product of any two matrices of the indicated form is readily computed to be of the form
(—a1a2+0(6) 0(6'7?)
0(38'?)  —aja;+0(9)
products, has the required form. O

), and in particular has Euclidean norm O(&'/?) and determinant O(6).

), hence the commutator of two such matrices, being a difference of such

10.3. The nonsplit case

We retain the above setting and further assume that B is nonsplit and that the level N of the Eichler order
R is squarefree.

The following estimate is, in some sense, the most intricate one in the paper. It requires us to bound
certain matrix counts in the critical range (see Remark 10.5 below) by essentially O(1), uniformly in
the discriminant and level. To achieve such uniformity seems to require the delicate argument involving
commutators recorded below.

Proposition 10.4. Let n be a nonzero integer, let 0 < 6 < 1 and let T > €72, Then the set
S = RN Q6,T) Nng~'({n}) has cardinality

02 5T
S| <. ((T)27(dgN) [1+ —— min {5272, °— ).
dBN |I’l|

Remark 10.5. The critical range is when n < T? < dgN(1 + k) /> and § < (1 +k)~!; in that range, we
obtain |S| <. (dgN(1 +k))*.

Proof. Suppose S is not empty, and let y, y» € S. Our strategy will be to bound for each y; the number
of possibilities for y,.

Set B = [y1,72] € $R%and a := tr(y1y2) € $Z. Then, 2y Y2 = a+p,4n* = a*+q(p). In particular,
v2 = (a+ B) /2y, so it suffices to bound the number of possibilities for a and 3.

Lemmas 10.2 and 10.3 give ¢(8) < 6T* and ¢(B) € d‘;;v Z, that is,

a* = 4n® + 0(6TY),

thus

5T
a==+2n+0 (min {6%T2, ﬁ}) s
n

— dp N
a=ay (%)

for some sign + and some residue class agp modulo dgN/¢* with a} = 4n* (d?—zN). Since dgN is

squarefree, there are at most 7(dgN) such classes. For each ag, the number of possibilities for a is
O(1 + (€2/dgN) - min{62T2, 5T*/|n|}).
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‘We now bound for each a the number of possibilities for 8. Let M denote the orthogonal complement
in %RO of yi,thus M = {y € %RO : tr(yy1) = 0}. By restricting ¢ to M, we obtain an integral binary
quadratic form. Since B is nonsplit, M is anisotropic. Since tr(y;y2y1) = tr(y2y1y1), we have 8 € M.
From Lemma 10.3, we obtain P(f) < T*. Thus, j satisfies the system

BeM, q(B)=4n*-d* P(B) <T*

Since (M) C 4;Z and 4n* — a® < 6T*, we see by Lemma 10.1 that the number of possibilities for
is < (£T)°.

By multiplying together the number of possibilities for +, ap,a and B, we achieve the required
bound. m]

10.4. Extension to the split case

Recall from §2.2, that we may assume our Eichler order of level N in the split quaternion algebra
B = Maty2(Q) to be of the shape g'Rg, where R = (%, %) and g € G(R). Our aim is to bound the
cardinality of the set

S =g 'R(0)°g N Q(6,T) ndet ' ({n}).
In the nonsplit case, we had verified that
S| <¢ C,

where

? sT*
C =1+ ({T)*t(dgN) |1 + —— min {6272, 2] .
dgN

Il
We extend this to the split case as follows.

Proposition 10.6. Let n be an integer. If —n is not a square, then |S| <, C. If —n is a square, then
IS| < C +6'Y2TtH(g), where H denotes the normalized height function defined in §2.2.

Proof. We proceed as in the original argument, aiming to bound for fixed y; € gSg~! the number of
possible ¥, € gSg~!. As before, we write

a =t(y172) = v172 + 7271 € 32,

B=1Iy1.721 =v1v2 - y2y1 € $R° (10.2)

so that

2y1ya =a+ B,

4n? = q(y172) = & +q(B).

Since y| = (a+8)/2y,, it suffices to count the number of possible pairs («, 8). The pairs with ¢g(8) # 0
may be counted as before after noting that the restriction of g to the orthogonal complement of y; is
nondegenerate. There are at most two pairs with § = 0, since then @ = +2n. We thereby reduce to
counting the number of pairs for which

q(B) =0, B#0.
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Recall the notation of §4.3.1. We note that for each cusp a, we may and shall choose o, € T'\(N)7;
for some 7| N. With this choice, we have

(10.3)

Z Z
U'a_lRU'a:( Y ),

Xz z
where w, is the cusp width of the cusp a. This is easily verified locally. We further introduce the
following notation: For a € P!(Z) and « € B, we set «* := o, 'xoy.

We observe, by Equation (10.2), that £8 is a nonzero element of R? C Maty, (Z)O. There is thus a
unique (up to sign) primitive element 3y of Matyy» (Z)0 that generates Q£ N Matyyo (Z)O. ‘We then have
B € 7.

We may and shall choose a so that 5 = (8 1’01 ). Note that /3 (equivalently, o) is orthogonal not only
to y1 (as was used in the original argument), but also to y,. From this, we deduce that

a b
7= (0 —a)

forsome a € Zand b € %Z. We have n = ¢(y») = —a?, which shows that —n must be a square and also
that there are at most two possibilities for a. It remains to verify that the number of possibilities for b is
O(1+6'2TtH(g)). We will show in fact that the number of b is

O(1+6"°Ttyqs/wa),

where 'z = zq = xq + iyq. To see this, observe first that the condition y, € R(€)° € 3R & 3 €

o 'R(0)%0, C 407 'R0, yields the congruence b = 0 (4); see Equation (10.3). The condition

¥2 € gQ(8,T)g ™" may be restated as
73 € 07 '8Q(8.T) (o5 ')

Let g’ be an upper-triangular element of G(R) for which g’ - i = o' gi = 07 'z = z,. Then, by the Ko
invariance of (6, T) on the left and right, we have y3 € g’Q(d, T)(g")~'. We compute

-1 (b_-;Zaxa)) € Q(6.7).

N — ’ a
(g)17§g=(oy“

This last condition forces b to lie in an interval of length O(6'/2Ty,). We thereby obtain the required
bound for the number of possible b’s. m}

10.5. Proof of Theorem 2.6

We may split the set Q(6,7) into Q(1/16,46 %T) and the dyadic sets which are comprised of the
elements [a, b, c] + d € By for which

16, T* <a®+b*+* +d* < §,T%, b*+c* <6T?,

1
for some 166 < 6; < 1. We note that these are contained in 9(561‘.1, 6]2. T). In order for the dyadic

sets to contain an element of trace 0 and norm 7, one must have |n| < a? < § sz. Hence, if we apply
Propositions 10.4 and 10.6, we get

1 £
87 R(0)°g N (567", 67T) ndet ™ ({n})] < 1+ L5 H(g)T + ﬁaﬂ,
X B
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where we used |n| = 6.,-T2, and
1 0 ] 1 ] e 2
lg"'R(0)°g N Q(&.462T) ndet ™' ({n})| < 1 + 57 H(g)T + d—NéT )
B

If § happens to be very small, say, if § < (16dgNT?)~!, then it suffices to consider only 0j = (dgNT?)™!

and the final set Q(5dgNT?, (dBN)‘%). This avoids a factor () for a too small §. We conclude
Theorem 2.6.

A. The theta lift

In this section, we use the theta correspondence for the reductive dual pair (Oget, SLy) to derive the
necessary properties of the theta kernels in use. The group Oy is the affine algebraic group over Q
representing the orthogonal group of (B, det). Recall that G is the linear algebraic group defined over
Q satisfying G(L) = L*\(B ® L)* for any Q-algebra L. Denote by M the algebraic group representing
the functor

M(L) = A(Lx)\{(gl,gz) € (B®L)x(B®L)": detgy =detg,},

for any Q-algebra L. Then, M is defined over Q and it is isomorphic to the special orthogonal group
SOge via the action (g1, g2).x = g1xg; !. We also define the algebraic group G’ over Q to be the simply
connected form of G, that is, G’(L) = SL; (B ® L) for any Q-algebra L. The natural map G’ X G’ — M
is an isogeny. The left-hand side is the simply connected form, that is, the Spin group, and the right-hand
side the adjoint one.

The determinant map provides two exact sequences

Lo [T4-0) - M) 25 6 x 6y 2, w1,

v <00

det

1o [TL-0) = (67 %G (8) 5 Ma) 55 o\ 1,

Vv <oo

A.1. Restriction of automorphic representations

We would like to understand the behavior of irreducible cuspidal representation under pull-back by (!
and (/. We proceed to discuss some generalities that apply to these isogenies. Let H be a semisimple
algebraic group defined over Q, and fix a maximal compact open subgroup Ky =[], .., Ky < H(Af).
Let Ko < H(R) a maximal compact real subgroup and set K = Ko, K. For an automorphic represen-
tation IT of H(A), we denote by I1* c II the dense subset of K-finite vectors. That is, every v € I1®
is invariant under a finite-index subgroup of K¢ and its K.-orbit spans a finite-dimensional subspace.
Then, IT* is an admissible H(A) representation.
Assume j: H’ — H is a homomorphism of algebraic groups satisfying the following conditions:

(i) ker is a finite central subgroup of H’,
(ii) 37 is a normal subgroup of H and coker j is a finite abelian group.
(iii) H(Qp) = K, j(H'(Qp)) for almost all primes p.

In particular, the Lie algebras of H and H’ are isomorphic, hence H’ is semisimple. These assumptions
are satisfied when j is an isogeny of semisimple algebraic groups and for the inclusion map SOget — Oget.
The group Hehyr = H(Q)\H(A)/j(H'(A)) is acompact abelian group, that is often infinite. In particular,
j(H’(A))-orbits on [H] can have measure zero and the operation of restricting a function in L?([H])
to an orbit of j(H'(A)) is ill-defined. Nevertheless, we have the following.
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Lemma A.1. The pullback ;* Resg,(ﬁg L2([H])® — L*([H'])® is a well-defined operator that re-

stricts to an intertwining operator of the cuspidal spectrum j* Resg,(&)) Lgugp [H)® — L%usp [H'])>.
Moreover, f € L*>([H])® is cuspidal if and only if for any class [h] € Hepar, the vector j* Ry, f is cuspi-
dal for some representative h € [h] C H(A).

Remark. Notice that j* does not preserve inner products.

Proof. Restricting to a j(H’(A))-orbit is a well-defined operation on L>([H])* because every vector
vo € L*>([H])®™ is invariant under some compact-open subgoup Ko < H(A ) and Hepar /Ko is finite.
We now show that the L?-norm of j*v is finite. The push-forward of the probability Haar measure on
[H] to H_pyr is invariant under the action of H(A), hence it is the probability Haar measure on Hcpy,. If
we disintegrate the Haar measure on [H|] under the factor map [H]| — H_p,r, then the atoms are exactly
the j(H’(A))-orbits and the conditional measure on a.e. atom is j(H’(A))-invariant, hence it is the
push-forward of the probability Haar measure on [H’] to the atom. We can now deduce that

1voll3 = 1Henar/Kol ™ > 117" Ruvo)l13 70)-
hEHchar/KO

Hence, ||7*(vo)ll2,(a7] < VIHchar/Kolllvoll2 < oo.

We show next that the image of a cuspidal vector is cuspidal. Fix vy € L>([H])*. Let P < H’' be
a parabolic subgroup defined over Q, and let Np be its unipotent radical. The kernel ker ; is a central
subgroup, hence it is diagonalizable and its intersection with Np is trivial. Then, j [, is an isomorphism
onto its image N, which is the unipotent radical of a parabolic P < H. Specifically, P is the parabolic
associated to the same root data as P. For every g € H'(A), we have, writing cp and ¢ for the maps
assigning to a function its corresponding constant term,

cps volg) = /[N g dn = f vo(ny(8)) dn = cpvo(s (8)).

Np

Hence, the constant term of the push-forward of a cuspidal vector vanishes. This formula also establishes
the last claim. O

Next, we describe the transformation of the Haar measure. If K < H(A) is a compact subgroup, we
denote by [H]k the double quotient H(Q)\H(A)/K.

Lemma A.2. Fix compact open subgroups K} < H'(Ay)and Ky < H(Ay) satisfying g7 (Ky) = K}
Assume the following conditions:

(1) Hchar/Kf =1

(i) The preimage of Ky mod j(H'(A)) under the map coker j(Q) — coker j(A) is trivial.
(iif) kerj Py < Zu(Q) - K.

Then, the inducedmap j: [H'lk: — [H]k, is a homeomorphism and an isomorphism of Borel measure
spaces when each space is endowed with the respective probability Haar measure.

Proof. To show the map [H’] K, = [H]k, is surjective, we need to find for every x € H(A) elements
vy € HQ), k € Ky and x" € H’(A) such that x = y;(x")k. Equivalently, we need the class of
[y~'xk™] = [xk™'] in Hepgr to be trivial and this follows from the assumption that Hepar /K¢ = 1.

To verify the map is injective, we consider x|, x; € H'(A) satisfying j (x]) = yj(x})k, withy € H(Q)
and k € Ky. We first demonstrate that y € j(H'(Q)). Because y = ]()c1 Wk ! ()c2 1) and coker ;
is abelian, we see that the class of y in coker j(A) = j(H’(A))\H(A) is the same as the class of k.
The second assumption then implies that the class of y in coker j(Q) = j(H'(Q))\H(Q) is trivial as
claimed. Hence,y = j(yo) forsome yo € H’(Q). We can now write k = j(x}~ ly(;lx’) € J(H'(A))NKy.
Because we assumed j 1(K,c) = K’,, we can write k = j(k’) for k' € K} and j(xi_lyoxék’) = 1.
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1
is contained in the center of H'(A), we deduce x| = z‘lyoxék’k(’)_l € H'(Qx}K } as required.

We have established that j: [H’] K, = [H]k, is a continuous bijection. It is a homeomorphism
because it is also a smooth function between two real manifolds with everywhere nonvanishing differ-
ential. The probability Haar measure on [H]k, is the unique H (R)-invariant Borel probability measure
that gives equal mass to each of the finitely many H(R)-orbits. The same holds for [H’] K} and H'(R).
Using this characterization, it is easy to check that the push-forward of the probability Haar measure
from [H]k, to [H’] K under ;! is the probability Haar measure. O

Thus, x/ _lyoxék' = zk/, for some z in the center of H'(Q) and k|, € K]’( Because the center of H'(Q)

A.2. The theta transfer

We now revert to our setting of interest, as described at the start of §A. Recall that R C B is an Eichler
order. For a finite rational place v, we define R, = R ®7 Z, and K R, = R}. Define Kg,, to be the image
of I?RV under the map B} — G(Q,). Finally, set fR = [Ty<oo fRV, Kr = I1,<c KR, , and let Kps
denote the preimage of Kg x Kg under ("), Then, K is a compact and open subgroup of G(Ar). We
also assume that R is of squarefree level N (see §2.1).

We verify now that the hypotheses of Lemma A.2 hold for both of the maps

’ (1)
G'xG' S5 MisGxG.

Indeed:

(i) We have det (2) (Kg x Kg) = Z* and det (Kps) = Z*¥. Because Q*A*2\AX/Z* = 1 the equality
(G X G)char/ (KR X KR) = Mchar/Kp = 1 holds.

(ii) This condition is easy to verify by applying the maps det () and det, and the fact that a rational
number is a square if and only if it is positive and has even valuation at each finite place.

(iii) Consider the case ; = «(!). The last condition can be checked locally at each finite place to see
that (1, -1I), € (Kg, X KRV)(I) for all v < oco. At the Archimedean place, we use the diagonal
embedding of (1,—1) in M(A) to arrive at (I,—1I)s € Zps(Q) - Kps. The argument for j =
follows mutatis mutandis.

Lemma A.2 now implies that the following maps are measure preserving homeomorphisms.

, (1)
[G" X G'lgux) = Mg, — [G X Gl (A1)

We get isomorphisms of Hilbert spaces

. (D

T (R 2 (16 x G KRk (A2)

LZ ([G/ % (;r])KIIQXK’]e

By Lemma A.1, these restrict to isomorphisms of the respective spaces of cusp forms.
Set Up(p™) = (p@,, ;Z ) N GL2(Z,) — a compact and open subgroup of GL,(Q). Let

Ugr = [, U, < GL, (Ay) to be defined by U, = Uy(1) = GL,(Z,) for all primes p where G is unram-
ified and R,, is maximal. If G ramifies at p or R, is not maximal, then define U,, = Up(p). Note that
we assume that R has squarefree level. Finally, set U ,‘e =UrNSLy(A ) and let Ug be the projection of
Ug to PGL (A ). Similarly to the previous discussion, the natural map ¢o: [SL2 ], 1 [PGL: ]y, is a
homeomorphism that sends the probability Haar measure on the left-hand side to the probability Haar
measure on the right-hand side. This induces an isomorphism of Hilbert spaces

L2([SLal)Vk €2 12([PGL, )Y, (A3)

that descends to an isomorphism of the cuspidal subspaces.
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Recall that B, = B ® Q,,. We also denote B, := B ® R. We denote by p the Weil representation
of the reductive dual pair (Oget, SLy) associated to the quadratic space (B, det). We refrain at the
moment from specifying the exact space of test functions on By = B X H;, B, on which we let p
act. If ®: By — C is a test function, then the group M(A) = SOy acts by determinant preserving
transformations, p(, 7; e).®(x) = ®(/~'xr) and the action of the group SL,(A) is described in [Wei64,
Shi72]. Specifically, the definition of the SL,(A)-action depends on a global character ¢ : Q\A — C.
We fix ¢ =[], ¥, with ¢,, everywhere unramified and ¢/, (x) = exp(27ix).

Let ® =[], ®,: By — C be a test function with @, : B, — C the Bergman test function from
[KS20, §6] or a Schwartz function. Assume for v < oo that ®,, is Schwartz—Bruhat and that ®, = 1g,
for almost all v. If @, is the Bergman test function, we let p act on the space of functions defined in
[KS20, §3], otherwise we let p act on the space of Schwartz—Bruhat functions as usual. The theta kernel
associated to @ is the function O : M (A) X SLy(A) — C defined by

Ou(l,r3s) = ) (p(L,7:5). D) (&), (A4)

£eB

The series defining Og ([, r; s) is absolutely convergent, [KS20, §3.6], and is of moderate growth on
M(A) x SL,(A), [RS75]. Moreover, it is M (Q) X SL,(Q) invariant on the left, cf. [Wei64], [Shi72,
Proposition 1], [KS20, §3.6].

Definition A.3. Let ¢, ¢’ € L2, ([G])™ and ¢* € L2, ([SL,])™. Fix a test function ® as above.

cusp cusp

Then, the theta transfer of ¢ ® ¢’ and ¢* relative to @ is defined by
(0@ ¢ols) = /[ ), QolrpDe () d(t )
) / O (L) (¢ ® ¢) (L) (L),
(M]
0 ®(1,r) =/ Oo(l,r;8)p*(s)ds.
[SLz ]

The former is a complex-valued function on SL; (A), and the latter is a function on M (A). Both integrals
converge absolutely because Og is of moderate growth and ¢,¢’, ¢* are of rapid decay. By abuse of
notation, we will also denote

o = (¢ ®Po.

Note also that the modularity of the theta kernel ®¢ implies that (¢ ® ¢”’)e is left SL, (Q)-invariant, and
©*® is left M (Q)-invariant.

If, moreover, ¢ is Kr-invariant and @ is both left and right K g-invariant then, because the maps in
Equation (A.1) are isomorphisms of measure spaces, we have

eo)= [ [ eullropipimaar (A35)

We will need the following lemma. It is mostly a corollary of [Ral84, Mceg97, KR94].

Lemma A 4. Let ¢, ¢’ € L2, ([G])™ and ¢* € L2, ([SL2])™. Assume that ¢, ¢’ are Kg-invariant

cusp cusp

and that ® is both left and right Kg-invariant. Then, (¢ ® ¢')o € L2, ([SL2]) and ¢*® € L2, ([M]).

cusp cusp

Proof. The fact that ¢*® is square-integrable and cuspidal is trivial whenever G is anisotropic. If
G = PGL,; is split, then this follows from Rallis’ tower property [Ral84, Moeg97] and the fact that the

https://doi.org/10.1017/fmp.2024.9 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2024.9

44 1. Khayutin, P. D. Nelson and R. S. Steiner

theta transfer of any cuspidal automorphic representation of SL, = Sp, to the orthogonal group of the
hyperbolic plane O(1, 1) vanishes.>

That the lift of ¢ ® ¢’ is cuspidal follows similarly, except that we need to use the theta transfer
from Oge; to SL», that is, we need first to lift L(l)*go ® ¢’ to Oge. For that purpose, we use the
homomorphism ¢: M — QOge, Which is the composition of the isomorphism M = SOge with the
embedding SOget — Oget. This map satisfies the assumptions of §A.1. For every finite place v,
let Oget(R,) to be the group of orthogonal transformations of B, that send R, to itself and define
Oget(R) = [T, <o Oget(Ry,). Then, the conditions of Lemma A.2 are easily verified and we deduce that
the pull-back ¢* induces an isomorphism of L2([Oget]) %% ®) and L2([M])X™ . We deduce from Lemma
Al that () "'«(D"p ® ¢’ is cuspidal and

(0@ @ )ols) = /[ o Oa(s ) g0 g dma, (A6)
det

Here, we have extended the definition of ®¢ in Equation (A.4) to Oge(A) X SLy(A) in the obvious way.
The integral in Equation (A.6) is a theta lift of a cuspidal function in L?([Oge])™ to L?([SLz])*. In
this case, [Ral84] verifies that the theta lift of a cuspidal function to SL, is cuspidal. O

Lemma A.S. Let ¢* € Lgusp([SLz])“’ and ¢, ¢’ € Lcugp([ 1)°. Assume that ¢, ¢’ are Kg-invariant
and that @ is both left and right Kg-invariant. Then

<90*‘D, M (pe 90’)> ={¢" (¢ ® ¢)g) -

Proof. This follows from Fubini and the fact that cusp forms are of rapid decay. O

Proposition A.6. Assume ¢, ¢’ € Lcusp( [G])® are Kg-invariant and that ® is both left and right Kg-
invariant. For s € GLy(A), define s| = ( (detos)fl (1)) s. The Whittaker function of the theta lift satisfies

WL(*)*l(SD@W)@(S) = |detSIA<Ts¢90,?(de)ﬁcf],

where

(T‘D ) " fG (8 o(rI ") (p (s1) . @) (lagers) dl  dets € det By
dets ¢ det B

and agets € By is any element satisfying det aqers = dets. Moreover, we can replace the inner product
in L>([G"]) in the formula above by an inner product in L*>([G]).

Proof. First, observe

7 (0 ® ¢ ols) = | detsla / / 3 (051 ®) I €ras) ¢ (D¢ (ratgsy) dl dr.

feB

Consider both sides of the first equality as functions on GL,(A)" = {x € GLy(A): detx € detBy}.
Set GL»(Q)" = {x € GL,(Q): detx € det B} and note that GL,(Q)"\ GL,(A)" = GL,(Q)\ GL,(A)
because GL,(Q)GL;(A)" = GL,(A). The first equality then follows from Equation (A.5) by noticing
that both sides are GL,(Q)-invariant on the left, Zgp,(A)-invariant, Ug-invariant on the right and
coincide on SL; (A). A standard unfolding argument in the / variable (see [Shi72, KS20]) applied to the
last expression shows for det s € det By

SThis is simple to deduce from the fact that a theta series arising from the two-dimensional isotropic quadratic form is a
pseudo-Eisenstein series; see, for example, [Nel21].
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Wit pognn® = 1detsls [ [ (0 (50).0) (7 rase o) (g dl o
[G'] /G (A)

and WL:)?] (0890 (s) = 0if det s ¢ det B,. Using the change of variables =7 — [, we can write

Tf’¢(r)=/ (p(S1).<I>)(l“radm)so(l)dl=/ o(ri™") (p (s1) .@) (lagers) dl.
G’ (A) G'(A)

This establishes the first formula.

The last formula extends naturally to any r € G(A), and the result is left G(Q)-invariant. If
dets ¢ det G(A), then we extend T® ¢ by zero to G (A). For any k € KR, using the invariance properties
of <I> and ¢, we can apply the change of variables kla dmk Qdets — [ to see that T®¢p is rlght
KRget s-invariant. The same holds for ¢’ (eget s ). Because the groups @gets Kra; dets, QaersKLat

dets R dets
and the isogeny G’ — G satisfy the assumptions of Lemma A.2, we see that we can replace the inner
product in [G’] by an inner product in [G]. )

Corollary A.7. Assume ® is both left and right Kg-invariant. Let p, ¢ € Lcugp( [G])* be Kg-invariant,
and denote by  and n’ the cuspidal automorphic representations generated by ¢ and ¢’, respectively.
If r is disjoint from 7'V, then (¢ ® ¢')p =0

Proof. In this case, we see that L*_l (¢ ® ¢')o is cuspidal with a vanishing Whittaker function. O

Corollary A.8. Assume @ is invariant under the conjugation action of Kg. Let 1 C LCusp [G])*

be an irreducible representation. Assume @, ¢’ € 1 are Kg-invariant decomposable vectors, that is,
@, ¢’ - ®p,,®¢, inn = )’ m,. Then

WL(’;*'W;@‘/,/)@(S) =y | det s|a 1_[ <S0v *G/(Q,) (p(sv,l)-q)v) ('adets,v)s Ty (adets,v)'g> s

\%4

where V is the volume of the (possibly disconnected) real manifold G'(Q)\G’(A)/ K} with respect to

the Haar measure of G’ (R) (see §4.2), and we normalize the Haar measure on G'(Q,) so that R;, has
unit volume.

Proof. This follows directly from Proposition A.6. The constant V! arises as a measure normalization
constant. Specifically, denote by mg(g,) the Haar measure on G'(Q,) satisfying mg:(g), (R},) = 1.
The Haar measure on G’ (A) satisfies mgr = ¢ ), mar(q,) With some measure normalization constant
¢ > 0. Specifically, this equality holds for linear combinations of standard test functions [], f, with
fp = ]1R;) for a.e. p. To compute ¢, we write G'(Q)\G'(A)/G’(R)K} = {61,...,0,} and denote by
Fi € G’(R) a fundamental domain for the right action of I; = G(Q) N §;K Ilzdi‘l on G’(R). Then
|_|h 0;FiKg L c G(A) is a fundamental domain for the left action of G(Q) on G(A), and we deduce

h h
1 =mg (|_| 51'.7"1'1('113 =c Z Mg (R) (.E) =cV. [m]
i=1 i=1

Lemma A.9. Fix ®, = 1, for all finite places v < oo, and let @, be a Schwartz function or the
Bergman test function from [KS20]. Fix s = (10(Seo), tty) With seo € SLo(R) and uy € Ug. Assume that
@€ Lcugp [G])*® has weight m and is a K g-invariant newvector in an irreducible cuspidal automorphic
representation 7. If p(e, e; 5)®, is Koo X Koo-isotypical of weight (—m, m), then

llell
w Ll

L

.71%(s) =

*
0

TI(R g/(éRiR)) )(P(Soo)<1> rr ()

I|<p||2

<f<pm Poo? (p(5c0)- q)OO)>G/(R),
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where f(pm 00 (8) = ((8)-Poos Poo) is the matrix coefficient attached to the Archimedean component of
pin Q) ny, normalized so that ||gwll2 = 1.

Proof. 1t is suﬁ'lcient to establish the claim when |||, = 1. By [KS20, §4], the theta transfer ¢g is
Ug | -invariant, thus [N Yo is Ug-invariant and we can assume without loss of generality that u F=e.
Then dets =1 and we take agers = e.

The newvector ¢ decomposes as ¢ — ®¢, in 1 = ®' m,. We normalize ¢, to have norm 1, then
[1, llgplla = 1 as well. We also normalize the measure on G’(Q,,) so that R}, = K[l, has unit volume.
Corollary A.8 now implies W,.-1,,, (s) = VL (v *6r(@,) (p(sv). @), ¢y). For a finite place p,
we have s, = e and ), is K ,-invariant, hence ¢, x 11 = ¢,. We conclude

LFSPROE VT H{poo * (p(50)-Poo) 167(R)» $oo)-

This expression coincides with the trace if the convolution operator *xg/(r) (P (5w).Pwo) annihilates the
orthogonal complement to ¢., in 7. This follows from the facts that every K-isotypical compo-
nent of the admissible unitary representation 7o, is at most one-dimensional and the assumption that
p(e, ®;5)Dg, is Ko X Ko-isotypical.

To show the formula in terms of a matrix coefficient, we use Fubini to deduce

(k0000 Torm )= [ [ e ) (o(50) @) (el ahds

- / / 6ea(8) (8 (p(500). ) () dg dh
"(R) /G(R)

= FIESE N S
<f<pm,<pm p(s ) G'(®)

The conditions of Fubini’s theorem are satisfied because the test function @, [Gr(r) is in LY(G'(R))
forall ¢ > 1 and fy o, € LP(G’(R)) for some p > 2. O

Proposition A.10. Fix @, = 1, for allﬁmteplaces v < oo. Letm c L2, ([G])* be an irreducible cus-
[PGL2])*.

= 7. Assume QY Em, (,D (S 71' are nonvamshzng KR-ll’lV(lrlal’lt vectors,

cusp

pidal automorphic representation, and denote by '" its Jacquet Langlands transfer to L,
JL

cusp
In case G is split, we define n
then Lg_l (p® ¢)p € n'-

Moreover, if @ is p (Koo, Keo; SOz (R))-isotypical with weight (=m,m, ), m has conductor Kg and
@ is a newvector of weight m, then either o vanishes or Yoo is a newvector of weight « in the
Jacquet-Langlands transfer o't

Proof. Any smooth vector in 7K is a linear combination of Kg-invariant factorizable vectors in the
representation 7 = ®'V m,,. Thus, we assume without loss of generality that ¢ and ¢’ are factorizable
in 7 and 7V, respectively.

The function LS_I (¢ ® ¢")o is cuspidal by Lemma A.4. Because ¢ — ®, ¢, and ¢’ — ®,¢), are
factorizable, Corollary A.8 implies that the Whittaker function of L871 (¢ ® ¢')p decomposes into a
product.

Assume (¢ ® ¢”)e does not vanish. Let S be a finite set of rational places containing the Archimedean
place, all places where G ramifies, all places where n ramifies and all places where either ¢, or
¢, is not spherical. Shimizu [Shi72] computes the local Whittaker function |dets|,{¢\ *c/(qQ,)
D, (egets.v), Ty (Udets,v)- E) )y for every place v ¢ S and it coincides with the Whittaker function
of a spherical newvector in 7. Hence, every irreducible component o = ® o, of the representation
generated by ¢~ H(o®¢")o satisfies o, = ml forall v ¢ S. Using the strong multiplicity one property for
PGL,, we deduce that o = 7' for every irreducible component o as above. Hence, the representation
generated by ¢~ o ® ¢)e is '
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Assume next that 7 has conductor Kg and that ¢ is a newvector of weight m. Then, the assumption
that @, has weight (—m, m, k) implies that g has weight x. By [KS20, §4], the theta transfer ¢g is

*

U}e-invariant. Because the conductor of the Jacquet-Langlands transfer is exactly Ug and LO_IQOQ) =
157 (¢ ® P)o € 7', we deduce that ¢ ' o is a newvector as claimed. o

Corollary A.11. Assume ¢, ¢’ € Lgusp [G])™ are Kg-invariant and generate disjoint automorphic

cuspidal representations, then {¢o, ¢g) = 0.

Proof. The Jacquet—Langlands transfers of disjoint automorphic representations are disjoint. Hence,
Proposition A.10 above implies that L(*)_lgoq), LB_IQO&) generate mutually orthogonal subrepresentations

of L3, ([PGL2])™. O
Proposition A.12. Fix ®, = 1g, for all finite places v < oo, and assume that ®o 1is
P (Ko, Koo; SO2(R))-isotypical with weight (-m, m, k). Let m C Lgusp([G])"" be an irreducible cusp-
idal automorphic representation with conductor Kg. Assume 0 # ¢ € 7 is a newvector of weight m.
Then
lgalz)’
) @l * _
(‘PCD)CD = (J;T) (D (¢®79). (A7)
2

Proof. Assume that
(po)” =V (¢ 87), (A3)

for some a € C. Then, |||} = (¢0)®, 11" (9 ® §)) and Lemma A.5 implies that @ = leall2/llell.
Because (¢o)® is continuous and cuspidal by Lemma A.4, to establish Equation (A.8) it is enough
to show that (V""" (po)® is orthogonal to the orthogonal complement of C (¢ ® @) in L%usp([G X

G))Kr*Kr Both (¢ ® ) and (! (<,0<1>)6 transform with weight (m, —m) under K., X K. Hence, it
is enough to check orthogonality in the (m, —m) isotypical subspace

Vi = L2 ([G x G])((Koo’m)'KR)X((Koo,_m)'KR).

cusp

Denote by V9 the orthogonal compliment of C (¢ ® %) in V,,. We can choose an orthonormal ba-

sis for V) consisting of vectors ¢ ® ' with ¢,y” € L2, ([G])®=" K= and y, y’ generate irre-

ducible cuspidal automorphic representations of G(A). Because 7 has conductor Ky, either the rep-
resentation generated by ¢ is disjoint from 7 or the representation generated by ¢’ is disjoint from

V. Fix i, ¢’ as above. We need to show <L(1)*_1 (00)®, ¥ ® w’> = 0. Denote by o, o’ the irre-
ducible automorphic representations generated by ¥, y’, respectively. We apply Lemma A.5 to deduce
<L(1)*_1 (1,0¢)6,¢/ ®¢/’> = (¢, W QY )g). f 0/ # oV, then (Y ® Y')g = 0 by Corollary A.7. If
o’ = ¢V, then o is disjoint from 7, and (L(";)_l (W ®y")g € o’* by Proposition A.10. The Jacquet—

Langlands transfers of disjoint representations are disjoint. Hence, 7' 1 ¢" and (e, (¢ ® ¥')g) = 0
as claimed. O

A.3. Explicit theta kernels

Definition A.13. We now define the Archimedean test functions on B, that give rise to the theta series
from §5.1.1.
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05 (g) = X(g)ke P @),

— (&
o= () = £ 1 [(detg) TR () e Pmos detg >0
. 47 |0 detg <0 ’

2
(I);m(g) = (2m + 1)(detg)mpm (M) e—zﬂ'detg,
detg

@5 (g) = (k+ D)X (g)Fe 2,

The first two test functions are defined when G (R) is split, and the last two are defined when G (R) is
ramified.

Lemma A.14. Let ©, be one of the kernels in Definition A.13 above, and set k = k, k,2m +2, k + 2 for
the different kernels respectively. Then, p(kg).®e = €D, for all kg € SO, (R).

Proof. This is verified by Vignéras’ method [Vig77]. In all cases under consideration except @M the
test function is Schwartz, hence it is enough to check that @, satisfies the partial differential equation in
[KS20, §3.3] and then use Lemma 3.4, op. cit.. In case @, = <I>;;h°], the test function is not Schwartz and
a technical argument is required to circumvent this issue. This case is treated [KS20, §6]. We proceed
to verify the three other cases.

Recall the notation x = [a, b, c] + d € B from §7 4.3. The Laplace operator with Fourier multiplier
—472 det(x) is then given by A = 3 Lo 6a2 = (8b2 + 5 2) + 57 22 ), where the sign is — if B is indefinite and
+ otherwise. The differential equation in §3.3 of [KS20] for the test function @, is equivalent to

—AD(x) + (27)% det(x) P (x) = 27D (x). (A.9)

We note that for each of the remaining test functions, we may write ®o,(x) = Q(x)e 2P () where
P(x) = a*> + b* + ¢? + d? and Q a harmonic polynomial of homogeneous degree. For the first and last
test function, this may be seen by a well-known criteria (c.f. [Twa97, Thm 9.1]) noting that [{,0,0] +1 €

B, ® C is an isotropic vector. For the third test function, this follows from [LPS87, p. 405]. With this in
mind, we have AQ = 0 and (a— + bi + cac + dad)Q deg(Q)Q, which allows one to easily verify
that @, satisfies Equation (A.9) in the remaining cases. O

Proposition A.15. Let ® = @, - [[, . Lr,, where @ is any one of the test functions in Definition
A.13 above. Set k = k, k,2m +2, k + 2 for the different kernels, respectively. Denote by 84 the matching
classical theta function from §5.1.1. For T € SL;(Q), we denote by (7)w the image of T in the
Archimedean coordinate of SL;(A). Then, for everyl | dgN and g € G(A)

p(ged(¢, dp))

/ Hg’[(z)eikg,

Oa (g, g (T0)eoSelUg) =

) and 7 = x +1iy, that is, Se.l = Z.

. - . 12 12 .
where u is the Mébius function, Seo = (y Yy ) (cos6 sing

0 yi2 —sin 6 cos @
Moreover, 04 ¢(2) is a I'o(dpN)-invariant function on H of moderate growth at the cusps.

Proof. We already know ®¢ has weight « in the Archimedean symplectic variable s.,. Moreover, in
[KS20, §3.5] it is shown that Og is U }e invariant. Denote by (7¢)s the diagonal image of 7, in SLo> (A f).
The left SL;(Q)-invariance of the theta kernel implies O (g, g; (T7)w05w0) = O (g, &; Seo (‘rg);]). For

every prime p { dgN, we have 1, € SLZ(Z) c SL(Z,) = U},. If p | I, then 7, = w mod p,
where w = ( 10) hence 1, € wU1 If p | , then 7, = e mod p, hence 7, € UII,. Because
p(U;).]lRp 1g,, we can write

p (g, 8 Soo (T[);l) D= p(soo)-(boo(g;ol ¢ goo) 1—[ ]lgl)Rhg]_Jl 1_[ p(w)']lgl)Rhgl_’l :
ptl pll
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The Weil action of w is by the Fourier transform for p { dp and it is by the negative of the Fourier
transform for p | dp. Specifically, it is shown in [KS20, Section §4] that for p | dgN

pw) g, =ypp gy,
where y, = 1if B, is split and y, = —1 if B, is ramified. We conclude that

_ u(ged(l, dg)) _
P (g’g’ Sm(T[)fl) @ = %p(SOO).(DDO(gDCI * goo) l_[ ]lngpg;)l l_[ ]lnglv’g;)l '

p1t plt

Because M ,5r 8pRpgy' Npic 8o Ry &, = R(L:85). we have for £ € B that

1_[ ]lngpg;,l ]_[ ]lng;_/)g[;l (é‘:) = 1R(f,gf)(§)7

pre plt

and we can write

p(ged(l, dp))

O (8, 83 (Tr)ow5eUp) = DL (p(50) Do) (8 €8e0)

¢ £€R(t:gr)
(ged(l, d
:M Z (0(5e0).Doo) (X).
4
X€R(L:8)

The last equality holds because g! R(¢; 8f)8«~ = R({;g). The claim now follows from Lemma A.14
above and the formula for the Weil action of the diagonal and unipotent subgroups. The moderate
growth of 6, » now follows from the moderate growth of ®¢ in the symplectic variable s. The Iy (dgN)-
modularity of 0,4, follows from the left SL,(Q)-invariance and right U Ile-invariance of Og in the
symplectic variable, and the fact that 7, normalizes I'o(dgN). ]

Proposition A.16. Let ® = O, - [, ., Lr,, with @ given by any of test functions listed in Defini-
tion A.13. Let G be any of the families of automorphic forms corresponding to ©¢ according to Table 1.
Then, for any ¢ € G C L*>([G])™, a Kg-invariant Hecke eigenform, we have oo = V~'¢'", where ¢'*
is the arithmetically normalized Jacquet—Langlands lift of ¢, as defined in §5.1.2.

Proof. Let k be the entry of Table 1 corresponding to G and ®¢. Lemma A.14 shows that ¢g is of
weight « and Proposition A.10 that L;‘)_l @e is newvector (or zero) of level Ug of the Jacquet-Langlands
transfer 7' of the representation 7 generated by . The subspace of vectors in 7' satisfying these two
properties is one-dimensional. This implies that g is proportional to ¢'". In order to find the constant
of proportionality p;, we compute and compare the Whittaker functions at the identity. The Whittaker
function of ¢’ is recorded in §5.1.2 and those of ¢¢ we shall compute with the aid of Lemma A9,

The case G = F,®,, = (I);’O,K =0:

Suppose that ¢ € F e S F~. Then, the representation 7, is a principal series representation
s

0p
equality of Whittaker functions yields the following equation for the constant of proportionality p;:

obtained by normalized induction of the character (’l y ) — sgn(A/u) |/ u|" for some a € {0, 1}. The

- PGL, (R -
2p1Kl't(27T) =V 1TI' (ReSSLz(zRf) ) ﬂoo) (d)oo’o rG’(R))'
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Because (I);,’O I'G'(r) is bi-K-invariant, the trace is the Fourier transform of the Abel-Satake transform
of dD;’O l'6'(r). Compute first the Abel-Satake transform

0 /2 0
-0/((€
SR (Pl

(o]
_ < T,2 _ .
— eT/Z/ e n(2cosht+e™n )dn —e 27rcosh‘r'
—00

SO0 16w (1)

The trace is proportional to the Fourier transform of SdD;;O G/ (r). Using our measure normalization
this becomes

Tr (Resgsz(zR(f@ ﬂ'oo) (<I>;,’0 le/r)) = / e 2 eosh T i1 T g7 = 2K;;(27).

Hence, p; = V7.

The case G = F~M @, = (I);,’k, k=k:
The equality of Whittaker functions, yields the following equation for the constant of proportional-
ity p1:

-2 -1 -k
e =V < , O > .
P1 S w00 G'(®)

The representation 7., is the discrete series representation with parameter k, and ¢, € 7o, is the L2-

—(-k
normalized minimal weight vector. The matrix coefficient in this case is exactly® f, o (g) = X( g)( )

and we compute
ple_z" —y! / e27P(8) dg = V—lzn/ e 27coshT Ginh rdr
G'(R) 0
= V_127r/ e dE = Ve ,
1

The remaining cases:

Here, we verify” that the matrix coefficient satisfies fo, o, = ez”a',_r:c @, where ¢, € 7o is the
Archimedean component of ¢, L?>-normalized and d,_ the (formal) degree of .. The equality of
Whittaker functions, then yields the following equation for the constant of proportionality p1:

ple_zn = V_l<fsooo,<poo7¢°°>c;/(R) = V_le_zndﬂoo<ftpom<pwfww,ww>a'(R)

— V_le_2ﬂ||‘,poo”§ — V_l€_27r,
where we have used Schur—Weyl orthogonality for matrix coefficients. O
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6This can be computed succinctly using the model of the discrete series as a subrepresentation of L% (G (R)).
7For ¢ € JF,,, this can be computed easily from the model of the representation spanned by spherical harmonics, using the

identity Py, ({v,V')) = 2;1;7:1 m o Yo (V)Y (V') and the orthogonality of spherical harmonics. For ¢ € F*"°!, this can

be computed easily from the model of the representation on the space of homogeneous binary complex polynomials of degree k.

https://doi.org/10.1017/fmp.2024.9 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2024.9

Forum of Mathematics, Pi 51

Funding statement. 1.K. is deeply grateful for support of the AMS Centennial fellowship and the Sloan Research Fellowship.

This paper was completed while P.N. was at the Institute for Advanced Study during the academic year 2021-2022, where
he was supported by the National Science Foundation under Grant No. DMS-1926686. Some work on this project also occurred
during a short-term visit of P.N. to the Institute for Advanced Study in February 2020. Whilst the paper was revised for publication
in April 2024, P.N. was supported by the research grant (VIL54509) from VILLUM FONDEN .

R.S. wishes to extend his gratitude to the Institute for Advanced Study, where he was supported by the National Science
Foundation Grant No. DMS — 1638352 and the Giorgio and Elena Petronio Fellowship Fund IT and the Institute for Mathematical
Research (FIM) at ETH Ziirich, where this research was conducted. During revision for publication in April 2024, R.S. was
employed at the Huawei Research Center in Zurich, whom he also thanks.

Competing interest. The authors have no competing interest to declare.
Data availability statement. Not applicable.
Ethical standards. No ethical standards were required in the pursuit of this research.

Author contributions. All authors contributed equally.

References

[AL70] A.O. L. Atkin and J. Lehner, ‘Hecke operators on I'y(m)’, Math. Ann. 185 (1970), 134-160.
[Ass21] E. Assing, ‘“The sup-norm problem beyond the newform’, Preprint, 2021, arXiv:2111.01893.
[Ass24] E. Assing, ‘On sup-norm bounds part I: Ramified Maall newforms over number fields’, J. Eur. Math. Soc. (JEMS)
2024. Published online first.
[Ber31] S.Bernstein, ‘Sur les polynomes orthogonaux relatifs a un segment fini (seconde partie)’, Journal de Mathématiques
Pures et Appliquées 10 (1931), 219-286.
[Bér77] P. H. Bérard, ‘On the wave equation on a compact Riemannian manifold without conjugate points’, Math. Z. 155(3)
(1977), 249-276.
[BH10] V. Blomer and R. Holowinsky, ‘Bounding sup-norms of cusp forms of large level’, Invent. Math. 179(3) (2010),
645-681.
[BHM16] V. Blomer, G. Harcos and D. Milicevi¢, ‘Bounds for eigenforms on arithmetic hyperbolic 3-manifolds’, Duke Math.
J. 165(4) (2016), 625-659.
[BHMM?20] V. Blomer, G. Harcos, P. Maga and D. Miliéevi¢, ‘The sup-norm problem for GL(2) over number fields’, J. Eur.
Math. Soc. (JEMS) 22(1) (2020), 1-53.
[BHMM22] V. Blomer, G. Harcos, P. Maga and D. Milicevi¢, ‘Beyond the spherical sup-norm problem’, J. Math. Pures Appl.
(9) 168 (2022), 1-64.
[BHW93] U. Betke, M. Henk and J. M. Wills, ‘Successive-minima-type inequalities’, Discrete Comput. Geom. 9(2) (1993),
165-175.
[BK15] Jack Buttcane and Rizwanur Khan. L*-norms of Hecke newforms of large level. Math. Ann. 362(3-4): 699-715,
2015.
[Blo13] V. Blomer, ‘On the 4-norm of an automorphic form’, J. Eur. Math. Soc. (JEMS) 15(5) (2013), 1825-1852.
[BM11] V. Blomer and P. Michel, ‘Sup-norms of eigenfunctions on arithmetic ellipsoids’, Int. Math. Res. Not. IMRN (21)
(2011), 4934-4966.
[BM13] V. Blomer and P. Michel, ‘Hybrid bounds for automorphic forms on ellipsoids over number fields’, J. Inst. Math.
Jussieu 12(4) (2013), 727-758.
[Bor63] A. Borel, ‘Some finiteness properties of adele groups over number fields’, Inst. Hautes Etudes Sci. Publ. Math. (16)
(1963), 5-30.
[Bum97] D. Bump. Automorphic Forms and Representations, Cambridge Studies in Advanced Mathematics, vol. 55 (Cam-
bridge University Press, Cambridge, 1997).
[Cas73] W. Casselman, ‘On some results of Atkin and Lehner’, Math. Ann. 201 (1973), 301-314.
[Com21] F. Comtat, ‘Optimal sup norm bounds for newforms on G L, with maximally ramified central character’, Forum
Math. 33(1) (2021), 1-16.
[Del71] P. Deligne, ‘Formes modulaires et représentations £-adiques’, Séminaire Bourbaki , Vol. 1968/1969, Exp. 347-363
179 (1971), 139-172.
[Del74] P. Deligne, ‘La conjecture de Weil. I, Inst. Hautes Etudes Sci. Publ. Math. 43 (1974), 273-307.
[GL87] P. M. Gruber and C. G. Lekkerkerker, Geometry of Numbers, second edn., North-Holland Mathematical Library,
vol. 37 (North-Holland Publishing Co., Amsterdam, 1987).
[Har03] G. Harcos, ‘An additive problem in the Fourier coefficients of cusp forms’, Math. Ann. 326(2) (2003), 347-365.
[HC19] F. Hou and B. Chen, ‘Level aspect subconvexity for twisted L-functions’, J. Number Theory 203 (2019), 12-31.
[HL94] J. Hoffstein and P. Lockhart, ‘Coefficients of Maass forms and the Siegel zero’, Ann. of Math. (2) 140(1) (1994),
161-181. With an appendix by Dorian Goldfeld, Hoffstein and D. Lieman.

https://doi.org/10.1017/fmp.2024.9 Published online by Cambridge University Press


https://arxiv.org/abs/2111.01893
https://doi.org/10.1017/fmp.2024.9

52 1. Khayutin, P. D. Nelson and R. S. Steiner

[HMO06] G.Harcos and P. Michel, ‘The subconvexity problem for Rankin-Selberg L-functions and equidistribution of Heegner
points. II’, Invent. Math. 163(3) (2006), 581-655.
[HN18] Y. Hu and P. D. Nelson, ‘New test vector for Waldspurger’s period integral, relative trace formula, and hybrid
subconvexity bounds’, Preprint, 2018, arXiv:1810.11564.
[HNS19] Y. Hu, P. D. Nelson and A. Saha, ‘Some analytic aspects of automorphic forms on GL(2) of minimal type’,
Comment. Math. Helv. 94(4) (2019), 767-801.
[HS20] Y. Hu and A. Saha, ‘Sup-norms of eigenfunctions in the level aspect for compact arithmetic surfaces, II: Newforms
and subconvexity’, Compos. Math. 156(11) (2020), 2368-2398.
[HT12] G. Harcos and N. Templier, ‘On the sup-norm of Maass cusp forms of large level: II', Int. Math. Res. Not. IMRN
(20) (2012), 4764-4774.
[HT13] G. Harcos and N. Templier, ‘On the sup-norm of Maass cusp forms of large level. III’, Math. Ann. 356(1) (2013),
209-216.
[IS95] H. Iwaniec and P. Sarnak, ‘L* norms of eigenfunctions of arithmetic surfaces’, Ann. of Math. (2) 141(2) (1995),
301-320.
[Twa90] H. Iwaniec, ‘Small eigenvalues of Laplacian for Iy (N)’, Acta Arith. 56(1) (1990), 65-82.
[Twa97] H. Iwaniec, Topics in Classical Automorphic, Forms Graduate Studies in Mathematics, vol. 17 (American Mathe-
matical Society, Providence, RI, 1997).
[JL70] H.Jacquetand R. P. Langlands, Automorphic forms on (2), Lecture Notes in Mathematics, vol. 114 (Springer-Verlag,
Berlin, 1970).
[KR94] S. S. Kudla and S. Rallis, ‘A regularized Siegel-Weil formula: The first term identity’, Ann. of Math. (2) 140(1)
(1994), 1-80.
[KS20] I. Khayutin and R. S. Steiner, ‘Theta functions, fourth moments of eigenforms, and the sup-norm problem I’, Preprint,
2020, arXiv:2009.07194.
[LPS87] A.Lubotzky, R. Phillips and P. Sarnak, ‘Hecke operators and distributing points on S2°, I. Comm. Pure Appl. Math.
40(4) (1987), 401-420.
[Marl6] S.Marshall, ‘Local bounds for LP norms of Maass forms in the level aspect’, Algebra Number Theory 10(4) (2016),
803-812.
[Meeg97] C. Meeglin, ‘Quelques propriétés de base des séries théta’, J. Lie Theory 7(2) (1997), 231-238.
[Nell5] P. D. Nelson, ‘Evaluating modular forms on Shimura curves’, Math. Comp. 84(295) (2015), 2471-2503.
[Nell6] P.D. Nelson, ‘Quantum variance on quaternion algebras, I’, Preprint, 2016, arXiv:1601.02526.
[Nell7] P. D. Nelson, ‘Quantum variance on quaternion algebras, II’, Preprint, 2017, arXiv:1702.02669.
[Nel19] P. D. Nelson, ‘Quantum variance on quaternion algebras, III’, Preprint, 2019, arXiv:1903.08686.
[Nel20] P. D. Nelson, ‘Bounds for twisted symmetric square L-functions via half-integral weight periods’, Forum Math.
Sigma 8 (2020), Paper No. e44, 21.
[Nel21] P. D. Nelson, ‘The spectral decomposition of |6 |22, Math. Z. 298(3-4) (2021), 1425-1447.
[Nor21] A. C. Nordentoft, ‘Hybrid subconvexity for class group L-functions and uniform sup norm bounds of Eisenstein
series’, Forum Math. 33(1) (2021), 39-57.
[PY19] I Petrow and M. P. Young, ‘The fourth moment of Dirichlet L-functions along a coset and the Weyl bound’, arXiv
e-prints, 2019, arXiv:1908.10346.
[Ral84] S. Rallis, ‘On the Howe duality conjecture’, Compositio Math. 51(3) (1984), 333-399.
[RS75] S. Rallis and G. Schiffmann, ‘Distributions invariantes par le groupe orthogonal’, in Analyse harmonique sur les
groupes de Lie (Sém., Nancy-Strasbourg, 1973-75), Lecture Notes in Math., vol. 497 (1975), 494-642.
[Sah17] A. Saha, ‘On sup-norms of cusp forms of powerful level’, J. Eur. Math. Soc. (JEMS) 19(11) (2017), 3549-3573.
[Sah20] A. Saha, ‘Sup-norms of eigenfunctions in the level aspect for compact arithmetic surfaces’, Math. Ann. 376(1-2)
(2020), 609-644.
[Saw21] W. Sawin, ‘A geometric approach to the sup-norm problem for automorphic forms: the case of newforms on
GL, (F4(T)) with squarefree level’, Proc. Lond. Math. Soc. (3) 123(1) (2021), 1-56.
[Shi72] H. Shimizu, ‘Theta series and automorphic forms on GL,’, J. Math. Soc. Japan 24 (1972), 638-683.
[Ste20] R. S. Steiner, ‘Sup-norm of Hecke-Laplace eigenforms on S%°, Math. Ann. 377(1-2) (2020), 543-553.
[Ste23] R. S. Steiner, ‘Small diameters and generators for arithmetic lattices in SL;(R) and certain Ramanujan graphs’,
Ramanujan J. 62(4) (2023), 953-966.
[Tem10] N. Templier, ‘On the sup-norm of Maass cusp forms of large level’, Selecta Math. (N.S.) 16(3) (2010), 501-531.
[Tem15] N. Templier, ‘Hybrid sup-norm bounds for Hecke-Maass cusp forms’, J. Eur. Math. Soc. (JEMS) 17(8) (2015),
2069-2082.
[Tom23] R. Toma, ‘Hybrid bounds for the sup-norm of automorphic forms in higher rank’, Trans. Amer. Math. Soc. 376(8)
(2023), 5573-5600.
[vdC36] J. G. van der Corput, ‘Verallgemeinerung einer Mordellschen Beweismethode in der Geometrie der Zahlen, Zweite
Mitteilung’, Acta Arithmetica 2(1) (1936), 145-146.
[Vig77] M.-F. Vignéras, ‘Séries théta des formes quadratiques indéfinies’, in Séminaire Delange-Pisot-Poitou, 17e année
(1975/76), Théorie des nombres: Fasc. 1, Exp. No. 20 (1977), 3.
[Voil8] J. Voight, ‘Quaternion algebras’, 2018, https://math.dartmouth.edu/jvoight/quat.html.

https://doi.org/10.1017/fmp.2024.9 Published online by Cambridge University Press


https://arxiv.org/abs/1810.11564
https://arxiv.org/abs/2009.07194
https://arxiv.org/abs/1601.02526
https://arxiv.org/abs/1702.02669
https://arxiv.org/abs/1903.08686
https://arxiv.org/abs/1908.10346
https://math.dartmouth.edu/jvoight/quat.html
https://doi.org/10.1017/fmp.2024.9

Forum of Mathematics, Pi 53

[Wal85] J.-L. Waldspurger, ‘Sur les valeurs de certaines fonctions L automorphes en leur centre de symétrie’, Compositio
Math. 54(2) (1985), 173-242.

[Wat08] T. C. Watson, ‘Rankin triple products and quantum chaos’, Preprint, 2008, arXiv:0810.0425.

[Wei64] A. Weil, ‘Sur certains groupes d’opérateurs unitaires’, Acta Math. 111 (1964), 143-211.

[Xia07] H. Xia, ‘On L™ norms of holomorphic cusp forms’, J. Number Theory 124(2) (2007), 325-327.

[Youl7] M.P. Young, “Weyl-type hybrid subconvexity bounds for twisted L-functions and Heegner points on shrinking sets’,
J. Eur. Math. Soc. (JEMS) 19(5) (2017), 1545-1576.

https://doi.org/10.1017/fmp.2024.9 Published online by Cambridge University Press


https://arxiv.org/abs/0810.0425
https://doi.org/10.1017/fmp.2024.9

	1 Introduction
	1.1 Selected applications
	1.2 The fourth moment and further applications
	1.3 The added complexity of the level aspect
	1.4 Organization of the paper

	2 Statement of results
	2.1 Setup
	2.2 The split case
	2.3 Results on forms
	2.4 Counting problems: setup
	2.4.1 Lattices locally dual to R
	2.4.2 Reduced trace and norm
	2.4.3 Coordinates tailored to K∞
	2.4.4 Archimedean regions

	2.5 Counting problems: results

	3 Division and reduction of the proof
	3.1 Traversing the genus
	3.2 Estimating fourth moments via lattice sums
	3.3 Reduction to ternary lattices
	3.4 Proof of Theorem 2.1
	3.5 Proof of Corollary 2.3

	4 Arithmetic quotients as real manifolds
	4.1 Measure normalizations
	4.2 Volumes
	4.3 Siegel domains
	4.3.1 Cusps and Atkin–Lehner operators
	4.3.2 Coverings


	5 Theta kernels and their L2-norms
	5.1 Theta kernels and lifts
	5.1.1 Theta functions
	5.1.2 Jacquet–Langlands lifts
	5.1.3 Explicit theta lifting

	5.2 L2-norms of theta kernels
	5.2.1 Proofs of Propositions 3.2 through 3.5


	6 Preliminaries on the geometry of numbers
	6.1 Bounds on successive minima
	6.2 Lattice counting

	7 Local preliminaries on orders
	7.1 Quadratic preliminaries
	7.2 Quaternionic preliminaries: general case
	7.3 Quaternionic preliminaries: unramified case
	7.4 Bounds for commutators of elements of R0

	8 Invariants of rational quadratic forms
	8.1 Non-Archimedean invariants
	8.2 Archimedean invariants
	8.3 Duality
	8.4 Adelic invariants
	8.5 Statement of result

	9 Type I estimates
	10 Type II estimates
	10.1 Bounds for representation numbers of binary quadratic forms
	10.2 Local quaternionic preliminaries
	10.2.1 Non-Archimedean preliminaries
	10.2.2 Archimedean preliminaries

	10.3 The nonsplit case
	10.4 Extension to the split case
	10.5 Proof of Theorem 2.6

	A The theta lift
	A.1 Restriction of automorphic representations
	A.2 The theta transfer
	A.3 Explicit theta kernels
	References

