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Approximation of Holomorphic Solutions
of a System of Real Analytic Equations

M. Hickel and G. Rond

Abstract. 'We prove the existence of an approximation function for holomorphic solutions of a system
of real analytic equations. For this we use ultraproducts and Weierstrass systems introduced by J. Denef
and L. Lipshitz. We also prove a version of the Ploski smoothing theorem in this case.

1 Introduction

Let k be a (nontrivially) valued field of characteristic zero and let x = (x1,...,x,),
y = (y1,-..,yp) be indeterminates. For any convergent power series

G y)s-o foley) € k{x, y}

with constant terms equal to 0, the famous Artin approximation theorems [1,2] (see
[13] for a complete presentation of them) assert the following.

(A1) Density of analytic solutions among formal solutions [IL2]]. The set of analytic
solutions y(x) € k{x}?, y(0) = 0, of the following system of equations (S)
filx, y(x)) = -+ fa(x, y(x)) = 0is dense with respect to the Krull topology (or
(x)-adic topology) in the set of formal solutions, i.e., Vy(x) € k[[x]]?, $(0) =
0, such that fj(x, p(x)) = 0, j = 1,...,4, Vi € N, Jy' € k{x}? such that
y'(x) — p(x) € (x)"'k[x]]? and fj(x,y'(x)) =0,j=1,...,q.

(A2) Smoothing [[12]] (see [13] and its references). For any formal solution y(x) €
k[[x]I*, p(0) = 0, of the system @®) fi(x,p(x)) = 0, j = 1,...,q,
Jh(\,x) € k{\x}P, h(0,0) = 0, A = (Aq,..., ), I\(x) € k[[x]]™ such
that f;(x,h(A,x)) =0,j=1,...,qand y(x) = h(X(x),x).

(A3) Strong approximation, existence of an approximation function [3J811,14]. There
exists f: N — N satisfying the following property: V§(x) € k[[x]]?, (0) =
0 such that fi(x, 7(x)) € (0D, j = 1...,q, Iy(x) € k{x}? such that
y(x) — p(x) € (x)"" and fj(x, y(x)) = 0.

For any of the three former situations, if a formal solution y(x) does not depend of
one of the variables, say x;, it is not possible for a general system of analytic equations
to find analytic solutions approximating the original solution and not depending
on x; (see [9] for a counterexample). It is natural to investigate the properties of
a formal solution that can be preserved by approximating convergent solutions. In
this direction P. Milman [10], motivated by questions coming from pluri-complex
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analysis [4], showed that any formally holomorphic solution of a real analytic system
of equations in C? x € can be approximated to any order by holomorphic solutions,
i.e., the analogue of (Al).

More precisely, let z = (z;,...,z,) (resp. w = (wy,...,w,)) be coordinates at
the origin of C? (resp. C1), z; = x; + iy; (resp. w; = u; + iv;), and fi(x, y,u,v) =
p(z,Z,w,w), ..., filx,y,u,v) = pi(z,Z, w,w) be germs at 0 of real analytic power

series with no constant term. Then for any formal solution (u(x, y),v(x, y)) of
filx, y,u(x, y),v(x,y)) = 0 satisfying the Cauchy—Riemann equations, i.e., w(z) =
u(x, y) +iv(x, y) € C[[z]]|7) and pi(z,z, w(z),w(z)) = 0, for all ¢ € N, there exists
w° € C{z}1 such that p;(z,Z, w*(z), w*(z)) = 0 and w(z) — w*(z) € (2)"'C{z}.

We prove here the analogues of (A2) and (A3) for formally holomorphic solutions
of a system of real analytic equations. The method used (using ultraproducts) is the
one introduced in [3}[8] in order to deduce the strong approximation from the ap-
proximation. Like the general case, this method needs to obtain the approximation
(A1) for more general fields than R and for families of rings (called systems of Weier-
strass according to [8]). These rings may seem to be exotic but their use allows us to
handle algebraically the approximated solutions.

Let R be a real closed field and let R[[#]] be a Weierstrass system over R (see [2] for
precise definitions). Let C := R+ /—1R = R[X]/(X* + 1). Letx := (x1,...,%p),
y o= iy yp) o= (ur,... ug), and v == (vi,...,v), z = x +/—1yi
w;j = u; + /—1v;. We have the following results.

Theorem 1.1 ([10]) Let fi(x, y,u,v),..., filx,y,u,v) € R[[x,y,u,v]. Then the
following system of equations satisfies the Artin approximation property.

filx,y,u,v) =0, 1<i<l,

avk 8uk .
— =0, 1<ji<»p 1<k<aq.
8xj+6y]- ) SJsp, k=g

i.e. for any i (x, ), %(x, ) € R([x, y]l, 1 < k < g, solutions of the system (S)) and for
any ¢ € N, there exists ug(x, y), vi(x, y) € R[[x, y]|, 1 < k < g, solutions of the system
(O such that G — g, 7 — vk € (%, )5 1 <k < q.

Theorem 1.2 Let ti(x, y), %(x, y) € Rl[x, y]l, 1 < k < g, solutions of the system (S).
(In particular it + \/—1v € C[(2]]1). Then there exist ux(x, y, a, B), vi(x, y,a, ) €
Rl[x,7,0,8], 1 < k < q (with a == (ay,...,a5), 8 = (Br,...,0:), A =
(A1, -, As) Ai i= i ++/—1 i), solutions of the system (S) and satisfying the Cauchy—
Riemann equations with respect to \ (hence u++/—1v € C[[z, \]|9), and \z) € Cllz]*
such that (i + /=1 9)(x, y) = (ux + vV—1v)(z, M2)), 1 < k < q.

Theorem 1.3 There is an approximation function for (), i.e., there exists a func-
tion 3: N — N such that for all c € N V(u(x, y),v(x,y)) € Rlx, y]|* such that
filx, yyulx, y), vix, ) € (x, ) 1 < i <1, and

8uk 6‘vk al/k 6uk .
Ll _ X == _* =0.1<i< 1<k<
o, (x,7) Dy, (x,7) o, (x,y) + dy,; (x,9)=0,1<j<p, 1<k<gq,

https://doi.org/10.4153/CMB-2011-129-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-129-4

754 M. Hickel and G. Rond

A(u(x, y), v(x, ¥)) € R[[x, ]| such that f(x, y, u(x, ), v(x, y)) = 0,

Oy OV OV Oy .
il _ 2 - K - =0,1<i< 1<k<
o=, (x,y) 9, (x,y) D=, (x,y) + 9y, (x,9)=0,1<j<p, 1<k<gq

and ty — uy, Vi — v € (x, y)L

Let us remark that the last two conditions of the system (S)) are equivalent to
u++/—1v € C[[z]]4. Of course, the family of rings of convergent power series with
real coefficients forms a Weierstrass system. Thus we obtain the analogues of (A2)
and (A3) that complete the result of [10]. The proof of Theorem [Llis very similar
to the one given in [10]]. Theorem[I.2]can be deduced easily from [12] and the proof
of Theorem[LT] Finally the proof of Theorem[L3]is given in Section 3.

2 Preliminaries

We give here a brief survey of the facts we use in the sequel. The interested reader
may refer to [[3,[5,/6,8].

2.1 Real Closed Fields

Definition 2.1 An ordered field (R, <) is a field R along with a total order on it
satisfying:

s x<y=VzeR x+z<y+z
* 0<xand0<y=0<xy.

Thus 1, like any square, is positive and the characteristic of R is zero. A field R can be

ordered if and only if it is real, i.e., Vai,...,a, € R,aj +a3 +---+a, =0 = a; =0,
Vi. A real field R is closed if and only if it satisfies one of the following equivalent
properties:

* R has no nontrivial algebraic extension that is a real field.

* Rhas an ordered field structure such that any positive element is a square and any
polynomial of odd degree with coefficient in R has at least one root.

e C=R[X]/(X?+1) is algebraically closed.

In this case we denote by v/—1 the image of X in the field C := R[X]/(X? + 1) and
wehaveC=R++/—-1 .R. Ifz=a++/—1.b € C,wedenotebyz=a—+/—1 .bits
conjugate.

The field of real numbers R and the field P of Puiseux power series (formal or con-
vergent) with real coefficients are real closed fields. The field P is equipped with an
absolute value defined by |s| = "4, Hence it allows us to speak about convergent
power series with coefficients in P.
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2.2 Ultraproducts

A filter D (over N) is a non empty subset of P(IN), the set of subsets of N that satisfies
the following properties:

o¢D, & FeD=—EENFeD, €D ECF=FeD.

A filter D is principal if there exists £ € D such that D = {F | & C F}. An ultrafilter
is a filter which is maximal under inclusion. It is easy to check that a filter D is an
ultrafilter if and only if forany € C N, € € Dor N — € € D. In the same way
an ultrafilter is non-principal if and only if it contains the filter E := {£€ C N |
N — € is finite}.

Let (A;)icn be a family of noetherian commutative rings. Let D be a non-principal
ultrafilter. We define the ultraproduct Ul((A;);) in the following way:

{(apien € [[; Ai}

V(A0 = (a5 < ) ifand onlyif {i | a; = b;} € D)’

We have the following fundamental result.

Theorem 2.2 ([6]) Let L be a first order language, let A;, i € N be structures for L, and
let D be an ultrafilter over N. Then for any (a;)ien € UL((A;)) and for any first order
formula p(x), p((a;)) is true in UI((A;)) if and only if {i € N | p(a;) is true in A} € D.

In particular we can deduce the following properties. The ultraproduct Ul((A;))
is equipped with a commutative ring structure. If every A; is a field, then Ul((4;)) isa
field. If every A, is alocal ring with maximal ideal mt;, then Ul((A;)) is a local ring with
maximal ideal Ul((1;)) defined by (a;); € Ul((m;)) if and only if {i | a; € m;} € D.
Elementary proofs of these results are given in [3]. In the same way, if every A; is a
real closed field, then UI((A;)) is a real closed field.

2.3  Weierstrass Systems

In the following k denotes a field of characteristic zero.

Definition 2.3 ([8]) A Weierstrass system of k-algebras or a W-system over k is a
family of k-algebras k[[xi, ..., x,], # € N such that:

* Forn =0, thek-algebraisk. Forn > 1,k[x1,..., %] x,.x) C K[[x1,. .., %, C
k(lx1, ..., %)l and k[[x1, ... X | VK[[X15 - - o %0 ]] = K[[x1, ..., x,]] form € N.
For any permutation o of {1, ..., 1}, k[[xXo1), - - -, Xom [| = K[[x1, .-, %4 ]

* Any element of k[[x]], x = (xi, ..., x,), invertible in k[[x]] is invertible in k[[x]|.

o Let f € (x)k[[x] such that f(0,...,0, x,) # 0. Let d := ord,, f(0,...,0, x,).
Then for any ¢ € k[[x]| there exist a unique q € k[[x] and a unique r €
kflxi, ..., xu—1]][x,] with deg, r < dsuchthatg = qf +r.

The reader may refer to [8] for properties of these rings. In particular they satisfy
the Artin approximation property (see [8, Theorem 1.1]).
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Example 2.4 The family of rings of formal power series with coefficients in k that
are algebraic over the rings of polynomials forms a Weierstrass system over k. If k
is a valued field, the family of rings of convergent power series with coefficients in k
forms a Weierstrass system over k.

Remark 2.5 Ifk[[x]] is a Weierstrass system, then it is stable under derivation, i.e.,
if f € kf[x1,...,x4]], then 0f/0x; € k[[x1,...,x,] (see [8, Remark 1.3.3]).

3 Proofs of the Results
3.1 Proof of Theorem[1.1]

The proof is very similar to the one given in [10]. Let us write f;(x, y, u, v) as
pi(za zZ,w, W) € C”Z, zZ,w, Wﬂ

withz = x++/—1yand w = u+/—1v. Let { = (ii(x, y), ?(x, y)) be a formally
holomorphic solution of (§). Let w = # + /—17. Then  is a formally holomor-
phic solution of (9 if and only if w € C[[z]]? (and not only w € C[[z,z]]) and
pi(z,Z,w(z), W(z)) = 0,i = 1,..., 1. We define the morphisms

&k Cllz,z,w,w]| — Cl[z,z]l, W#": C[[z,w] — C[[z]],
respectively by
(" (h(z,Z, w, W) = h(z,2,W(2), W(2), W*(s(z,w)) = s(z, W(2)).

We denote by Ker(ﬁ *) and Ker(#w*) the respective kernels. As in [10], in order to
obtain Theorem[Llit is enough to show the following claim.

Claim 1
Ker((*) = Ker(w*) . Cllz,z, w,w] + Ker(w*).C[[z,Z,w, W]|.

Indeed Ker(#*) (as any ideal of C[[z, w]| ) satisfies the Artin approximation theo-
rem (the analogue of (A1)) [3}[8]. We deduce from this that for all ¢ € N, there exists
w° € C[[z]] such that w — w* € (2)*'C[[z]]1 and s(z,w“(z)) = 0, Vs € Ker(w*).
According to Claim [l we have p(z,z, w*(z), w*(z)) = 0, for all p € Ker(é*). Hence
we get the conclusion since the p;’s are in this last kernel.

Proof of Claim[I] First let us assume that #* is injective and let us show that ¢* is
also injective. Even if we add new variables w; and we write w;(z) = z; for them,
we may consider an element F € C[[w, w]| such that F(#(z), W(z)) = 0 and show
that F is also zero. In order to do this, let us write F(w,w) = EgeNan(w).Wﬁ in
Cllw,w]]. Since Fz(w) = l/ﬂ!%(w, 0) and C[[w,w] is closed under derivation
(Remark[Z.3), we have F5(w) € C[[w]]. Let us denote F(w, W(z)) = Speniq(w) . 2
in C[[w, z]|. Now it is easy to check that a, (w) is a finite linear combination of some
Fg(w). Thus every a, is in C[[w]]. Hence, since F(1#(z), w(z)) = 0, we have Vor € N,

https://doi.org/10.4153/CMB-2011-129-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-129-4

Approximation of Holomorphic Solutions 757

a,(W(z)) = 0 and thus a, € Ker(w*) = (0). Hence, F(w, w(z)) = 0. Let us now
write F(w, W) = SgeneGs(w) . w” in C[[w, w]]. Still, because C[[w, w]| is stable under
derivation, we have Gg(w) € C[[w]]. Since F(w,w(z)) = 0, we have Gg(w(z)) =
0. Thus Gg(w) € Ker(w*) = (0). Hence Gs(w) = 0 and then Gs(w) = 0 by
conjugation. Finally we have F = 0 and Ker(é“ *) = (0).

In order to prove the equality in Claim [Tin the general case, we shall need the
following lemma (it is on this point that our proof is different from the one given in

(100).
Lemma 3.1 Letk bea fieldandt = (t,...,t,), s = (s1,...Sy) be indeterminates
overk, ie, ty, ... ty,S1,. .., Sy are k-algebraically independent.

(i) LetI be anideal of k[[t]|. Then I is prime if and only if I . k[[¢]] is prime.

(ii) LetI (resp. ]) be a prime ideal of K[[t]| (resp. of k[[s]|) and assume that k is an al-
gebraically closed field of characteristic zero. Then theideal I . k[[t,s|| + J . k[[t, s]|
is a prime ideal of k[[¢, s]].

Proof We remark that k[[#]] is a noetherian local ring whose completion is k[[#]] [8]].

(i) The implication I.k[[x]] prime = I prime follows from the previous asser-
tion by faithful flatness. The reverse implication follows from the approximation
property (the analogue of (A1) between k[[¢]] and k{[]].

(ii) Let I and J be as in (ii). Then the ideals I.k[[¢]] and J.k[[s]] are prime by
(). From this we deduce that I . k{[s, ¢]] + J . k[[s, ¢]] is prime (according to a classical
property of formal power series rings; see [7, Proposition 12a]), because the variables
s, t are k-algebraically independent. Now I.k[[t,s]| + J.k[[t,s] is prime according
to (i). [ |

Let us come back to the proof of Claim[Il The ideal Ker(#*) of C[[w]| is prime.
Since the conjugation sends C[[w] isomorphically onto C[[w]|, Ker(w*) is a prime
ideal of C[[w7]]. Thus, according to the previous lemma,

Ker(w*) . C[[w, w]| + Ker(w*) . C[[w, w]|
is prime. Obviously, Ker((*) is prime and
Ker(C*) D Ker(w*) . C[[z,Z, w, ]| + Ker(w*) . C[[z,Z, w, W]|.

In order to show the equality, it is enough to show the equality of the heights of both
ideals.

Let ¢ = Dim(C[[w]]/Ker(#w*)). The Noether normalisation theorem and the
preparation and division theorems apply to the Weierstrass systems [[8]]. Thus, after a
linear change of variables, we may assume that the morphism

II7: Clfwy, ..., wy]| = C[[w]/ Ker(w")

(constructed from the canonical injection C[[wy, ..., wy[| — C[[wy,...,w,])) is
injective and finite. Moreover, there exist distinguished polynomials,

Pl(wn)a cee 7Pn—q(Wq+1)7
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with Pi(wy—ir1) € Cllwi,...,Wo—ill[Wh—inn], 1 < i < n — g, such that P; €
Ker(#™). A repeated use of the division theorem with the polynomials Py, ..., P,_,,
P, ...,P,_, assures that the morphism

I : Cllwi, ..., wg, Wi, ..., Wy ]| — C[w, w]| /(Ker(w"), Ker(#*))

is finite. Thus we have Dim(C[[w, w]/(Ker(w*),Ker(#*))) < 2q. Let us de-
note I15: C[wy, ..., wy,Wi,...,w,]| — C[w,#]]/Ker(C*). We have II; =
IT* o II5, where IT* is the canonical surjection of C[[w, W] /(Ker(#*), Ker(w*))
onto C[[w,w]/Ker({*). The morphism II} is finite since IT} is finite. More-

over IIj is injective because, since Ker(w*) N Cl[wi,...,wy]] = (0), we have
Ker(C*) N Cllwy, ... ,Wg, Wi, ..., Wy || = (0), according to the first case we proved.
Hence,

Dim(C[[w, W]/ Ker(C*)) = 2q = Dim(C[[w, W]| /(Ker(W*), Ker(W*))). W

3.2 Proof of Theorem[1.2]

According to Claim[I]of the proof of Theorem[I.} in order to prove Theorem[I.2], we
only need to prove the analogue of (A2) for Weierstrass systems. The proof is really
the same as the one given in [[12]], replacing [[I] by the approximation theorem of [8].
We do not give the proof here in order to be concise.

3.3 Proof of Theorem[1.3]

We will deduce Theorem [[L3]from Theorem [LIl fully used in the situation of general
Weierstrass systems. Let us remark that the existence of an approximation function
for fi,. .., fiis equivalent to the existence of an approximation function for f2+- - -+
f7. Thus we may assume that / = 1 and we denote f; by f.

Let us assume that the result is false: there exists ¢ € N such that forall j € N there
exists (1), 7)) € R[[x, 7% such that

e, 09, 99) € (x, ),
(@9 + /=197) € C[[2])4,

and there does not exist (1, v) € R[[x, y]]*? such that

[, y,u,v) =0,

(u++v/—1v) € Cllz]?,

ﬁ,(f) — Uy, 19,((]) — v € (x, )"
Notation Let D be a non-principal ultrafilter over N. Let us denote by Ul(A) the
ultraproduct ([, A)/D for any local ring A. Let us denote by Ul(m) the maximal
ideal of UI(A) and Ul(A)scp, the quotient of UI(A) by the intersection of the powers of
its maximal ideal.
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By assumption, if we denote by # and ¥ the images of (/) jen and (P jen in
UI(R[[x, y]]), we have f(x,y,i,?) € Ul(m)/ forall j € N. Let 7: UI(R[x, y]]) —
UI(R[[x, y]])sep be the quotient morphism. The morphism 7 restricted to UL(R)[x, y]
is injective and Ul(R[[x, y]])sep is isomorphic to Ul(R)([x, y]| as UI(R)[x, y]-algebra
(see [3) Lemma 3.4]). We have w(f(x, y,14,7)) = 0, thus f(x,y,7(),7(?)) = 0
because 7 is continuous with respect to the Krull topology.

Moreover, we also denote by 7 the quotient morphism

m: Ul(C[[z,z]]) — Ul(C[(z, z]))sp ~ UL(C)[[2,Z]].

Then we have 7w(#1) + v—1m(?) € UI(C)[[z]] according to the assumption on
G2 ﬁ(j))jeN. For any field K, let us denote

UIK) X, .., X, ]| o= { g(Xi, ..., X,) € UIK[X] | Is e N,
t=(t1,...,5),8t X) € K[t][X]] and 7 € UI(K)* such that g(x) = g(?, x)}.

According to [8, Lemma 7.2], the family UI(K)[[Xi, ..., X,]] forms a Weierstrass
system over Ul(K). Hence, according to Theorem [LI} there exists (u,v) €
UI(R)[[x, y]]*? such that

flx, y,u,v) =0,
i++v/—1ve Ul 7]

We may write

U = Z Ao s(Hx"y” and v = Z brasMxy’, 1<k <q

(a,B) ENZP (a,3)ENZP

with ag o g(t), bra g(t) € R[t1, ..., 1] and t € UI(R)’. Then we have

frr Y aas®xy’s 3 bap®xy’) = D cptny’,

(or,B)EN?P (@, B)EN?P (o, B)EN?P

where ¢, 5(t) € R[t] for any (a, 3) € N?. By noetherianity, the ideal of R[] gener-
ated by ¢, 5(t), (o, ) € N?P, is generated by a finite number of them. Let us assume
that it is generated by ¢, 5(t) for (a, 3) € I, where I is a finite subset of N*4. By as-
sumption the system of equations ¢, g(t) = 0, (o, B) € I, has a solution t € UI(R)-.
We may write = (?(j))jep\], tU) € R® for any j € N. Thus there exists &, € D such
that ca,g(?“)) =0, for every (o, 3) € I, j € &;. By definition of I, c(w(ff(j)) =0, for
every (o, 3) € N?P, j € &
On the other hand,

T+V=17= > (a0 +vV=1bas®)x"y" € VO]

(a,B)EN?P
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Since UI(C)[z]] = UI(R)[[z]] + v —1 UL(R)[z]], we may write

G4V=17= > (dap®) +vV=Teq ()22,

(o, B)EN2P

with d, 5(t), ca5(t) € R[t], for all (a, B) € N?/. The ideal of R[t] generated by
dn p(t) (resp. eqp(t)), (o, 3) € N?’ and B # 0, is finitely generated. Thus there
exists a finite set J such that d,, g(¢) (resp. e, 5(t)), (o, B) € ], generate this ideal.

By assumption the system of equations d, g(t) = e, 3(t) = 0, (o, 3) € ], hasa
solution t € UI(R)®. Thus there exists €, € D such that dmﬂ(‘f(j)) = eu5(t) =0
for every j € €, and 5 # 0.

Then we denote t) := /) € Rforany j € & N &, € Dand tYV) = 0, otherwise.
Let us denote

= D sy’
(a,B)EN?P

v,(cj) = Z l7k,aﬁ(t(7))x“yﬁ7 1<k<qg,
(a,B)EN2P

and let us denote by u; and v the images of these two sequences in UI(R[[x, y]]).
Then we see that

f(x7yauvv) =0,
ug, v € UIR[[x, y]]),
ue +v/—1v € UI(C[lz]]), 1 <k <gq

Moreover uy; — ﬁ,((] ), Ve — 19,? ) ¢ (x, ¥)¢, which is a contradiction.

References

[1] M. Artin, On the solutions of analytic equations. Invent. Math. 5(1968), 277-291.
http://dx.doi.org/10.1007/BF01389777

, Algebraic approximation of structures over complete local rings. Inst. Hautes Etudes Sci.
Publ. Math. (1969), no. 36, 23-58,

[3]  J. Becker, J. Denef, L. Lipshitz, and L. van den Dries: Ultraproducts and approximation in local rings.
L Invent. Math. 51(1979), no. 2, 189-203.  |http:/dx.doi.org/10.1007/BF01390228

[4]  T.Bloom and I. Graham, On “type” conditions for generic real submanifolds of C". Invent. Math.
40(1977), no. 3, 217-243. |http://dx.doi.org/10.1007/BF01425740

[5] . Bochnak, M. Coste, and M. E. Roy, Géométrie algébrique réelle. Ergebnisse der Mathematik und
ihre Grenzgebiete 12. Springer-Verlag, Berlin, 1987.

[6] C.C.Changand H. J. Keisler, Model Theory. Third edition. Studies in Logic and the Foundations
of Mathematics 73. North-Holland, Amsterdam, 1990.

[7]  C. Chevalley, Some properties of ideals in rings of power series. Trans. Amer. Math. Soc. 55(1944),
68-84.

[8]  J. Denef and L. Lipshitz, Ultraproducts and approximation in local rings. II. Math. Ann. 253(1980),
no. 1, 1-28.  http://dx.doi.org/10.1007/BF01457817

[9]  A.M. Gabrielov, The formal relations between analytic functions. Funkcional. Anal. i Prilozhen.
5(1971), no. 4, 64-65.

[10] P. Milman, Complex analytic and formal solutions of real analytic equations in C". Math. Ann.
233(1978), no. 1, 1-7.  |http://dx.doi.org/10.1007/BF01351492

(2]

https://doi.org/10.4153/CMB-2011-129-4 Published online by Cambridge University Press


http://dx.doi.org/10.1007/BF01389777
http://dx.doi.org/10.1007/BF01390228
http://dx.doi.org/10.1007/BF01425740
http://dx.doi.org/10.1007/BF01457817
http://dx.doi.org/10.1007/BF01351492
https://doi.org/10.4153/CMB-2011-129-4

Approximation of Holomorphic Solutions 761

[11] G. Pfister and D. Popescu, Die strenge Approximationseigenshaft lokaler Ringe. Invent. Math.
30(1975), no. 2, 145-174.  |http://dx.doi.org/10.1007/BF01425506

[12] A. Ploski, Note on a theorem of M. Artin. Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys.
22(1974), 1107-1109.

[13] B. Teissier, Résultats récents sur Papproximation des morphismes en algebre commutative. Séminaire
Bourbaki 784(1993-94), 259-282.

[14] J.J. Wavrick, A theorem on solutions of analytic equations with applications to deformations of
complex structures. Math. Ann. 216(1975), no. 2, 127-142.  |http://dx.doi.org/10.1007/BF01432540

Université Bordeaux 1, LM.B., Equipe d’Analyse et Géométrie, et I.U.T. Bordeaux 1 département Informa-
tique, 33405 Talence Cedex, France
e-mail: hickel@math.u-bordeaux1.fr

LM.L. Faculté des Sciences de Luminy, Case 907, 163 av. de Luminy, 13288 Marseille Cedex 9, France
e-mail: rond@iml.univ-mrs.fr

https://doi.org/10.4153/CMB-2011-129-4 Published online by Cambridge University Press


http://dx.doi.org/10.1007/BF01425506
http://dx.doi.org/10.1007/BF01432540
https://doi.org/10.4153/CMB-2011-129-4

