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Abstract. Let R be a ring with a monomorphism « and an a-derivation §.
We introduce («, §)-weakly rigid rings which are a generalisation of «-rigid rings
and investigate their properties. Every prime ring R is (o, §)-weakly rigid for any
automorphism « and «-derivation §. It is proved that for any n, a ring R is
(o, §)-weakly rigid if and only if the n-by-n upper triangular matrix ring 7,(R) is
(&, §)-weakly rigid if and only if M,(R) is (@, §)-weakly rigid. Moreover, various
classes of («, 8)-weakly rigid rings is constructed, and several known results are
extended. We show that for an («, §)-weakly rigid ring R, and the extensions
R[x], R[[x]], R[x; e, 8], R[x, x~'; ], R[[x; «]], R[[x, x~'; «]], the ring R is quasi-Baer if
and only if the extension over R is quasi-Baer. It is also proved that for an («, §)-weakly
rigid ring R, if any one of the rings R, R[x], R[x;«, 8JandR[x, x~'; «] is left principally
quasi-Baer, then so are the other three. Examples to illustrate and delimit the theory
are provided.

AMS Subject Classification. 16S36. 16W60.

1. Introduction. Throughout this paper R denotes an associative ring with unity;
« is a monomorphism of R which is not assumed to be surjective; and § an «-derivation
of R, that is § is an additive map such that §(ab) = §(a)b + a(a)d(b), for all a, b € R.

According to Krempa [18], a monomorphism « of a ring R is called to be rigid if
aa(a) = 0 implies a = 0 for ¢ € R. A ring R is said to be a-rigid if there exists a rigid
monomorphism « of R.

The second author and E. Hashemi in [12] defined a ring R with a monomorphism
a and an «-derivation 8, to be called («, 8)-compatible if for each a,b € R, ab =
0 implies ad(h) = 0, and ab = 0if and only if ax(b) = 0.

We say a ring R with a monomorphism « and a-derivation §, to be called («, §)-
weakly rigid if for each a, b € R, aRb = 0 implies a§(b) = 0, and aRb = 0 if and only
if aa(Rb) = 0.

By [12], a ring R is a-rigid if and only if it is («, §)-compatible and reduced. Notice
that the class of «-rigid rings and (e, §)-compatible rings is a narrow class of rings, and
it is easy to see that every (o, §)-compatible ring is («, §)-weakly rigid; but there are
various classes of («, §)-weakly rigid rings which are not («, §)-compatible, as we will
see in Section 2.

It is clear that every prime ring R is (¢, §)-weakly rigid for any automorphism «
and «-derivation 8. In this paper we prove that for any positive integer n, a ring R
is («, 8)-weakly rigid if and only if the n-by-n upper triangular matrix ring 7,(R) is
(&, 8)-weakly rigid if and only if the matrix ring M, (R) is (&, §)-weakly rigid.
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We also show that if R is a semiprime («, §)-weakly rigid ring, then the ring of
polynomials R[X], for X an arbitrary non-empty set of indeterminates, is a semiprime
(&, 8)-weakly rigid ring. If R is an «-rigid ring, then R[x]/(x") is an (&, 8)-weakly rigid
ring, for any n > 2, where (x") is the ideal generated by x”.

Suppose that R is a ring with a monomorphism « and «-derivation §. We show
that when R has a classical quotient ring Q and R is («, §)-weakly rigid, Q is also
(&, 8)-weakly rigid.

Recall from [9, 17] that a ring R is called (quasi-) Baer if the right annihilator of
every (ideal) non-empty subset of R is generated, as a right ideal, by an idempotent of
R. Recall from [6] that a ring is called left (resp. right) principally quasi- Baer (or simply
left (resp. right) p.q.-Baer) if the left annihilator of a principal left (resp. right) ideal of
R is generated by an idempotent.

Armendariz [1] has shown that a reduced ring R (i.e. having no non-zero nilpotent
elements) is Baer if and only if R[x] is Baer.

The Ore extensions of quasi-Baer and p.q.-Baer rings have been investigated by
many authors[1, 5,7, 11, 12, 14, 15, 21, 22, 24]. Most of these have worked either with
the case § = 0 and & an automorphism or with the case in which « is the identity.

Birkenmeier et al. in [5, Theorem 1.2] show that if Ris a quasi-Baer ring and « is an
automorphism of R, then R[x;«]is a quasi-Baer ring. They also provided an example
of a quasi-Baer ring R with an endomorphism « such that R[x; «] is not quasi-Baer. In
[7], they also proved that a ring R is right p.q.-Baer if and only if the polynomial ring
R[x] is right p.q.-Baer.

Hong et al. in [14] have shown that if R is an «-rigid ring, then R is Baer if and
only if R[x;a, 8] is a Baer ring if and only if the skew power series ring R[[x;«]] is a
Baer ring. By [S, Lemma 1.9], a reduced (and hence «-rigid) ring is Baer if and only if
it is quasi-Baer, and by [14] a ring R is «-rigid if and only if the Ore extension R[x; «, 3]
is reduced. The second author and E. Hashemi in [12], extended Hong et al.’s results
of [14]. Note also that there is a commutative reduced p.q.-Baer ring which the power
series ring is not a p.q.-Baer ring [20].

Although the class of «-rigid (or (w, §)-compatible) quasi-Baer rings is too
narrow, we show that there are many rich classes of («, §)-weakly rigid quasi-Baer
rings. For every prime ring R and any automorphism « and «-derivation §, the rings
M,(R), T,(R), R[X] and power series ring R[[X]] are (@, §)-weakly rigid quasi-Baer
rings.

For an («, §)-weakly rigid ring R, the relationship between R, the skew polynomial
ring R[x;«, 8], skew Laurent polynomial ring R[x;x~';«], skew power series ring
R[[x;«]] and skew Laurent power series ring R[[x; x ';«]] is studied, and we show
that strong connections exist between these rings and their various properties. Known
results relating to «-rigid rings can be obtained as corollaries of our results. Among
applications, we show that a number of interesting properties of an («, §)-weakly rigid
ring R such as the quasi-Baer property and the principally quasi-Baer property transfer
to its extensions and vice versa.

We provide examples which show that, in general, the quasi-Baerness (or p.q.-
Baerness) of R and the aforementioned extensions do not depend on each other. As a
consequence we extend and unify several known results.

2. Weakly rigid rings. In this section the notion of («, §)-weakly rigid rings is

introduced, and a number of properties of this generalisation are established. We give
a good supply of examples of («, §)-weakly rigid rings.
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For a non-empty subset X of a ring R, rg(X) = {c € R| Xc¢ = 0} (respectively
Lr(X) ={c € R| cX = 0}) is called the right (respectively left) annihilator of X in R.

DEFINITION 2.1. A ring R with a monomorphism «, is called a-weakly rigid if for
each a, b € R, aRb = 0if and only if ax(Rb) = 0.

A ring R with a derivation § is called §-weakly rigid if for each a, b € R, aRb =
0 implies a8(b) = 0.

A ring R with a monomorphism « and «-derivation §, is called («, 8)-weakly rigid
if it is both «-weakly rigid and §-weakly rigid.

Every a-compatible ring is o-weakly rigid, and («, §)-compatible rings are clearly
(o, 8)-weakly rigid; but there are various classes of («, §)-weakly rigid rings which are
not («, §)-compatible (and hence not «-rigid), as we will see in this section.

Let Rbe aring, « an endomorphism and § an a-derivation of R. It is easy to see that
for any subring S of the full matrix ring M,(R), & : § — S, given by a((a;;)) = (a(aij)),
is a homomorphism, and § : S — S, given by 8((a;})) = (8(a;;)), is an &-derivation. We
shall denote the (i, j)-th entry of a matrix 4 € M,,(R) by 4;;.

In the following example we see that for an «-rigid ring R, M,(R) or T,(R) is not
necessarily @-compatible (and hence not @-rigid).

EXAMPLE 2.2. Let D be a domain and « be the automorphism of the polynomial
ring R := D[xy, X2, ..., X;], with indeterminates xq, X2, ..., X;;, given by a(x;) = x4
for1 <i<m—1and a(x,) = x;. Then R is an «-rigid ring. Take a = Ey1x1 + Eppxs
and b = Eppxy — Exxy, where E;; denotes the matrix unit. We have a,b € T,(R) C
M, (R). It is seen that ab = 0 but a@(b) # 0. Hence neither M,,(R) nor T,(R) is (&, )-
compatible.

Although the class of a-rigid (or (o, §)-compatible) rings do not pass to matrix
rings by the above example, we show that the weakly rigid property overcomes these
shortfalls.

THEOREM 2.3. Let R be a ring and a an endomorphism of R. Then the following are
equivalent:
(1) R is an a-weakly rigid ring;
(1) M, (R) is an a-weakly rigid ring for every positive integer n,
(iii) M, (R) is an a-weakly rigid ring for some positive integer n.

Proof. (1) = (ii). Suppose that R is «-weakly rigid and AM,(R)B =0, with
A = (a;j), B = (bij) € M, (R). To prove that Ax(M,(R)B) =0, it is enough to show
that, for each r€ R and 1 <i,j <n, Aa(rE;;B) =0. To do this, we show that
(Aa(rE;jB))x = 0, for each 1 <1,k <n, where (Aa(rE;;B)) is the (z, k)-th entry
of the matrix A&(VEUB). Now we have VE,‘jB = I’bleil + Vbsziz + -+ Vban,'n. So
&(VEUB) = O[(Vbjl)Ei] + Ol(l‘bjz)E,'Q + -+ ()l(}’bjn)Ein. Thus (A&(VE,']'B)),k =(anEn +
apkp + - 4+ amEp)a(rbi)Ey) = a;a(rby)Ey. Therefore it is enough to show that
aga(rby) =0, for each re R and 1 <1ij,t,k <n. But we have AM,(R)B=0,
so (ArE;jB)x =0, and hence a,rby =0 for each re R and 1 <ij,t,k <n. So
a,;Rbj = 0, and hence a,a(Rbj) = 0, since R is «w-weakly rigid. Thus a,o(rby) = 0,
for each r€e Rand 1 <i,j, ¢,k < n, and hence Aa(M,(R)B) = 0. Next assume that
Aa(M,(R)B) = 0, with 4 = (a;;), B = (b;j) € M,(R). To prove that AM,(R)B =0, it
is enough to show that ArE;;B = 0, foreachr € Rand 1 < i,j < n. To do this, we show
that (ArE;;B)y = a,rbjEg = 0, for each 1 < ¢, k < n. Since Aa(M,(R)B) = 0, we get
(Aa(rE;jB))u = 0, so aa(rbjy) = 0,foreach 1 <i,j, t, k < n. Thus a,;a(Rby) = 0, and

https://doi.org/10.1017/50017089509005084 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089509005084

428 A. R. NASR-ISFAHANI AND A. MOUSSAVI

hence a,;Rbj, = Oforeach 1 <, j, t, k < n. Consequently AM,(R)B = 0, and so M,(R)
is a-weakly rigid. (i) = (iii). Is trivial.

(iii) = (i). Suppose that for some n, M,(R) is an &-weakly rigid ring and that
aRb=0 with a,be R. It is easy to see that aFEy;1M,(R)bE;; =0, and hence
aEna(M,(R)bE ) = 0, since M,(R) is a-weakly rigid. So aEy&(rE|1bE1) = 0, and
hence aa(rb)Ey; = 0 for each r € R; consequently aa(Rb) = 0. Next assume that
ax(Rb) =0, so aEy&(M,(R)bE) = 0. Thus aE; M,(R)bE|; = 0, since M, (R) is @-
weakly rigid. Therefore for each r € R, aEjrE\1bE;; = 0 so aRb = 0, whence R is
a-weakly rigid. O

THEOREM 2.4. Let R be a ring and § a derivation of R. Then the following are
equivalent:
(1) R is a 8-weakly rigid ring;
(i) M, (R) is a 5-weakly rigid ring for every positive integer n;
(ili) M,(R) is an 8-weakly rigid ring for some positive integer n.

Proof. (1) = (ii). Suppose that R is §-weakly rigid and AM,(R)B =0, with 4 =
(a;), B = (b;j) € M,(R). To prove that A3(B) = 0, it is enough to show that, for each
1 <i,j <n, (48(B));; = 0. Now for each 1 < i,j < n, we have (48(B));; = (and(by;) +
apd(by) + - - - + and(by))E;;. Since AM,(R)B =0, we get ArE,;B =0 for each r € R
and 1 <t <n. So (ArE;B);; =0 for each 1 <1i,j < n. But (4rE;B);; = airb;E;;, so
ayrb; =0 for each r € Rand 1 <i,j, t < n. Thus a;8(b;) =0, so (AS(B)),-, =0, and
hence M, (R) is 5-weakly rigid.

(i1) = (iii). Is trivial.

(iii) = (i). Assume that M,,(R) is §-weakly rigid for some n, and aRb = O with a, b € R.
Then we have aEy; M, (R)bE;; = 0, and since M,,(R) is §-weakly rigid, aE1,8(bE;) = 0.
Thus a8(b)E;; = 0, consequently R is §-weakly rigid. O

COROLLARY 2.5. For any positive integer n, a ring R is (o, 8)-weakly rigid if and only
if M,(R) is an (&, §)-weakly rigid ring.

THEOREM 2.6. Let R be a ring and o an endomorphism of R. Then the following are
equivalent:
(1) R is an a-weakly rigid ring;
(i1) T,(R) is an a-weakly rigid ring for every positive integer n;
(iii) T,(R) is an &-weakly rigid ring for some positive integer n.

Proof. The proof is similar to that of Theorem 2.3. O

THEOREM 2.7. Let R be a ring and § a derivation of R. Then the following are
equivalent:
(1) R is a 8-weakly rigid ring;
(ii) T,(R) is a §-weakly rigid ring for every positive integer n;
(iii) Ty (R) is a 5-weakly rigid ring for some positive integer n.

Proof. The proof is similar to that of Theorem 2.4. O

ExAMPLE 2.8. Let D be a prime ring and « be the automorphism of the polynomial
ring R := D[xy, xa, ..., X;], with indeterminates x|, Xz, ..., X;;, given by a(x;) = x;y|
for 1 <i<m—1and a(x,) = x;. Then R is an «-weakly rigid ring. As in Example
2.2, it is seen that neither M, (R) nor T,(R) is (&, §)-compatible. However by Theorems
2.3 and 2.6, M,,(R) and T,(R) are both a-weakly rigid rings.
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Let R be a ring. Define R, = RI, + >, > i_; | RE;;, for n > 2, where E; is the
matrix units for all 7, j and 7, is the identity matrix. Note that R, is a subring of 7,(R).

THEOREM 2.9. If R is an a-rigid ring, then R, is an (&, 8)-weakly rigid ring, for
any n.

Proof. Assume A, B € R, and AR,B=0.Since R, = R, + ) ., Z}’:M RE;j, in
order to prove that 4@(R,B) = 0, it is enough to show that Aa(r1,B) = Aa(rE;;B) = 0,
foreachre Rand 1 <i<n, i+ 1 <j<n. First suppose that r€ Rand 1 <i <n,
i+ 1 <j < n; then (Aa(rE;;B))u = a;o(rbji)Eg. Since AR,B =0, (ArE;;B)y = 0, so
ayrby. =0, and hence a;Rby =0. Since R is a-weakly rigid, a,a(Rbjy) =0, so
(Aa(rE;;B))x = 0; hence Aa(rE;;B) = 0. Now, for each 1 <i <j <n, (4a(rl,B));j =
Cl,‘,‘Ol(V)Ol(b,‘j)E,‘j + a,‘,,‘+105(l”)05(b,‘+]'j)E[j —+ -+ ai‘/a(r)a(bjj)E,-j. Since AR,B=0, we
get AVI,,B = 0. Hence (AVI,,B)[J‘ = a,-irb,jE,-‘,- + Cl,‘ﬁ,‘.ﬁ.]l’bi_;,_].jE,‘j + -+ aijrb,:,-E,»j =0. (*)
Since (AEl'jB)jj = 0, a,»,-bj, = 0, and since (AE,'+1J‘B)U = 0, ai,H—lbjj =0. By this way,
after j — i steps, we get a;;_1b;; = 0, since (4E;_1 ;B);; = 0. We have a;;b;; = a;;11b;; =
e = Cll"jflbjj = 0. Since R is Ol-I'igid, it is reduced, bjja,-,- = bjj(lmuﬂ == bjja,',j,I =
0. So by multiplying (x) from left by b;; we get bjja;;rbj; = 0. Thus a;;rb;; =0,
since R is reduced. Hence g;;Rb;; =0, and since R is a-rigid, a;jo(Rb;;) = 0. We
have (AE,"j_lB),'j = 0, SO aiibj—l,jEij = 0. Also (AEi+l,j—lB)i,_/' = 0, SO ai,H—lbj—l,jEij =0.
Continuing in this way (4Ej_»;_1B);; =0, so a;;_2bj_1; =0. By multiplying (x)
from left by b;_1; we get b;_y ja;;j_1rbj_1; = 0, which implies a;;_1Rb;_;; = 0, and
hence a;;_1a(Rbj_;j) =0, since R is «-rigid. By this way, after j—i steps, we
get (Aa(rl,B));; =0, so Aa(rl,B) =0, and hence A@(R,B) = 0. Now suppose that
A&(R,B) = 0. By a similar method as employed in the above argument we can show
that AR,B =0, and hence R, is a @-weakly rigid. Next assume that AR,B = 0;
we then show that A8(B) =0. For each 1 <i<j<n, (48(B));; = aud(b;))E;; +
a,;,-HS(b,-ij)Eij + -4+ a,-jé(bjj)E,-j. Since ARnB = 0, AI’InB = 0, SO (A}’InB)i’j = 0,
and hence a,‘,‘l‘b,‘jE,‘j + a,~,,‘+1rb,~+1,jE,~j + -+ a,:/rbij,-j = 0. As we have seen in the
first part of the proof, a;rb;; =0, a;;117bit1; =0, - -, a;;rb;; = 0. Since R is a-rigid,
a,»,-&(b,-j) = 0, ai,H—l(S(bH—l,j) = 0, ey, a,-_,-&(b_,»j) = 0. This 1mphes that (AS(B))” =0 for
each i, j, and the result follows. O

In [19], T. K. Lee and Y. Zhou defined V,, = 27;11 E; i1, for n > 2, where E;; is
the matrix units for all 7, ;.

For even integers n = 2k > 2, A%(R) := Y~ | > j—k+i REij, so we have 4,(R) =
RI,+ RV, +RV? +---+ RV + A%(R).

For odd integersn = 2k 4 1 > 3, A%(R) := Y ! > ki REij, so we have 4,(R) =
RL,+ RV, + RV?+ -+ RVE + A%R).

Note that 4,(R) is a subring of T},(R).

THEOREM 2.10. If R is an a-rigid ring, then A,(R) is an (&, 8)-weakly rigid ring, for
anyn > 2.

Proof. The proof is similar to that of Theorem 2.9. O

The trivial extension of R, which is denoted by T(R, R) = {(g Z) |a,b e R}, is

a ring with matrix addition and multiplication. By Theorem 2.9, we see that if R is
a-rigid, then T(R, R) is (&, §)-weakly rigid.

https://doi.org/10.1017/50017089509005084 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089509005084

430 A. R. NASR-ISFAHANI AND A. MOUSSAVI

Let R be a ring, and let

ay dy daz - ay

0 a a - ap
TRny:=4|9 0 a - aa2)|g4er},

o 0 0 - a

with n > 2. Then T(R, n) is a subring of the triangular matrix ring 7,(R).

Observe that T(R,n) = R[x]/{x"), for any n > 2. A proof similar to that of
Theorem 2.9, can be employed to prove that when R is an «-rigid ring, T(R, n),
and hence R[x]/(x") is an (&, §)-weakly rigid ring, for any n > 2.

Let R be a ring, @ an endomorphism and § an «-derivation of R. Then
@ : R[x] — R[x], given by a(}>_7_oaix’) = Y1 ee(a;)x’, and § : R[x] — R[x], given by
SO yaix’) = Y%, 8(a;)x". Then & is an endomorphism and § is an @-derivation of
R[x].

According to Hirano [13], a ring R is called quasi-Armendariz if for polynomials
J)=ao+arx+ -+ ax", g(x) = by + bix+ - + by X" € R[x], f(x)R[x]g(x) =0
if and only if a;Rb; =0 for each i,j. In [13], Hirano studied some properties of
quasi-Armendariz rings and proved that the condition quasi-Armendariz is a Morita
invariant property and that every semiprime ring is quasi-Armendariz.

In [13, Theorem 3.16] Hirano shows that quasi-Armendariz conditions preserves
by polynomial rings. Now we get the following:

THEOREM 2.11. If R is a quasi-Armendariz (o, §)-weakly rigid ring, then R[x] is a
quasi-Armendariz (&, §)-weakly rigid ring.

Since semiprime rings are quasi-Armendariz by [13], we get the following:

_COROLLARY 2.12. If Ris a semiprime (o, §)-weakly rigid ring, then R[x]is a semiprime
(a, 8)-weakly rigid ring.

Recall that an idempotent e € R is left (respectively right) semi-central in R if
Re = eRe (respectively eR = eRe).

THEOREM 2.13. If R is an («, 8)-weakly rigid ring and e is a left semi-central
idempotent of R, then eR, Re and eRe are also («, 8)-weakly rigid rings.

Proof. Suppose that er, es € eR and ereRes = 0. Since Re = eRe, we have erRes =
0, so era(Res) = 0, erd(es) = 0, and hence era(eRes) = 0, as R is («, §)-weakly rigid.
Now, if era(eRes) = 0, then era(Res) = 0, and hence erRes = 0. Thus ereRes = 0, and
the result follows. O

Notice that in Theorem 2.13, in order to restrict «, § from R to eR, we need to
assume that a(e), §(e) € eR, and this condition is satisfied for semi-central idempotents,
since R is (a, §)-weakly rigid.

We now show that there exists an example of a ring R with an idempotent ¢ € R
and an endomorphism « : R — R such that a(e) € eR, so the condition semi-central
in Theorem 2.13 is not superfluous.
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ExAMPLE 2.14. Let @ be the ring of rational numbers; then M,(Q) is a prime
ring. Let « be the automorphism of M>(Q), given by a(({ Z ) = ((l) :)(‘; Z)((l) _11), for
each a, b, ¢, d € Q. Since M,(Q) is a prime ring and & an automorphism, M,(Q) is an
(o, 8)-weakly rigid ring. Now e = ((l) (1)) is an idempotent. We have a(e) = (% 8), and

eale) =3 ) # ale).

For an index set I, suppose that for each i € I, R; is a ring, «; : R; —> R; an
endomorphism and §; : R; — R; an «;-derivation of R;. So @ : [[;c; Ri = [,/ Ri
given by @({r;}icr) = {oi(r;)}ies is an endomorphism, and § : [],.; Ri — [[,c; R given
by 8({ri}ier) = {8:(ri)}ier 1s an a-derivation of [[,.; R;.

It is easy to see that if for each i/ € I, R; is an («;, §;) weakly rigid ring, then [[,_; R;
is also an (&, 8)-weakly rigid ring.

Now we concern the classical quotient rings of («, §)-weakly rigid rings. A ring R
is called right Ore if given a, b € R with b regular there exist a|, b; € R with b; regular
such that ab; = ba,. It is a well-known fact that R is a right Ore ring if and only if
there exists the classical right quotient ring of R.

Let R be an Ore ring, @ an endomorphism and § an «-derivation of R. Define
&:Q— Q given by a(rc™") = a(r)a(c)™! and § : Q — Q given by §(rc™!) = (8(r) —
re=18(c))a(c)~". Then & is an endomorphism and § an @-derivation of the classical
quotient ring Q of R. The set of regular elements of R is denoted by C.

THEOREM 2.15. Suppose that there exists the classical quotient ring Q of a ring R
with an endomorphism a and a-derivation §. If R is («, 8)-weakly rigid, then Q is (&, §)
weakly rigid.

Proof. Assume that aQb = 0, with a = rlcl_l, b= rzcz_1 for some r{,r, € R and
c1, ¢ € C. We first show that a@(Qb) = 0. For each r3c3_1 € Q, it is enough to show
that ric;'a(r;)a(c) 'a(r)a(c;)~! = 0. Since R satisfies the Ore condition, there
exist 74 € R, ¢4 € C such that 135! = ¢ 'rq. Hence ric; ' a(rs)a(es) a(r)a(e) ™! =
r1cf101((:4)‘la(r4)cx(r2)a(cz)_1. Since R satisfies the Ore condition, there exist rs €
R,c5 € C such that ri(a(cy)c))™! = c5_1r5. Hence r1cl_la(r3)a(63)*1a(r2)a(c2)*1 =
¢ 'rsa(ra)a(ra)a(es)~". Therefore it is enough to show that rsa(rg)a(r)a(ca)™' = 0.
Since ric;' Qry = 0 and a(cs)™' Ors € O, we have ric; 'a(cs)~' Qrary = 0, and hence
c§1r5 Qr4ry = 0. Thus rsQrgqr, = 0 so rsRrayr; = 0, and since R is («, §)-weakly rigid,
rsa(Rrary) = 0. So rsa(rg)a(ry) = 0; therefore aa(Qb) = 0.

Now we show that ad(h) = 0. We have ad(b) = rlcl_](S(rz) — r2c518(cz))a(cz)‘l.
Since rlcl_l Or, = 0, we have rlcl_lrzc2_18(cz)a(cz)*l = 0. So it is enough to show that
rlcflé(rz) = 0. Since R satisfies the Ore condition, there exist ;3 € R, ¢3 € C such

that rlcl_l = cglr3. So it is enough to show that r38(r;) = 0. Since rlcl_l Or, =0, we
have c3_1r3 Qr, =0, so r3Rr, = 0. Since R is («, §)-weakly rigid, r38(r;) = 0; therefore
ad(b) = 0.

Next suppose that a@(Qb) = 0, with a = rlcl_l, b= rzcz_l for some ry, 7, € R and
¢1, ¢ € C; we then show that aQb = 0. For each r;c;l € 0, it is enough to show that
rlcflrgcg lrzcg ' = 0. Since R satisfies the Ore condition, there exist 4, 5 € R, ¢4, ¢5 € C
such that rlcfl = c;1r4 and c;lrz = rscgl. Soitis enough to show that r4r3rs = 0. Since
aa(Qb) = 0, c;lr4&(Rr3c3_1r2c2_1) = 0; so rqa(Rrsrs) = 0. Since Ris (o, §)-weakly rigid,
r4Rr3rs = 0, and the result follows. ]
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3. Ore extensions of weakly rigid rings. The study of Baer rings has its roots
in functional analysis [2, 17]. In [17] Kaplansky introduced Baer rings to abstract
various properties of von Neumann algebras and complete regular C*-rings. In [9]
Clark defined a quasi-Baer ring and used it to characterise when a finite-dimensional
algebra with unity over an algebraically closed field is isomorphic to a twisted matrix
units semigroup algebra. Every prime ring is a quasi-Baer ring. Further examples of
quasi-Baer rings are the Martindale right ring of quotients of any semiprime ring [8]
and any semiprime right FPF ring [10, p. 168]. The class of quasi-Baer rings is closed
under n x n upper triangular matrix rings and Morita invariance by [23].

A ring R is called a right (respectively left) p.p.-ring if the right (respectively left)
annihilator of an element of R is generated by an idempotent; R is called a p.p.-ring if
it is both a right and a left p.p.-ring. The class of p.q.-Baer rings includes all biregular
rings, all quasi-Baer rings and all abelian (i.e. every idempotent is central) p.p.-rings
and is closed under direct products and Morita invariance. Further work has appeared
in [3-9, 13, 23].

The class of a-rigid (or («, §)-compatible) quasi-Baer (or left p.q.-Baer) rings does
not contain the class of prime rings, because prime rings are not necessarily reduced,
and is not closed under extensions to matrix rings or triangular matrix rings, by
Example 2.2. However the notion of an («, §)-weakly rigid quasi-Baer (or p.q.-Baer)
ring overcomes these shortfalls.

For every prime ring R and any automorphism « and «-derivation §, the rings
M, (R), T,(R) and R[X] and the power series ring R[[X]] are quasi-Baer (o, §)-weakly
rigid rings.

We denote R[x;c«,d] the Ore extension whose elements are the polynomials
Z?:o rix' € R, r; € R, where the addition is defined as usual and the multiplication
by xb = a(b)x + 8(b) for any b € R.

The skew Laurent polynomial ring R[x, x~!;«], whose elements are finite sums
of elements of the form x7/rx/, where r € R and i,j are non-negative integers.
Multiplication is subject to xr = a(r)x for all » € R.

We also denote R[[x;«]] the skew power series ring, whose elements are power
series of the form ) -, r:x' with coefficients r; € R, where the addition is defined as
usual and the multiplication subject to the condition xb = «(b)x, forany b € R. The set
{x"};>0 is an Ore subset of R[[x; «]], so that one can localise R[[x; «]] and form the skew
Laurent series ring R[[x, x~!; «]]. Elements of R[[x, x~!;«]] are formal combinations
of elements of the form x~/rx’, where r € R and i, j are non-negative integers.

In this section we consider the relationship between the properties of being
quasi-Baer and left p.q.-Baer of a ring R and of the rings R[x;a, 8], R[x, x!;a],
R[[x;«]], and R[[x, x~'; «]], respectively.

We provide examples which show that, in general, the quasi-Baerness (or p.q.-
Baerness) of R and the aforementioned extensions do not depend on each other.

We will begin by considering some properties of (¢, §)-weakly rigid rings.

LEMMA 3.1. Suppose that R is an a-weakly rigid ring; then for each a,b € R and
positive integers i, j, aRb = 0 if and only if a'(a)Ra/(b) = 0.

Proof. Suppose that aRb = 0, so o/(aRb) = 0, and hence o/(a)a’(Rb) = 0. Since R
is a-weakly rigid, o/(a)Rb = 0. So for each r € R, o/(a)rRb = 0; hence o'(a)re/(Rb) =
0. Thus «(a)re/(b) =0 whence o'(a)Ro/(b) =0, for each i,j. Now assume that
a'(a)Ra/(b) = 0, for each i,j. Since R is a-weakly rigid, a'(a)a’(Ra/(b)) =0, so
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a'(aRo/ (b)) = 0. Since « is injective, aRo/(b) = 0. So ac/(Rb) = 0, since R is a-weakly
rigid aRb = 0, and the result follows. ]

LEMMA 3.2. Suppose that R is («, 8)-weakly rigid, then for each a, b € R and positive
integers i, j, aRb = 0 implies §'(a)R8/(b) = 0.

Proof. Suppose that aRb = 0, so for each r € R, arRb = 0. Since R is (o, §)-weakly
rigid, aré/(b) = 0 for each r € R, and hence aR&/(b) = 0 for each positive integer j.
Now we show by induction that for each positive integer 7, §'(a)R8 (b) = 0. Fori = 1,
since aR§/ (b) = 0, for each r € R, §(ard/ (b)) = 050 8(a)rs/(b) + a(a)s(rs/ (b)) = 0. Since
aR§ (b) = 0, we get a(a)R¥/(b) = 0 by Lemma 3.1. So a(a)Rr&/(b) = 0 for each r € R.
Since Ris (o, §)-weakly rigid, a(a)8(r8/(b)) = 0, so 8(a)ré’(b) = 0. Now assume that the
result is true for each ¢ < i. So we have §"~!(a)R8/(h) = 0. Hence 8(8'!(a)r8/(b)) = 0
foreachr € R.So 8(a)r8/(b) + a(8™'(a))8(r8/(b)) = 0. Since '~ !(a)R8/(b) = 0, we have
a (8" (a))R§/(b) = 0 by Lemma 3.1. Since R s (a, §)-weakly rigid, a (6" (a))8(r8/ (b)) =
0 for each r € R. So §/(a)ré/(b) = 0 for each r € R, and so the result follows. O

In [22, Proposition 3.2], the authors proved that a right semi-central idempotent e
of a ring R is a right semi-central idempotent of R[x;«, §] if and only if e € Ra(e).

COROLLARY 3.3. If R is an wa-weakly rigid ring, then each right semi-central
idempotent of R is a right semi-central idempotent of R[x;«, 8].

Proof. Let e be a right semi-central idempotent of R. Then e¢R = e¢Re, so
eR(1 —e) = 0. Since R is a-weakly rigid, ea(R(1 —e)) =0, so e = ex(e). Now the
result follows by [22, Proposition 3.2]. ]

Recall that for a quasi-Baer ring R, for each left ideal I of R, £z(I) = Re for some
idempotent e of R. Since £g(/) is an ideal, e is right semi-central.

THEOREM 3.4. Let R be an a-weakly rigid ring. If R is a quasi-Baer ring, then
R[x; «, 8] is a quasi-Baer ring.

Proof. Let I be an ideal of S = R[x; «, 3]. Let I be the set of all leading coefficients
of elements of 7 together with Og. Then I is a left ideal of R. So £r(ly) = Re for some
right semi-central idempotent e of R. We prove that £g(]) = Se. Let f =ap+--- +
a,x" € Isoef = eag+ - - + ea,_1x"~' € I,since ea, = 0.So ea,_, € Iy; hence ea,_; =
eea, 1 = 0. Continuing in this way it implies that eq; = 0 for each 0 < i < n and that
ef =0.So Se Cts5(I). Let g=by+ -+ b,x" € £Ls(I), so for each f =ag+--- +
a,x" € I'andr € R, grf =0.So b,,a™(ra,) = 0 foreachr € R, and hence b,,a"(Ra,) =
0. Since R is a-weakly rigid, b,,Ra,, = 0. So b,,, € £x(ly) = Re, and hence b,, = b,,e. On
the other hand by Corollary 3.3, eis a right semi-central idempotent of S. Thus b,,x" =
bpex = byex™e = b, x"e, and hence grf = (bg + - - - + by 1 X" Drf + bx"erf = 0.
But since Se C £5(1), we get b,,x"erf = 050 (bg + - - - + b_1 X" ef = 0. By a similar

way we get b,,_1 = b,,_1e and that b,,_x"~! = b,,_;x""e; so after m steps, we can see
that b; = b,e and that b;x’ = b;x’e for each i. Thus g = ge, and hence £5(I) < Se, and
the result follows. O

In [22, Example 2.1] the authors show that there exists a reduced Baer ring R with
a monomorphism « of R such that R[x;«] is not a p.q.-Baer ring. The example shows
that o-weakly rigid condition on R, in Theorem 3.4, is not superfluous.

In the proof of Lemma 3.5 and Theorem 3.6, we adapt the method which has been
employed by Y. Zhou in [24].
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LEMMA 3.5. Let R be an («, 8)-weakly rigid ring. Let L = {(g(RU) | U C R}, M =
{ts(SU)| U C S=R[x;0,8}and ® : L - M, givenby ®(I) = I[x;, §land ¥V : M —
L, given by V(J) = J N R; then Yo® = id;.

Proof. We first show that, for U C R, £g(RU)[x;, 8] = Ls(SU). Letf =ag + --- +
a,x" € Lr(RU)[x;a, §]. So for each i, a; € £x(RU), and for each u € U, a;Ru = 0. So
by Lemmas 3.1 and 3.2, a;Ro’/(u) = a;R8 (u) = 0 for each j > 0. Thus f € £5(SU),
and hence £x(RU)[x; , 8] C £s(SU). Nowassumethatg = by + - - - + b, x™ € £s(SU);
then (bg + - - - + b, x™)ru = 0 for each r € R and u € U. So b,,a”(ru) = 0, and hence
b, (Ru) = 0. Since R is a-weakly rigid, b,,Ru = 0, and hence b,, € £x(RU). On the
otherhand 0 = gru = (by + - - - + by 1 X" yru + b,,x"ru. Since b,, Ru = 0, by Lemmas
3.1and 3.2, b,,Ra/(u) = b,, RS (1) = 0 foreachj > 0. So b,,,x"ru = 0; hence (bg + - - - +
bpm—1X""Yru = 0. By the same way we conclude that for each i, b; € £x(RU). Thus
g € Lr(RU)[x; a, 8], and hence £r(RU)[x; a, §] = £s(SU). Therefore ® is well defined.
Next assume that V' C R[x;a, §]. We show that £5(SV)N R = £gr(RCy), where Cy is
the set of all coefficients of elements of V. If f € £5(SV) N R, then it is clear that
f € Lr(RCy). Let a € £gr(RCy); then aRb = 0 for each b € Cy. So by Lemmas 3.1
and 3.2, aRa/(b) = aR8/(b) = 0 for each j > 0. So a € £5(SV) N R, whence £5(SV) N
R = £Rr(RCy),and Y is well defined. Therefore Wo®(Lr(RU)) = W(LR(RU)[x;, 8]) =
Lr(RU)[x;a, 8] "R =Ls(SU)N R = LR(RCy) = LR(RU), and the result follows. [

THEOREM 3.6. Let R be an (o, 8)-weakly rigid ring. If S = R[x;a, 8] is quasi-Baer,
then R is quasi-Baer.

Proof. Let I be an ideal of R. By Lemma 3.5, ¢zx(1)[x; «, 8] = €s(ST). Since S is
quasi-Baer, for some idempotent f = ag + - - - + a,x" € S, £s(SI) = Sf. But £5(ST) =
Lr(D)[x; a, 8], so for each 0 <i < n, a; € £g(I). On the other hand, by Lemma 3.5,
Lr(l) = Lr(D)[x; 0, 5N R=Ls(SI)NR=SfNR. So for each a € Lx(I), a = df, so
a = aay. Since ay € Lg(1), ap = aé, and hence £(I) = Ray, so the result follows. O

COROLLARY 3.7. Let R be an («, 8§)-weakly rigid ring. Then, R is quasi-Baer if and
only if R[x; a, 8] is quasi-Baer.

In [21, Example 3.6] the authors provided some examples of quasi-Baer rings
R[x; 8], such that R is not p.q.-Baer. So the condition §-weakly rigid in Theorem 3.6 is
not superfluous.

The following (see [14, Example 9]) is an example of a ring R such that R[x;«] is
quasi-Baer, but R is not p.q.-Baer, so the condition a-weakly rigid in Theorem 3.6 is
not superfluous.

ExampPLE 3.8. Let R={(a,b)eZ®Z|a=bmod2}; o«: R— R given by
a(a, b) = (b, a). Then by [14, Example 9], R[x; «] is quasi-Baer, but R is not p.q.-Baer.

THEOREM 3.9. Let R be an a-weakly rigid ring. If R is a left p.q.-Baer ring, then
R[x;a, 8] is a left p.q.-Baer ring.

Proof. Let R be a left p.q.-Baer a-weakly rigid ring. Letf = ap+ --- + a,x" € S =
R[x;a, §]. For each 0 < i < n we have £g(Ra;) = Re; for some right semi-central idem-
potent ¢; € R. Put e = ¢,e,_; - - - ¢p. Since for each 0 < i < n, ¢; is a right semi-central
idempotent of R, we get €? = e€,€,_1 - - - €0eneu_1 - - - €) = Cpey_1 - - - C0Cy_1€n_2 - - - €0 =
€pey_1 - €)ey_n- €y =---=¢ee,_1---¢ =e. Now for each r € R we have er =
€n€n_1--eore, = €eyey_1---egréyey—_1 = -+ = €yey_1 - egre,ey—_1 -y = ere. Thus e
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is a right semi-central idempotent of R. By Corollary 3.3, e is a right semi-
central idempotent in S. Now we claim that £g(Sf) = Se. Since e is right semi-
central in S, we have eSf =eSef =0. So Se C £s(Sf). Now suppose that g =
by +bix+ -+ byxX" € £s(Sf), so gRf =0, and hence b,,a”(Ra,) = 0. Since R is
a-weakly rigid, b,,Ra, = 0, and hence b,, € ¢r(Ra,). Thus b,, = b,e,. Since gSf =
0, ge,Rf =0. But ¢,R =e¢,Re,, so ge,Re,(ap+ -+ a,x") =0. So ge,Re,(ay +
-+ ay_1x"1) = 0. Thus b,,a"(e,Ra,_1) =0. On the other hand e,R = e,Re, so
e, R(1 — e,) = 0; hence e, (1 — ¢,) = 0, since Ris a-weakly rigid. Thus e, = e,a(e,). So
en = epa(eqa(e,)) = e,a(e,)a’(e,) = e,a’(e,). Inductively we can see that e, = e,a'(e,)
for each positive integer ¢. Hence 0= b,,a™(e,Ra,_1) = be,a™(e,)a™(Ra,—1) =
bme,a™(Ra,—1) = b,a™(Ra,—1). So we get b,,Ra,_; =0, and hence b,, = b,e,_1 =
bpnene,—1. After repeating this argument n times we get b,, = be,e,—1 - - - €g = bye.
Since gSf = 0, we deduce that (b + by x + - -+ + b, x")Sf =0, so (bg + byx+---+
b1 X" NSf + b, x"Sf = 0.Buth,, = by,es0b,x"'Sf = bex"Sf = bex"Sef = 0.
So (by + b1x + -+ + bp_1 X" 1)Sf = 0. By the same method we see that b,,_; = b,,_;e.
After repeating this argument m times, we see that b; = b;e for each 0 <i <m.
Therefore g = ge, and the result follows. ]

Note that [22, Example 2.1] shows that the a-weakly rigid condition in Theorem
3.9 is not superfluous.

COROLLARY 3.10. If R is a left p.q.-Baer ring with a derivation 8, then R[x; 8] is a
left p.q.-Baer ring.

THEOREM 3.11. Let R be an («, §)-weakly rigid ring. If R[x;«, 8] is left p.q.-Baer,
then R is left p.q.-Baer.

Proof. The proof is similar to that of Theorem 3.6. [

COROLLARY 3.12. Let R be an («, 8)-weakly rigid ring. Then R is left p.q.-Baer if
and only if R[x;«, 8] is left p.q.- Baer.

Example 3.8 and [21, Example 3.6] show that the condition («, §)-weakly rigid in
Theorem 3.11 is not superfluous.

The set {x'};> is easily seen to be a left Ore subset of S = R[x; «], so that one can
localise S and form the skew Laurent polynomial ring 7' = R[x, x~!; «]. Elements of
T are finite sums of elements of the form x~rx’, where r € R and i, j are non-negative
integers. Multiplication is subject to xr = «(r)x for all r € R. In the case in which « is
an automorphism; elements of 7" have the form E{’z,nr,-x", where r, e Rand m,n e 7.
We consider D. A. Jordan’s [16] construction of the ring A(R, «). Let A(R, &) or A be
the subset {x~rx’ | r € R, i > 0} of the skew Laurent polynomial ring R[x, x~!; «].
For each j > 0, x~rx’ = x~*)ad(r)x(*)_ It follows that the set of all such elements
forms a subring of R[x, x~!; a] with

XX 4 x Vs = xT (W (r) + o (5))x T
and
() (xsxl) = xT e (1) (5)x )
for s € R and i,j > 0. Note that «: A(R, ) = A(R, «), given by a(x~'rx’) =

x~'a(r)x!, is actually an automorphism of A(R,«); this is because x'rx’ =
a(x~Dpx™*1) for each i > 0 and each r € R. We have R[x, x"';a] ~ A[x, x ;]
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by way of an isomorphism which maps x~'r¥/ to a~/(r)x/~/, for each i, j, (See [16], for
more details).

PROPOSITION 3.13. Let R be an a-weakly rigid ring. Then R is quasi-Baer if and only
if A(R, @) is quasi-Baer.

Proof. Let R be a quasi-Baer ring and I an ideal of 4 = A(R, ). Put B={a €
R | x“'ax’ € I'for some i > 0}. Let J = RBR; then £z(J) = Re for some right semi-
central idempotent e of R. Now we show that ¢ 4(/) = Ae. Since eR(1 — ¢) = 0 and
R is a-weakly rigid, a(e)R(1 —e) =0 so a(e) = a(e)e. So for each i > 0, ai(e) =
a'(e)ai~!(e)...a(e)e. Hence for each x~'ax’ € I, we have ex'ax’ = x 'a'(e)ax’ =
x“lai(e)a’"!(e). .. eax’ =0, which implies that Ae C £,4(I). Now if x~'ax’ € £,(I),
then for each x~'bx' € I and r € R, x " 'ax'rx"'bx' = 0. So x~ o (a)a’(rb)x'+' = 0.
Hence o!(a)a’(Rb) = 0. Since R is a-weakly rigid, a/(a)Rb = 0, and hence aRb = 0
by Lemma 3.1. So a € £z(J), and hence a = ae; thus x'ax’ = x“aex’. On the other
hand since eR(1 — ¢) =0 and R is a-weakly rigid, ea’(R(1 — ¢)) = 0, so e = ea'(e).
Thus x 'ax’ = x aex’ = x 'aea’(e)x' = x 'aex'e = x'ax’e. Therefore £4(I) C Ae,
and the result follows. Conversely suppose that A(R, ) is a quasi-Baer ring and 7
an ideal of R. So r (IA) = eA for some idempotent ¢ € A. Let e = x‘ax’, where
a=a> e R. We now show that rg(/) = aR. Since I4e =0, for each r € R and
b el bx7'rx'x7lax’ = 0. So x~'a/(b)rax’ = 0, and hence a/(h)Ra = 0. Since R is a-
weakly rigid, bRa =0, so aR C rg(I). Now if b € rr(l), then for each ¢ € I and
x7rx € A, exTrxxTbx' = x~ D (c)a!(r)e/(b)x™7. On the other hand ¢cRb =0
so a*(c)Ra/(h) = 0. So a™(c)a'(r)e/(h) = 0, and hence x 'bx' € ry(IA) = eA. So
x~ibx' = x~lax'x~'bx’, and hence b = ab, and the result follows. O

THEOREM 3.14. Let R be an a-weakly rigid ring and o an automorphism of R. If R
is quasi-Baer, then R[x, x~'; ] is quasi-Baer.

Proof. Since « is an automorphism of R, each element of R[x, x~';«] is of the
form )"}, rix', where r; € R and m, n € Z, so the proof is similar to that of Theo-
rem 3.4. Il

THEOREM 3.15. Let R be an a-weakly rigid ring. If R is a quasi-Baer ring, then
R[x, x~'; & is a quasi-Baer ring.

Proof. Since R is a-weakly rigid quasi-Baer, 4 is quasi-Baer. Since « is an
automorphism of 4 and R[x, x';a] ~ A[x, x~';«], so the result follows by Theo-
rem 3.14. O

LEMMA 3.16. Let R be an a-weakly rigid ring and o an automorphism of R. Let
L={xRU)|UCR},M={s(SU)|UCS=R[x,xa]}and ® : L — M, given
by ®(I) = I[x,x ;aland ¥ : M — L, given by W(J) = J N R; then Vo® = id;.

Proof. The proof is similar to that of Lemma 3.5. O

THEOREM 3.17. Let R be an a-weakly rigid ring and o an automorphism of R. If
R[x, x~ L «a] is quasi-Baer, then R is quasi-Baer.

Proof. The proof is similar to that of Theorem 3.6. U

PROPOSITION 3.18. If R is an a-weakly rigid ring, then A(R, ) is an a-weakly rigid
ring.
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Proof. The proof is easy. ]

THEOREM 3.19. Let R be an a-weakly rigid ring. If R[x, x~'; ] is quasi-Baer, then
R is quasi-Baer.

Proof. Since R is a-weakly rigid, 4 is a-weakly rigid by proposition 3.18. Since
« is an automorphism of 4 and R[x, x~!;a] ~ A[x, x!;a], by Theorem 3.18, 4 is
quasi-Baer, and the result follows by Proposition 3.13. ]

COROLLARY 3.20. Let R be an a-weakly rigid ring. Then R is quasi-Baer if and only
if R[x, x~'; o] is quasi-Baer.

THEOREM 3.21. Let R be an a-weakly rigid ring and o an automorphism of R. If R
is a left p.q.-Baer ring, then R[x, x™'; ] is a left p.q.-Baer ring.

Proof. Let f € S = R[x,x ";a]. Since « is an automorphism, ' = x"a_,, +
X "a 4+ dagFarx + -+ a, X Set J=Ra_, +Ra_pi1+---+
Ray + - - - + Ra,, which is a left ideal of R, so ¢gr(J) = Re, by [6, Proposition
1.7]. By a similar method as in the proof of Theorem 3.4, we can show that
Ls(Sf) = Se, and the result follows. ]

PROPOSITION 3.22. Let R be an a-weakly rigid ring. Then R is a left p.q.-Baer ring
if and only if A(R, &) is a left p.q.-Baer ring.

Proof. The proof is similar to that of Proposition 3.13. g

THEOREM 3.23. Let R be an a-weakly rigid ring with an automorphism «a. If
R[x, x~'; ] is a left p.q.-Baer ring, then R is left p.q.-Baer.

Proof. Using Lemma 3.16, the proof is similar to that of Theorem 3.6. U

THEOREM 3.24. Let R be an a-weakly rigid ring. Then R is a left p.q.-Baer ring if
and only if R[x, x~'; «] is a left p.q.-Baer ring.

Proof. Since R[x, x!;a] >~ A[x, x~'; ] and « is an automorphism of A4, the result
follows using Theorems 3.21 and 3.23 and Proposition 3.22. O

The following (see [12, Example 3.6]) is an example of a ring R such that R[x, x~'; «]
is quasi-Baer, but R is not p.q.-Baer, so the condition a-weakly rigid in Corollary 3.20
and Theorem 3.24 is not superfluous.

EXAMPLE 3.25. Let R and « be those given in Example 3.8. Then by [12, Example
3.6], R[x, x~';«] is quasi-Baer, but R is not p.q.-Baer.

COROLLARY 3.26. Let R be an («, 8)-weakly rigid ring, a an endomorphism and § an
a-derivation of R. Then the following are equivalent:

(1) R is a left p.q.-Baer ring,

(i1) A(R, @) is a left p.q.-Baer ring,
(ii1) R[x;«, 8] is a left p.q.-Baer ring;
(iv) R[x, x"';«a]is a left p.q.-Baer ring.
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COROLLARY 3.27 [7, Theorem 3.1]. The following are equivalent:
(1) Ris aleft p.q.-Baer ring;

(2) R[x] is a left p.q.-Baer ring;

(3) RIx, x~"1is a left p.q.-Baer ring.

THEOREM 3.28. Let R be a a-weakly rigid ring. If R is quasi-Baer, then R[[x;a]] is
quasi-Baer.

Proof. Let I be an ideal of S = R[[x;«]]. Let J = {a € R | there exists ax™ +
A1 X"+ ... e I, for some non-negative integer mand ¢; € R}. Then J is a left ideal
of R. So €r(J) = Re for some right semi-central idempotent e of R. We show that
Cs(I) = Se. If f =Y"° a;x' € I, then a,, € J, s0 ea,, = 0. Hence ef = ey 1 X" +
€2 X" + ... . Since ea,,.| € J, we have ea,,.| = eea,; = 0. By this way we get
ef =0so Se C £s(I). Now assume g = > ° b;x/ € £s(I),soforeachf/ = }"° aix' €
ITandre R, grf =0. So b,a"(ra,,) = 0 for each r € R, and hence b,a¢"(Ra,,) = 0. So
b,Ra,, = 0; hence b, € €x(J), so b, = bye. Thus grf = b,x"rf + Z;’inﬂ bjx’rf =0.
Since e is right semi-central, eR = eRe so eR(1 — e¢) = 0. Since R is a-weakly rigid,
ea"(R(1 — e)) = 0 for each positive integer n. So e = ea”(e), and hence b, x"rf =
bpex"rf = byea”(e)x"rf = byex"erf. But we have erf = 0, so b,x"rf = 0, and hence
Z;in 11 bix'rf = 0. By the same way we can see that b, = b,1e and by induction for
each 7 that b; = be, s0 g = )2, bjex’. On the other hand, for each j, e = ea/(e), so

g=2 7", bjexle =3 bix'e = ge. So the result follows. O
LEMMA 3.29. Let R be an a-weakly rigid ring. Let L = {{g(RU) | U C R}, M =

{ts(SU) | U C S=R[[x;a]]} and ® : L — M, given by ®(I) = I[[x;«]], and ¥ : M —
L, given by W(J) = J N R; then Vo® = idy.

Proof. The proof is similar to that of Lemma 3.5. O

THEOREM 3.30. Let R be an a-weakly rigid ring. If R[[x; «]] is quasi-Baer, then R is
quasi-Baer.

Proof. The proof is similar to that of Theorem 3.6. O

COROLLARY 3.31. Let R be an («, 8)-weakly rigid ring, a an endomorphism and § an
a-derivation of R. Then the following are equivalent:
(1) R is a quasi-Baer ring,
(i1) A(R, @) is a quasi-Baer ring;
(iii) R[x;«, 8] is a quasi-Baer ring;
(iv) R[x, x~';«] is a quasi-Baer ring;
(v) R[[x;a]] is a quasi-Baer ring.

THEOREM 3.32. Let R be an a-weakly rigid ring, with o an automorphism of R. If R
is quasi-Baer, then R[[x, x™'; «]] is quasi-Baer.

Proof. Since « is an automorphism of R, the elements of R[[x, x~!;«a]] can be
written in the form a_,,x ™" +--- + ay + a;x + - - -, where m is a positive integer and
a; € R for each i. So the proof is similar to that of 3.28. O

LEMMA 3.33. Let R be an a-weakly rigid ring and a an automorphism of R. Let L =
{Lr(RU) | U C R}, M = {{s(SU) | U € S = R[[x,x ';a]]} and ® : L — M, given by
&) = I[x, x o], and W : M — L, given by W(J) = J N\ R, then Yo® = id;.

Proof. The proof is similar to that of Lemma 3.5. O
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THEOREM 3.34. Let R be an a-weakly rigid ring and o an automorphism of R. If
R[[x, x~'; «]] is quasi-Baer, then R is quasi-Baer.

Proof. The proof is similar to that of Theorem 3.6. ]

COROLLARY 3.35. Let R be an a-weakly rigid ring and a an automorphism of R.
Then R is quasi-Baer if and only if R[[x, x~'; «]] is quasi-Baer.

COROLLARY 3.36. [5, Theorem 1.8] The following are equivalent.
(1) R is a quasi-Baer ring;

(i1) R[x] is a quasi-Baer ring;

(ii1) R[[x]] is a quasi-Baer ring,

(iv) R[x, x"']is a quasi-Baer ring;

(v) Rl[x, x| is a quasi-Baer ring.

Notice that, Birkenmeier et al.’s proof of [5, Lemma 1.7] to show that either
R[x; x~ " or R[[x; x~']] is quasi-Baer implies R is quasi-Baer involves a long and quite
technical calculation.
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