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Abstract

For an arbitrary set X (finite or infinite), denote by 7(X) the symmetric inverse semigroup of partial
injective transformations on X. For a € 7(X), let C(a) = {8 € I(X): o =Ba} be the centraliser of &
in 7(X). For an arbitrary @ € 7(X), we characterise the transformations § € 7(X) that belong to C(a),
describe the regular elements of C(«), and establish when C(«) is an inverse semigroup and when it is
a completely regular semigroup. In the case where dom(a) = X, we determine the structure of C(@) in
terms of Green’s relations.
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1. Introduction

For an element a of a semigroup S, the centraliser C(a) of a in S is defined by
C(a)={x€S :ax=xa}. Itis clear that C(a) is a subsemigroup of S. For a set X,
we denote by P(X) the semigroup of partial transformations on X (functions whose
domain and image are included in X), where the multiplication is the composition of
functions. The transformation on X with the empty set as its domain is the zero in
P(X), which we will denote by . By a transformation semigroup, we will mean any
subsemigroup S of P(X). Among transformation semigroups, we have the semigroup
T (X) of full transformations on X (elements of P(X) whose domain is X).

Numerous papers have been published on centralisers in finite transformation
semigroups, for example [6, 8, 15-17, 20, 23-25, 31]. For an infinite X, the centralisers
of idempotent transformations in 7'(X) have been studied in [2, 3, 30]. The cardinalities
of C(a), for certain types of a € T(X), have been established for a countable X in
[12—14]. The author has investigated the centralisers of transformations in 7'(X) with
a coauthor in [5] and in the semigroup I'(X) of injective elements of 7'(X) [18, 19].

This research has been motivated by the fact that if a transformation semigroup S
contains an identity 1 or a zero 0, then for any a €S, the centraliser C(@) is a
generalisation of S in the sense that § = C(1) and S = C(0). It is therefore of interest
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to find out which ideas, approaches, and techniques used to study S can be extended
to the centralisers of its elements, and how these centralisers differ as semigroups
from S. Centralisers of transformations are also important since they appear in various
areas of mathematical research, for example, in the study of automorphism groups of
semigroups [4]; in the theory of unary algebras [11, 29]; and in the study of commuting
graphs [1, 7, 10].

Denote by Z(X) the symmetric inverse semigroup on a set X, which is the
subsemigroup of P(X) that consists of all partial injective transformations on X.
The semigroup Z(X) is universal for the important class of inverse semigroups
(see [9, Ch. 5] and [26]) since every inverse semigroup can be embedded in some 7 (X)
[9, Theorem 5.1.7]. This is analogous to the fact that every group can be embedded
in some symmetric group Sym(X) of permutations on X. We note that Sym(X) is the
group of units of 7(X).

The purpose of this paper is to study centralisers in the infinite symmetric inverse
semigroup Z(X). (Centralisers in the finite 7(X) have been studied in [22].) In
Section 2 we show that any a € 7(X) can be uniquely expressed as a join of disjoint
cycles, rays and chains. This is analogous to expressing any permutation o € Sym(X)
as a product of disjoint (finite or infinite) cycles [28, Theorem 1.3.4]. Let a € 7(X).
In Section 3 we use the decomposition theorem to characterise the transformations
B € I(X) that are members of C(@). In Section 4 we describe the regular elements of
C(a) and establish when C() is an inverse semigroup and when it is a completely
regular semigroup. In Section 5 we determine Green’s relations in C(«) (including the
partial orders of £L-, R-, and J-classes) for a € 7(X) such that dom(a) = X.

2. Decomposition of a € 7(X)

In this section, we show that every @ € 7 (X) can be uniquely decomposed into basic
transformations called cycles, rays and chains.

Let y € P(X). We denote the domain of v by dom(y) and the image of y by im(y).
The union dom(y) U im(y) will be called the span of y and denoted span(y). As in [5],
we will call y connected if y # 0 and, for all x, y € span(y), there are integers k, m > 0
such that x € dom(y*), y € dom(y™), and xy* = yy™, where y° = idy. (We will write
mappings on the right and compose from left to right; that is, for f: A — B and
g: B— C, we will write xf, rather than f(x), and x(fg), rather than g(f(x)).)

Let v, 6 € P(X). We say that ¢ is contained in y (or y contains 6), if dom(8) C
dom(y) and x6 = xy for every x € dom(d). We say that y and ¢ are completely disjoint
if span(y) N span() = 0.

Dermvition 2.1. Let M be a set of pairwise completely disjoint elements of P(X). The
Jjoin of the elements of M, denoted | |,y 7, is the element of P(X) whose domain is
Uyem dom(y) and whose values are defined by

X(I_I ?’)ZXVO

yeM
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where v is the (unique) element of M such that x € dom(yy). If M =0, we define
Llyem ¥ to be 0. If M ={y1,y2, ...,y is finite, we may write the join as y; U
Y2 U Uy

The following result has been proved in [5].

ProposiTioN 2.2. Let @ € P(X) with a # (0. Then there exists a unique set M of pairwise
completely disjoint, connected elements of P(X) such that @ = | | ey 7-

The elements of the set M from Proposition 2.2 are called the connected components
of a.

DerinTion 2.3. Let ..., x_p, X_1, X0, X1, X2, . . . be pairwise distinct elements of X.

The following elements of 7(X) will be called basic partial transformations on X.

) A cycle of length k (k > 1), written (xp X ... Xx—1), is an element o € 7(X) with
dom(o) = {xg, X1, ..., Xx_1}, x;,0=x;1 forall 0 <i< k-1, and x,_10 = xp.

° A right ray, written [xg x; X5...), is an element € 7(X) with dom(n) =
{x0, x1, X2, .. .} and x;n = x;41 forall i > 0.

° A double ray, written (... x_j xg X; ...), is an element w € 7(X) such that
dom(w) ={..., x_1, x0, X1, . . .} and x;w = x;4; for all i.

) A left ray, written (... x x; xo], is an element A€ 7(X) with dom(1) =
{x1, x5, x3, ...} and x;A = x;_; for all i > 0.

° A chain of length k (k > 1), written [xy x1 ... Xi], is an element 7 € 7 (X) with
dom(7) = {xg, X1, ..., xk_1} and x;7 = x;;; forall 0 <i<k-—1.

By a ray we will mean a double, right, or left ray.

We note the following:

. The span of a basic partial transformation is exhibited by the notation. For
example, the span of the rightray [123...)is{1,2,3,...}.

) The left bracket in ‘e = [x . ..” indicates that x ¢ im(g); while the right bracket in
‘e =... x] indicates that x ¢ dom(g). For example, for the chain 7 =[123 4],
dom(7) ={1, 2, 3} and im(7) = {2, 3, 4}.

. A cycle (xg xj ... x¢p) differs from the corresponding cycle in the symmetric
group of permutations on X in that the former is undefined for every x e
X\ {xo, x1, - . ., Xxx—1}, while the latter fixes every such x.

It is clear that the connected components of @ € J(X) are precisely the basic partial
transformations contained in @. Thus, the following decomposition result follows

immediately from Proposition 2.2.

ProposiTION 2.4. Let a € I(X) with a #0. Then there exist unique sets A of right
rays, B of double rays, C of cycles, P of left rays, and Q of chains such that the
transformations in AU BU C U P U Q are pairwise disjoint and

a=| |nu| Jou| |ou| Jau]| |= @2.1)

neA weB ogeC AeP T€Q
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We will call the join (2.1) the ray—cycle—chain decomposition of @. We note the

following:

o if aeSym(X), then a=|]y,pwU]|]yec o (since A=P=Q=0), which
corresponds to the decomposition given in [28, 1.3.4];

. if dom(a) =X, then @ = | |e4s nU [ yep @ U | |gec o (since P = Q =0), which
corresponds to the decomposition given in [21];

) if X is finite, then @ = [ |,ec 0 U | J;ep 7 (since A =B =P =0), which is the
decomposition given in [22, Theorem 3.2].

Remark 2.5. Let a € 7(X) with the ray—cycle—chain decomposition as in (2.1). Then,
for every x € X:

(1) if o€ A and x € span(0), then xa” = x for some p > 1;

(2) ifdeP,teQ,and x € span(d) U span(7), then xa” ¢ dom(«) for some p > 0.

3. Members of C(a)

In this section, for an arbitrary « € 7(X), we determine which transformations
B € I(X) belong to C(a). For @ € P(X) and x, y € X, we write x N yif x € dom(e) and
xa =y. The following proposition applies to any semigroup of partial transformations.

Prorosition 3.1. Let S be any subsemigroup of P(X), « € S, and C(a) ={B€S :af =
Ba). Then for every €S, BeC(a) if and only if for all x,y € X, the following
conditions are satisfied.

(1) Ifx->yandyedom(B), then x € dom(B) and xB ~ yp.

2) Ifx 5 v, x € dom(B), and y ¢ dom(B), then xS ¢ dom(a).

(3) Ifx ¢ dom(a) and x € dom(B), then xB ¢ dom(a).

Proor. Suppose that 8 e C(a), that is, ¢ =Ba. Let x 5 y and y € dom(B). Then
x € dom(af) = dom(Ba) € dom(B). Further, yB = (xa)B = (x8)@, and so x5 5 yB. Let
x5 v, x € dom(B), and y ¢ dom(). Then x5 ¢ dom(w) since otherwise we would have
x € dom(Ba) = dom(ef), which would imply that y = xa € dom(8). Let x ¢ dom(a)
and x € dom(B). Then xB8 ¢ dom(a) since otherwise we would have x € dom(Ba) =
dom(ep) € dom(a). Hence (1)—(3) hold.

Conversely, suppose that (1)—(3) are satisfied. Let x € dom(af), that is, x € dom(«)
and y = xa@ € dom(B). Then, by (1), x € dom(8) and x8 € dom(«), that is, x € dom(SBa).
Let x € dom(Ba), that is, x € dom(8) and xf € dom(a). Then x € dom(e) by (3), and
so y = xa € dom(B) by (2). Hence x € dom(ef5). We have proved that dom(af) =
dom(Ba). Let x € dom(af). Then x — xe, which implies that x8 — (xa)B by (1).
But the latter means that (x8)a = (xa)B. Thus x(af) = x(Ba), and so o = Sa. Hence
BeC(a). O

It will be convenient to extend the concept of the chain (see Definition 2.3) by
defining the chain [xp] of length 0 (where xy € X) to be the set {x¢} and agree that
span([xp]) = {xo}. We also agree that, for a cycle (yo y; ... yx-1) and an integer i, y;
will mean y, where r =i (mod k) and r € {0, ...,k — 1}.
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Dermnition 3.2. Let e 7(X). Let o =(xp ... x¢—1) and o =(yg . . - yx—1) be cycles
of the same length, n=1[xp x;...) and 11 =[yg y; ...) be right rays, w=¢(... x_;
XpXx1...0 and w;=(..y_1yoy1 ..., be double rays, 4=¢( .. x; xp] and A; =
(... y1yol] be left rays, and 7 =[xp ... x;] and 71 = [yg . .. yi] be chains of the same

length (possibly zero).
We say that 8 maps o onto o if span(o;) € dom(B) and, for some j€{0,...,
k—1},
XoB=Yjs XIB=Yjt1s -+ vs X1 =Yjrk-15

B maps n onto n; if span(n) € dom(B) and x;8=1y; for all i >0; B maps w onto
wy if span(w) € dom(B) and, for some j, x;8=y;; for all i; § maps A onto A; if
span(41) € dom(B) and x;8 = y; for all i > 0; and 8 maps T onto 7, if span(r) € dom(5)
and x;,8=y; forallie{0,...,k}.

Derinition 3.3. Let 7= [xp x; ...) be a right ray, 7= [xp ... xx] be a chain (k > 0),
w={... x_1] X0 X1 ...)beadoubleray, and 1 =(... x; xo] be a left ray.

Any chain [xg... x;], where i >0, is an initial segment of n; and any chain
[xo ... x;], where 0 <i <k, is an initial segment of 1.

Any left ray (. .. x;_1 x;], where i is any integer, is an initial segment of w; and any
left ray (... x;41 x;], where i > 0, is an initial segment of A.

Any chain [x; ... x;], where 0 <i <k, is a terminal segment of T; and any chain
[x;i ... xo], where i > 0, is a terminal segment of A.

For « € 7(X), let A, B, C, P, and Q be the sets that occur in the ray—cycle—chain
decomposition of @ (see (2.1)). By Ay, By, Co, Pqo, and Q, we will mean the following
sets:

Ay=A, By=B, Co=C, P,=P Qa: QU{[XO] 3XO¢SPan(CY)}-

We now have the tools to characterise the members of the centraliser C(a).

THeorREM 3.4. Let a, B € I(X). Then B e C(a) if and only if for all n€ A,, w € B,
o€ Cqy, A€ P,, and T € Q,, the following conditions are satisfied.

(1) If span(n) € dom(B), then there is ny =[yoy1...) €Aq OFr W1 ={... Y_1 Yo )1
.. .) € By such that B maps n onto [yj yj+1 . . .) for some j.

(2) If span(ny) N dom(B) # O but span(n) £ dom(B), then there is an initial segment
7 of n such that span(n) N dom(B) = span(t’) and B maps v onto a terminal
segment of some A € P, or onto a terminal segment of some 11 € Q,,.

3) Ifspan(w) € dom(B), then B maps w onto some w; € By,.

4) If span(w) N dom(B) # O but span(w) ¢ dom(B), then there is an initial segment
A" of w such that span(w) N dom(B) = span(A’) and B maps A’ onto some A; € P,,.

(5) Ifspan(o) N dom(B) # 0, then B maps o onto some o € C,,.

(6) If span(1) N dom(B) # O, then there is an initial segment A’ (possibly A itself) of
A such that span(A) N dom(B) = span(A’) and 8 maps A" onto some A € P,,.
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(7) If span(r) N dom(B) # O, then there is an initial segment T’ (possibly t itself) of T
such that span(t) N dom(B) = span(7’) and B maps T’ onto a terminal segment of
some Ay € P, or onto a terminal segment of some 11 € Q,,.

Proor. Suppose that 5 € C(a). Let p = [xg x; x2 . ..) € A,. Then

[0 (o3 a
UL L 3.1)

Suppose that span(77) € dom(S3). Then, by Proposition 3.1,
0B = B XB (3.2)

By Proposition 2.4, there is 7y = [yo y1 .. -) EAgorw; ={... y_1 Yo )1 - - .y € B, such
that xo8 = y; for some j. (By Remark 2.5, xof8 cannot be in the span of o € A,, 1 € P,,
or 7 € Q,.) Hence S maps 7 onto [y; yj.1 ...) by (3.2).

Suppose that span(n) N dom(B) # 0 but span(r) € dom(B). Then, there is i > 0 such
that x; € dom(g) but x;;.; ¢ dom(B). By (3.1) and Proposition 3.1, span(n) N dom(B) =
{xo, ..., xi}, x;8 ¢ dom(a), and

X8 — x18 —-  xB. (3.3)

Since x;8 ¢ dom(a), it follows by Proposition 2.4 that there is 4; = (... y; yo] € P,
such that x;8=yg, or there is 7; =[yy ... yx] € Q. such that x;8=y;. Hence, by
(3.3), for the initial segment 7/ =[xy ... x;] of n, S maps 7’ onto the terminal segment
[yi-1 ... yo] of A; or onto the terminal segment [y;—; . . . yx] of 7;. We have proved (1)
and (2). The proofs of (3) and (4) are similar.

Leto=(xy... x,_1) € A,. Then

(42 a a a
Xo = Xp =00 Xk—1 > X0

Suppose that span(c) N dom(B) # 0, that is, x; € dom(S) for some i. Then, by
Proposition 3.1, span(o) € dom(B3) and
XoB X185 D x> xof,
and so 8 maps o onto o = (xof . .. x;—18) € A,. This proves (5).
LetA={( .. x x1 xo] € Py, so

@ a @
cee > Xy > X > Xp. (3.4)

Suppose that span(4d) N dom(B) # 0. Let i be the smallest nonnegative integer such
that x; € dom(8). By (3.4) and Proposition 3.1, span(d) Ndom(B) ={. .., Xi1, Xi},
x; ¢ dom(a), and

D X S X Xp. (3.5)
Since x;8 ¢ dom(«), it follows by Proposition 2.4 that there is 4} = (... y; yo] € P,
such that x;8 = yy, or there is 7; = [yg ... yx] € Q, such that x;8 = y;. But the latter
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is impossible since we would have yy ¢ dom(a) and yy = x;48 € dom(e). Hence, by
(3.5), for the initial segment A" = (... x4 x;] of 4, B maps A’ onto A;. We have proved
(6). The proof of (7) is similar.

Conversely, suppose that 8 satisfies (1)-(7). We will prove that (1)—(3) of
Proposition 3.1 hold for 8. Let x,ye€ X. Suppose that x 5 y and y € dom(gB). If
y € span(n) for some 1 € A,, then x € dom(8) and x5 5 yB by (1) and (2). Similarly,

x € dom(B) and x 5 yB in each of the remaining possibilities: if y € span(w) for some
w € B, by (3) and (4); if y € span(o) for some o € A, by (5); if y € span(1) for some
A € P, by (6); and finally, if y € span(r) for some 7 € Q, by (7).

Suppose that x 5 v, x €dom(B), and y ¢ dom(B). This is only possible when g
satisfies (2), (4), (6), or (7) with x being the terminal point of the relevant initial
segment, and so x8 ¢ dom(«). Finally, suppose that x ¢ dom(e) and x € dom(g). This
can only happen when x is the terminal point of some A € P, or some 7 € Q,, and so
x5 ¢ dom(e) by (6) and (7).

Hence g satisfies (1)—(3) of Proposition 3.1, and so 5 € C(a). ]

4. Inverse and completely regular centralisers

In this section, for an arbitrary a € 7(X), we characterise the regular elements
of C(a). We also determine for which a € 7(X) the centraliser C(a) is an inverse
semigroup, and for which @ € 7(X) it is a completely regular semigroup.

An element a of a semigroup S is called regular if a = axa for some x € §. If all
elements of S are regular, we say that S is a regular semigroup. An element a’ € §
is called an inverse of a€ S if a=aa’a and @’ =d’aad’. Since regular elements are
precisely those that have inverses (if a = axa then a’ = xax is an inverse of a), we may
define a regular semigroup as a semigroup in which each element has an inverse [9,
p.- 51].

Two important classes of regular semigroups are inverse semigroups [26] and
completely regular semigroups [27]. A semigroup S is called an inverse semigroup
if every element of § has exactly one inverse [26, Definition II.1.1]. An alternative
definition is that S is an inverse semigroup if it is a regular semigroup and its
idempotents (elements e € S such that ee =e¢) commute [9, Theorem 5.1.1]. A
semigroup S is called a completely regular semigroup if every element of S is in some
subgroup of S [9, p. 103].

For 8 € P(X) and Y C X, we denote by YS3 the image of Y under g, that is, Y5 = {x8:
x € Y ndom(B)}.

DeriniTioN 4.1, Let @€ I(X), My, =A,UB,UC,UP,UQ,, and Be C(a). We
define a partial transformation ¥3 on M, by

dom(¥s) = {€ € M, : span(e) N dom(B) # 0},
&Y = the unique & € M,, such that (span(e))B C span(ey).

Note that ¥ is well defined and injective by Theorem 3.4; that is, ¥3 € 7(M,).
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The following lemma follows immediately from Definition 4.1 and Theorem 3.4.

Lemmva 4.2. Let @ € I(X). Then for all B,y € C(a):

(1) W, =W

(2) A CALUBL,UP,UQ,,

(3) B,¥s S By UP,;

4) if o e Cy ndom(Wy), then ¥y is a cycle in C, of the same length as o;
(5) P.YpCPo;

(6) QQ\PB - Qa U Pa-

Lemma 4.3, Let a € 1(X) and let B,y € C(a) be such that B = pyp. Then A, C Aq,
Bo¥s € By and Qo € Qo

Proor. First, notice that W3 =Y, (since B=pyB), and so ‘¥ ="Y¥ ¥ (by
Lemma 4.2). Let 7 € A, N dom(¥3). Then, by Lemma 4.2, n'¥3 € A, U B, U P, U Q,.
Suppose that ¥ € B, and let w = n¥3. Then

s = n(Hp, ) = ((11p)H)Hs = (W) %p.

But then w'¥, =7 (since ‘¥; is injective), which contradicts Lemma 4.2 (since w € B,
and 7 € A,). Hence n¥; ¢ B,. By similar arguments, 7't cannot belong to P, or Q,,
and so ¥ € A,. We have proved that A,'ts C A,. The proofs that the remaining two
inclusions hold are similar. O

Levmmva 4.4. Let @ € I(X) and let B,y € C(@) be such that B = Byp. Then:

() ifg=I[x0x1...) €A, Nndom(¥s) and n¥s = [yo y1 . . .) € Ag, then xoff = yo;

(2) ifA={(.. x1 x0] € P, Ndom(¥p) and A¥s =<. .. y1 yol € P,, then xo € dom(B)
and xo = yo;

3) ifr=[x0... x] € Qo Ndom(¥y) and ¥ =[yo ... yml € Qu, then k =m, xoff =
Yo, Xx € dom(B), and xi8 = yy.

Proor. Suppose that n=[xp x; ...) € A, Ndom(¥s) and ¥z =11 =[yoy1...) €A,.
Then, by Theorem 3.4, span(7) C dom(8) and 8 maps 7 onto [y; y;+1 . . .) for some j.
Since 8 = By, we have xof8 = ((xof8)y)B = (y;¥)B and so y;y = xg (since f is injective).
Thus, by Theorem 3.4 again, ¥y maps 7; onto [x; X+ ...) for some i >0. But
since y;y = xo, this is only possible when i = j=0. Hence xo8 =y;=yo. We have
proved (1).

Suppose that A=(... x; xo] € P, Ndom(¥3) and A¥z =21, =(... y1 yol € P,.
Then, by Theorem 3.4, 8 maps some initial segment of A, say (... xi xi],
onto A;. Since S =yB, we have x;8 = ((x;8)y)B = (yoy)B and so ygy = x;. Thus, by
Theorem 3.4 again, v maps n; onto 1. Thus x; = ygy = xp, s0 xp = x; € dom(8) and
XoB = x;8 = yo. We have proved (2).

Suppose that 7=[xp... xx] € Qo Ndom(¥s) and T =7 =[yo... yul € Qo.
Then, by Theorem 3.4, 8 maps some initial segment of 7, say [xp... x;], onto
some terminal segment of 7y, say [y;... yul. Then xoB8 = ((xof)y)B = (y;¥)B, and so
y;j¥ = Xo. But then, by Theorem 3.4,  maps some initial segment on 7, say [yo . .. y,],
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onto some terminal segment of 7, say [x; ... x;]. Thus xo = y;¥ = x,,;, which implies
that j = =0. Hence 8 maps [xo ... x;] onto [y ... y,], and y maps [y ... y,] onto
[xo... x¢]. It follows that i=m and p =k, som=i<k=p<m. Hence k=m and 8
maps 7 onto Ty, SO xo8 = ¥g, Xx € dom(), and x;8 = y;. We have proved (3). m]

We can now characterise the regular elements of C(«).

TueorEM 4.5. Let @ € I(X) and 8 € C(a). Then B is a regular element of C(a) if and
only if, for every e € M,:

(1) if span(e) N dom(B) # O then span(e) C dom(B); and

(2) if span(e) Nim(B) # O then span(e) C im(B).

Proor. Suppose that 8 is a regular element of C(«), that is, 8 = By for some y € C(«).
Letee My=A, UB,UC,UP,UQ,.

Suppose that £ =[xy x1 ...) €A, and span(g) N dom(B) # ). Then £¥; € A, by
Lemma 4.3, and so span(e) € dom(B) by Theorem 3.4. Suppose that e =(. .. x; xg] €
P, and span(e) Ndom(B) # 0. Then &¥;€ P, by Lemma 4.3. Let g =&¥;=
(... y1y0l. By Lemma 4.4, xy € dom(8) and x¢8 = yp. Thus 8 maps € onto &, and
so span(e) € dom(p). If e € B, U C, U Q,, then (1) follows by similar arguments.

Suppose that £ = [yg y1 . . .) € A, and span(g) Nim(B) # 0. Then & € im(¥p), that is,
e =g for some g1 € M,. By Lemmas 4.2 and 4.3, & € A,. Let &1 =[xp x1 .. .).
By Lemma 4.4, xo8 = y9o. Hence § maps & onto &, and so span(g) C im(8). Suppose
that e =[yo ... yul € Q, and span(e) N dom(B) # 0. Then & € im(¥y), that is, £ = £/'¥3
for some & € M,. By Lemmas 4.2 and 4.3, e, € Q,. Let e, =[xp... x¢]. By
Lemma 4.4, k=m, xof =yo, x; € dom(B), and x;8=y;,. Hence 8 maps &; onto ¢,
and so span(e) € im(B). If e € B, U C, U P,, then (2) follows by similar arguments.

Conversely, suppose that (1) and (2) hold for every e e M,. We will define
v € C(a) such that §=ByB. Set dom(y) = J{span(g;) : &; € im(¥3)} and note that
dom(y) =im(B). Let & = 4; € im(¥3) N P,. Then A = ¥ for some & € M,.

Suppose that € € A,. Then, by Theorem 3.4, 8 maps some initial segment 7’ of &
onto a terminal segment of 1, and span(e) N dom(B) = span(7’). But this is impossible
since span(e) € dom(B) by (1). Suppose that € € B,. Then, by Theorem 3.4, 8 maps
some initial segment A’ of & onto A, and span(e) N dom(B) = span(A’). Again, this
contradicts (1). Suppose that € € Q,. Then, by Theorem 3.4, 8 maps some initial
segment 7’ of € onto some terminal segment 7; of 4;. But then span(4;) Nim(B) =
span(t), which contradicts (2).

Thus € =1 € P, and 8 maps an initial segment of A onto A;. By (1), that initial
segment must be 4. We have proved that for every A; € im(¥3) N P,, there is a
(necessarily unique) A € P, such that 8 maps A onto A;. By similar arguments, for
every 71 € im(3) N A, (w1 € im(¥3) N By, 71 € im(Y3) N Q,) there is a unique 1 € A,
(w € By, T € Q) such that 8 maps 1 onto 1; (w onto w;, T onto 7y).

Let 171 €im(¥3) N A,. Define vy on span(n;) in such a way that y maps 7, onto
n (where 7 is as in the preceding paragraph). Let wy, 41, 71 € im(¥3) with w; € By,
Ay €P,, and 71 € Q,. We define y on span(w;), on span(4;), and on span(r;)
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in a similar way with the following restriction: if w; =(... y_;1yoy;...) and w=
(.. X1 Xp X1 .. .) with xo8 =y, then y;y = x;_,, for every i.

By the definition of y and Theorem 3.4, y € 7(X), ¥ € C(@), and 8 = ByB. Hence 8
is a regular element of C(«). O

The class of regular semigroups is larger than the class of inverse semigroups. For
example, the semigroups P(X) and 7'(X) of partial and full transformations on a set
X are regular semigroups but not inverse semigroups (unless |X|=1). However, for
every subsemigroup S of 7(X), S is a regular semigroup if and only if S is an inverse
semigroup. This is because 7(X) is an inverse semigroup, and so its idempotents
commute (see the beginning of this section).

THeEOREM 4.6. Let @ € I(X). Then C(«) is an inverse semigroup if and only if « = 0 or
a is a permutation on its domain.

Proor. First note that a nonzero a € 7(X) is a permutation on its domain if and only
if it is a join of double rays and cycles; that is, if and only if A, =P, =0 and
Qo = {[x0] : xo & span(a)}.

Suppose that C(«) is inverse and a # (). Then, since a € C(«), there exists 8 € C(«@)
with a = afa = a(ef) (since Ba = af) and it follows that im(e) € dom(eS) € dom(a).
Also, af is idempotent, so af =Ba =idy for some Y containing dom(a) (since
a = afa = idya). It follows that dom(a) C im(«) (since if x € dom(«), then x € Y, and
so x = x idy = x(Ba) € im(«@)). Therefore, dom(«) = im(«), and so, since « is injective,
it is a permutation on its domain.

Conversely, if @ = 0 then C(a) = Z(X) is an inverse semigroup. Suppose that @ # 0
and « is a permutation on its domain. Let 8 € C(@). We will prove that § is regular.
Letee B, UC, U Q, (recall that A, = P, = (). We claim that if span(e) N dom(gB) #
0 (span(e) Nim(B) # 0), then span(e) C dom(B) (span(e) Cim(B)). Let £ =w € B,,.
Suppose that span(w) N dom(B) # @. Then span(w) € dom(B) by Theorem 3.4 (since
P, =0). Suppose that span(w) N im(B) # 0. Then, by Theorem 3.4 again, 8 maps some
w) € B, onto w (since A, = 0), and so span(w) € im(B). The claim is true for € € C,
by a similar argument, and it is certainly true for € = [xg] € Q,. (Recall that @ does
not have any chain of length greater than 0.) Thus § is regular by Theorem 4.5. Hence
C(a) is a regular semigroup, and so an inverse semigroup (since the idempotents in
C(a@) commute). O

Let a € 7(X). If C(@) is a completely regular semigroup, then it is an inverse
semigroup. As the next result shows, the class of completely regular centralisers
in 7(X) is much smaller than the class of inverse centralisers. For n > 1, we denote
by C, the subset of C,, consisting of all cycles in C, of length n.

Tueorem 4.7. Let a € 1(X). Then C(a) is a completely regular semigroup if and only
(1)  a=0oraisapermutation on its domain; and
(2) |Bal 1,104 <1, and |Cl| < 1 for every n > 1.
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Proor. Suppose that C(a) is a completely regular semigroup. Then (1) holds by
Theorem 4.6. Suppose that w=(... x_; xox;...) and w; =(... y_1 Yoy ...) are
two distinct double rays in B,. Define 5 € 7(X) by dom(8) = span(w) and x;8 = y; for
every i. Then 8 € C(a) by Theorem 3.4, and 82> = 0. Thus 8 is not in a subgroup of
C(a) since there is no group with at least two elements and a zero. Hence |B,| < 1. By
similar arguments, |@,| < 1 and |C};| < 1 for every n > 1. Thus (2) holds.

Conversely, suppose that (1) and (2) are satisfied. If @ = 0, then X = {x(} by (2), and
so C(a) = 7(X) ={0, idx} is a completely regular semigroup. Suppose that o # 0 and
let B € C(@). If B = 0, then § is an element of a subgroup of C(«), namely {0}. Suppose
that 8 # 0 and let Z = dom(g). By (1) and Theorem 4.6, 8 is regular. Hence, by (2) and
Theorem 4.5,

Z =dom(B) = im(B) = U{span(s) : € € dom('¥s)}. “4.1)

Hence, the idempotent &, € 7(X) with dom(g,) = Z is an element of C(a). We will
define y € C(@) with dom(y) =Z such that By =yB=¢,. Letw=(... x_.1 xpx1...) €
B, Nndom(¥;). Since |B,| <1, § must map w onto itself, that is, there is p such
that x;8 = x;,, for every i. We define y on span(w) by x;y = x;_, for every i. Let
o=(xp... xp-1) € Co Ndom(¥). Since |Cy| < 1, f must map o onto itself, that is,
thereis p € {0, ..., n — 1} such that x;,8 = x;,, forevery i € {0, . . . , n — 1}. We define y
on span(o) by x;y = x;_, forevery i € {0, ..., n - 1}. Let [x0] € Q, N dom('¥3). Since
|Q.| < 1, 8 must map [xo] onto itself, that is, xo8 = xo. We define xoy = xp.

By the definition of y, Theorem 3.4, and (4.1), we have y € C(@), dom(y) = im(y) =
Z, and By = yf = &,. Hence the subsemigroup (3, y) of C(a) generated by 8 and y is a
group. It follows that C(«) is a completely regular semigroup. O

5. Green’s relations

In this section we determine Green’s relations in C(«), including the partial orders
of £-, R-, and J-classes, for an arbitrary @ € 7(X) such that dom(a) = X.

Denote by I'(X) the subsemigroup of 7(X) consisting of all @ € 7(X) such that
dom(a) = X. Green’s relations of the centraliser of a € I'(X) relative to I'(X) have been
determined in [18]. However, except for the relation £, the results for the centraliser
of @ € I'(X) relative to 7 (X) are quite different.

If S is a semigroup and a, b € S, we say thata Lbif S'a=S'b,aRbifaS' =bS!,
and a J bif S'aS' =S'bS ', where S! is the semigroup S with an identity adjoined.
We define H as the intersection of £ and R, and D as the join of £ and R, that is, the
smallest equivalence relation on S containing both £ and R. These five equivalence
relations are known as Green’s relations [9, p. 45]. The relations £ and R commute
[9, Proposition 2.1.3], and consequently D = £ o R =R o L. Green’s relations are one
of the most important tools in studying semigroups.

If G is one of Green’s relations and a € S, we denote the equivalence class of a with
respect to G by G,. Since £, R and J are defined in terms of principal ideals in S,
which are partially ordered by inclusion, we have the induced partial orders in the sets
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of the equivalence classes of £, Rand J: L, < L, if § lacS'b,R, <RyifaS' cbS',
and J, < J,if S'aS' c S'bS!.

Green’s relations in the symmetric inverse semigroup are well known
[9, Exercise 5.11.2]. For all @, 8 € I(X):
(a) a Lpif and only if im(a) = im(B);
(b) aRpif and only if dom(a) = dom(B);
(¢) a9 Bifand only if [dom(a)| = |[dom(B)|;
@ D=J.

Let S be a semigroup and let G be one of Green’s relation in S. For a subsemigroup
U of S, denote by G" the corresponding Green’s relation in U. We always have

G cGnUxU)
[9, p. 56]. We will say that G is S -inheritable if

G =GnUxU).

For example, if U is a regular subsemigroup of S, then £V, R/, and H" are S -inheritable
[9, Proposition 2.4.2]. If GY is S-inheritable, then a description of G carries over to
G’. We will see that L is the only 7 (X)-inheritable Green’s relation in C(a), where
dom(a) = X.

Let € 7(X). Then dom(a)=X if and only if P, =Q,=0. Therefore, the
following corollary follows immediately from Theorem 3.4 and Definition 4.1.

CoroOLLARY 5.1. Let @, B € I(X) with dom(a) = X. Then 3 € C(w) if and only if for all

ne€Ay we B, and o € Cy such that n, w, o € dom(Yy), the following conditions are

satisfied.

(1) Thereisn =[yoy1...)€Aq0orwy={... y_1 Y01 --..) € By such that f mapsn
onto [y; yjs1 . . .) for some j.

(2) B maps w onto some w; € B,,.

(3) B maps o onto some o € C,,.

We will use Corollary 5.1 frequently, not always referring to it explicitly.
TheorEM 5.2. Let a € 1(X) with dom(a) = X, and let 3,y € C(a). Then Lg < L, if and
only if im(B) Cim(y). Consequently, B Ly if and only if im(B) = im(y).

Proor. Suppose that Lg < L,. Then 8 = ¢y for some 6 € C(a), and so im(8) = im(dy) €
im(y). Conversely, suppose that im(8) C im(y). Then 8 = §y for some y € 7(X). We
may assume that dom(d) = dom(g). It now suffices to show that 6 € C(a). Since
dom(a) = X, B € C(a), and dom(B) = dom(d), it follows by Proposition 3.1 that for
every x € X,

x € dom(d) © xa € dom(). (5.1)

We claim that dom(ad) = dom(da). Indeed, it follows from (5.1) and dom(a) = X that
for every x € X,

x € dom(ad) © xa € dom(0) & x € dom(d) © x € dom(da).
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We have (ad)y =af =Ba = (0y)a = (da)y and im(8) C dom(y) (since 8=y and
dom(B) = dom(y)). Let x be an element of the common domain of @d and da.
Then x(ad) € im(d), and so x(ad) € dom(y). Thus (x(ad))y = (x(da))y (since (wd)y =
(6a)y), and so x(ad) = x(da) (since vy is injective). Hence ad = da, which concludes
the proof. O

As we have already mentioned, other Green’s relations in C(«@) are not 7(X)-
inheritable. For their characterisation, we will need the following notation.

Norarion 5.3. Let @, € 7(X) with Be€ C(a). Suppose that =[xy x;...) €A, N
dom(¥3) and 7' = [yo y1 .. .) € A,. Then 8 maps n onto [y; yisi .. .) for some i > 0.
We denote the integer i by (17'3)o. In other words, i = (i7¥3)o if and only if y; = xof.

It may happen that n; = n'¥3 = n'¥}, for some y € C(@) with y # . Then the notation
(m71)o would be ambiguous. However, we will always write such an 7, in the form n'¥s
(or 7'¥)) so that the ambiguity will never arise.

Proposition 5.4. Let @ € 1(X) with dom(a) = X, and let B,y € C(a). Then Rg <R, if
and only if:

(1) dom(¥s) € dom('¥)); and

(2) for everyne A, Ndom(Mp), if ¥ € Ay, then ¥, € A, and (n'¥))o < (M¥s)o.

Proor. Suppose that Rg < R,, that is, 5 = y¢ for some ¢ € C(a). Then, by Lemma 4.2,
Y =5 =¥, ¥, and so dom(¥s) € dom('¥,). Let =[x x; ...) € A, N dom(¥3) and
suppose that 7' = [yo y1 . . .) € Ao. Then (n¥))¥s = n(¥,\¥5) = n'¥s € A,, and so ¥, =
[z0 21 ...) € Ay (since w¥s € B, for every w € B,). Let i = (¥3)0 and j = (¥, ), that
is, xo8 = y; and xoy = z;. We have [z z1 .. )¥5=[yo y1 ...), so d maps [z9 z; . . .) onto
[yp Yp+1 - - .) for some p > 0. Then y; = xof = (xoy)0 = 20 = yp+;. Thusi=p + j, and
so (n'¥y)o = j < i= m¥s)o.

Conversely, suppose that (1) and (2) are satisfied. We will define ¢ € C(a) such
that 8 = y6. Set dom(6) = (J{span(e¥,) : € € dom(¥;)}. Note that this definition makes
sense since dom(¥s) € dom(‘¥,). Let n = [xo x1 . . .) € A, N dom(¥3) and suppose that
n¥s=[oyi...)€A, Then n'¥, =[z0z1...) €A, by (2). Lety; = xof and z; = xoy,
and note that j<i by (2). We define ¢ on span(n¥,) in such a way that 6 maps
[zo 21 ...) onto [yi—j Vij+1 - - .). Note that x((yd) = ZJ'(S =Yi-j+j=Yi = XoB.

Letn=[xo x1...) € A, N dom(¥3) and suppose that ¥ = (... y_1yoy1...) € B,.
By Lemma 4.2, n'¥, = [z0z1 ...) €A orn¥, = (... 21 2021 . . .) € B,. In either case,
let y; = xof and z; = xpy. If ¥, = [z0 21 . . .), we define ¢ on span(7'¥)) in such a way
that 6 maps [zo z; .. .) onto [yi—j yi—js1 ...). fn¥, = (... 212021 .. .) € By, we define
6 on span(n¥,) in such a way that 6 maps (... z_1zoz;...)onto (... y_1 Yo yi...)
and z;0 = y;. Note that in both cases xo(yd) = y; = xof.

Letw={(... x_1 xo x{ ...) € B, Nndom(¥3). By Lemma 4.2, w¥3={(... y_1 yoyi
.0€Byand w¥, =(... z.12021...) € B,. Lety; =xo8 and z; = xoy. We define ¢
on span(w'ty) in such a way that 6 maps (... z_1zpz1...)onto (... y_1 Yo y1 ...y and
Zj6 =Y.
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Finally, leto = (xp . .. x,-1) € C, Ndom(¥3). By Lemma 4.2, 0¥ = (yo ... yp-1) €
Coand 0¥, = (20 ... z4-1) € C,. Lety; = xof and z; = xpy. We define 6 on span(c'¥,)
in such a way that 6 maps (zo ... z,—1) onto (3o . .. y,—1) and z;0 = y;.

By the definition of ¢ and Corollary 5.1, we have § € 7(X), 6 € C(a), and 8 = y0.
Hence R < R,, which concludes the proof. O

Proposition 5.4 immediately gives us a characterisation of the relation R in C(«).
THEOREM 5.5. Let @ € I(X) with dom(a) = X, and let B,y € C(a). Then B Ry if and
only if dom(¥s) = dom(¥,) and for all n € A, N dom(¥p) and k > 0,

€A, and (Mo =kon¥, €A, and @¥)o=k.

For semigroups § and 7, we write S <7 to mean that § is a subsemigroup
of T. Recall that I'(X) = {@ € 7(X) : dom(a) = X}. For @ €I'(X), denote by C’(«)
the centraliser of « in ['(X), and by C(«) the centraliser of @ in Z(X). Then clearly

C'(a) < C(a).
We note that the relation R in C’(«@) is not C(a)-inheritable. Indeed, let X =
{xg, x}, xy, .. yU{xd, x2, x3, ..} U. .., and consider

01=[x(l)xi x;...)I_I[x%x%x%...)l_l---el"(X).
Define B,y €I'(X) by x/f= x;“l and xl'y = xiz”. Then (B,y)eR in C(a) by
Theorem 5.5. However, |A, \ A,¥5/ =1 and |A, \ A,¥| =Np, and so (B,y) ¢ R in
C’(a) by [18, Theorem 4.7].
Recall that for@ € 7(X) and n > 1, C}, = {0 € C,, : 0 has length n}.

THEOREM 5.6. Let a € I(X) with dom(«@) = X, and let B,y € C(@). Then B Dy if and
only if there is a bijection f : dom(¥) — dom(¥,) such that for all £ € dom(¥3), n > 1,
and k> 0:

(1) ife€A,(s€By c€Ch) thenef €A, (sf € By, ef €Ch);

(2) &Ys€A, and (e¥) =k & ()Y, € A, and ((f)¥))o = k.

Proor. Suppose that 8D y. Then, since D = L o R, there is § € C(«) such that § L6
and 6 R y. Let € € dom(¥3). Then, by Theorem 5.2 and Definition 4.1, there is a unique
g1 € dom('¥s) such that ¥ = £|'¥;. Define f : dom(¥3) — dom(¥)) by £f = £;. Note
that f indeed maps dom(¥3) to dom(¥,) since dom(¥,) = dom(¥;5) by Theorem 5.5.

Suppose that £; = gf = &' f = &|, where ¢, &’ € dom(¥p). Then ¥ = £, = | '¥5 =
&%, and so & = &’ since ‘¥j is injective. Let &1 € dom('¥)). Then & € dom('¥5), and so
&% € im(¥s). Since im(‘¥s) = im(¥p), there is & € dom('¥3) such that £¥; = £/'¥5, so
ef = &1. We have proved that f is a bijection.

Let £ € dom(¥3). To prove (1), suppose that £ € A, and ) = gf. If £¥3 € A, then
g¥s=e¥3€A,, and so g1 €A, by Lemma 4.2. Suppose that e¥3=(... y_; yo
yi...) € By. Then, since € € A,, S maps & onto [y; yi+1 ...) for some i. We have
&1¥s = e¥s, so g1 € A, or g € B,. The latter is impossible, however, since ¢ would
map & onto ¥, which would imply that span(¢¥3) C im(6) and contradict the fact
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that im(8) = im(5). We have proved that if € € A, then £f € A,. The proofs of (1) in
the two remaining cases, when & € B, and when £ € C},, are similar.

To prove (2), suppose that e'¥3 € A, and 1 = gf. Then g/'¥5 = e¥3 € A,, and so g1 €
A, by Lemma 4.2. By Theorem 5.5, g € dom(¥,), &/'¥, € A,, and (&;'¥5)o = (&' )o.
But im(8) = im(6) implies that (&1¥3)o = (£1¥5)o, s0 (e1¥)o = (e1'F,)o. The proof of
the converse of (2) is similar.

Conversely, suppose that there exists a bijection f : dom(¥3) — dom(‘¥)) such that
(1) and (2) are satisfied for all £ € dom(¥3), n>1, and k> 0. We will construct 6 €
C(a) such that 8 £ 6 and 6 R y. We set dom(6) = [ J{span(e;) : & € dom(¥,} (which is
equal to dom(y)). Let &1 = ¢f € dom('¥,).

Letg; € A,. Then e € A, by (1). Suppose that ¥ = [yg y; . . .) € A, with i = (£'¥3)o.
By (2), &1'¥, € A, and (&,¥,)o = i. We define ¢ on span(g;) in such a way that § maps
&1 onto [y; yir1 .. .). Suppose that ¥ =(... y_1 Yo y1 ...) € By. Then f maps & onto
[yi Yi+1 - . .) for some i. By (2), £1'¥) ¢ A,, so &', € B,. We define 6 on span(g;) in
such a way that 6 maps €; onto [y; yit1 - . .).

Let &1 € B,. Then € € B, by (1), and £¥;, £1'¥, € B, by Lemma 4.2. We define ¢
on span(g) in such a way that 6 maps &, onto &'¥3. Finally, let &) € C},, where n > 1.
Then € € C}, by (1), and ;'¥, € C;, by Lemma 4.2. We define ¢ on span(e;) in such a
way that 6 maps & onto £¥j3.

By the definition of §, Corollary 5.1, Theorems 5.2 and 5.5, we have ¢ € 7 (X),
6eC(a),B LS, and 6 Ry. Hence 8 D y, which concludes the proof. O

In the semigroup 7 (X), we have J = D. We will see that, in general, this is not true
in C(@). The following theorem describes the partial order of the J-classes in C(a).

THEOREM 5.7. Let a € 1(X) with dom(a) = X, and let 8,y € C(a). Then Jg < J, if and
only if there is an injection g : dom(¥3) — dom(‘¥,) such that, for all £ € dom(¥s) and
n > 1, the following conditions are satisfied.

(1) Ife€A,, thenege A, U B,.

(2) IfeeB,(e€(Cl) thenege B, (egCh).

(3) Ife¥s €A, then (eg)¥, € A, and ((g)¥))o < ('¥3)o.

Proor. Suppose that Jz <J,, that is, § =0y« for some 6,k € C(a). Then, by
Lemma 4.2, ¥ = ¥, = ¥5'¥, ¥, and so if £ € dom(¥), then £ € dom('¥5) and £'¥; €
dom(¥,). Define g : dom(¥3) — dom(¥,) by £g = £'¥5. Then g is injective since ¥ is
injective.

Let £ e dom(¥3) and n > 1. Then g satisfies (1) and (2) by Lemma 4.2. Suppose
that e¥s = [yo y1...) €A,. Thene=[xp x1...) €A, by Lemma 4.2, and ((eg)'¥))¥; =
(YY) =¥ €A,.  Thus (e, =[z021...) €A, (since w¥ € B, for every
weB,) and [z0z1 .. Y¥=Doyi...). Let eg=e¥ =[vov;...) and note that
vovi.. ¥, =1lz0z1...). Let xo8 =i, x00 = v, voy =z, and 20k =y, (s0 i = (e¥3)o
and j = ((s9)¥,)0). Then y; = xoB = (X08)(¥K) = (VyY)K = ZpsjK = ¥psjorg Thus i=
p+j+g,andso ((g)¥)o=j=1i—p—q<i=(g¥). This proves (3).
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Conversely, suppose that there exists an injection g : dom(¥3) — dom('¥;) such that
(1)—(3) are satisfied for all & € dom(¥3) and n > 1. We will construct J, k € C(a) such
that 8 = dy«k. Set

dom(d) = U{span(s) : &€ € dom(¥3)},
dom(k) = U{span(sl) &1 = (eg)¥, for some & € dom(¥s)}.

(Note that dom(6) = dom(f).) Suppose that £ € dom(‘s).

Lete=n=[xox;...)€A,.

Suppose that 7% = [yo yi . ..) € A,. Then (ng)¥, =[z021 ...) €A, by (3), and so
ng=[vovi...)€A, by Lemma 4.2. Let xof =y; and vy =z;. Then j<i by (3).
We define ¢ on span(n) in such a way that § maps [xo x; ...) onto [vy vy ...); and «
on span((n7g)¥,) in such a way that x maps [z z1 . ..) onto [y;—; yi-j+1 . . .). Note that
Xo(0yK) = vo(yK) = ZjK = Yi-jsj = Yi = XoP-

Suppose that ¥ = (... y_1 Yo y1 ...) € Bo. By (1) and Lemma 4.2, there are three
possible cases to consider.

Casel. ng=[vovi...)€Ayand mg)¥, =20 21 ...) € A,.

Let xo8 =y; and voy =z;. We define ¢ on span(s;) in such a way that ¢ maps
[x0 x; ...) onto [vg vy .. .); and x on span((17g)'¥,) in such a way that x maps [z z; . . .)
onto [yi—j i-js1 - - -)-

Case2. ng=[vovi..)€A,and mg)¥, =(... 2.1 2021 ...) € B,.

Let xo8 =y; and vy =z;. We define ¢ on span(s;) in such a way that ¢ maps
[xg x;...) onto [vovy...); and x on span((ng)¥,) in such a way that « maps
(... 2212021 ..y0nto (... y_1yoyi ... and zjk =y;.

Case3. ng=«(...voivovi..)€Byand M)W, =(... 2212021 ...) € B,.
In this case, we define ¢ and « exactly as in Case 2.

Let e=w={(.. x_1x0x1...)€B,. Then w¥s=( .. y_1yoy1...)€B,, wg=
(... v_1voVvi..)EB, (by (2)), and (n9)¥, =(... z-12021...) € B,. Let xo8=y;
and voy = z;. We define ¢ on span(w) in such a way that 6 maps (... x_; xo X1 ...)
onto {... v_y vo vy ...) and xod = vop; and  on span((r7g)'¥}) in such a way that x maps
the double chain (... z_;zgz;...)onto (... y_1 yoy1 ...)and z;k = y;.

Finally, let e=0 =(xg... x,-1) € C,, where n>1. Then c¥5=(yg... yp-1) €
Ch,08=Wo...vu-1)€C (by (2)), and (@)W, = (20 ... z4-1) €C,. Let xo8=y;
and voy =z;. We define 6 on span(w) in such a way that ¢ maps (xp... X,—1)
onto (Vg ... v,—1) and xoé = vp; and « on span((ng)¥,) in such a way that x maps
(zo ... Zn—1)0onto (Vo . .. yp—1) and zjk = y;.

By the definitions of § and « and Corollary 5.1, we have 6, « € 7(X), 6, k € C(«), and
= 0yk. Hence Jg < J,. m|

Theorem 5.7 gives us a characterisation of the relation . in C(a).
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THeEOREM 5.8. Let a € I(X) with dom(a) = X, and let B,y € C(@). Then B.J v if and
only if there are injections g, : dom(¥3) — dom('¥)) and g> : dom(¥,) — dom(¥s) such
that for all &1 € dom(¥p), &, € dom(¥,), n> 1, and i € {1, 2}, the following conditions
are satisfied.

(1) Ife;eA,, theng;igi€ Ay U B,.

2) If&i € B, (g € Cz), then £igi € B, (eigi € C(r;)

(3) Ifep € Ay, then (e181)Yy € Ay and ((£181)F))o < (e1'%3)o.
4)  If ey € Ay, then (£282)Y5 € Ap and ((£282)¥p)0 < (£2'F))o.

The injections g; and g, from Theorem 5.8 cannot be replaced by a bijection
g : dom(¥3) — dom(¥y). Indeed, let

1 1 2 2 2 .1 .1 2 .2 .2
X:{x09x1’x29---}U{-x09x],x2’~-~}U'"U{y()aylayza---}U{y()’y]ayz’-~-}u---,

and consider

az[x(l)x} xé...)Ll[x(z)x%xé...)I_l---I_l[y(l)y}yé...)l_l[y%y%y%...)Ll---el"(X).
Define B,y €Z(X) by dom(B)={x":n>1,i>0}, x"B=y>", dom(y)={x""':
n>1,i>0}, x'y=yl and x""'y =y*! for n>2. Then (1)-(4) of Theorem 5.8
are satisfied with [x2" x2" x3" .. )gy =[x a3 o L) and [0t ot xd!
.08 = [x(z)" x%" x%” oym=1),5089y.

However, no bijection g :dom(‘) — dom(¥,) can satisfy (3) of Theorem 5.8.
Suppose that such a bijection exists. Then ;¢ = [x(l) xi xé ...) for some & € dom('¥3)
(since g is onto). But then ((£1g)%)o =1 (since xyy =) and (g;%) =0 (since
x2"B = y3" for every n > 1), and so (3) is violated.

By the foregoing argument, there is no bijection f : dom(¥3) — dom('¥)) such that
(2) of Theorem 5.6 is satisfied. Hence (8, y) ¢ D in C(«).
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