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Some Rigidity Results Related to
Monge—Ampere Functions

Robert L. Jerrard

Abstract. The space of Monge—Ampere functions, introduced by J. H. G. Fu, is a space of rather rough
functions in which the map u + Det D?u is well defined and weakly continuous with respect to a
natural notion of weak convergence. We prove a rigidity theorem for Lagrangian integral currents that
allows us to extend the original definition of Monge—Ampere functions. We also prove that if a Monge—
Ampeére function # on a bounded set Q C IR? satisfies the equation Det D?u = 0 in a particular weak
sense, then the graph of u is a developable surface, and moreover u enjoys somewhat better regularity
properties than an arbitrary Monge—Ampere function of 2 variables.

1 Introduction

The space of Monge—Ampere functions, introduced by J. H. G. Fu [7,8], is the largest
known space of functions u: & C R" — R for which all minors of the Hessian
D?u, including, in particular, the determinant det D?u, are well defined as signed
Radon measures and weakly continuous in a certain natural sense. This makes it an
interesting function space from the point of view of analysis and nonlinear potential
theory, and also possibly useful for some problems in the calculus of variations and
non-smooth geometry.

Technical restrictions in Fu’s work forced him to work with Monge—Ampere func-
tions that are locally Lipschitz. The first goal of this paper is to show that basic proper-
ties of Monge—Ampere functions, in particular, an underlying theorem about rigidity
of Lagrangian intergal currents, which guarantees that the measures associated with
det D?*u and with other minors of the Hessian are in some sense canonical, remain
valid without this local Lipschitz condition. This is carried out in Theorem [£.1]and
its corollaries, and it allows us to expand the space of Monge—Ampere functions to
what we believe is its natural generality and to strengthen Fu’s weak continuity re-
sults. In [13], examples were constructed showing that in n-dimensions there exists
a Monge—Ampere function u that is not Cﬁ)’z for any v > -, so the local Lipschitz
assumption that we remove is genuinely restrictive.

The other main result of this paper, Theorem establishes a rigidity property
of a function u: @ C R* — R solving the equation det D*u = 0, where det D*u
is now understood in the sense of Monge—Ampere functions. If u: @ — Ris a
sufficiently smooth function and det D?u(x) = 0 in 2, then it is a classical fact that
the graph of u is a developable surface, in the sense that for every x € 2, either u

Received by the editors July 24, 2007.

Published electronically December 4, 2009.

The author was partially supported by the National Science and Engineering Research Council of
Canada under operating Grant 261955.

AMS subject classification: 49Q15, 53C24.

320

https://doi.org/10.4153/CJM-2010-019-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-019-8

Some Rigidity Results Related to Monge—Ampére Functions 321

is affine in a neighborhood of x or x belongs to a line segment that intersects 02
at both ends and along which Du is constant. This was proved by Hartman and
Nirenberg [11] for u € C? and by Kirchheim [15] when u € W2°°, Pakzad [16]
showed that Kirchheim’s proof can be extended to u € W?*? via a lemma that shows
that if u € W?2(Q) solves the equation det D*u = 0, then u is C'. Pogorelov [17]
established a similar developability property for functions that are merely C!, without
any kind of condition about det D?u, but assuming that the image of the gradient map
has Lebesgue measure 0. Here we prove an analogous developability result when u is
merely a Monge-Ampere function. In this case u need not be C!, in fact the gradient
Du is in general merely a function of bounded variation, so that the statement “Du
is constant along a line segment” here means that either every point of the segment
is a Lebesgue point, or every point is a jump point of Du, with the same jump at all
points on the segment. The theorem thus implies a modest but optimal regularity
property: every point of €2 is either a Lebesgue point of Du or belongs to the jump set
of Du.

A Monge—Ampere function u: R* — R is defined in terms of an n-dimensional
integral current in R” x R”, denoted [du], that can be thought of as a generalized
graph of the gradient Du. This current is required to be Lagrangian with respect
to the canonical symplectic form, see (2.6); roughly speaking, this means that it is
weakly curl-free. It should be noted that in the language of Cartesian currents, (see
Giaquinta, Modica, Soucek [10]) a Monge—Ampere function u is precisely a func-
tion whose gradient supports a Lagrangian Cartesian current. Thus, many of our re-
sults can be stated as theorems about Cartesian currents. For example, Corollary[4.2]
implies that a Lagrangian Cartesian current is uniquely determined by its support
function.

The measures associated with minors of the Hessian are defined using this current
[du] (see ([4.2)); this is motivated by the fact, recalled in (2.4)), that if u is smooth, one
can recover all minors of the Hessian by integrating suitable n-forms over the graph
of the gradient.

1.1 Some Related Work

Fu established a rigidity result for Legendrian currents, as a corollary of his result
about Lagrangian currents [7]. This Legendrian version of the theorem has subse-
quently been used in a number of applications, including works that develop a theory
of curvature measures for a number of classes of rather irregular subsets of Euclidean
space, including subanalytic sets [9], Lipschitz manifolds [18], and o-minimal sets
[3]. These works rely on the notion of a normal cycle, which is a Legendrian current
in R" x $"~! that bears roughly the same relation to the graph of the Gauss map as the
current [du] associated with a Monge—Ampere function has to the graph of the gra-
dient. The uniqueness theorem for Legendrian cycles has also been used for further
developments of general theory related to Legendrian cycles (see for example [2]) and
in problems, arising in computational geometry, relating to estimating curvatures in
polygonal approximations of smooth surfaces (see [4]). By contrast, the Lagrangian
version of the theorem, and corresponding results about Monge—Ampere functions
and weak continuity of minors of the Hessian, have to date received less attention. In
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fact, the authors of several recent papers [6, 12, 14] that discuss the weak continuity
of the map u — det D*u seem to be unaware of Fu’s earlier work: this is certainly the
case for the work of N. Jung and the author [14]. These papers interpret det D*u in
the sense of distributions, which has the advantage of making it possible to extend the
theory to certain functions for which det D?u is not a measure. In situations where
it is natural to require that det D?u be a measure, however, the geometric measure
theory framework of Monge—Ampere functions (equivalently, Lagrangian Cartesian
currents) yields sharper results.

We finally mention the note [13], which presents some examples and attempts to
give an elementary treatment of some aspects of Monge—Ampere functions.

1.2 Organization of This Paper

In Section 2] we recall some background and fix some notation. The definition of
Monge—Ampere functions is given in Section 2.5} Section [3] contains some general
geometric measure theory results that are used throughout the rest of the paper.

Section[d contains the proof of our version of Fu’s rigidity theorem for Lagrangian
currents. This theorem says, heuristically, that a Lagrangian integral current in
R" x IR" with no boundary and with finite mass in sets of the form K x R", K com-
pact, is uniquely determined by its “most horizontal part” We also deduce some
corollaries, including results about the weak continuity of the map u — det D?u, as
well as corresponding results for other minors of the Hessian. In particular, the defi-
nition of det D?u for a Monge—Ampére function u is given in (#.2); see also Remark[3]
where the relation between our notion of det D?u and the distributional determinant
of the Hessian is discussed.

Section [5] establishes a result that completely characterizes certain 1-dimensional
slices of the current [du] associated with a Monge—Amere function u, see Proposi-
tion This is essentially equivalent to a description of that part of the currrent
[du] corresponding to the second derivatives of u, i.e., the 1 X 1 minors of D?u (see
Proposition 5.1]). These rather technical results are used in Section [f]in the proof of
our second main result, Theorem 6.1} which shows that if u:  C R? — R s a weak
solution (in the sense of Monge—Ampére functions) of the equation det D’u = 0,
then the graph of u is a developable surface in the sense described above.

2 Notation and Background
2.1 General Notation

If 14 is a Radon measure, we write iz > 0 to mean that p(A) > 0 for all measurable A,
and we write p; < p, when pp — pyp > 0.

We write I(k,n) := {a = (a1,...,q) € 71 <o < - <o < n}.
For o € I(k,n) we write & to denote the element of I(n — k, n) with the property
that (ay,..., 04, 01, ..., &y—k) is @ permutation of (1,...,n). We write sgn(a, &)
to denote the sign of the permutation. We write 0 to denote the unique element of
1(0,n),and 0 := (1,...,n). If a € I(k, n) is a multiindex, then |a| = k.

IfA = (aij)ijl isan n x n matrix and «, 3 € I(k, n), then M*?(A) = det[A*?],
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where A%? is the k x k matrix whose i, j entry is a,, 5~ We use the convention
M®(A) =1.

We write B,(a) to denote the open ball {x : |x — a| < r}; the ambient space is
normally clear from the context.

We often implicitly sum over repeated indices. However, when we sum over mul-
tiindices, we normally indicate the sum explicitly.

2.2 Geometric Measure Theory Notation

We assume some familiarity with basic definitions and facts of geometric measure
theory, such as currents, rectifiability, the coarea formula, and properties of func-
tions of bounded variation. Here we recall some notions that will be used often, and
we point out some ways in which our notation differs from that found in standard
references such as Federer [5].

If v: Q© — R’ is a BV function, then we write J, to denote the jump set of v, and
for x € J,, we write v"(x), v~ (x) to denote the approximate limits of v on the two
sides of J,( see [1, Proposition 3.69].)

We say “j-rectifiable’, or if no confusion can result, simply “rectifiable” to mean
what Federer (see [5, 3.2.14]) calls “countably (H/, j) rectifiable.”

We follow convention and write || T|| to denote the total variation measure associ-
ated with a current T of locally finite mass.

If T is an /-rectifiable subset of some Euclidean space RM, and m: I' — (0, 0o)
and 7: T' — A/RM are H* measurable, locally integrable functions such that 7(x) is a
simple /-vector associated with the approximate tangent space T,I" at H’ a.e. x € T,
then we write T(I", m, 7) to denote the current defined by

(2.1) T, m, 7)(¢) = /((b(x), 7(x))m(x) dH" (x).

r

A current of the form is said to be rectifiable. If |7| = 1 and m(x) € Z for H'
a.e. x € I, then we say that T(I", m, 7) is integer multiplicity rectifiable, abbreviated
as i.m. rectifiable.

If W is a j-rectifiable subset of some R’, and Z is a k-rectifiable subset of R™, and
F: R’ — R™ is a Lipschitz map such that F(x) € Z for H/ almost every x € W, then
we will sometimes write Jiv_ zF to denote the Jacobian as appearing in the coarea
formula; see [5, 3.2.22]. This might be written by Federer as “Ji f, where f is the
restriction of F to W.” We will normally omit the subscripts when no confusion can
result.

2.3 Notation Related to Product Space Structure

The setting for most of our results is a product space, which we will often write as
Qp, x Q,, with €, an open subset of R” and 2, an open subset of R™. We will refer
to €, and £, as horizontal and vertical, respectively. Except in Section 3, we require
that m = n. In cases when (), is a Euclidean space, we will often drop the subscripts
and simply write 2 C R” for the horizontal space, and 2 x R™ for the product space.
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We write py: ) x Q, — @ and p,: Q) x Q, — , to denote the natural
projections.

We always write (xi,...,x,) and (& ...,&,) for coordinates on the horizontal
space {2, and the vertical space €2, respectively. Thus dx;, . . ., dx, will denote hori-
zonal covectors, and d¢i, ..., d¢,, vertical covectors. We also write {e;,...,e,} to
denote the standard basis for the tangent space to §2j,, and {&1, . .., &, } to denote the
basis for the tangent space to €2,. The bases for the spaces of vectors and covectors are
assumed to be dual in the sense that (dx, A dg, e, Aes) = 1ifa =yand§ = [ and
0 if not. Here, for example, dx,, := dxa, A -+ Adx,, ifa = (i, ..., a;) € I(j,n).

We write D(€), x€,) to denote the space of all C*>* ¢/-forms with compact support
in , x £,. For a covector ¢ = Z|a|+\3\:j+k P dx, A d€g, we will write

(2.2) Pitg =" ¢ dx, A ds.
i

For a differential form ¢ € DiTk(Q, x €,), we define (P7*p)(x, &) = Pikg(x, &).
For a current T € D; (2 x ), we define P;;T(¢) = T(Pi*¢). Note that

P;xT(I',m,7) = T(L', m, P;x7), where P;;7 is defined as in (2.2). Given a vector
w € Tx6) (2 x £1,), we will often use the notation

n m

(2.3) wh =Y (w-e)ei=Piow,  w,=Y (w-&)ei = Pow.

i=1 i=1

For v € C'(Q2;R™), following Giaquinta, Modica, and Souéek [10] we write G, to
denote the current associated with integration over the graph of v.

@9 G0 = [ 0w sen(o, M D) d.

laf+|5]=n

Thus P, G, encodes the k X k minors of Dv. If v € WL for p > min{m, n}, then
the above expression still makes sense and G, = 0in 2 x R™ (see [10]).

We remark that if T is an ¢-current of locally finite mass in {2 x R"” such that
IT|I(K x R™) < oo for every compact K C €2, then T(¢) is well defined whenever
¢ is a smooth ¢-form with support in K x R, the point being that compact support
is not required in the vertical directions. Indeed, let xr be a family of functions such
that XR(xa g) = Lif ‘€| < R, XR(xvg) = 0if |§| > 2R, and |V§XR| < C/R and
Vixr = 0. Then it is easy to check that limg_, T(xr¢) exists and is independent
of the specific choice of {xr}; this is how we define T(¢).

For such T it follows that p;:T is well defined, where py:T(¢) = T(p}¢$) for
¢ € D). One can also check that the standard identity OpjsT = ppeOT still
holds, as long as (|| T|| + [|OT||)(K x R™) < oo for K compact. Indeed, if we let xr
be as above, then

OpwT(9) = prT(dd) = lim T(xrpjde) = lim T(xrdp}o)

= RILIIOIO[T(d(XRPZ(Z))) — T((dxw)py®)] = puT.
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2.4 lagrangian Currents

We write w to designate the standard symplectic formw = Y7 dx; AdE; on R” X R”
or any open subset thereof, so that if v, w are vectors, then

n

wrAw) = [(v-e)w &) — (v-e)(w-e)] =v-Iw,

i=1

where Je; = ¢;,Je; = —e;. For n > 2, an n-plane P in R" x R” is said to be
Lagrangian if (w, 7 A7') = 0 for any two vectors 7, 7/ tangent to P. (When n = 1 we
consider every 1-plane in R x R to be Lagrangian.) A rectifiable n-current in R” x R”
is Lagrangian if " a.e. approximate tangent plane is Lagrangian.

Note that the current G, associated as in with a smooth map v: 0, — R" is
Lagrangian if and only if Vij = v}, for all 7, j. This is not hard to check. In particular,
ifu: Q, — Ris a smooth function, then Gp, is always Lagrangian.

An alternate definition is sometimes given, whereby if U is an open subset of
R" x R", n > 2, then a current T € D,,(U) is said to be Lagrangian if T(w An) =0
for every € D"~2(U). It is clear that this condition is preserved under weak con-
vergence.

The alternate definition makes sense for currents that are not necessarily rectifi-
able, and it agrees with the one we have given for rectifiable currents. We sketch the
well-known argument: recall that

(WARTIA ATy = Z sgn(a, @) (W, Tay A Tay) (1, Tay A= AN Ta, ) =0
a€l(2,n)

for every n—2-covector ). From this it is not hard to see that an n-plane is Lagrangian
ifand only if (w A n, 7) = 0 for every n — 2-covector 7 and every orienting n-vector
7. Then the equivalence of the two definitions (whenever both make sense) can be
verified by rather standard measure theoretic arguments.

2.5 Definition of Monge—Ampere Functions

If Q is an open subset of R”, then u € WIL’CI () is said to be a Monge—Ampere func-
tion if there exists an n-dimensional i.m. rectifiable current [du] in Q0 x R" such that

(2.5) Oldu] =0,

(2.6) [du] is Lagrangian,

(2.7) [ldu]||(K x R") < oo whenever K C §2 is compact,
(2.8) [dul(¢pdx; A --- Ndx,) = /¢(x, Du(x)) dx,

for every ¢ € C>°(Q2 x R"). If u is, for example, C?, then the current Gp, associated
with integration over the graph of Du satisfies these conditions. For example, in this
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case (2.8) is an immediate consequence of (2.4). Property (2.3) and rectifiability are
well known (see for example [7,10].

The earlier work of Fu [7, 8] gave a different definition of Monge—Ampére func-
tions in which ([2.7) was replaced by the stronger condition that [du] be “locally ver-
tically bounded”, which can only hold if u is locally Lipschitz. The terminology here
also differs slightly from that used in [13], where we reserved the term Monge—Ampere
for functions u such that M([du]) < oo; functions satisfying (2.5)—(2.8) were called
locally Monge—Ampere functions.

If u is a Monge—Ampere function, then Du has locally bounded variation (see [7]
for the proof). Examples of Monge—Ampere functions include convex functions, or
more generally functions of the form min{u;, ..., u;} where uy, . . . , uy are semicon-
vex (see again [7]). From these examples it follows that Monge—Ampere functions
need not belong to W2# for any p > 1.

3 Decomposition of a Stratum of T

In this section we assume €, is an open subset of R", €2, is an open subset of R™,
and j, k are nonnegative integers with j < n and k < m. We first state a lemma
that assembles some results from [5] and fixes some notation that we will use in this
section.

Lemma 3.1 Assume that T = T(I', m, ) is a rectifiable j + k-current in Qp, x 2, C
R" x R™ with M(T) < 00, and define

(3.1) Ty = {x € Q: Hp, ' (x) N T) > 0}.

Then T, is j-rectifiable, and the following hold for H/ a.e. x € T'y. First, we can write
7(x, &) in the form

(3.2) (%, &) = (1} + T A AT+ T AT AT

for H* a.e. & € p; ' (x) NT, using the notation (23)), where {TZ}{,ZI are orthogonal and
{T‘f}?:j_'_l are orthonormal, and 7 L 7i' foralli < jandi’ > j. Next, if we write

(3.3) Ly(x) == {(x,&) € p, ' (x) Nz Jr—p, palx, &) > 0},
then T, (x) is k-rectifiable, and at H* a.e. point in T, (x),
(3.4) span{7},... ,T}Z} =TIy, span{7/™!, ... ,TJHC} = Toly(x).

Finally,

(3.5) T, P, €) = |7 A AT

The proof, consisting mostly of a string of references to Federer [5], is given at the
end of this section.
The main result of this section is the following.
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Proposition 3.2 Assume that T = T(I',m, 7) is an i.m. rectifiable j + k-current in
Qp x 2, and that M(T) + M(OT) < ococ. Further assume that Pj,, T = 0.

DefineI'y, and ', (x) as in LemmaB.1} and let 7j,: 'y — A;jR" be a measurable map
such that 7,(x) is for H a.e. x a unit simple j-vector associated with T, I'y,. Then for
a.e. x € I'y, there exists an i.m. rectifiable k-current V. in 3y, x Q, carried by I', (x), such
thatifa € 1(j,n), B € I(k,m), and ¢ € C°(y, x €1,), then the map x — V(¢ dg)
is /L Ty integrable, and

(3.6) T(pdx, Ndég) = / V(¢ dég) {dxa, T (x)) dH (x).

Ty

Ifin addition OT = 0in Y, x ,,, then OV, = 0in , x Q, for H/ a.e. x € Ty,. Finally,
if A is any Borel subset of Q, x §,, then

(3.7) IVel[(A)F (dx) < [|T][(A).

Ty

If j = n, then the condition P}y x—; T = 0 is automatically satisfied, and for L"
a.e. x € , the current V, is just a slice (T, py, x) of T by a level set of the projection
Pn: Qh X QV — Qh.

Remark 1 One can use the rectifiable slices theorem of B. White [20] to show that
P; ;T can be identified with a rectifiable flat j-chain in €, with coefficients in the
(normed abelian) group of flat k-chains in €2,. In fact this argument can be used to
prove Proposition although that proof would be more difficult than the one we
give here. Note that on a purely formal level, the expression on the right-hand side of
([B.9) looks like a rectifiable j-current in €2, carried by the set ', oriented by 73,(&),
and with “multiplicity” at x € I'j, given by V.

For the proof of the proposition we will need the following.

Lemma 3.3 Assumethat T = T(I', m, T) is an i.m. rectifiable j+k-current in 0, X2,
and that N(T) := M(T) + M(OT) < oc. Further assume that P,y T = 0 for all
0> 1. Then ||T|| = ||T|| L (Th x §,), for T'), as defined in (B.1)) above.

The conclusion of the lemma can fail if we do not assume M(9T) < oo or if for
example Pjygx_,T # 0 for some £ > 1.

Proof First suppose that j = 0, in which case the hypotheses imply that T = Py, T.
We may suppose that k > 1, since the conclusion is clear if j = k = 0. It suffices to
show that there exists a finite or countable set {x'} C €, such that

(3.8) T=TL U{x'}xQ),

since then the definition (3] implies that I'; C {x;}. As remarked by Fu [7], (3.8)
follows from Lemma 3.3 in Solomon [19]. We recall the argument for the reader’s
convenience, and because we will need it later: first, using [5, 4.2.25] and the assump-
tion that T is integer multiplicity, we can write T as a countable sum T = Y T; of
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indecomposable components, with N(T) = > N(T;). Solomon’s lemma asserts that
if f is any Lipschitz real-valued function such that (T, f,r) = 0 for a.e. r € R, then
each T; is supported in a level set of f. Let fy(x,£) = ¢, - x = x,forq € {1,...,n}.
Then for every ¢ € D1(Q, x )

/ (T, f,,7) (@) dr = T(dx, A @) = 0,

since PoxT = T. It follows that (T, f;,r) = 0 for a.e. r, and hence that for each
T;, there exists some 11, ..., 1, such that T; is supported in ﬂZ:1 fq_l(r’q). In other
words, if we write x' = (ri,... 7)), then T; = T; L ({x'} x €,), establishing the
lemma when j = 0.

Next we prove the lemma for arbitrary positive j < n. For a € I(j,n), let
Pa(x,€) = (Xays---:%,,). For every o and a.e. y € R/, the slice (T, pa,y) is a
k-dimensional rectifiable current with finite mass and finite boundary mass, and it is
easy to check that Pyx_¢(T, pn, y) = 0 forall £ > 1. Thus the j = 0 case implies that
(T, pa, y) has the form (B.8). In particular the definition (B.I)) of T';, then implies that
(T, pa, y) is supported in T'j, x §2,. Then for B = (£, \ T',) x €, we have

M(TLB < > [ MUT pa,y) L B)ALI(y) =0.
acl(m 'R

This completes the proof of the lemma. ]

Proof of Proposition[3.2] In this proof we write Jp, instead of Jr_r, ps. We use
notation from Lemma [3.] throughout.

It is convenient initially to assume that T satisfies the hypotheses of Lemma [3.3]
which are stronger than those of the theorem in that we require P;,¢x_¢T = 0 for all
¢ > 1, rather than only for £ = 1. This assumption will be relaxed in Step 3.

Step 1. Let us write T* = {(x,&) € I': Jpu(x,8) > 0}, so that T',(x) =
I'* N p, ' (x). LemmaB.dlimplies that 3/** a.e. in I'*,

T;}/\~~~/\TP{ _ A AT

ITh A AT Jpn

is a unit simple vector orienting T,[';, so there exists some function o(x,&): I'* —
=£1 such that '
A AT(x,€)

Jpn(x,§)
i+l

a.e.in ', Next, let us write 7,(x, ) := o(x, )7/ A-- A7) Thenif|a| = j, |5 =k,

= o(x,{)mh(x)

(39) <dxa A df‘ﬁ, T> = <dxa A d§x37Pj7kT>
= <dxa/\d§ﬂ,7'hl/\-~~/\7’;{/\ij+1/\--~/\7‘7>
= ]Ph(xv £)<dxav Th> <d£97 T‘V>'
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Lemma[3.3limplies that H/** almost all of T is contained in I'}, x €2,,, so that pj, maps
almost all of T" into I';. Using the coarea formula [5, 3.2.22] and (B.9]) we can write,
still for |o| = 7, |8] =k,

(3.10) T(¢p dx,, N df/j)

- /F 0, €) (dxo A dEs, 7(x, €))m(x, )dITH(x, €)

(dxo N dEs, T(x,8)) k j
_ AFE(€)dr
/F | /F e gm0

— [ o0 mymix. &) d3¢©) (dso, ) d30 o).
Ly ~JTy(x)

Recall from Lemma[B.Ithat for H/ a.e. x € Ty, I',(x) is H*-rectifiable and 7, (x, £) is
a unit simple tangent vector orienting T, ¢I',(x) for Hr ae. (x,&) € I'y(x). So the
current V, defined by

(3.11) V. (pde ) = /F s, Tm(x ) 499

is rectifiable for 3/ a.e. x. Combining (3.I0) and (3.I1)), we have proved (3.6)). Note
that x — V(¢ d&s) is H7 L T, -integrable; this too is a consequence of the coarea
formula [5, 3.2.22].

Step 2.

Note that T is i.m. rectifiable if and only if m(x, £) is an integer H/** almost ev-
erywhere, and similarly V, is i.m. rectifiable for (7 a.e. x if and only if for H/ a.e. x,
m(x, €) is an integer for H* a.e. £. By the coarea formula again, the former condition
implies the latter.

Step 3. 'We now prove that the same conclusions remain valid if we merely assume
that Pj;; x—1T = 0. If this holds, define T" = >, Pjirx—¢T. We claim T’ verifies
all the hypotheses of Steps 1 and 2 above. It is clear that Piiok—¢T" = 0 for every
¢ > 1 and that M(T') < M(T) < oo. To see that M(OT’) < oo, one checks from
the definitions (and using the hypothesis Pj;; 1T = 0 for the third equality below)
that if we write P'¢ = >, Pitbk=t=14 then

9T'(¢) = T'(d¢) = T'(dP'¢) = T(dP'¢) = OT(P'¢).

Since |P'¢(x)| < |o(x)| at every x, this implies that M(OT’) < M(JT). In addition,
we prove in Lemma [3.4] below that T’ is i.m. rectifiable, so we have checked all the
relevant hypotheses.

Let us write '/ to denote the set that carries T’. Clearly I'Y C T up to a set of
HI™* measure zero. Applying Steps 1 and 2 to T’, we find that for H/ a.e. x € T} :=
{x € Q= 3K ph_1 (x) NT") > 0} there exists a current V, such that (3.6) holds with
T,Ty, Vi replaced by T/, T, V..
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Since I'" C T, it is clear that I'; C T. It is clear from the definition of T’ that
PjT = P;T’, so if we define

V. — V) %fx eIy,
0 if not,
then (B.8)) is satisfied by T.
Step 4. 'We now prove that
(3.12) ifOT = 01in ), x Q,, then IV, = 01in ), x Q, for H’ a.e. x.
To see this, fix 1y € DIF=1(Q, x Q,) of the form (x, &) = f(x)g(x,&)dxa A dés
where |a| = jand |3| = k — 1. The fact that P;;; x_; T = 0 and (3.6) imply that

0= OT(W) = T(dw) = T(D feedée A dxa A dSs)
l

= (—1)1‘/ Ve( S faoder ndgs) (o, mi(x)) 30 (o).
T, 7
Similarly, since V is supported in {x} x € with P 4V, = 0,
Ve(D faadss ndgs) = 1) OVi(g o).
¢

It follows that
V(g d&p)(dxa, Th(x)) f(x) dHI (x) = 0

T

for all f,a as above, and hence that OV, (gd&”) = 0 for H/ a.e. x € I'j. Since
g, B were arbitrary, linearity and the fact that V. = Py ;V, imply that for every ¢ €
Dy x ),

(3.13) OV, () = 0 for H/ a.e. x € Ty,

Now let {1)9}2°; be a countable dense subset of D1y, x Q,). In view of (B.13),

there is a subset of I'j, of full 3/ measure, in which 9V, (¢)7) = 0 for every q. By
density, 0V, = 0 at every x in this set, proving (3.12).

Step 5. Finally, to verify (B.7), note from (B3] that Jp, < 1 a.e.in T, so that the
coarea formula implies that

/ IVl ()3 (dx) = / / m(x, €)34(d€)I0 (dx)
Iy T, JI,(x)NA
:/rM@MM@Wme
T'NnA

< / m(x, £)H I (dx d€) = || T]|(A).
I'NnA

This completes the proof of the proposition. ]
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We conclude this section with the proof of Lemma[3.1}

Proof of Lemmal3.1] The rectifiability of I'j is a special case of [5, 3.2.31]. It then
follows from [5, 3.2.22] that for H/ a.e. x € I'},, at H* a.e. £ € ph_l(x) Na.eI, the
approximate tangent space T(x¢)I" is mapped by pj, into a set of dimension at most
j. The expression (3.2) for 7 follows at such points by elementary linear algebra:
given a basis 7!, ..., 7/ for T(, ¢, we can construct a new basis {7'} with the
property that the horizontal parts {7/} are orthogonal. Since the horizontal parts
span a space of dimension at most j, they can now be nonzero for at most j of the
resulting vectors. The remaining vectors, which are necessarily purely vertical, can
be taken to be orthogonal by a similar argument, and can further be taken to be
orthogonal to span(7),...,7/). We obtain after relabelling and normalizing
suitably.

Next, (3.4) follows by writing conclusions from [5, 3.2.22 (1); 4.3.8 (3)] in terms
of the basis appearing on the right-hand side of (3.2)).

Lastly, to compute Jpy, let {7 f:f be an orthonormal basis for T ¢)I" such that
FIAN AT = (Rt + 1) A A(r] + 7)), and with # = 7/ fori > j. Then
dpp(7') = 7, = 0 for i > j, so the Cauchy—Binet formula yields

]Ph(’%f)z - Z |dph(7~'al)/\~»./\dph(7‘=aj)|2

a€l(j,j+k)

= |dpu(F) A - Adpp(F))? = |dpu(rh) A -+ Adp(TT)
= A AT P
which is (3.5). -
Finally, we have the following.

Lemma 3.4 Assume that T = T(I',m,7) is an i.m. rectifiable j + k-current in
Qp x ,, and that M(T) + M(OT) < oo. Further assume that Pj,,x T = 0. Let
T' =3 <o Pjstj—eT. Then T' isi.m. rectifiable.

Proof Step 1. We first claim that if = n' A - - - Ap/*k is any nonzero simple vector
such that Pj; 417 = 0, then either Y, Pjysx—m =0o0r >, Pjrrx—em = 0.

To prove this, assume toward a contradiction that both -, Pjiox—¢m # 0 and
>0 Pjrek—em # 0. We write ' = 1}, + 1., where 7} is the horizontal part of

n'. By a Gram—Schmidt argument we can assume that 17;'[ -m, = 0ifi # j. Por

a € I(q, j + k) we write 7 = n* A --- An," and similarly n¢. In this notation,
n= Zéj) 2 lal=q (e, a)ni An%. The orthogonality of {r), } implies that all nonzero
terms in the above sum are linearly independent. In particular, since Pjy;x—1n = 0,

it follows that
(3.14) nyAnS =0 foralla € I(j + 1, + k).

And because ), Pjiox—m # 0, we may assume (after relabeling if necessary)

that ) A - A 77,1_6 AniT A o Api™ £ 0 for some £ > 0. The fact that
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> ¢>2 Pjrek—m # 0similarly implies that span{n} } has dimension at least j+2, so af-

ter further relabelling, we may assume that {n;, ..., 17{;“} are nonzero and hence (by
orthogonality) linearly independent. It follows that nj A- - ~/\77,i+1 /\17{’2 AL /\nfk %
0, contradicting (3.14)).

Step 2. The hypothesis that P;;; ;T = 0 implies that Pj; 37 = 0 FHi*k ae. in
I". Thus Step 1 implies that ), Pj¢x—¢7 equals either 7 or 0, a.e. in I". From this
itis clear that T’ = T L I'' = T(I'/, m, 7), where I'' C T is the set of points at which

Zego P]urg’k,ﬂ' =T. |

4 Fu’s Theorem Revisited
In this section we prove the following.

Theorem 4.1 Suppose that Q@ C R" is an open set and that T is an i.m. rectifi-
able Lagrangian current in @ X R" such that 0T = 0 in Q x R", and moreover that
IT||(K x R") < oo for every compact K C €.

IfP,_14T = 0, then P,_¢ T = 0 for all ¢ > k. In particular, if P,,T = 0, then
T=0.

Fu [7] proved the k = 0 case (which is the main case) of the same result with the
stronger hypothesis that T is locally vertically bounded, which means that whenever
K C Qis compact, T L (K x R") has compact support in R” x R".

The theorem implies that an i.m. rectifiable Lagrangian current in 2 x R" is de-
termined by its “most horizontal” part. In particular, we have the following.

Corollary 4.2 Let Ty, T, be Lagrangian rectifiable currents in Q x R" with no bound-
ary in Q x R", and such that || T;||(K x R") < oo for every compact K C , for
i=1,2.

IfPyoT\ = PuoT, then Ty = Ts. In particular, if u is a Monge—Ampere function,
then there is a unique current [du] satisfying (2.5)-(2.8)
Proof Apply Theorem 1] with k = 0, to T = T, — T,. Uniqueness of the current
[du] for a Monge—Ampere function follows immediately. ]

We have already noted in Section 25| that if u is C2, then
(4.1) [du](pdx, N dEp) = o(a, @)/ (x, Du(x))M* (D’ u(x)) dx
Q

is an i.m. rectifiable current satisfying (2.5)—(2.8]), hence the unique such current,
in view of the above corollary. An approximation argument then shows that (4.I)
continues to hold for u € Wli’:(Q). Motivated by (4], given a Monge—Ampére
function u: © — R we define signed measures %’ (D?u) in Q x R" by

(4.2) / d(x, Op’ (D*u)(dx, dE) = o(a, @)[du] (¢ dx, A dEp).
QxR
In view of (£I)), these measures correspond to the minors of D?u. In particular

[ ¢du?(D*u) = [ ¢p(x, DuM*®(D?u) dx whenever u € Wi)c” These measures
possess good weak continuity properties.

https://doi.org/10.4153/CJM-2010-019-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-019-8

Some Rigidity Results Related to Monge—Ampére Functions 333

Corollary 4.3 If uy is a sequence of Monge—Ampere functions on a domain 0 C R”
and if || [du] || (K x R") < Ck for K compact, and uy — u in L., then u is Monge—

Ampere with ||[du]||(O) < lim sup,, ||[duk]||(O) for every open O C Q2 xR". Moreover,
for every o, 3 such that |a| + | 8] = n, p®*(D*uy) — u®?(D?*u) weakly as measures.

An analogous result is established in [7] with the additional hypothesis that
[Dugl =) < Ce

for K compact.

Proof It follows from the compactness theorem for integral currents (see [10, §2.2.4,
Theorem 2] for a version adapted to the present setting) that there exists an i.m.
rectifiable current T such that [du;] — T weakly in D,(Q2 x R"). The fact that
[duy] satisfies (2.5)—(2.8) for every k, together with the assumed local uniform mass
bounds on [duy] and standard facts about weak lower semicontinuity, imply that T
satisfies (2.3)—(2.8), with ||T||(O) < lim sup, ||[du]||(O) for every open O C Q2 xR".
Hence u is Monge—Ampere and T = [du]. ]

Remark 2 The corollary implies that if {u;} is a sequence of C* functions on
a domain € such that [|[M®(D?u;)||p1x) < Ck for every a, 3 and every compact
K C Q, then the L! limit of any convergent subsequence is Monge—Ampgére. It is not
known whether every Monge—Ampere function arises in this way.

Remark 3 When o = 3 = (1,...,n) we will write det D?u instead of u®?(D?u).
Let us temporarily write det’ D?u to denote the distributional determinant, when it
exists, (see, for example, [6,12]). Note that as we have defined it, det D*u is a measure
in the product space Q x R", whereas det’ D?u is a distribution on €.

If u is Monge—Ampere and det’ D*u is well defined, it is natural to ask whether
det’ D?u is a measure and

/gb(x) det’ D*u(dx) :/ &(x) det D*u(dx, d€).
Q QxR"

This holds if u is smooth, and by approximation if u is a limit of smooth functions
in the sense of Corollary [4£3] and in addition u belongs to what is called in [6] an
admissible domain for det’ D*u.

Remark 4 As noted in the introduction, Fu [7] deduced from his version of The-
orem [4.T]a uniqueness theorem for Legendrian cycles. Going through the same ar-
gument but taking our stronger version of Theorem [4.T] as a starting point, we end
up with a uniqueness theorem for Legendrian cycles with finite mass, whereas Fu’s
version of the theorem instead applies to compactly supported Legendrian cycles.
The finite mass assumption at first sight appears a bit weaker, but in fact (together
with other hypotheses) implies compact support, so here we do not gain any new
generality.
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Proof of Theorem[d.1] Step 1. It clearly suffices to show that if
(4.3) Pitr1x—1T=0 forsomek,1 <k <mn,

and if Q" C Q is an open subset with compact closure, then P,_i ;T = 0in Q' x R".
Replacing € by Q' for convenience, we assume that T is a rectifiable current with
finite mass and no boundary in 2 x R”, and that (4.3) holds.

We apply Lemma[3.Jlwith j = n—k, and we use the notation from that lemma. In
view of (£3)), Proposition[3.2]asserts that there exists an n — k-dimensional rectifiable
set I'y C Q with unit tangent n — k-vectorfield 7;,: I'y — A ,_, R", and for Hr*ae.
x € I'y, a vertical i.m. rectifiable k-current V,, such that

(4.4) T(¢dxa A dEs) = / V(6 dé ) (da, 74(x)) AT ().

Ty

Appealing again to Proposition [3.21and the definition of Lagrangian currents (from
Section 2.4), we find that the following hold at H{" % a.e. x € T

o T.I'} exists;

* V,isim. rectifiable and is carried by T, (x) (defined in (3.3))), with OV, = 0;

o atH*ae. (x,&) € T, (x), 32) and (3:4) hold and Tx 0T is Lagrangian.

Step 2. For x satisfying the above conditions, we claim that either M(V,) = 0
or M(V,) = +oo. We may assume by choosing coordinates suitably that T,I';, =
span{ei, ..., e,_}. The Lagrangian condition implies that at H* a.e. (x, £) € T, (x),
ifi <n—kandi’ > n—k, then

0=uw(r A Ti/) — g = —J]T;; . Tvil

(since = Tj/ ). Then this says that Tvi/ -g¢ = 0forall ¢ < n—k,sothat T oI, (x) =
span{Tvi' 2i' > n—k} =span{e,_ts1,. .., 0} at HFae. (x, &) € T, (x). In particu-
lar, the approximate tangent space to I', (x) is a.e. constant.

We now demonstrate that this implies that V, is a union of k-planes with integer
multiplicities. Indeed, it follows from the above that V(¢ d¢”) = 0 for 3 € I(k, n),
unless 3 = (n —k+1,...,n). Forany g < n — k, let p,(x,§) = &;; it follows
that (Vy, py,s) = 0 for L' a.e. s € R, and hence (as in the proof of Lemma[3.3) via
[19, Lemma 3.3] that the indecomposable components of V, are contained in level
sets of p,. This holds for every g < n — k, for each indecomposable component V. ;
of Vy, so there exists r1,...,r,_, such that V,; is supported in the k-plane Py; :=
{(x,8): & = rfl, q =1,...,n— k}. Then recalling that 9V, = 0, we infer from the
constancy theorem that each V,; corresponds to integration over the k-plane P, ;,
with an integer multiplicity and suitable orientation.

It follows that either M(V,) = 0 or M(V,) = +00 as claimed.

Step 3. However, it is clear from (B7)) that for any compact K C §2,

M(V,) dH(x) < |IT]|(R") < oo,
Ty
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SO fthat M(V,) < oo for H/ a.e. x. Consequently M(V,) = 0, and hence V, = 0, for
JH/ a.e. x. It then follows immediately from (4.4) that T(¢dx, A d€g) = 0, whenever
|a| = n — k,|5| = k. In other words, P, 1T = 0. [ |

5 Description of P, [du]

The main result of this section has two essentially equivalent forms, the first of which
is the following.

Proposition 5.1 Suppose that u is a Monge—Ampere function on an open set 2 C R".
Then

(5.1) [du](qbdx;/\dfj):/ P (x, Du(x)) o (1, 1) tiy,.; (dx)

dpu
1

+ / ( / O, 0Du" + (1 = 0)Du™) d0) o7, ) hy, ()
dpu ~J0

for every smooth ¢ with compact support in 0 x R".

Recall that if u is Monge—Ampere, then D*u is a measure. The Cantor part of D*u
is contained in the first term on the right-hand side. The difficulty in proving an
analogous result for P,y x[du], k > 2, lies partly in dealing with the Cantor part of
k x k minors of D*u.

Remark 5 Rqull from [@2) that we write 1/ to denote the measure in £ x R”"
defined by f ¢ p'(dx, d¢) = o(i, i)[du](qbéx;/\ d¢;). The main result of [14] implies
that among all matrix-valued measures (') satisfying

/ ¢x,; (x, Du(x)) dx+/ qbgj(x,g)uij(dx, d&) =0 V¢ eCr(VQ xR,
Q QxRn

there is a unique measure with minimal mass. It turns out that the minimizing mea-
sure is exactly (u'/); this follows from combining (5.]) with results from [14]. Note
that (p'/) satisfies the above identity as a consequence of the fact that 9[du] = 0.

Proposition 5.111is very closely related to Proposition 5.3 below, which gives a de-
scription of certain 1-dimensional slices of [du]. In order to state the latter result, it
is convenient to use the following.

Lemma 5.2 For an interval (a,b) C R, suppose that v: (a,b) — R is a function of
bounded variation, with total variation L. Define a 1-current I in R* by

(5.2) I (¢idy)) = / ¢! (v(s))v}(ds)

(a,b)\3y

+/3 (/01¢j(9v+(s)+(1 — 0)v(9) db) vi(ds)

v
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Then there exists a Lipschitz curve y: (0,L) — RF such that

L

(5.3) L@y = [ oaenie ds
0

In particular, I} is an integral 1-current, and

oI (¥) = }% Y(v(s)) — }{2 V(1)) = P(y(L)) — P (7(0)).

Any integral 1-current can be represented as a sum of terms having the same form
as the right-hand side of (5.3]); here only one such term is needed.

Note that I is the current corresponding to the image of v, with jumps “filled in”
in the simplest possible way.

Proof IfvisC!, then I7 is just the current associated with integration over the image
of v, and the conclusions are clear. If not, let v;: (a,b) — R¥ be C! functions such
that v, — v strictly in BV, which means that v, — v in L' and

L= / [vildx — L := [|v'||((a,b)).
(a,b)

It is well known that such sequences exist. It then follows from [14, Theorem 1.1]
that I; — I} weakly. On the other hand, let ¢ be an arclength reparametrization of
vy, so that y,(s) = v(o(s)), where o: (a,b) — (0, Ly) is nondecreasing and is chosen
so that |y/| = 1 a.e. Let -y be a limit of a uniformly convergent subsequence. Then
(53) and the assertions about I follow by passing to limits from the corresponding
statements for vy, yp. [ |

Using notation from the lemma, we can state the following.

Proposition 5.3 Let U C R" be an open subset, and let f: U — R" be a C"!
diffeomorphism onto its image, which we call V, with inverse g: V. — U. Also, let

Ay, yn) = syt =y
If u is a Monge—Ampere function on U, then

(5.4) (ldul,qo fopuy') =Iy.,n for L' lae y e R!

in the notation of Lemma[B.2 for w(y,; y') := (¢(y', yu), Du(g(y’, yu))).

For L'l ae. y' € R"1, the level set (g o f)~!(y’) is a Lipschitz curve (or union
of Lipschitz curves) in U and ([du],q o f o py, y’) is the slice of [du] sitting above
this curve. Note also that y, — g(y’, y,) is a parametrization of (g o f)~!(y’), so
that the current I}, . /) on the left-hand side of (5.4) corresponds to the graph of Du
above (g o f)~!(y"), with jumps filled in in the natural way.

We start with the proof of Proposition 5.1} which mostly amounts to establishing
Proposition[5.3lin the special case f(x) = x.
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Proof of Proposition[5.1] We suppose that (I, m, 7) are an n-rectifiable set, integer-
valued multiplicity function, and orienting unit tangent n-vectorfield such that
[du] = T(I',m, 7). By using a partition of unity, we see that it suffices to consider
test functions ¢ supported in B x R", where B C 2 is a ball. Thus in fact we can
assume that (2 is an open ball and that M([du]) < oo.

It suffices to prove the proposition for i = n. Note that o (71, n) = 1, so the signs
will vanish from our calculations.

Given x = (x1,...,x,) € R", we will write x = (x/, x,,) with x’ = (x,...,x,_1).
We define g: Q2 — R"~! by q(x) = x’, and Q(x, &) = q(x). Throughout the proof we
will write JQ to denote the Jacobian Jr_,p.—1 Q. Because we have assumed that 2 is a
ball, g~!(x’) is connected for every x’.

Let ([du], Q,x’) denote as usual the slice of [du] by the level set Q~!(x’). Recall
that

(5.5) [du] (¢ dxq A dEj) = A{ l([du], Q,x") (P L (dx").
So it suffices to describe L ! a.e. slice ([du], Q, x’). We will do this as follows.

First, we record a number of properties that ([du], Q, x") inherits, for L" ! a.e. x/,
from the defining attributes (2.5)—(2.8) of [du]. Most important are tangent proper-
ties, which follow from the crucial Lagrangian assumption.

Next, we write down a family {R,} of integral 1-currents with the property that
the right-hand side of (B.I) is exactly [y, Re/(¢d€;)L" ! (dx"). Thus to prove the
theorem we must show that R, = ([du], Q, x’) almost everywhere. Toward this end,
we deduce a number of properties of a.e. R,/, like those already found for the slices
of [du].

Finally, we define S,» = ([du], Q,x’) — R,+, and we argue that S,» = 0 for a.e. x’.
This is similar in spirit to the proof of the Uniqueness Theorem .11

Step 1. Properties of a.e. slice. For L"~! a.e. x' € R"!, since d[du] = 0 and
M([du]) < oo, it follows from [5, 4.3.2] that 9([du], Q,x’) = 0 and ([du], Q,x’) is
i.m. rectifiable, with finite mass. We claim that in addition, for L"~ ' a.e. x’ € R"™1,

(5.6) ([dul, Q. x')(pdx;) = b ( )d)(x, Du)(* (dx)
g~
forall ¢ € C°(Q). To see this, we use (2.8]) to compute
/Wﬂ([du],Q,X'>(¢dx1')¢(X’)L"*l (dx') = [du](Q"((-)dx") A\ ¢ dx;)
_ A 60x,Du) 0 q(x) dy A g

=din | &(x,Du) h(x") L"(dx)

R"

= in </ ¢(x, Du) 9{1(6196)) P(x )L (dx").
Rr—1 q'(x")
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Since this holds for all 1 € C>°(R"~!)and ¢ as above, it implies (5.6)).
Another fact from [5] is that for L"! a.e. x/, {[du], Q, x’) has the explicit repre-

sentation

67) (), Q)= [ (6.Qyman’

where

(5.8) L) :=Q '(x)N{(x,€) €T: JQ >0},

and for (x, &) € I'(x’),

(5.9) C(x, &) is a unit vector in TyxT" such that dQ(x, €)(¢) = 0.

Recall that JQ(x, &) > 0 exactly when dQ(x, §): T(y¢)I' — R""! is of full rank. Thus
(58] implies that ¢ is uniquely specified, up to a sign, by (5.9). Properties (5.7)—(E.9)
follow directly from [5, 4.3.8], where the sign of ¢ is also specified; we will not need
to keep track of this sign in our later arguments.

Following notation in Lemma[3.1](with k = 1, j = n — 1), we will write

Tpi={xeQ: .’Hl(ph_l(x) NT) > 0},
Cp(x’) = {x€N: f}Cl(p,jl(x) NIr(x")) > 0}.
Clearly T, (x") C g~ '(x")NT, and the fact that 'y, is n— 1-rectifiable (see Lemma[3.1)

implies that for L"~! a.e. x/, I';(x’) is at most countable and T,I', exists at every
x € Tj,(x"). We finally claim that for £"! a.e. x, at every x € T'y(x'),

(5.10) ((x,&) € HTDpt)  for H ae. ceTx)n p;l(x),

where T,I',* denotes the orthogonal complement in the horizontal directions only,
so that T,Q = T,.T' & T,T), .

Observe that ((x, -) is independent of &, up to a sign, for x satisfying (E.10).

To prove (5.10), observe that, for L"~! a.e. x’, the Lagrangian condition (Z.6) and
Lemma[3.Tlimply that at every x € 'y (x’),

(5.11) for H'ae. € € p,:l(x) NT, (3.2 holds and T, ¢ is Lagrangian,
and
(5.12) [B4) holds (with j = n — 1,k = 1) a.e. on the set I, (x), see (3.3)).
So it suffices to prove that holds at any x where (5.11)), are verified.
Fix such an x, and fix also £ € ph_l(x) N I'y(x’) at which holds and where

the tangent n-plane is Lagrangian. Since Q = g o py, the vector 7" = 7' € T oI’
appearing on the right-hand side of (3.2) satisfies dQ(x,£)7” = 0. Because this
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equation defines {(x, &) up to a sign, we find that {(x,&) = £7)(x,&). It follows
also that 7}, ..., 7/~ appearing on the right-hand side of (3:2)) are nonzero (since
otherwise dQ(x, &) would have a nullspace of dimension at least two) and hence that
(x,&) € T'y(x) as defined in (B3). This in turn implies that (3.4) holds, and then (as
in the proof of Theorem[4.1)) the Lagrangian condition implies that (5.10) is satisfied.

Step 2. Definition and properties of R,,. In this step we appeal to results about one-di-
mensional sections of BV functions as found for example in [5, §4.5] or [1, Chap-
ter 3].

We henceforth identify Du with its precise representative; see [1, Corollary 3.80]
which in particular implies that Du(x) equals its Lebesgue value whenever x is a
Lebesgue point of Du. For x’ € R"~!, we define

Qo = {x, e R: (x',x,) € Q},

We will write Du(x,;x’) = Du(x’,x,), so that we view Du(-;x'): Qo — R" as
functions of a single variable, parametrized by x’ € R"~!. Then for L"~! a.e. x/,
Du( -;x") is a BV function on ),-. We will write 9,, Du(x") to indicate the associated

vector-valued derivative measure on €2+, and we write O, uy, (x'),j=1,...,nfor
the components of 9, Du(x"). We define a BV function v(-;x’): Q. — R" x R",
given by

X = (%" %, Du(x3x")) = v(x5x")

and a 1-current Ry, = I}..r)» using notation from Lemmal[5.2l We will write J, to
denote the jump set Du( -, x"), which clearly coincindes with the jump set of v( - ; x).
From the definition in Lemmal[5.2]we check that

Ry (pdx;) =5;n/ (Vs X)L (dxy),
Q

Rer(¢dE;) = / P(v(x3 x7)) O, thx; (x")(dx,)

Q\d,/

1
+ / ( / ¢(9v++(1—9)f)d9) Dt (x") (dlxy),
3. ~Jo

where in the last integral, we write v* := lim soxk v(s;x’) for x, € Jyr.
It follows from Lemma[5.2]that R, is an integral current with OR,» = 0in © x R"
and M(R,+) < oo for L™ ! a.e. x’. We also claim that

(5.13) the right-hand side of (5.1) = Ry (pd€;) L7 (dx').
Ri—1

To verify this, note that (x, Du(x)) = v(x,;x’), so that upon comparing (5.I) and
the formulas given above for R,, we see that (5.13)) follows from the facts that when
f,g: © — R are bounded and D*u-measurable,

/ F )ty () = / / F s 20) Byt () o) 27 ()
N\ dpu Rr=1J Q. \d,/
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and
/ ¢ty 5, () = / / G %) Ot (") ()27 ().
Ipu Rr—1 x!

Proofs of these identities can be found, for example, in [1, Theorems 3.107, 3.108].
We note for future reference that for £L"~! a.e. x’, by its definition R, is supported
in Q7 (x’), and
(5.14)
Ry L py ' (x,xn) 0 x, €3 & R L py (%) = [v(x5x67), v(x)x7)]

where [v(x, ;x’),v(x};x’)] denotes the oriented line segment joining v(x, ;x’) to
v(x';x"). Moreover, [1, Theorem 3.108] together with classical results about the rec-
tifiability of the jump set imply that for L"~! a.e. x/,

Xn € Jx = (x',x,) € dpu and T(yr . \dpy exists,

and moreover, the fact that Du is a gradient implies that the jump in Du across dp, is
normal to T,/ x,)dpu> if we identify the vertical directions (in which the jump occurs)
and the horizontal directions (in which T(, x,)dpy lives). If we do not identify vertical
and horizontal, this says that

(5.15) v(xt, x") — v(xy ,x") € I T 2 dpu) =1,

where (T, x,)d pu)™ denotes the orthogonal complement in the horizontal directions
only, as in (5.10).

Step 3. Conclusion of proof. Now we define S,y = ([du], Q,x’) — R,,. In view of
and (5.13), it suffices to show that S, = 0 for L"~! a.e. x’. Note that this is also
the conclusion of Proposition 53lin the case f(x) = x.

The various facts about ([du], Q,x’) and R,/ assembled above imply that for a.e.
x', S, is an i.m. rectifiable 1-current with finite mass, and such that

8Sx/ =0 inQ x ]R{n, PI,OSX’ =0.
If S;+ has these properties, then it follows from Lemma[3.3] or from the j = 0 case of
Proposition[3.2] that there exist points x' € g~!(x’) and i.m. rectifiable 1-currents V;
(depending on x' in a way not captured by our notation) such that V; is supported
in {x'} x R" and
(5.16) Se =3 Vi, 0Vi=0,M(V;) < oc.
We fix one of these points x’. Note that
(5.17)  Vi=So L p; ' (x) = [([du],Q,x") L p; "(x)] — [Re L p; " (x)].
It suffices to prove that

(5.18) the unit tangent to V; is J(" a.e. constant, up to a sign
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(i.e., independent of &), up to a sign, since then we can deduce from Solomon’s Sep-

aration Lemma [19] and the Constancy Theorem that V; is either zero or has infinite

mass, exactly as in Step 2 of the proof of Theorem[41]l Since M(V;) < oo, we con-

clude that V; = 0, and since this holds for all 7, it will follow that S,» = 0 as needed.
We define

Y= {x=(" %) €EQix, €00}, Toi={x=(x',x,) € Q:x€Tp(x")}

From what we have said above, ([du], Q,x’) L p;l(xi) # 0ifand only if X' € %,,
and R,/ L p;l(xi) = 0ifand only if x¥* € X,. In particular, V; = 0 unless x' €
21 @] 22.

The unit tangent vector ¢ to {[du], Q,x) L p; ' (x') forx' € %, is characterized in
(5.10). And according to (5.14), for x' € ¥, the unit tangent vector to R,/ L p;l(xi)

1S
vixp,x') — v(x, ,x")

= CR(xi)

|‘V(X;7X/) - V(xizvx/)|

and is characterized in (5.15). Both ¢ and (y are independent of (x', &) € p;l(xi)
up to a sign, so that (5.18]) is immediate unless both terms on the right-hand side of
(5.17) are nonzero. When this holds, we must show that ((x', &) = +(g(x") fora.e. &,
and in view of (5.10)), (5I9), it suffices to show that the approximate tangent spaces
of T, and of Jp, coincide at x'.

To do this, we claim that

H™H(E\ ) =0,

This follows from what we have already said, because if x = (x,x,,) € 3 \ 3, then
(unless x belongs to a set of L"~! measure zero at which (5.186)) fails to hold) (5.16])
and (5.17) imply that S,» = R,/ L p;l(x) and hence that OR,/ L p;l(x) = 0, and
as remarked earlier, it follows that M(R, L ph_1 (x)) = 400. This is impossible away
from a set of 7"~ ! measure zero.

Now we appeal to the fact that if 7(*(A \ B) = 0 and A, B are 3* rectifiable,
then T,A = T,B at 3* a.e. point of A. Clearly H""'(%; \ dp,) = 0, and also
0=H"1Z\ %) = H"U(E, \ T). It follows that T,2; = Ty Jp, = Ty}, at
H"!a.e. x € ¥, which proves that (5.I8) holds at every x', for L' a.e. x’. []

The proof of Proposition 5T has already established Proposition53lwhen f(x) =
x. We deduce the general case of Proposition [5.3] from this special case by a change
of variables, using a result from [7] that describes the behaviour of Monge—Ampere
functions under coordinate transformations.

Proof of Proposition[5.3] We write F: U X R" — V xR"and G: V X R" — U x R"
by F(x,&) = (f(x), Dg(f()7€) and Gly,n) = (), Df(g(y))"n). Note that
G = F~'. According to Fu [7, Proposition 2.5], u o g is a Monge-Ampere func-
tion on V, and [d(u o g)] = Fs[du]. (This is proved for locally Lipschitz Monge—
Ampere functions, but the proof remains valid without that restriction.) Thus [du] =
G#F¢[du] = Gs[d(u o g)], so that for a.e. y’ € R"71,

([dul,qo fopn,y'y = (Gsld(uog)],qo fopu,y') = Gs(ld(uog)],qo fopyoG,y’)
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using basic properties of slices, see Federer [5, 4.3.2 (7)]. From the definitions one
checks that go f o p, 0 G = qo p, = Q, in the notation of Proposition[5.T} where we
have proved that

([duo)],Qy") = I,

fora.e. y', with v(y,39') := (¥’ yn, Du o ©)(¥', yn))).

To prove the proposition, we must therefore verify that G ., = I3y Where

w is defined following (5.4). If v: (0, L) — V x R" is smooth, then Ij(.;y,) = vx[[0, L]],
where [[0, L]] denotes the 1-current corresponding to integration over [0, L], and so

Gl = Gevell0, L] = (G o v):[[0, L.

It is easy to check that G o v(y,; ') = w(yu; '), so the corollary follows in this
case. This remains valid if v is continuous with bounded variation. If v is merely a
function of bounded variation, let us write J, for the jump set of v. We split I’} into a
continuous part and a jump part:

I = v [0, L1\ 8,] + (I} = ve[[0, L]\ 3, )).

These are the first and second terms, respectively, on the right-hand side of (5.2). It
follows from what we have said that Gav4[[0, L] \ d,] = w«[[0,L] \ J,]. The other
term (I — v4[[0, L] \ d,]) consists of a sum of straight line segments, each having the
form [(y,D(u o g)~ (), (y,D(u o g)*(y))] for some y € V, and from the explicit
form of G one can verify that

Gs[ (3, D(uog)~(»), (7, Do) (y))]
= [(g(»), Du=(g(»))), (g(»), Dut (g(y)) ]

Combining these, we obtain the desired result. ]

6 Weak Solutions of a Degenerate Monge—Ampere Equation
In this section we give the proof of the second main result of our paper.

Theorem 6.1 Suppose that §) is a bounded open subset of R%. Assume that u is a
Monge—Ampere function on () that satisfies

(6.1) [dul(pd&y Nd&y) =0 forallp € C°(Q x R?).

Then for every x € €, at least one of the following must hold:

(i)  uis affine in an open neighborhood of x.
(ii) There exists a line segment {y, passing through x and meeting 02 at both end-
points, along which Du is constant in the sense that

(a) every point along €, is a Lebesgue point of Du, with the same Lebesgue value;
or

https://doi.org/10.4153/CJM-2010-019-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-019-8

Some Rigidity Results Related to Monge—Ampére Functions 343

(b) every point on £, belongs to the jump set Jp, of Du, with same approximate
limits on both sides of (.

In particular, every point in ) is either a Lebesgue point of Du or belongs to the jump
set of Du.

As mentioned in the introduction, this extends earlier work of Hartman and
Nirenberg [11], Kirchheim [15], and Pakzad [16].

The theorem shows that a function u satisfying the hypotheses has the regularity
of a BV function of a single variable. This is optimal: if f: R — R is an arbitrary
function of bounded variation and u(x, y) = f(x), then u satisfies all the hypotheses
of the theorem.

Our assumption should be compared with the weaker condition:

(6.2) [dul(¢dé N dés) =0 forall p(x,€) = (x), ¢ € CZ(Q).

This weaker condition requires only that the marginal on 2 of the measure in the
product space vanishes. The conclusions of the theorem need not hold under as-
sumption (€.2). To see this, let B denote the unit ball in R?, and suppose that
u: B — R s the restriction to B of a function that is homogeneous of degree 1 and
smooth away from the origin. Then one can check that u is Monge—Ampére, and that
if p(x, &) = P(x), then [du](p d&; A dE,) makes sense, and

2m
63 [dil(ode nde) =450, A=3 [ 20)ny0)d,
0

where v(0) = Du(cosf,sin@). This is proved, for example, in [13, Lemma 4.1,
Remark 4]. From this one can check that, given any u as above, one can find ¢ € R
such that A = 0 for u.(x) := u(x) + c|x|. Such a function u, satisfies (&.2)) but not in
general the conclusions of Theorem[6.1]

For functions u as described above, the distributional determinant det’ D?u exists
and is given by det’ D’u = Ad,; see Remark Bl Thus the conclusions of the theorem
do not hold if we assume that u is a Monge—Ampere function such that det’ D?u is
well defined and vanishes.

Throughout the proof we will write [du] = T(I',m, 7). The starting point of the
proof is the following.

Lemma 6.2 Suppose that Q is a bounded, open subset of R?, and assume that
u: @ — R is a Monge—Ampere function that satisfies (6.1)). Then there exists a 1-recti-
fiable set T, C R? and an H"-measurable mapping 7,: T, — N1R? such that |1,| = 1
a.e.,

at H' a.e. € € T, T¢D, exists and equals span{7,(£)};

and for H' a.e. £ € T,, there exists a horizontal i.m. rectifiable 1-current He in Q x R?
supported in Q x {&} and satisfying

(6.4) OH; =0 inQ xR,

(6.5) [du](qbdxiAd&j):/ He (¢ dxi) (dE;, 7,(€))IC" (d€)
r,
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for every ¢ € C2(Q x R?). (In particular, £ € T, — H(¢dx;) is H'-measurable
for every such ¢.) Moreover, for every & € I, at which H¢ is defined, there exists a
horizontal unit vector 1,(£), a collection of nonzero integers {m;(£)}, and a collection
of line segments {;(£) }i, each parallel to 7,(§) and with its endpoints in 9S), such that
p, N NT =, 6:(&) x {&}, and such that

(6.6) He(pdx) = /é e, PO OO ), He(dsy) =0

for ¢ € C=(Q x R?). And finally, 7,(€) - J7,(€) = 0 for H' a.e. € € T,

We will eventually show that for a.e. &, each £;(§) is contained entirely in either
the Lebesgue set of Du or the jump set of Du. Moreover, we will prove that in the
former case, Du = ¢ along ¢;(£), and in the latter case, £ € [Du~ (x), Du*(x)] for
every x € £;(£). A main point will be to show that for a.e. £, £’ and every i, i’ either
0;(&) = (&) or £;(§) N4 (") = @. This will be established by carrying out a
blowup argument, and then classifying all homogeneous functions satisfying (6.1]);
these are the key points in the proof of the theorem.

Proof of Lemmal[6.2] The proof follows closely that of Theorem[4.1] with the roles of
horizontal and vertical reversed. We define

L, :={¢cR: H'(p,'(¢&)NT) > 0},

which in view of Lemma[3.1]is a 1-rectifiable set. Proposition with py, replaced
by p,, implies the existence of a current He for H' a.e. ¢ € T, such that (&4),
hold. Then as in the proof of Theorem Al the Lagrangian condition
and facts assembled in Lemma 3] again with p; and p, switched, imply that for
H! a.e. &, there exists a horizontal 7,(£), determined up to a sign by the condition
(&) - I1,(§) = 0, and such that unit tangent vectors to He equal £7(§), H! ae.
Then Solomon’s Separation Lemma [19] and the constancy theorem imply that He is
a sum of indecomposables, each of which is supported in © x {£} and consists of an
oriented integer multiplicity line segment parallel to 7,(£) and with no boundary in
Q. Each such segment is bounded, since €2 is bounded, and so the endpoints must lie
in 09). These facts are summarized in (6.6]). Since (6.3)) is insensitive to the behavior
of He on 3! null sets, we can modify He on such a set to arrange that (6.6) holds at
every point where H is defined. (This is simply for convenience.) ]

Fix a € Q and let R = dist(a, 0). Let p(x, &) = |x — a|. For r € (0, R), we let
x,(s) = a+r(cosi,sin?), s € IR/(27rZ) be an arclength parametrization of 9B, (a).
We write Du( - ; 1), or simply Du(r), to denote the function R/(27rZ) — R? defined
by s — Du(s;r) = Du(x,(s)). Then for L' a.e. r € (0,R), Du(-;r) is a function
of bounded variation; see again [1, Chapter 3]. We will write ;Du(r) to denote the
associated vector-valued derivative measure, with components dsuy, (), j = 1,2. We
also write J, to denote the jump set of Du(r).

Note that p, R, x,, Du(r) all depend on a in a way that is not indicated in our
notation.
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Lemma 6.3 For L' a.e. r € (0,R), if we define v,: R/2nrZ) — Q x R? by
vi(s) = (x:(s), Du(x,(s))), then ([dul, p,r) = I, using notation from Lemma 5.2]
In particular.

(6.7)  ([du],p,r)(¢pdE;) = / &' (x:(s), Du(x,(5))) Osta, (r)(ds)

R/QrrZ)\J,

1
-I-/8 (/0 ¢’ (x:(s), 0Du* (x,(s)) + (1 — 0)Du™ (x,(s))) d@) sty (r)(ds),

r

where as usual Du™ (x,(s)) = lim,_, .+ Du(x,(c)). Note from Lemma[5.2] that I is the
current associated with integration over a single Lipschitz curve, so that its support is
just the image of this curve.

The above lemma is just a special case of Proposition[5.3] with the the right-hand
side written out in detail. (Strictly speaking, we need to cover €2 \ {a} by simply
connected open sets, on each of which (x;,x,) = x,(s) — (r,s) defines a smooth
change of coordinates, and apply Proposition[5.3 on each such open set.)

Proof of Theorem[6.1] Step 1. We first claim that

6.8) (dul, p,r) (D) = / (He. p, 1) (6)(d€;, 7,(6)) 9C(de)

v

for L' a.e.r € (0,R) and ¢ € C(Q2 x R?). This follows by slicing (6.3). To see this,
fix f € C2°(0, R); then

R
/ ([dul, p, /) () f(r) dr = [dul (o (F()dr) A d d€;)
0
_ / He(é f o pdp)(de;, m(€)) € (d€)
r,

R
:/ /<H5,p7r>(¢>)<d§j,Tv(f)ﬂfl(dé)f(r)dr.
0 T,

Since this holds for all f as above, we deduce (&.8).
Step 2. 'We now define

Si(a) :={¢€ €T, : He is well defined and (He, p, r) # 0}.

We will normally write S, when there is no possibility of confusion. It follows from
the explicit description of He in Lemmal6.2] that

(6.9) S, ={¢ €T, : He is well defined and (U £;(£)) N B,(a) # @}.
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In particular, it follows that
(6.10) S, C S, whenr' < r.

We will say r is a “good radius” if Du(r) is a function of bounded variation and (6.7)),
(€8] hold. For a good radius r, we define

Du*(9B,(a)) := {Du(x,(s)) : s ¢ 3,} U ( U [Du~ (x,(5)), Du" (x:(s))]) ,

s€d,

where [p, q] denotes the line segment {fp + (1 — 0)g : 0 < 6 < 1}. This is just the
image via Du of 0B,(a), with the jumps filled in as usual. Where no confusion can
result, we will often omit the center a and write simply Du*(09B,). It follows from
Lemma[6.3]that Du*(9B,) = p,(supp([du], p,r)). Thus implies that

(6.11) H'(S, \ Du*(9B,)) + H'(Du*(9B,) \ S,) = 0.

Note that Du*(0B,(a)) and S,(a) have complementary good properties. On one
hand, Du*(0B,(a)) directly encodes information about the pointwise behavior of
the gradient of u. Also, it is not hard to see from the definition that Du*(9B,(a)) is
closed and connected; in fact it is the image of a single Lipschitz curve. Note in par-
ticular that diam(Du* (0B,)) < H'(Du*(0B,)). This need not hold for S, over which
we have little or no control on H! null sets. On the other hand, S, is directly related
through (&3 to the line segments ¢;(£) that we seek to understand.
In any case, (6.11) and (6.10) imply that if 7, r" are good, then

(6.12) Du*(0B,) C Du*(0B,) whenr' < r.

Note: From now on, in every assertion we make involving any Du*(0B,(a)), we im-
plicitly assume that r is a good radius for the given center a.

Step 3. It follows from (&.10), that r — H'(Du*(dB,(a))) is almost every-
where nondecreasing, for every a. We will prove that

(6.13) if H'(Du*(9B,(a)) = 0 for some r > 0, then u is affine in B,(a),
(6.14) if H'(Du*(0B,(a))) — 0asr — 0, then a is a Lebesgue point of Du,
(6.15) if H'(Du*(9B,(a))) > o > 0V r > 0, then a is a jump point of Du.

These imply in particular that every point of € is either a Lebesgue point or a jump
point of Du. Conclusions and follow easily from what we have already
said. Indeed, if H'(Du*(0B,)) = 0 for some r € (0,R), then since Du*(0B,) is
connected, it consists of a single point, say Du*(0B,) = {£,}. Then (&12) implies
that Du*(9B,/) = {&} for r < r’. Thus, in view of the definition of Du*(9B,),
Du = £, L? a.e. in B,(a), and so u is affine in B,(a), with gradient &,.

Similarly, if 3! (Du*(dB,)) — 0 asr — 0, then implies that there exists
a point &, such that dist(Du*(0B,),&,) — 0 asr — 0, and then the definition of
Du*(0B,) implies that a is a Lebesgue point of Du, with Du(a) = &,.
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Step 4. Blowup. In the next two steps we use a blowup argument to prove (6.19)). Fix
a € ) at which

(6.16) HYS,) = HY(Du*(0B,)(a)) > a > 0 forall r > 0.

We will use a blowup argument to study the behavior of u near such a point. First
fix some good . Then (612) and the definition of Du*(9B,) imply that Du(x) €
Du*(0B,,) for L? a.e. x € B,,(a). Since Du(ry) has bounded variation, Du*(9B,,) is
a bounded set, and so u is Lipschitz in B,(a).

Now define u.(x) = é [u(a+ex) —u(a)]. Note that u. is Lipschitz in B, /.(0), with
a uniform Lipschitz constant. We claim that there exists a function uy: R? — R,
homogeneous of degree 1 and satisfying (6.1]), such that

(6.17) u. — g locally uniformly and in the sense of Corollary[d.3]

The point is that we do not pass to a subsequence.

Step 4.1. Toward this end, we first observe that

(du) = noldul, n(x9) = (F=2.¢).

This is checked by verifying that the right-hand side satisfies the defining properties
[235)—(2.8) of [du.]. The above implies in particular that if ¢ € C>°(R* x R?) and if
¢ is small enough that ¢ o 77, € C>°(Q x R?), then

dxl-
€

(6.18)  [du-)(@dx; Adg)) = dul(¢on. =" nde;)

dx;
= [ #e(90n. ) e riensctiae
- [ f©agnopcae,

r,

where we write

£6) == Hg(gbong%).

Step 4.2. It follows from the explicit description of He in Lemmal6.2] that

HO=Ym© [ o706 {Fmi©) 90

=Yoo [ 1 P ) )
i Ne\Li

Define Sy(a) = ()~ S-(a). It follows from (&.9) that (writing Sy for short)

r>0

(6.19) So ={& €T, : Heiswell defined and a € |J4;(€)}.
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Then by sending £ — 0, we find that for H' a.e. £ € T, f.(€) — fo(&) = Hoe(¢ dx;)
as e — 0, where

) d iy g_(:l d if ’
620 Hoclodn) = {gﬂ(éww(ww m(E)H (@) i€ €S,

if not,
where £(¢) is the line through the origin with tangent 7,(¢), and m(¢) = m' (&) for
the unique i such that a € £;(§).

Step 4.3.  'We now show that | f-(-)| is dominated by a locally integrable function.
We fix M such that ¢ is supported in {(x, £) : |x| < M}, and we define

F.(8) = : m' (&) H' (4:(€) N Bom(a) = 1||H£||(Bgz\4(a) x R?).
9 9

For any straight line 4, it is clear that ¢ — éﬂ-(l (¢ N Bop(a)) is a nondecreasing
function. Thus ifey < /M, and € < &, then

|f (O] < [@llocFe (&) < [@lloc Fey (§)-

Also, F.,(-) is nonnegative, and it follows from (3.7)) that

(6.21) [ Fa@3de) < .

Iy

Hence we deduce from the dominated convergence theorem and (6.18)),
(620) Ll A dgy) — [ Hoclod)36!(d6)(dej. )
So

as € — 0. Note from (6.10) and (6.16)) that F'(Sy) > 0.

Step 4.4. It is easy to check that [du.](¢d&; A d§;) = 0 for ¢ € CZ°(n.(2) x R?),
so (6.21) and (G.I8) imply that ||[du.]||(K x R?) < C(K) < oo for every compact K.
Since the Lipschitz constants of {u.} are locally uniformly bounded, we can pass to
a subsequence {u., } that converges to a limit locally uniformly and in the sense of
Corollary 43l In order to show that the whole sequence converges, we must show
that there is a unique such limit uy: R* — R. Thus, suppose we have a different
subsequence {u., } converging to a limit u;. We claim that uy = u,. Since u.(0) = 0
for every ¢, clearly uo(0) = u;(0) = 0. And since ¢ was arbitrary in Step 4.3, we
deduce that

(6.23) [duo](¢dx; A dEj) = / Hoe(pdx;) (d€;, 7,(€)) H' (d€)
So

for all € C>°(R* x R?) and all i, j. Clearly the same holds for u;. It follows that
{[duo], p,r) = ([du,], p,r) for L' a.e. r. Fix r such that (€7) holds for both [duy]
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and [du, ]. By inspection of (&.7), we then infer that the R"”-valued measures 9D (r)
and O;Du; (r) on R/27r7Z are equal, which in particular implies that Dug(x,(-)) and
Duy (x,(-)) have the same jump sets, and moreover that DugE (x-(s)) = Duli (x,(s)) at
points s in the jump set. We further read off from (&.7) that Dug(x,(s)) = Du;(x,(s))
for ||0;Duy(r)|| a.e. s € R/2wrZ away from the jump set. Also, from (6.22]) one
can check that ¢ — ([dug], p, r)(¢d§;) is nonzero, which implies that ||0;Duo(r)||
is a nonzero measure on R/27r7Z. These facts together imply that Dug(x,(s)) =
Du; (x,(s)) for L' a.e. s. Since this is true for a.e. r, we deduce that Duy = Du,
L2 a.e. Since 14(0) = 11(0) = 0, it follows that 1y = u; as claimed.

Step 4.5.  To finish the proof of (6.17)) we only need to show that 1, is homogeneous
of degree 1. This, however, follows from the fact that u. — 1 locally uniformly, since

uo(Ax) = lirr(l) u.(Ax) = )\lin}) Une () = Aug(x).

Step 5. Description of homogeneous solutions. In this step we prove that there exist
vectors p*, p~ € R? such that the blowup limit u, found above satisfies

(6.24) Dug(x) = {P+ ifx-(p*—p7) >0,

p~ ifx-(pt—p7) <.

This amounts essentially to a classification of homogenous, degree 1 solutions of the
equation det D?u = 0 in the sense of (G.1).

Step 5.1.  We first show that
(6.25) there exists xy # 0 such that uy(xg) = —uo(—x0).
Toward this goal, we first notice that

(duo], po, 1) (dde;) = / (o, pos PY()dE;, 7(6))

So

for r > 0. This follows by slicing (6.23]) in exactly the same way that we deduced
([6.8) from (6.5)). (Note that for a homogeneous function, every r is a good radius.) It
follows that

supp(Ho¢, po, ) C supp{[duo], po, r)(¢d¢;) for H'a.e. £ € S,.

From the explicit form of Hy¢, we see that supp(Hy¢, po,r) = {(£x0,)}, where
{£x0} = 0B,(0) N £(§). Therefore, to prove it suffices to show that

(6.26) if (x, &) € supp([dugl, p,r), then u(x) = x - &.

This follows essentially from the description of {[duo], py, ) in Lemma which
implies that

(6.27)  supp(lduol, po, 1) = {(x:(s), Dug(x,(s)) : s &€ J, }
U (U {x:(9)} x [Duy (x:(5)), Dug (x,(s)]) -

s€dr
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The homogeneity of u, implies that
(6.28) ug(x) = x - Dup(x) whenever x is a Lebesgue point of Du.

Similarly, if x # 0 is a jump point of Duy, then since u is continuous, we can pass to
limits in (6.28)) along sequences of Lebesgue points approaching x from both sides of
the jump, to find that

(6.29) x-Duf(x) = x-Duy (x) = uy(x) and hence x-& = uy(x) for § € [Dug, Duy ].

Now ([6.26]) follows from (6.27)), (6.28]), and (6.29)).

Step 5.2. Now define vy(x) := ug(x) — (x - |;‘T°‘2)u0(x0), and note that

(6.30) vo(Ax) = Avg(x) for A > 0, v(x0) = vo(—x0) =0, detD*vy =0

in the sense of (6.1)). Let us write v (r cos 8, rsin ) = r f(0). We will prove that

2T
(6.31) / (f*— f"*)do = o.
0

We first prove this under the assumption that v, is smooth away from the origin.
Then the condition det D>vy = 0 implies that the constant A in (&.3) must equal
zero, where we recall the definition:

2w
(6.32) A=Alvy) = %/ ~(0) Ay (0)d0,  ~(0) = Dvo(cos, sin 0).
0

We will temporarily use the notation n(6) = (cos 8, sin ) and t(8) = n’(9), so that
~v(6) = n(0) f(0) + t(0) f'(6). Then we easily compute that y Ay" = f(f + f''), so
that follows from the identity A = 0 via integration by parts.

If vy is not smooth, then let vx(r cos 6, rsin §) = rf(0) for a sequence of smooth
2m-periodic functions fi converging to f in W' and such that [ |f/’|d§ < C. Such
a sequence exists, since Dv, € BV. This convergence implies that v, — v in the sense
of Corollary[4.3] (this is proved in [13, Proposition 4.1]). If we define Ay = A(vx) as
in (6.32)), then it follows that

2T 2T
0= lim 24, = lim / (f2 — £2)do = / (f? = f")de,
— 00 — 00 0 0

which proves (6.31)) in the general case.

Step 5.3. In view of (&.30), we see that there exists & € [0, 7) such that f(a) =
f(a+ ) = 0. Then Poincaré’s inequality implies that

/Mﬂ(f2 — %) do <o, /G’ (fF—f*do<o.

\— T
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In view of (&31)), equality holds in both integrals, and so the optimality conditions
in Poincaré’s inequality imply that there exist a, b such that f(#) = asin(6 — «) for
0 € (a,a+m)and f(0) = bsin(f — «) for € (o — 7, a). In other words,

ax - t(a) ifx-t(a) >0,
vo(x) = .
bx-t(a) ifx-t(a) <O.
Since 1y is the sum of vy and a linear function, (6.24)) follows.

Step 6. Tt follows from Steps 4 and 5 that if a is such that (&.16) holds, then a € Jp,,.
It also follows from Step 3 that if (6.16]) does not hold, then a & Jp,,.

We now prove, continuing to assume (6.16), that there is a line segment ¢, passing
through a and meeting 02 at both endpoints, such that

(6.33) 0y, C dpu, [Du(a),Du*(a)] = [Du~(b),Du*(b)] Vb € £,.

Step 6.1.  To do this, we will show below that Sy as defined in

(6.34) So = [Du~ (a), Du*(a)] up to a set of H' measure 0
and
(6.35) for H' a.e. £ € So, T(€) is tangent to Jp, at a.

First, we demonstrate that these will prove (633). To do this, let £, be the line
segment passing through a, tangent to Jp, at g, and terminating when it meets
J9). Then implies that for H! a.e. £ € S, the associated line segments
4;(€) passing through a all coincide with ¢,. Let b denote any other point on ¢,.
Then b € ¢;(€) for H' ae. £ € Sy(a). It follows that So(a) C So(b) C S,(b) for
r > 0, and hence that b satisfies (6&.16). Thus b € Jp,, and (&34)) implies that
[Du~(a),Du*(a)] C [Du~(b), Du*(b)]. Reversing the roles of a and b establishes
the opposite inclusion and so will prove (6.33]), once we have proved (&.34), (&.33).

Step 6.2. 'We now prove (6.34), (€.35). Since all information about Sy and 7,(£), & €
So is recorded in the blowup limit uy, we may argue with u, about which we know
everything, instead of u.

It is convenient to assume that Jp,, is the x;-axis. This can be achieved by a change
of coordinates. Then there exist numbers p}, p; , p2, such that

(p1,p2) ifx; <O,
D =
uO(thz) { pIr,pz) ifx1 > 0.

Moreover, ugy,y; = O unlessi = j = 1, and ug,x, is a 1-dimensional Hausdorff
measure restricted to the x; axis, multiplied by the constant p7 — p; .
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By combining (5.1)), and (6.24]), we arrive at

—/ B (dx) ifi=2,i=1,
[dug](pdx; N df]) = {(x1,%2) ER?:x =0}

0 if not,

where ¢(x) = f;j o(x, (&1, p2))LY(dE) for x € {(x1,%) € R? : x; = 0}. By Fubini’s
Theorem,

+

[duo) (6 dxs A d€1) = / 600,50, (61, p2)) dade.

IR

On the other hand, from (6.23]) and (&.20) we write

p

[duo)(pdx; N dE;) = / m(f)/ o (x, &) (dx;, 7,(€)) H (dx) (d€;, 7,(€)) H (dE).
So 4¢3

From the fact that [duy](¢dx; AdE;) = 0 for (i, j) # (2, 1), we conclude that 73,(§) =

+e,, 7, (§) = e for H! ae. £ € Sy, which includes the claim (633). And by

comparing the above two identities for [dug](¢dx, A d;), we deduce ([6.34), and as

already noted, follows.

Step 7. Let A := {x € Q : uis affine in some neighborhood of x}. To complete the
proof, it remains to show that if a & (A U Jp,), then there exists a line segment ¢,
passing through a and meeting 0(2 at both endpoints, such that every point of £, is a
Lebesgue point for Du, and Du(x) = Du(a) for allx € ¢,.

Step 7.1.  We first prove that there is a subset of I',, of full H' measure, say I'), such
that

(6.36) if ¢ € T'Y, then Du(x) = & for every x € (U;£;i(€)) \ dpu-

We will use the notation f,;(§) = H¢(¢dx;). Recall that f,;: I'; — Riis F'-mea-
surable for i = 1,2 and every ¢ € Co(Q2 x R?), which denotes as usual the sup-norm
closure of C2°(Q x R?). Let {¢x}72, C C°(Q x IR?) be a countable dense subset
of Co(2 x R?). We fix € > 0, and for each k = 1,2,..., we apply Lusin’s Theorem
to find that there exists a set Ex C I, such that ' (E;) < €27, and such that the
restriction to T', \ Ex of f;,; is continuous for i = 1,2. Let E, := |JEj, and let
IS :=T, \ E.. It follows that the restriction to I'; of £ — H¢(¢ dx;) is continuous for
every ¢ € Co(2 x R?) and i = 1,2, and also that H'(E.) = HY(T, \ T'S) < e. By
discarding a set of H' measure 0 from I'¢ if necessary, we can arrange that

(6.37) H(TE) NB(E) >0 Vs>0
for every £ € T'¢, while preserving the condition 3! (T, \ T'}) < e. We claim that

(6.38) if ¢ € T, then Du(a) = & for every a € (U;4;(€)) \ dpy-
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This will prove (€.36), since if we define I') = [ J, T'¢+ for some sequence €, — 0, then
(638) implies that ' has the properties required in (6.36).

To prove ([6.38), fix ¢ € I') and a € (|J; ¢i(€)) \ dpu. Step 3 shows that in order
to prove that Du(a) = ¢, it suffices to show that & € Du*(0B,)(a) for every good
r < dist(a, 0N2). Fix some such r, and fix a smooth ¢ dx; with compact support in
B,(a) x R? such that H¢(¢ dx;) # 0. This is possible because a € ¢;(£) for some i.
Since f,; is continuous in I';, we deduce that He/ (¢ dx;) # 0 for all ¢’ € I suffi-
ciently close to £. For such ¢’, it follows that | £;(£’) must intersect B,(a), or equiv-
alently that ¢’ € S,(a). Thus implies that every neighborhood of £ intersects
S.(a) in a set of positive measure, and hence (in view of (&.11))) every neighborhood
of £ contains points of Du*(9B,)(a). But Du*(0B,)(a) is closed, so & € Du*(9B,)(a),
and (&.38) follows.

Step 7.2. Note that if ¢ € I'% then for every i, either £;(§) C Jp, or £;(§) NJp, = 2.
Indeed, if ¢;(£) ¢ dpy, thensince £;(€) is a line segment, and Jp,, is also a union of line
segments, ¢;(£) and Jp, can only intersect transversally. But this would imply that
Du jumps where ¢;(£) crosses Jp,, which is impossible, since Du = & on 4;(€) \ dpu-

Similarly, if £, £’ € T'Y and £;(€), £;(¢') do not intersect Jp,, then £;(§) N 4i(¢') =
@, sinceifa € £;(§) N £;(&"), then a is a Lebesgue point of Du with Du(a) = £ = ¢/,
which is clearly impossible. Thus if &, £’ € T'9, then £;(£) and ¢;/(£) either coincide
or are disjoint.

Step 7.3. Now fixa & Jp, U A. In view of (6.13), (6.14)),
0 < HY(Du*(0B,(a))) = H'(S,(a)) =0 asr— 0,
Let S¥(a) = S,(a) N Du*(9B,)(a) N T, and let
Ly ={6i(&) : £ € §{(a),£:i(§) N B(a) # T}

For ¢ € L,, let 7, denote a unit tangent vector. We have just argued that these seg-
ments are pairwise disjoint. This implies that if r is small enough, then the signs of
these tangent vectors can be chosen so that 7y - 7y, > % forall ¢, ¢’ € L., and then it
further follows from disjointness that there exists some unit vector 7 such that

sup |y —7| =0 asr— 0.
tel,

Let £, denote the segment passing through a with unit tangent 7. Note that £, is not a
subset of Jp,, since by assumption a & Jp,. So ¢, can only intersect Jp, transversally.
If this occurs, then there must exist some ¢ € L, that intersects Jp, transversally,
which is impossible. So every point of ¢, is a Lebesgue point of Du.

We finally argue that Du(x) = Du(a) for every x € /,. To see this, recall first from
Step 3 that

sup | — Du(a)| < sup |¢ — Du(a)] - 0 asr— 0.
§€SH(a) £€Du*(0B,)(a)
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Fix x € /¢, and, given ¢ > 0, fix p > 0 so small that |{ — Du(x)| < ¢ for all
& € Du*(0B,(x)). Since the tangents to segments in L, converge to 7 as r — 0, it
is clear that for r sufficiently small, every ¢ in £, must intersect B,(x), which implies
that S} (a) C S,(x) for r sufficiently small. Then (6.T1]) implies that Du*(0B,(x)) N
Sk (a) # @ for r sufficiently small. Then

|Du(a) — Du(x)| < sup [|Du(a) — &| + |€ — Du(x)|]
€Sy (a)NDu* (0B, (x))
<e+ sup |Du(a) — ¢ —e asr— 0.
€S (a)
Since ¢ is arbitrary, the conclusion follows. ]
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