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1. A (/-analogue of the integral I f(t)dt is defined by means of

) (1.1)

which is an inverse of the ^-derivative

^zI^ (L2)

The present author (2) has recently obtained a ^-analogue of a formula of
Cauchy, namely,

K~Nf(x) = [" f°° ... ["/(()«; q)d(Xl; q)...d(xN-i;q)
J J

where, for real or complex a and N a positive integer,

and
(t-x)o = l, (t-x)s = a - x X t - g x ) . . . ^ - ^ - ^ ) . (1.4)

We shall also use the notation

(a)o = 1, {ah = (1-flXl-?«)•••(!-?w"1fl)-
The ̂ -binomial coefficient is defined by

~ \k

so that we have

(1.5)

f Dedicated to the memory of my friend E. L. Whitney.
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136 W. A. AL-SALAM

The purpose of this note is to obtain fractional generalisation of (1.3) as
well as a ^-analogue of the fractional operator (3.1) of Erdelyi and Sneddon.
Elsewhere we shall give similar results for fractional ^-integrals based on the

^-analogue of f(t)dt.

We now give a few preliminary results.
An analogue of the exponential function is

e(u)=fl(l-uqTl= t £-. (1.6)
O 0 (q)
fl(luqT t £
O n = 0 (q)n

The binomial (1.5) can be extended to non-integral values of iVby means of

In view of the known identity [(5), p. 92]

eju) = S (a\uk

e(au) k = o (q)k

formula (1.7) can be written as

{x-y\ = xv Jto (-1)' [jj] q^-'Ky/xf. (1.8)

From (1.7) and (1.8) we see that

, 4+ , (1.9)

:so that, upon equating coefficients of x", we get

As a ^-analogue of the gamma function we define

This function satisfies the functional equation r , ( a+ l ) = [a]F?(a) and if
a = n, a positive integer, we have r,(n + l) = [«]!.

An analogue of Gauss' theorem for the sum of hypergeometric functions is
1(5), P- 97]

In the following we shall assume that 0<#<l and that the functions under
•consideration are such that the series in (1.1) is absolutely convergent. In
particular this implies that lim f(x) = 0.
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FRACTIONAL ^-INTEGRALS AND ^-DERIVATIVES 137

2. We are now in position to define the fractional generalisation of (1.3).
We put, for arbitrary v # 0, - 1 , - 2 , ...,

; q),

K?M =M- (2-1)
This is a ^-analogue of the Weyl fractional integral

K~vf(x) = J - f°° (t-xy-'KOdt
n>)jx

When v = n, a positive integer, formula (2.1) reduces to (1.3). On the other
hand formula (2.1) can be written as

j [] ). (2.3)
This formula is now valid for all v and, in fact, when v = — n a negative

integer, (2.3) reduces to

KIM = *""(!-«)"" £ (-1)" [Ul qW*-1)-*"("-1'/(xq'-t) (2.4)
t = 0 LKJ

which is a well-known formula (4) for (—l)"D f̂(x).
It follows immediately from the definition (2.1) that

KicJ, +cj2) = c ^ / i +c2KJ/2.
We now proceed to prove that

X».Xf/(x) = K«+"/(x) (2.5)
valid for all a and /5.

To prove (2.5) we have by means of (2.3)

y (-lj'H^'C
= 0 LrJ

I
r = 0

1 £ (-
B = 0

The inner sum in the right-hand side can be evaluated by means of (1.10).
We get
K*Kfi

qf(x) = q-**+n<n-fi-i\iJqy-fix->-f

o L "

E.M.S.—K
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3. Erdelyi and Sneddon (3) defined the fractional operator

Kn-«f{x) = ^- T (y-xr-1y-'-"f(y)dy. (3.1)

A ^-analogue of this is

Kl"f(x) = <Q? f" (y-xX^y-'-'flyq^diyi.q) (3.2)
1 «(°0 J X

where a # 0, — 1, — 2, .... This formula can also be written as

i=̂  t -k). (3.3)

By means of (1.7) and (1.10) we can write

" ]f(xq-*-k).
f J

(3.4)

Formula (3.4) is valid for all a and may be taken as a continuation of (3.1).
If a = — N, a negative integer, we get

;•-700 = (i-«rA £
k = 0

Comparing this with (2.5) we see that

K"q- -"/(*) = (-lfq-^N-"-¥ih"D^{x-'+Nf(x)}. (3.5)

Let us consider the expression

D,w{x-»-'KZ'a+7(x)}.

If we substitute for K*-a+Nf(x) from (3.4) and then ^-differentiate the resulting
expression N times by means of (2.5) we obtain, using formula (1.10),

Kq'
af(x) = (-l)NqiN'-N+'>+x-1)x'>+N+°Dq

;{x-''-*Kll-*
+N}. (3.6)

We now prove that

K\- aKq
+*- 'f(x) = K«q-*

+l>f(x), (3.7)

valid for all r\, a, /?.
The left-hand side is

ki0 ^-
The inside sum is equal t o
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This expression, by (1.12), is equal to

e(q)e(qa+p)e(q!r)

We thus get

This completes the proof of (3.7).
From (3.7) it follows that

- J / (4 (3.8)
It is easy to see that

K*q-'{x'Kx)} = xrqV-'VKT'-'fix). (3.9)

The relationship between the two fractional operators we defined above is

Kf- *f(x) = JCV*""1"
 1)-"tK-x{x-n-*f(x)}. (3.10)

4. We give now a short table of transform pairs. Because of (3.10) we shall
give only those involving the operator K*'*.

We first recall that

r<Ps(.
al> a 2 , ••-, ar, Du t>2, . - . , Os, X) -

and that

r r«̂  *"
l w =(i-qy

(al)*(g2)*---(flr)*

For brevity we shall write the left-hand side. We shall also write
instead of Kl>'f(x) = g{x).

x • (TV, a positive integer). (4.2)

F ( — rt— "A
(4.3)

; gA + I; eg-/*)- (4.4)

^ l ( q < 1 " ' ; g " ; x )- ( 4 - 5 )
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+ 1 j y 1 " 1 0 ; q"; xq'lb). (4.6)

«+v (v#0) . (4.7)

^ g C ; x ) ( 4 g )

Formula (4.8) reduces, when X = a, a = —« or when A = c + a, a = — n,
to formulae of Agarwal (1). Formula (4.8) can be extended further so that the
left-hand side involves a ^ . ) and the right-hand side a s + 1 $ 5 .

We now illustrate an application of the above formulae. We have from
(1.9) and (1.8)

k = o {q)k

Now applying (4.6) we get

= o (q)k(q*)k
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