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1. In t roduc t ion . In following a sugges t ion of S. Chowla to apply 
a method of C. Hooley [3] to obtain an a sympto t i c fo rmu la for the sum 
2 r (n)r (n+a) , w h e r e r(n) denotes the number of r e p r e s e n t a t i o n s of 

n £. x 

n as the sum of two s q u a r e s and _a i s a pos i t ive in t ege r , we have had 
to obtain n o n - t r i v i a l e s t i m a t e s for the e r r o r t e r m in the a sympto t i c 
expans ion of 

2 r ( n ) . 
(1) n < x 

n = b(mod k) 

In th is p a p e r , we devote m o s t of our a t tent ion to this sum, and in a 
p a p e r to follow, we shal l obtain the a sympto t i c fo rmu la for 

2 r (n ) r (n+a) . In fact, Hooley ' s method al lows us to obtain the 
n <_ x 
a sympto t i c fo rmu la for 2 r (pn)r(qn+a) , where p and q a r e 

n<£x 
pos i t ive i n t e g e r s . We r e m a r k that T . E s t e r m a n n obtained the 
a sympto t i c expans ion for this sum in 1932 [ l ] for p = q = 1, using 
e l e m e n t a r y m e t h o d s . 

In this p a p e r , we use a technique used by E s t e r m a n n [2] to 
obtain the funct ional equat ion of R(s ;e (p /q) ) and i t s m e r o m o r p h i c p a r t . 
As an appl ica t ion of our a sympto t i c fo rmula for (1), we " g e n e r a l i z e " 
a p r o b l e m of M o r d e l l [4] on the l e a s t solut ion of a quadra t i c congruence , 
and s l ight ly i m p r o v e upon his r e s u l t . 

The author w i shes to thank P r o f e s s o r Chowla for his e n c o u r a g e m e n t 
and sugges t ions during the deve lopment of this pape r , and J . H . H . Chalk 
for br inging M o r d e l l ' s work to his a t ten t ion . 

2 . Defini t ions and Notat ion. Throughout this p a p e r , we sha l l 
adopt the following convent ions , x. i-s a lways the n o n - p r i n c i p a l 
c h a r a c t e r modulo 4, and r(n) = 2 x(^)« We sha l l r e s e r v e the 

d | n 
a s t e r i s k to m e a n : for each o r d e r e d p a i r of pos i t ive i n t e g e r s a and q, 
define a* and I such that 4a = I q + a*, where 1 <_ a* <_ q. The 
p r i m e on the s u m m a t i o n sign 2 ' will be r e s e r v e d to m e a n that, in 

Canad. Math . Bul l . vo l . 11, no . 2, 1968 

175 

https://doi.org/10.4153/CMB-1968-019-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-019-2


c a s e the index of s u m m a t i o n begins with z e r o , the z e r o t e r m is to be 
dele ted if i t i s not defined; a l s o , if g i s defined as a s e r i e s whose 
s u m m a t i o n index beg ins at z e r o , then we sha l l w r i t e g' to m e a n that 
a p r i m e a p p e a r s on the s u m m a t i o n s ign defining g. F o r b r e v i t y , we 
sha l l wr i t e Z ins tead of Z . If q i s an i n t e g e r , we sha l l 

h<k 1 £ n l k 

w r i t e p(q) to m e a n that p runs th rough a se t of r educed r e s i d u e s 
modulo q. a, b, c, d, h, k, I , m , n, p , q, u, v, x, y, M, N, Q, R a r e a lways 
non -nega t ive i n t e g e r s . B , C, X a r e pos i t i ve r e a l n u m b e r s and s = cr + i t 

i s an a r b i t r a r y c o m p l e x n u m b e r , a s u s u a l . Also define e(s) = e 

Le t 
g(s) Z a n 

n> 1 

be any D i r i c h l e t s e r i e s . We define the following r e l a t e d s e r i e s : 

g (s ;e (h /k) ) = Z a e(nh/k) n~S ; 
n> 1 

g ( s ;b ,k ) Z a n ; 
n> 1 
n = b(mod k) 

g ( s ,w) = Z a (n+w) , 0 < w < _ l . 
n> 0 

In p a r t i c u l a r , 

£(s) = 2 n"S , 
n> 1 

which i s the R i e m a n n Ze ta Func t ion ; 

L (s) - Z X ( n - i ) n " S , 
n> 1 

which r e d u c e s to the o r d i n a r y L-func t ion of the n o n - p r i n c i p a l 
c h a r a c t e r modulo 4 if I = 0 (mod 4), in which c a s e we w r i t e 
L(s) = L

Q ( s ) ï a n d 

R(s) = Z r(n) n " S . 
n> 1 

F ina l ly , we sha l l adopt the following def ini t ions th roughout th is 
p a p e r . 

(1) Whenever we w r i t e m = 2 M, i t s ha l l be unde r s tood tha t 

(2 ,M) = 1. 
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(2) x ° (m) = x(M), w h e r e m = 2UM. 

(3) E (n) 
m 

(4) e (n) 
m 

u v 
w h e r e m = 2 M and n = 2 N. 

(5) Ô = K r o n e c k e r ' s De l t a . 
uv 

(6) c (b) = S e ( - p b / q ) , 
q P(q) 

which i s the Ramanujan Sum. 

(7) c (b;X) = 2 x(p) e ( -pb/q) . 
q P(q) 

(8) h (b) = 2 x (n) e(nb/q). 
q 

n< q 

(9) H (b) = 2 x(q) c (b) q"1 . 
q|k q 

(10) Hk(b) = [1 + X ° ( b ) e 4 b ( k ) ] H k ( b ) . 

3 . Some L e m m a s . We now give t h r e e l e m m a s which will be 
needed in the deve lopment of this p a p e r . We omi t the p roofs , s ince 
s t andard a r g u m e n t s give the r e s u l t s . 

LEMMA 1. Le t q = 2 n Q, n > 2 , and p = 2 m P . Then 

h (p) = ( l / 2 ) i q X ° ( p q ) E (p)ô 9 -
q Q n - m , 2 

LEMMA 2. Under the a s sumpt ion of L e m m a 1, 

cq(p;x) = - i 2 n " V ( P q ) 5 n _ m ) 2
 C

Q(P>-

LEMMA 3 . If 

g(s) = 2 a ^ n , 
n> 1 
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then 

(i) g (s ;e (h /k) ) = 2 e (ah /k ) g ( s ; a , k ) ; 
a < k 

(ii) g ( s ; b , k ) = k " 1 2 e ( - a b / k ) g ( s ; e ( a /k ) ) ; 
a < k 

-1 
(iii) g ( s ;b ,k ) = k 2 2 e ( - b p / q ) g ( s ; e ( p / q ) ) . 

q l k p(q) 

4 . The Func t i ona l Equa t ion of R(s ;e (p /q ) ) . 

THEOREM 1. F o r cr< 0 and l < h < k , 

L ( s ; e (h /k ) ) = ( l / 2 ) ( T r / 2 ) S " 1 r ( l - s ) [ e ( s / 4 ) L » ( l - s ; l - h * / k ) 

+ e ( - s / 4 ) L ( l - s ; h * / k ) ] . 

P roof . This fol lows d i r e c t l y f r o m the funct ional equat ion of 

_ g 
2 ' e(nx) (n+y) 

n> 0 

(see [5] , p a g e s 269 and 280) . H e r e , x and y need not be i n t e g e r s . 

THEOREM 2. If (p, q) = 1 with l < p < q and pp = 1 (mod q), and 
if o-> 1, then 

(i) R( s ; e (p /q ) ) = S e(abp /q) ^ (s ;a , q) L(s ;b , q); 
a, b<_q 

(ii) R(s ; e (p /q ) ) = q " i 2 e ( - a b p / q ) £ ( s ; e (a /q ) ) L ( s ; e (b /q ) ) . 
a, b<_q 

Proof , (i) fol lows i m m e d i a t e l y f rom the defini t ion of the left s i d e . 
To p r o v e (ii), apply L e m m a 3(ii) to each t e r m on the r igh t s ide of (i), 
which g i v e s : 

R(s ;e (p /q ) ) = q" 2 2 Z, ( s; e (c /q) ) L(s ;e (d /q) ) 2 e ( ( a b p - a c - b d ) / q ) . 
c> ^ £. q a, b <̂  q 

But the i nne r sum has va lue q e ( - c d p / q ) , f rom which the r e s u l t fo l lows . 

THEOREM 3. If (p, q) = 1 with l < p < q and pp = l (mod q), and 
if cr<0, then we have the following funct ional equat ion: 
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R(s;e(p/q)) = K (s) x(q) R(l- s;e(-4p /q)) _if q = l(mod 2) and 44 = 1 (mod q); 

= 2SK (s)R(l-s;e(pR/q);x) if q = 2Q and 2R = Q - 1; 

= -2iK ( s ) X (p )R( l - s ; e ( -p /q ) ) i l q E 0(mod 4), 

where 

R(s;e(p/q);x) = 2 X(n) r ( n ) e(p/q) n 
n> 1 

and 

v i x 2 s " 2 1 " 2 s ^ 2 / „ x • 
K (s) = TT q r (1-s) sm-TTS. 

Proof. Theorem 2(ii), together with Theorem 1 and the functional 
equation of £,(s;e(b/q)) (see [5], page 269), gives the following functional 
equation: 

(2) R(s;e(p/q)) = K f s j q 8 " 1 S e(-abp/q)L (1-s;a*/q)£(l-s;b, q) 
q a ,b<q 

where 4a = I q + a* with 1 £ a* <_ q. 

Case 1. For q odd, 

L (l-s;a*/q) = q ~ S
X(q) L(l-s;4a, q), 

so that, by (2), we have 

R(s;e(p/q)) = K(s)X(q) 2 e(- ab4p /q) L(l- s;a, q) £ (1- s;b, q). 
q a ,b<q 

Now compare this result with Theorem 2(i). 

Case 2. For q = 2Q, Q odd, 

L (l-s;a*/q) = X ( Q ) Q 1 _ S L (l-s;2a, Q), 
x. ^a 

so that, by (2), we have 

R(s;e(p/q)) = K (s)2S '1
x(Q) 2 e(-abp/q)L (1- s;2a, Q)£(l- s;b, q) 

^ a ,b<q 

= K (s)2S"1
x(Q) S L (l-s;2a,Q)£(l-s;e(-ap/q)) 

q a < q 2 a 

= K ( s ) 2 S _ 1
x ( Q ) 2 n 3 " 1 E , 

n> 1 
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w h e r e 

2 = 2 e ( - a n p / q ) L ( l - s ; 2 a , Q ) . 
n 2a 

a<_q 

Now spl i t the l a s t sum into two p a r t s , the f i r s t p a r t with 1 <_ a < Q 
and Q+l <_ a <_ 2Q for the second p a r t . In the second sum, r e p l a c e a 
by Q+a, and note that 

L_ ( l - s ; 2 a , Q ) = (- if L ( l - s;2a, Q) 
Za 

and 

1 - ( - l ) n = 2 X
2 (n ) . 

Then 

S = 2X
2(n) 2 e ( - a n p / q ) ( - l ) a L ( l - s ; 2 a , Q) 

n a < Q 

= 2X
2(n) S e (anpR/Q) L ( l - s ; 2 a , Q), 

a< Q 

a 
s ince (-1) = e ( - a n p / 2 ) for n odd, and 2R = Q - l , w h e r e R i s an 
i n t e g e r . Hence 

2 n = 2 X
2 ( n ) X ( Q ) L ( l - s ; e ( n p R / q ) ) , 

so that 

R(a ;e (p /q) ) = 2 S K ( s ) S X
2 ( n ) n S " i L ( l - s ;e(npR/q)) 5 

q n > l 

f r o m which the r e s u l t fo l lows . 

Case 3 . F o r q = 0(mod 4), 

L ( s ; b , q ) = X ( b ) ^ ( s ; b , q ) , 

so that , by T h e o r e m 2(i), we have 

(3) R(s ; e (p /q ) ) = S e(abp /q)X(b)Ç, (s ;a , q) t, (s ;b , q) 
a, b<_q 

(4) = q _ 1 x ( p ) 2 X (a) e ( - abp /q )^ ( s ; e ( a /q ) )C{8 ;e (b /q ) ) . 
a, b<^ q 

In (3), we apply the funct ional equat ion of t, (s;w), and af ter expanding, 
we r e p l a c e a by q-a and b by q-b in the a p p r o p r i a t e s u m s , noting 
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that in r ep lac ing b by q-b , \{b) b e c o m e s -v jb ) . Consequent ly , two 
of the s u m s cance l and we a r e left with 

R(s ;e (p /q ) ) = - i q" *K (s) S e ( a b p / q ) x ( a ) Ç , ( l - s ; e ( a / q ) ) ^ ( l - s ; e ( b / q ) ) . 
q a , b < q 

The r e s u l t follows upon compar ing this with (4). 

5 . The M e r o m o r p h i c P a r t of R(s ;b , k) . 

THEOREM 4. L ( s ; c , q) i s analyt ic in the en t i r e finite p lane if 
q £ 0(mod 4) . If q E 0(mod 4), then L(s ;c , q) = x(c) £ ( sîc> q)» and so has 
a s imple pole at s = 1 if c is odd, and is ident ica l ly z e r o if c ' is even. 

Proof . The second p a r t of the T h e o r e m is obvious . F o r 
q 4 0(mod 4), L(s ;b , q) i s e s sen t i a l l y the di f ference of two ^- func t ions 
of the f o r m £,(s;w), each of which has the m e r o m o r p h i c p a r t 

- 1 
(s -1) , so that the di f ference of two such functions is analyt ic 
e v e r y w h e r e in the s - p l a n e . 

THEOREM 5. If_ q k 0(mod 4) _and (p, q) = 1, then R(s ;e (p /q) ) 
has the s a m e m e r o m o r p h i c p a r t as 

q 1 ~ 2 S x ( q ) £ ( 8 ) L ( s ) . 

P roof . F r o m T h e o r e m 2(i), 

R(s ;e (p /q) ) - £ ( s ; q , q ) 2 e(acp/q) L ( s ; c , q ) 
a, c<q 

S e(acp/q) [Ç,(s;a, q) - ^(s ;q , q)] L(s ;c , q). 
a, c< q 

Since Ç,(s;a, q) - ^(s ;q , q) is analyt ic in the en t i r e s -p l ane , and a l so 
L ( s ; c , q) by T h e o r e m 4, then R(s;e(p/q)) has the s a m e m e r o m o r p h i c 
p a r t a s : 

£(s ;q , q) Z e(acp /q) L(s ;c , q) 
a, c< q 

1- s 
= q t, (s) L(s;q, q), 

f r o m which the r e s u l t fo l lows. 

THEOREM 6. If q = 0(mod 4) and (p, q) = 1, then R(s;e(p/q)) 
has the s a m e m e r o m o r p h i c p a r t a s : 

i X (p) ( q / 2 ) 1 - 2 8 t ( 8 ) L(s ) . 
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Proof. From Theorems 2(i) and 4, 

R(s;e(p/q)) = 2 x(c) e(acp/q)[ £(s;q, q)- Z(s;a,q)][£,(s;q, q) - Z(s;c, q)], 
a, c£q 

where 

Z(s;a, q) = £(s;q, q) - t, (s;a, q), 

which is analytic everywhere. Therefore 

(5) R(s;e(p/q)) = q ^ V f s ^ - q" \ (s) ^ + ^ , 

where 

S = 2 x (c) e(acp/q), 
a, c< q 

z
2 = 2 x (c) e(acp/q)[Z(s;a, q) + Z(s;c, q)], 

a, c£q 

and 

2 = 2 x(°) e(acp/q) Z(s;a, q) Z(s;c, q) . 

a, c<< q 

One easily shows that 2 = q v (q) = 0. Since both E and 2^ a r e . 
1 2 3 

analytic, the only possible singularity of R(s;e(p/q)) must arise from 
the second term of (5) so that we only need to evaluate 2 . 

z
2
 = " z x ( c ) e ( a c p / q ) t ^ ( s ; c » q) + ^>(s;a> q ) ] 

a, c ^ q 

_ g 
= " qX (q) ^ <s;q» q) " 2 x ( c ) S e(mcp/q) m 

a, c<_q m>_ 1 

using Lemma 3(i), 

= - 2 h (mp) m 
m> 1 q 

= - 2 (l/2)i qx°(pqm) EJmp)5 _ m 
u Q u-v, 2 

m>_l 

by Lemma 1, where q = 2 Q, u>_2, and for each m>_l, we write 

m = 2 M, 

. ^2s-1 1- s . , _ . . 
i 2 q x(p) M3)-
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THEOREM 7. R(s ;b , k) has the s a m e m e r o m o r p h i c p a r t a s : 

k " \ ( S ) L ( s ) [1 + x ° ( b ) e 4 b ( k ) ( 2 V + 1 ) 2 " 2 s ] S X(q)c (b) q 1 " 2 " 
q | k q 

v 
w h e r e b = 2 M. 

Proof . F r o m L e m m a 3(iii) and T h e o r e m s 5 and 6, R(s ;b , k) 
has the s a m e m e r o m o r p h i c p a r t a s : 

k " V s ) L ( s ) [ S x ( q ) q 1 _ 2 S c (b )+ i S ( q / 2 ) 1 " 2 8 c (b;X)] . 
q | k ^ q |k * 
4+q 4 | q 

To comple te the proof, use L e m m a 2 . 

6. The Sum S r (n ) . F ina l ly , we s ta te the m a i n 
n < X 
n = b(mod k) 

r e s u l t s of this p a p e r . We shal l not give the proofs of T h e o r e m s 8 and 9, 
s ince the a r g u m e n t s run p a r a l l e l to those given in Hooley ' s pape r [3]. 
As in Hooley ' s p a p e r , our r e s u l t s depend upon Weil ' s e s t i m a t e s for 
the K l o o s t e r m a n s u m . 

THEOREM 8. If k = 0 ( X 2 / 3 ) and 0 < : 6 < l / 3 , then 

Z (X-n)2
 r ( n , = f2 ftk(b)f3

 + 0 ( X 2 + V 1 / 2 ^ - 3 P ) ( b ; k ) d / 2 ) d ( k ) ) . 
n< X 
n 5 b(mod k) 

R e m a r k . In applying T h e o r e m 8 to S r (n ) r (n+a) , we want p = 0, 
in which c a s e the e r r o r t e r m b e c o m e s 

2 - 1 / 2 1/2 
0(X k ' log(k+l) (b,k) ' d(k)). 

To obtain this r e s u l t , we p roceed as in [3], except that in e s t ima t ing 
(1) 

J we move the line of i n t eg ra t ion to cr = 0 ins tead of to o- = S, 
q 

noting that we m u s t be carefu l a t the o r ig in . 

THEOREM 9. Under the hypothes is of T h e o r e m 8, 

r(n) = jH k (b )^ + 0(X« 2 / 3 >^-< 1 / 2 W 1 + 3 P) (b ,k / 1 / 2 , d W ) . 
n< X 
n = b(mod k) 
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7. A P r o b l e m of M o r d e l l . In [4], M o r d e l l p roved that if p i s a 
3 /4 

p r i m e , then t h e r e ex i s t non -nega t i ve i n t e g e r s x, y < B p log p 
(B is a pos i t ive absolu te constant ) such that 

2 2 
ax + by = c(mod p) 

p rov ided abc i 0(mod p) . 

3 /2 
In T h e o r e m 9, le t X= Bk , w h e r e B i s a su i tab le pos i t i ve 

cons t an t . Then i t follows that if k i s odd and conta ins only a 

bounded n u m b e r of f a c t o r s , then t h e r e ex i s t non -nega t ive i n t e g e r s 
3 /4 

x, y < B k , not both z e r o , such that 

2 2 
(6) x + y E b(mod k), 

p rov ided (b, k) = 1, say . This follows s ince , under the condi t ions on 
k, and for some pos i t ive cons tan t C < 1, we have 

H (b) = H (b) = n 1 - * ^ > C. 
k k i , 

P l k \ 

(6) i s s l ight ly s h a r p e r than M o r d e l l ' s r e s u l t when a = b = 1 and k = p . 
To lower the exponent in (6) below 3 /4 would be of g r e a t i n t e r e s t , 
but s e e m s v e r y difficult . 
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