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SMOOTHNESS PROPERTIES OF BOUNDED SOLUTIONS
OF DIRICHLET’S PROBLEM FOR ELLIPTIC EQUATIONS
IN REGIONS WITH CORNERS ON THE BOUNDARY

BY

A. AZZAM

We study here the smoothness of solutions of the Dirichlet problem for
elliptic equations in a region G with a piece-wise smooth boundary. The
smoothness of the solution given depends on the smoothness of the coefficients
of the equation, the boundary, the boundary function and the values of the
angles on the boundary and the values of the coefficients of the second
derivatives at the corners.

§1. Introduction. Boundary value problems for the linear second order
elliptic equation

2 du
Y a;(xy, x5) P a(xy, x)u = f(x,, x,)
i=1 X

i

11 22: ( u
. a; (x4,
( ) e ij X1 x2) axl Bx,-

in a domain with smooth boundary have been thoroughly investigated. In the
works of Agmon, Douglis, Nirenberg [1] and Browder [2], the normal solvabil-
ity of such problems for general boundary conditions, satisfying the Sapiro-
Lopatinskii condition has been established. It was also proven that, if the right
hand side of (1.1), the coefficients of the equation, the boundary and the
boundary operators are infinitely differentiable, then the solution of the prob-
lem is also infinitely differentiable (see also [4], [7], [10]). If the boundary
contains a corner, this is no longer true. The reason is that, it is not possible in
this case to smooth the boundary by means of a smooth transformation.
Moreover, from the simplest examples, it is apparent that when the boundary
contains angular points the solution of the problem may not be infinitely
differentiable for infinitely differentiable right hand side, coefficients and
boundary functions. In [5,6] Kondratev considered some special Sobolev
spaces with weight functions. In these spaces, he studied general boundary
value problems for equation (1.1) in a domain whose boundary is piece-wise
smooth. We study here the first boundary value problem for equation (1.1) in
the space C,. . q-
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DeriniTions 1.1. The function g(x,, x,) is said to belong to C, ,(G) m=0
an integer, 0<a <1, if g(x,, x,) has m continuous derivatives in G, and the
derivatives of order m satisfy in G a Holder condition with exponent a.

1.2. The Holder coefficient of the derivatives of order k of g(x;, x,) in the
domain G is defined as

|D*g(P)— D*g(Q)|
(PQ)*

HS(D*g) =1.ub.

where l.u.b. is over P# Q in G, and all the derivatives of order k.
1.3. In C,.,.(G), the norms may be defined as follows

"8"0 = mg-x |g(x1, xz)|

k
lglvo = 2. ID'glo+ HI(D ), k=0,1,...,m.
i=0
In [1], it is proved that, if the right hand side and the coefficients of equation
(1.1) are of class C,...(G), and if the boundary T' of G can be represented
parametrically by functions of class C,, ..., and if the boundary function ¢
belongs to C,,.,..(I"), then any solution of the Dirichlet problem

12 ¥ ay(x, x) 28
. a;(x,, x
w1 . ax; 9x;

(1.3) u=¢ on I

2
ou
+ Z a;(x;, x,) 5x"+a(x1, x)u = f(xq, x;)
i=1 i

belongs to C,.,»..(G). If the boundary I' contains some corners, and the open
arcs between these corners are of class C,,.,.,., then the solution u(x;, x,)
belongs to C,,.»..(G1) N Co(G) where G, is any compact subdomain of G with
positive distances from the corners.

In a rectangle G ={(x,, x,), 0<x,<a, 0<x,<b}, Nikolskii [11] studied the

problem
u  u .
=—+—=
(1.4) Au ox2 ax2 0 in G
(1.5) u=¢ on TI.

He gave necessary and sufficient conditions for the solution to belong to
C,.,2+(G). These conditions are that on the open intervals 0<x,<a, 0<x,<
b the boundary function ¢ belongs to C, ..., and at the four corners it
satisfies certain compatibility conditions. These results were generalized in [3]
by Fufaev to the case of Poisson equation. Fufaev also proved that if the angles
at the corners are of values mw/q, q =2, 3, ... then the solution of the Dirichlet
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problem
(1.6) Au=f(x,x,) in G
(1.7) u=0 on T

will belong to C,,,,..(G) if and only if f(x;, x,)eC,,..(G) and at the corners
f(x4, x,) satisfies certain agreement conditions (see also [13]). In domains with
angles m/q, q=2,3,... Volkov [14] studied mixed boundary value problems
for the Laplace equation, and gave the necessary and sufficient conditions for
the solution to belong to C,,.,..(G). If the angle w on the boundary is not of
the form m/q, q=2,3, ... then the solution of problem (1.4)—(1.5) may not
belong to C,,.,..(G). Fufaev [3] proved that if 7/w is not an integer, then the
smaller the angle o the smoother in G is the solution u of problem (1.4)—
(1.5). He proved that if (m/@)>m+2+a, then u(x,, x,)€C,, 2. (G) provided
that the boundary function is continuous on the whole boundary I" and is of
class C,..,.,, on the open intervals between the corners. In this paper we
generalize this result to the case of problem (1.2)—(1.3). We first prove this
result in a circular sector then we use this to prove the theorem in the general
case.

§2. The problem in a circular sector. Consider the sector Q_,={(r, 6),
r=o<1, B<0<w+B} where (r,0) the polar coordinates of the point x =
(x1,x,) and (w/w)>m+2+a and B >0 satisfies 7/(w+2B)>m+2+a. Sup-
pose that the function w(x,, x,) satisfies inside (), the elliptic equation

@.1) Lw= 3 b)Y 13 b ek bxyw = g(x)
’ ij=1 T ax; ax; o T ax

where g(x), b;(x), b(x) and b(x) belong to C,...(Q,) and b;(0,0)=8; the
kronecker delta, i,j=1, 2. Suppose also that w(x) is bounded in Q) and that
its boundary value ¥(r, 6) on the two lines 6 =8 and 6 =w+ B belongs to
Chinies 0=r<o, and

d<w
dr*
We also assume that g(x) satisfies

(2.2) w0, 9)=

r=0

k

__ o8
axki gxk

(2.3) D*g(0,0)=

(0,0)

for all k,=0,1,...,k.

THEOREM 1. There exists a number r,, 0<2r,<o such that in €, the
bounded solution w(x) of the problem

249 Lw=g(x) in Q,
(2.5) w=¥ on T
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where g and ¢ fulfill (2.2) and (2.3), satisfies the inequality
(2.6) lw|=Mrm+>+

In the course of the proof we will need the following two lemmas.

Lemma 1 [7]. Let Q be a finite domain with diameter r, and let L be a linear
second order elliptic operator. Let ve C,()) and Lv=0 (=0) inside ), while
v =0(=0) on the boundary of Q. There exists r,>0, such that if r=r,, then
v =0(=0) will be satisfied inside ().

LemMma 2 [1]. Let T" be a portion of the boundary T of a domain (), and
I"e C,.12+a- Let Q¥ be a subdomain of Q) with the property that the intersection of
the boundary of ' with T lies in the interior of ", then any bounded solution
w(x) of the problem (2.4)~2.5) in Q will satisfy Schauder’s inequality

(2.7 "W”g+2+a = 6(”“’"8 + "g‘ frll+a + ”‘P”& +2ra)
where 8 >0 is a finite number independent of w.

We now prove Theorem 1.

Proof. Since on the two lines 6 =3 and 0 = w + 3 we have ¥Ye C,,,,,. then
from (2.2) we get

| W 2(r, 9)| = U™ (r, ) — V20, 0)| <K, or™

I\P(m-l—l)(r’ o)l = J. |\I,(m+2)(r’ e)l do SKm+1r1+(x
0

And generally for any k=0,1,..., m+2
(2.8) [W4(r, 0)| = K,rm 27 "
Similary for g(x,, x,)

(2.9 |D*g(xy, x,)| < Hr™ <+ k=0,1,...,m

Consider now the function v(x)=—Mr" sin A where M >0 will be defined
later and A = 7/(w +2B)>m +2+a = v. We rewrite the operator Lw as follows

Pw Fw . ¢ Fw & ow
2.10 Lw=—t—+ b.(x)—85. (x) 1 p
( ) w ax% 3x§ iJZ=1 [ u(x) ;,]BXi axj igl bl(x) axi (x)W

In particular
2
Lv=MM\>—v)r™*sin A0+ M Y. [b;(x)—8;]H,;r™"

ij=1
(2.11)
+Mh1rm+1+cx +Mh2rm+2+a
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where H;; and h; are bounded. functions, say
2 2
Y [Hyl+ Y [n|=R.
hi=1 i=1

Since b;;(x,, x,) are continuous functions and b;(0, 0) = §;;, then for any £ >0,
we can find r,>0 such that if r=2r,,

|b;(x)— 8| <e/4R i,j=1,2.
Since for B <6<w+ B, sin Af =sin AB, then for r=2r,, (2.11) gives
Lv=M[(A*—v*sin A\B —e]r™** —2MRr™ '+
= M[(A>—v?)sin AB— € —4Rr,Jr™**.

We choose € >0 sufficiently small, such that A =(A*—v?)sin AB—¢& >0 then
we take r, small enough to make B=A —4Rr,>0 then we set M > H,/B,
where H, is taken from (2.9). Thus inside Q,, we have Lv = Hyr"™"* = g(x), i.e.
Lw—v)=Lw—Lv=0.

We now choose M sufficiently large, such that on the boundary of (,,,
w—0v=0. On the two lines 6 =B and 0 =w+ B we have

w—v=Y(r, 0)+Mr™****sin AB
and from (2.8) we get
6] w—v=(Msin A —Ky)r™*2+,
On the arc r=2r, we have
(ii) w—v=w+M(Q2r)" " sin AB = —|w|[F=+ M(2ry)™**** sin AB

We now take M sufficiently large so that the right hand sides of (i) and (ii) are
nonnegative. Now inside €,, , L(w —v) =0 while on its boundary w —v =0. We
take r, sufficiently small, such that in £2,, we can apply lemma 1. Thus in (),
we now have w—v=0, i.e.

w=—Mr""?"* sin A = —Mr™*?*t,

Similarly, taking r, sufficiently small and M sufficiently large we can prove that
in Q,,, w=Mr""?"*je.in Q,,

|W| - Mrm+2+a
This proves the theorem.

THEOREM 2. Under the assumptions of Theorem 1, the following inequalities
hold in Q,

(2.12) |D*w|=< M, rm*27k+e, k=0,1,...,m+2

where D*w is any derivative of order k of w(x).
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Proof. Consider the domains

{( 0); 2n+1<r<— B<0<w+B}

Q;: Qn—l U Qn UQn+1'

We denote by I, the straight parts of the boundary of €2,. Any point (r, 8) €,
belongs to some (), with (], <(),,. The transformation

1 .
(2.13) xi=§; Vi i=1,2

transforms (2, and , to Q, and Q respectively. In € the function wy(y)=
wo(y1, ¥2) = w(y./2", y2/2") satisfies the elliptic equation

30

+2‘"Z c(y) +2 2re(y)wo =272"go(y)

214 Y o iy dy

Li=1
where ¢;(y) = b;(y/2") and similarly the functions ¢;(y), c(y) and g,(y) may be
defined in terms of b, b and g. The boundary value of wy(y) is ¥y(p, 0) =
W(p/2", 0); p>=y2+vy3. In Q, and Qf the Schauder’s inequality (2.7) gives
(2.15) ”W()”m b 2ta = 5("W0“Q" +272n IIgon ot ”‘I’onm +24e)

Now ||wg|& = |lw|?- and from (2.6) it follows that

l )m+2+q

”W0|IQ”<Mrm+2+a - T (2n

Since go(y) = g(y/2"), then

1
Dggo(y) = (2n) D*g(x) k=0,1,2,...,m

where D§ is the derivative in the y-plane corresponding to D*. From that and
from (2.9) we get

1 m-+a
|D0go(}’)|<H<2n) k=0,1,..., m.

If P and Q are any two points in )/, and their images in Q) are P, and Q,, then

Dg'go(Po) = D5'80(Qo) _ (l)"‘“‘ D™g(P)— D'"g(Q)
(PoQo)* 2" (PO

From this it follows that

1

m+a n:‘ m
=) HIDrg)

HEDG g0 = (50
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Thus

. - , . 1\m+e .
Il = 3. IDbg+ HEDSe) =T (52) " Nl

k=0 2"

)

Similarly we can show that

, 1 m+2+a
olEnse=Ts (5

Thus (2.15) yields

1 m+2+a 1 m+2+q 1 m+2+a
wolteea=8[ T () 4T (3) " ()

2 2
1 m+2+a
)
o\5n
Since |DEwo| <|[Woll2240, k=0,1,...,m+2 and since D§w,=(1/2")*D*w,

we get that in Q,

1 k 1 m+2+a
(7) Ipwi=a0 35)

or equivalently
1 m+2—k+a
|ID*w|=8§, (27) =M, rmirkre k=0,1,..., m+2.

This proves the theorem.

THEOREM 3. Under the assumptions of Theorem 1, w(x, X,) € Cpi244(£2,).

Proof. Consider any two points P(r, 8;) and Q(r,, 6,) in (—),0, and suppose
that 0=r,=<r,=<r,. We have two cases to consider

1. r,=<Ir,. In this case PQ=1r, and
IDkw(P) _DkW(Q)l SMkrrlvt+2~k+a+Mkr7211+2—k+a
<2M,rtEkte, k=0,1,..., m+2
and

ID™*2w(P)~D™?w(Q)| _2Mu.or _
(PO Gry)

2. r,>3r,. We will prove that weC,.5..(Gy), where G,={(r,80),
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(r/2)=r=r,, B=60=w+B}. The transformation

2
="y i=1,2

To

transforms G, to
=00, 2=p <2 p=0=0+8}02=1i+y3

and transforms P and Q to Pi(py, 0,) and Q(p,, 8,) where p,=ry,/2 and
p2=(ror2/21) > (15/4). In

G’1={(p, 0);%95‘05'0,BS0S&>+B}

the function
2r 2r
wi(y)=wi(y, y2)=w <—‘l Y, r ! 2),

0
satisfies the elliptic equation

T a2 (2) £ a5 (Y am = () wo

]

where
2r, 2r
dii(Y) =d;(y1, ) =b; <r_1 Y1, r—l Y2)-

0 (0]

Similarly the functions d;(y), d(y) and g;(y) can be defined. On the straight
parts of the boundary of G4, the boundary value of W, (y) is ¥,(p, 0) =
W[(2r/ry)p, 8]). Schauder’s inequality (2.7) in G, and G/ yields

2r,
R [ G N R AT

Exactly as in the proof of Theorem 2 we get

[Willo oo = SorT 242

We note as before that DYw,=(2r,/r,)* D*w where DY is the derivative
corresponding to D*, and noting that [[wy|l, <|Willniz4e O=p=m+2+a we
get that in G,,.

(2_"1_> IDkwI <5 rm+2+a

o
or equivalently

|D*w| =< N, rp*2k+ k=0,1,2,...,m+2.

Also noting that HS(D7"w,)=Q2rn/r)™*"*HS(D™"?w) we get
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2r,/ro)™ P HS (D™ 2 w) < 8, 2+

i) HS«(D™"?w)=<H.
This means that w € C,,,.,(G,). The theorem is thus proved.

§3. The general case. Let the domain G have a boundary I'" consisting of a
piece of a smooth curve of class C,,.,,, the ends of which join at the point 0
forming an angle vy, 0<y<2m. In G we consider the first boundary value
problem

% u

(3.1) 3 a0t L a S ratu=1()

(3.2) u=¢ on I

the right hand side of (3.1) and the coefficients a;;, a; and a belong to C,,..(G).
The boundary function ¢ is continuous on I' and is of class C,, .., (I'\{0}). We
transform the equation

(3.3) Y a;(0) ———=0

& 9
Lj=0 0x; 0x;

to canonical form. The new angle after transformation «(0) is independent of
the transformation used and is given by

[a11(0)a(0)—a,(0)]"?
a,,(0)cot vy —aq,(0)

(3.4) w(0) =arctan

TaeorReM 4. If (w/w(0))>m+2+a, then the bounded solution of problem
(3.1)—(3.2) where f belongs to C,,..(G) and ¢ belongs to C,, ... (T\{0}) N Co(T)
belongs to C,,.2+.(G).

Proof. It is sufficient to prove the theorem in any neighborhood G,< G, of
the corner 0 since u(x) € C,,12.o(G\G,). With no loss of generality we take the
corner 0 to be at the origin, and assume that the two curves I'; and I', forming
the angle are x,=f;(x;) and x; =f,(x,) where f;(x;) € C, .2+ ;) and f,(0)=
f1(0) = f1(0) = 0. Consider the following transformation

1= e Lol =06 + e~ fix)

1
3.5) V2= 7 )]

where
a1y = a11(0, 0) = 2f5(0)a;5(0, 0) + f5(0)ax(0, 0)
a1, = ax(0, 0)f4(0) —a,,(0, 0)
a2 = a(0,0)
A =[a;1(0, 0)a,,(0, 0)—a?,(0, 0)]'?
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The two curves I', and I'; will be transformed to y, =0 and y, =y, tan w, where
tan w =A/a,,, (T/w)>m+2+a. We now choose 8>0 such that 7/(w+28)>
m+2+a, then we rotate the axes with this angle using the transformation

Z;=y,cos B—y,sin B
Z,=1y,sin B +y, cos B.

(3.6)

Consider the subdomain G, in G defined by
GZ = {(x17 x2) : (xl, x2)€ G9 x% +x§ Sd%’ dl >O}

In the z-plane the domain G, will be transformed by (3.5)—(3.6) to a domain
Q, bounded by the two lines =8 and 6§ =w+B and by a curve r=c(0),
where o(0)=0>0, B<0=w+B (r*=2z3+z3, O=arctan z,/z,). In Q, =
{(r, ) ey, r=0, B<6<w+B} the transformed function U(z) =U(z,, z,) =
u(x,, x,) satisfies the elliptic equation

3.7) LU= Z b,,(z)6 o +Zb(z)—+b(z)U F(z)

Where

b1:1(2) = e11(2)cos* B —2e,,(z)sin B cos B +e,,(z)sin® B

b1,(z) = e,,(2)sin B cos B +e,5(z)cos 23 —e,,(z)sin B cos B

b1x(z) = e41(z)sin® B +2e,,(2)sin B cos B + e, (z)cos® B
b,(z) =e,(z)cos B —e,(z)sin B

b,(z) = e (z)sin B +e,(z)cos B

b(z)=a(x)
F(z) =f(x)

e(2) =‘ATL‘1: [(allfll(xl)_al2)2a11(x)
—2(ay1f1(x1) — a)(ag — aq2f5(x2))a(x)
+(ay;— alzfé(xz))zazz(x)]

e1x(z) =— (a2 — a1 fi(x1))a,,(x)

A Qg
+(ag +aq fi(x)f5(x) —2a,5f5(x5)) aq(x)
= 5(x2) (a1 — ayaf5(x,)) asn(x)]

2(2) = ——[an(0)~ 2f3(x)arn(x) + F£ () azs(x)]
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€1 = [a,(x) (12— 0ty1f1(x1)) + ax(x)(ay; — ay2f5(x,)

AJH

—aq1f1(x1)a11(x) — @12f3(x2) azy(x)]
e = o 10106 = 36 a,(3) =305 as(w)]

sin* B +cos* B
A?

The functions b;, b, b and F belong to C,i0(,) and b;(0,0)=8; i,j=1,2.
On the two lines 6= and 6 =w+B the boundary values ®(r, ) and
O(r, 0+ B) of U(z) belong to C,, 12+, 0=r=0c and ®(0, B) =P(0, w +B). We
denote by ®° and ®f the values of &(r,B) and (d*“®/dr*)(r,B) at r=0,

b,1(2)bys(2)— b%z(z) = [1- fl(xl)fz(xz)]z[a11(x)azz(x) alz(x)]

k=1,2,...,m+2. ®%,, is defined similarly. Consider now the function
+2 . k
"&? (z4 cos B+ z, sin B)
mﬁ=@+§ — D
+mi2 2 (zycos B+2z,8in B)*~'(—z;sin B+z,c08 B) D p— Pycost
R (k=D " (sin @ +cos )~ — cost @

The function v(z) = U(z) —0O(z) satisfies in (), the equation
(3.8) Lv=h(z)=F—-L0O(z).

On the two lines =8 and 6 =w+B the boundary value ¥(r, 0) of v(z)
belongs to C,, ..., and satisfies (2.2). In Lemma 3 we will show that there
exists a polynomial s(z) = s(z,, z,) vanishing on § =8 and 6 = w + 8 such that
w = v — s satisfies in (), equation (2.4) with g(z) = h(z) — Ls(z) satisfying (2.3).
Thus all the conditions of Theorem 1 are satisfied, and we conclude that in Q,O,
21y< 0, W(2)€ Ciz4a- Since U(z)=w(z)+0(z)+s(z), where O(z) and s(z)
are polynomials, then U(z)e C,. 240 ((_),,0). Returning now to the x-plane and
noting that the transformation (3.5) is of class C,, ,,.., and at the origin it has a
Jacobian equal to —(1/A) which is finite and different from zero, we conclude
that in a subdomian G, G; Go={(xy, x,): (X1, X2)€ G, x?+x2=d2, d,>0},
u(x,, x5) € C,, 12+« This proves the theorem.

LemMma 3. There exists a polynomial s(z) vanishing on the two lines 6 = B and
0 =w+B, and is such that the function w(z)=v(z)—s(z) satisfies in ), the
equation Lw = g(z)=h(z)—Ls(z), with g(z) satisfying (2.3).

Proof. We set m,=tanf3 and m,=tan(w+B), 1+mm,#0 and by
h®+*%2(0, 0) we denote

ak‘+k2h

—_— , 1=k, tk,=m.
8x'{' ax;z 0,0)
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We will prove the lemma by induction. Consider the function

h(0, 0)
so(z) =(z2—myz)(z,— myzy) A+ mmy)
So(z) vanishes on 8 =8 and 6 = w + B, and

Lsy(z) = h(0, 0)+ py(z) +o(r)

where p,(z) is a homogeneous polynomial in z, and z, of order k, k=
1,2, ..., m. Consider now the two functions

P _(z)=(z—mz)(z,—m,z) Ty,

P, =(z,—mz)(z,— myz,) T,

where
k—1
_ Kk, k,
T 1(2)= Z Ap,21'227
K +ko=0
k
T, (2)= Z A zhiz5 k=m
k,=0
We put

$i(2) = P 1(2) + P (2)
Suppose now that the coefficients A, in P,_,(z) are already found such that
k—1

(3.9 LP, ()= ). ZVZE ka0, 0)+ py(2)+0(r%)

ki+ko=0 k ! kz
Now we find the coefficients Ay, A4, ..., A, in P, such that

ko gk kk,
(3.10) LP.(2)= ), —12—— p®*kk(0,0)+ pyyy(2) = pe(z) +0(r**1)
kizo kq! (k —ky)!

where p,(z) is taken from (3.9). Now

P +
LPk(z)—”Z] by(z) —= P +Pea(2) Fo(r)

1

and since b;(0,0)=§; we get

3*P, a2Pk
9z2 c’)z2

LP,(z)= +pk+1(z)+0(’k+l)

We now find A ={Ay, A4, ..., A} from the identity

aZP aZP k Zklzk*k
311 K k 1'Z2 hkk=k)(Q), 0) —
( ) az1  9z3 k‘z=:0 ki! (k—ky)! ( )~ ()
Equating the coefficients of z%iz5™  k,=0,1,..., k on both sides of (3.11)
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we get the system of algebraic equations
(3.12) AA=B

If det A#0, then (3.12) is solvable for A. We now show that det A#0.
Suppose contrarily that det A =0. We find a nonzero solution A* of the
equation

(3.13) AL =0

then we substitute this solution in P, (z). P.(z) is now a homogeneous polyno-
mial of order k+2, vanishes on the two lines z,=2z; tanB8 and z,=z,;
tan(w + B) and satisfies in ), the Laplace equation

9*P, +azPk _

0.
9z2  9z3

Thus P,(z) vanishes on all the lines making angles tw with these two lines,
where t is any positive integer. If 7/w is irrational, then the number of these
lines is not finite. If w =(p/q)m™ where p/q is an irreducible fraction and p=1,
then the number of these lines is g, q=(q/p) = (7/w)>m +2+ a. In both cases
the number of the different lines on which P, (z) vanishes is greater than m +2.
This is a contradiction since P, (z) is a polynomial of degree k +2, k =m. Thus
det A#0, and (3.12) uniquely gives A. The function s, (z) satisfies all the
requirements of the lemma. This proves the lemma.

REMARKS.

1. If (m/w)=m+2+a, then using the same argument we can show that
U(x) € Cinjr—o(G), € >0 is arbitrary.

2. If there is more than one corner on the boundary then the smoothness of
the solution in the neighborhood of each corner may be discussed separately.
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