London Mathematical Society ISSN 1461-1570

THE ALPERIN WEIGHT CONJECTURE AND DADE'S
CONJECTURE FOR THE SIMPLE GROUP Fil,

JIANBEI AN, JOHN J. CANNON, E. A. O’'BRIEN anp W. R. UNGER

Abstract

We classify the radical p-subgroups and chains of the Fischer
simple group Fij, and then verify the Alperin weight conjec-
ture and the Uno reductive conjecture for Fis,.

1. Introduction

Let G be a finite group, p a prime and B a p-block of G. Alperin [1] conjectured
that the number of B-weights equals the number of irreducible Brauer characters
of B. Dade [11] generalized the Knérr-Robinson version of the Alperin weight con-
jecture and presented his ordinary conjecture exhibiting the number of ordinary
irreducible characters of a fixed defect in B in terms of an alternating sum of re-
lated values for p-blocks of some p-local subgroups of G. Dade [12] announced that
his final conjecture needs only to be verified for finite non-abelian simple groups;
in addition, if a finite group has a cyclic outer automorphism group, then the pro-
jective invariant conjecture is equivalent to the reductive conjecture.

Dade’s reductive conjecture [12] has now been verified for all of the sporadic
simple groups except the Fischer simple group Fi,,, the Baby Monster IB for p = 2,
and the Monster IM. Recently, Isaacs and Navarro [15] proposed a new conjecture
which is a refinement of the Alperin-McKay conjecture, and Uno [21] raised an
alternating sum version of the conjecture which is a refinement of the Dade conjec-
ture [12]. In this paper, we use the local strategy of [4] and [5] to verify Alperin’s
conjecture and Uno’s reductive conjectures for Fij,.

The paper is organized as follows. In Section 2, we fix notation and state the
conjectures and two lemmas. In Section 3, we recall our modified local strategy and
explain how we applied it to determine the radical subgroups of Fij,. In Section
4, we classify the radical subgroups of Fij, up to conjugacy and verify the Alperin
weight conjecture. In Section 5, we do some cancellations in the alternating sum
of Dade’s conjecture when p = 2 or 3, and then determine radical chains (up
to conjugacy) and their local structures. In Section 6, we verify Uno’s invariant
conjecture for Fij, and finally we verify Uno’s projective conjecture for 3.Fiy,. Two
Appendices record degrees of irreducible characters of chain normalizers.
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2. The conjectures and lemmas

Let R be a p-subgroup of a finite group G and let O, (N (R)) be the largest normal
p-subgroup of the normalizer N(R) = Ng(R). Then R is radical if O,(N(R)) = R.
Denote by Irr(G) the set of all irreducible ordinary characters of G and by Blk(G)
the set of p-blocks. Let B € BIk(G) and ¢ € Irt(N(R)/R). The pair (R, ) is
called a B-weight if d(p) = 0 and B(p)“ = B (in the sense of Brauer), where
d(p) = log,(|G|p) —log,(»(1),) is the p-defect of ¢ and B(y) is the block of N(R)
containing . A weight is always identified with its G-conjugates. Let W(B) be the
number of B-weights, and ¢(B) the number of irreducible Brauer characters of B.
Alperin conjectured that W(B) = ¢(B) for each B € Blk(G).

Given a p-subgroup chain

C:Php<P<---<P, (2.1)
of G, define |C| = n, the k-th subchain Cy : Py < P; < -+ < Py, and
N(C) = Ng(C)=N(P))NN(P)N---NN(P,). (2.2)

The chain C' is radical if it satisfies the following two conditions:
(a) Po=0,(G) and (b) Py = O,(N(Cy)) for 1 < k < n.

Denote by R = R(G) the set of all radical p-chains of G. Let H < G, B € Blk(G),
Blk(H,B) = {b € Blk(H) : b% = B}, and let D(B) be a defect group of B. We
define the p-local rank of B as follows:

plr(B) =max{|C| : C€R, C: Py < --- < P, < D(B), BI(N(C), B) # 0}.

Note that if there is a block b of Ng(C) such that b = B, then the final subgroup
P, of C is G-conjugate to a subgroup of D(B), so we may suppose P, < D(B).
Thus our definition is equivalent to that given in [2, p. 370].

Let Z be a cyclic group and G = Z.G a central extension of Z by G, and
C € R(G). Denote by N(C) the preimage n~*(N(C)) of N(C) in G, where 7 is the
natural group homomorphism from G onto G with kernel Z. Let p be a faithful linear
character of Z and B a block of G covering the block B(p) of Z containing p. Denote
by Irr(N4(C), B, d, p) the set of irreducible characters 1 of N &(C) such that 1 lies

over p, d(¢)) = d and B(1))¢ = B and set k(N4(C), B,d, p) = [Irr(Ng(C), B, d, p)|.

DADE’S PROJECTIVE CONJECTURE [12]. If O,(G) = 1 and B is a p-block of G

covering B(p) with defect group D(B) # O,(Z), then

Z (_1)‘C‘k(NG(O)aévd7 p) =0,
CeR/G

where R/G is a set of representatives for the G-orbits of R.

Let H be a subgroup of a finite group G, ¢ € Irr(H) and let 7(p) = r,(p) be the
integer 0 < () < (p — 1) such that the p-part (|H|/p(1)), of |H|/@(1) satisfies

1]
e(1) »
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Given an integer 1 < r < (p — 1), let Irr(H,[r]) be the subset of Irr(H) con-
sisting of characters ¢ such that r(p) = £r mod p, and let Irr(H, B, d, p, [r]) =
Irr(H, B, d, p) NTre(H, [r]) and k(H, B, d, p, [r]) = |Ire(H, B, d, p, [r])].

Suppose Z =1 and let B = B € Blk(G) with a defect group D = D(B) and the
Brauer correspondent b € Blk(Ng(D)). Then k(N(D), B,d(B),[r]) is the number
of characters ¢ € Irr(b) such that ¢ has height 0 and r(¢) = +r mod p, where d(B)
is the defect of B.

IsAACS-NAVARRO CONJECTURE [15, Conjecture B]. In the notation above,

k(G, B,d(B),[r]) = k(N(D), B,d(B), [r]).

The following refinement of Dade’s conjecture is due to Uno.

UNO’s PROJECTIVE CONJECTURE [21, Conjecture 3.2]. If O,(G) = 1 and if
D(B) # 0,(2), then for all integers d = 0, faithful p € Irr(Z) and 1 <r < (p—1),
S (~1)K(NG(C), B,d, p, [r]) = 0. (2.3)

CeR/G

If Z =1, then the projective conjecture is called the ordinary conjecture.
Note that if p = 2 or 3, then Uno’s conjecture is equivalent to Dade’s conjecture.
If £ is an extension of G centralizing Z and Ny (C,%) is the stabilizer of

(Ng(C),v) in E, then Ng,e(Coh) = Ng(C,9)/Ng(C) is a subgroup of E/G.
For U < E/G, denote by k(Né(C)7B,d, U, p,[r]) the number of characters ¢ in
Irr(Né(O),B,d, p,[r]) such that Ny &(C,¢) = U. In the notation above, Uno’s
projective invariant conjecture is stated as follows.

UNO’S PROJECTIVE INVARIANT CONJECTURE. If O,(G) =1 and B is a p-block of
G covering B(p) with D(B) # O,(Z), then

Y. (“D)K(N(C), B,d, U, p, [r]) = 0. (2.4)
CeR/G
In addition, if £/G is cyclic and u = |U], then we set
k(Ng(C), B,d, u, p, [r]) = k(N&(C), B,d, U, p, [r).

In particular, if Z =1 and p is the trivial character of Z, then G=Gand Bisa
block B of G; we set U = U and

K(N(C), B.d,U.[r]) = k(N¢(C), B,d.U, p, [r]).
Then the Projective Invariant Conjecture is equivalent to the Invariant Conjecture.

UNO’s INVARIANT CONJECTURE. If O,(G) =1 and B is a p-block of G with defect
d(B) > 0, then

> (=DK(N(C), B,d,U,[r]) =0. (2.5)
CeR/G

The following lemma follows by [6, Lemma 7.1].

https://doi.org/10.1112/51461157000000541 Published online by Cqr()?idge University Press


https://doi.org/10.1112/S1461157000000541

The Alperin weight conjecture and Dade’s conjecture for the simple group Fip,

LEMMA 2.1. Let G be a finite group, B € Blk(G) with plr(B) = 2 and abelian defect
group D = D(B). Let O,(G) # R < D be radical, b € Blk(Ng(R)) with b¢ = B.
Then

k(NG(R) N NG(D)a b,d, p, [T]) = k(NG(R)v b,d, p, [TD

In Section 5, we will use the following lemma, whose proof is straight-forward.
Note that it is more important to pair orbits of chains, rather than actual chains.

LEMMA 2.2. Let 0: Op(G) < PA<...<Pp1<Q=P, <Ppi1<...<Prbea
fized radical p-chain of a finite group G, where 1 < m < £. Suppose

/!

0 0p(G) <P <...<Pyp1<Ppu<...<P

is also a radical p-chain such that Ng(o) = Ng(o') and Ng(o) = Ng(o'), where E
is an extension of G. Let R~ (0, Q) be the subfamily of R(G) consisting of chains C
whose (£ — 1)-th subchain Cy_1 is conjugate to o’ in G, and R°(o, Q) the subfamily
of R(G) consisting of chains C whose (-th subchain Cy is conjugate to o in G. Then
the map g sending any Op(G) < PL < ... < Pp_1 < Ppi1 < ...< P < ...in
R (0,Q) to Op(G) < Py < ... < Pp_1 < Q < Ppy1 <...< Py < ...induces a
bijection, denoted again by g, from R~ (o, Q) onto R°(o, Q). Moreover, for any C in
R™(0,Q), we have |C| = |g(C)| =1, Na(C) = Na(g(C)) and Np(C) = Ne(g(C)).

3. The modified local strategy

The maximal subgroups of Fij, were classified by Wilson [22]. Using this classi-
fication, we know that each radical 2- or 3-subgroup R of Fij, is radical in one of
the 14 maximal subgroups M of Fiy, and further that Ny, (R) = Nas(R).

In [4] and [5], a modified local subgroup strategy was developed to classify the
radical subgroups R. We review this method here. Suppose M is a subgroup of G
such that Ny (R) = Ng(R).

Step (1). We first consider the case where M is a p-local subgroup. Let Q =
Op(M), so that @ < R. Choose a subgroup X of M. We explicitly compute the
coset action of M on the cosets of X in M; we obtain a group W representing
this action, a group homomorphism f from M to W, and the kernel K of f. For
a suitable X, we have K = Q and the degree of the action of W on the cosets
is usually much smaller than that of M. We can now directly classify the radical
p-subgroup classes of W, and the preimages in M of the radical subgroup classes
of W are the radical subgroup classes of M.

Step (2). Now consider the case where M is not p-local. We may be able to find
its radical p-subgroup classes directly. Alternatively, we find a (maximal) subgroup
L of M such that N,(R) = Npy(R) for each radical subgroup R of M. If L is
p-local, then we apply Step (1) to L. If L is not p-local, we can replace M by L and
repeat Step (2).

Steps (1) and (2) constitute the modified local strategy. After applying the strat-
egy, possible fusions among the resulting list of radical subgroups can be decided
readily by testing whether the subgroups in the list are pairwise Fij,-conjugate.

In investigating the conjectures for Fiy,, we used its minimal degree represen-
tation as a permutation group on 306936 points. Its maximal subgroups were con-
structed using the details supplied in [9] and the black-box algorithms of Wilson
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[23]. We also made extensive use of the algorithm described in [10] to construct
random elements, and the procedures described in [4] and [5] for deciding the con-
jectures.

In investigating the projective conjecture for 3.Fi,,, we used its minimal degree
representation as a permutation group on 920808 points. Both representations are
available from the ATLAS of Finite Group Representations [24].

The computations reported in this paper were carried out using various versions
of MAGMA [7]. The construction of the character tables of various chain normalisers
posed significant practical problems. Many could not be computed directly using
the MAGMA implementation of the algorithm of Schneider [18]. Instead, we used a
new and more powerful algorithm developed by Unger [19].

4. Radical subgroups and weights of Fij,

Let Ro(G,p) be a set of representatives for conjugacy classes of radical p-
subgroups of G. For H, K < G, we write H <g K if e 'Hz < K; and write
H € Ro(G,p) if z7*Hx € Ro(G, p) for some = € G. We shall follow the notation
of [9]. In particular, if p is odd, then p**27 or pi“’y is an extra-special group of
order p'*t27 with exponent p; if 6 is + or —, then 2(1;+27 is an extra-special group of
order 2'127 with type . If X and Y are groups, we use X.Y and X : Y to denote
an extension and a split extension of X by Y, respectively. Given a positive integer
n, we use Fpy» or simply p" to denote the elementary abelian group of order p", Z,,
or simply n to denote the cyclic group of order n, and Ds,, to denote the dihedral
group of order 2n.

Let G be the simple Fischer group Fij,. Then

|G| =2 -3%.5%.7%.11.13-17-23 - 29,

and we may suppose p € {2,3,5, 7}, since both conjectures hold for a block with a
cyclic defect group by [11, Theorem 9.1] and [3, Theorem 5.2].

We denote by IrrO(H ) the set of ordinary irreducible characters of p-defect 0
of a finite group H and by d(H) the number log,(|H|). Given R € Ro(G,p), let
C(R) = Cg(R) and N = Ng(R). If By = By(G) is the principal p-block of G, then
(c.f. (4.1) of [4])

W(Bo) =Y [Ir’(N/C(R)R)], (4.1)
R

where R runs over the set Ro(G,p) such that d(C(R)R/R) = 0. The character
table of N/C(R)R can be calculated by MAGMA, and so we find |Trr(N/C(R)R)).

PROPOSITION 4.1. Let G = Fiy, and E = Aut(G) = G.2 = Fiay. Then the non-
trivial radical p-subgroups R of G (up to conjugacy) and their local structures are
given in Tables 1 and 2 according asp > 3 or p = 2, where S € Syly(G) is a Sylow 2-
subgroup, H* denotes a subgroup of G such that H* ~ H and H* #¢ H. Moreover,
Ng(R) = N.2 for all radical p-subgroups R except when p =T and R = T2, in which
case RT = (7?)* for some T € E\G.

Proof. Case (1). Suppose p = 7, so that by [9, p. 207], 71+Jr2 is a Sylow subgroup of G
and 7?’2 has 19 subgroup classes. Thus the radical 7-subgroups can be determined
easily.
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| R_| cr) | No(R) [ I®(N/C(R)R) |
7 7T x A7 7:6 X A7
72 72 72:2L9(7).2 2
(7%)* 72 72:2L5(7).2 2
74t 7 7472:(S3 x 6) 18
5 5 x Ag (5:2 x Ag).2
52 52 x Ay (52:4A4 x Ag).2 16
3 3x OF(3):3 (3 x OF(3):3):2
32 32 x G2(3) (32:2 x G2(3)):2
37 37 37.07(3) 1
3410 3 34710.U5(2):2 1
37103 3 31T10.3.U4(2):2 2
33.31.33.33 33 33.34.33.3% (L3(3) x 2) 2
32.34.38 32 32.34.38 (A5 x 244):2 1
3471031 3 34710.31.(85 x 2) 2
347103 x 31F2) 3 347103 x 3172).(2 x 284) 4
32.34.38.3 32 32.34.38.3.(2 x 244).2 4
32.31.38.32 3 32.34.38.32.23 8

Table 1: Non-trivial radical p-subgroups of Fiy, with p > 3

Case (2). Suppose p = 5, so that G has a unique class of elements x of order
5, C(x) =5 x Ag < (A5 x Ag).2 and N((z)) = (5:2 x Ag).2. Thus 52 € Syl;(G),
0(52) = CA5><A9(52) = 52 X A4 and N(52) = (5214A4 X A4)2

Case (3). Suppose p = 3,14 € {1,...,6}, and M, is a maximal 3-local subgroup
of G where M; = N(3A4) ~ (3 x Og (3):3):2, and My = N(37) =~ 37.0(3), and
Mz = N(3B) ~ 371%:U5(2):2, and My = N(3B2%) ~ 32.3%.38%:(A5 x 24,):2, and
M;s ~ (3%:2 x G3(3)).2 and Mg = N(3B3) = 33.31.33.3%:(L3(3) x 2). By [22,
Theorem B], we may suppose a 3-local subgroup R of G is a subgroup of some M;
with Ng(R) = Na, (R). We apply the modified local strategy to each M;.

Case (3.1) We may take
Ro(Ms,3) = {31110, 317103 31110 34 31110 (3 5 3112) 32,34 3% 3%} (4.2)

and moreover, N(R) = Nz, (R) and Ng(R) = N(R).2 for each R € Ro(Ms,3). We
may suppose Ro(Ms,3) C Ro(G, 3).

Case (3.2) We may take
Ro(My,3) = {32.34.3%,31110.3% 32.3%.38.3,3%.3.38.3%}, (4.3)

and moreover, N(R) = Ny, (R) and Ng(R) = N(R).2 for R € Ro(My,3). We may
suppose Ro(My,3) C Ro(G, 3).

Case (3.3) We may take
Ro(Ms,3) = {3%,3* x 317,37 x (3% x 311%).3} (4.4)
and moreover, N(R) # Ny, (R) and Ng(R) = N(R).2 for R € Ro(M;5,3) \ {3%}.
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In addition, C(3* x 3}1%) = 3%, C(32 x (3% x 311?).3) = 3%, and

Nag. (R) = 32:2 x (3% x 317%):28, if R=3%x 3"
M (322 % (32 x 3142):3.22).2 if R = 3% x (32 x 3172).3.

Case (3.4) We may take
Ro(Ms, 3) = {3%.3%.3%.3%,32.31.3%.3, 31110 (3 x 3112),32.31.3%.3%} (4.5)

and moreover, N(R) = Ny, (R) and Ng(R) = N(R).2 for R € Ro(Ms,3). We may
suppose Ro(Ms,3) € Ro(G, 3).
Case (3.5) We may take

Ro(Ms,3) =
{37,31710.3,37.3%13 37,3170 37.3110.3,37.3%.3%,37.37.3, 1%, 32.31.3%.3%}
and moreover, N(R) # Nu,(R) and Ng(R) = N(R).2 for R € Ro(Ma,3)\
{37,31110.3}, 0(37.35.3%) = C(37.35.31"%) = 3, C(37.317°) = C(37.316.3) = 32,
C(37.33+3) = 33 and

37.33%3.L3(3) if R =37.33"3
373170244 x Ag).2 if R =373,
7 9l+6 : __ 97 9l+6
Nap () = 4 373573280 if R =37.317.3,
37.35.3%.(S4 x 2) if R =37.3°.3%,
37.35.312.29, if R =37.3°.31"2
32.34.38.32.22 if R =32.3%.3%.3%

Case (3.6) Let R be a radical subgroup of My = (3x Og (3):3):2 and Q = RNH,
where H = 3 x Of (3) is a normal subgroup of M;. Then @ is a radical subgroup of
H and Q is normal in Ny, (R). In particular, Naz, (R) < Nag, (Q) and R is radical
in ]\]1\/[1 (Q)

Let Ly ~ (3 x 35:04(2)):2, Lo ~ (3 x 3}7%:2(A4 x Ag x A4)2:3):2 and L3 =
32:2 x G2(3) be p-local subgroups of M7, so that we may suppose Q € Ro(L; N H,3)
(ct. [9, p. 140]). In addition, if Q < Ro(L; N H,3) for i = 2,3, then Ny, (R) < L
and so R € Ro(L“g) with N(R) = NLI(R) = NMl(R)

We may take
Ro(L1,3) = {37,37:33%,37:3% 37:33.3% 37:31.3,37:31.3%}, (4.

and moreover, N(R) # N, (R) # N, (R) for R € Ro(L1,3)\{37,37:3*}, N(R)
Nar, (R) = Ni,(R) for R = 37 or 37:31.3%. In addition, Ny, 2(R) = Ny, ,(1,)(
for R € Ro(L1,3), C(37) = 37, C(37:3%) = 3% C(37:3%) = C(37:33.3?)
C(37:3%.3%) = 32, C(3":3%.3) = 33, and

(=2}

)

TR

37.33.L3(3) if R=37.3%,
37.34.2(A, x Ay).2.2 if R=37.3%,
Nr,(R) = { 37.33.32.25, if R =37.33.32,
37.34.3.25,.2 if R =37.3.3,
37.34.32.23 if R =37.3.3%

https://doi.org/10.1112/51461157000000541 Published online by Cqr(gidge University Press


https://doi.org/10.1112/S1461157000000541

The Alperin weight conjecture and Dade’s conjecture for the simple group Fip,

| R_| cr) | NRETVEYE

2 2.Figs.2 2.Fig0.2

22 22.Us(2) 22.Us(2).S3

(22)* 22 x OF (2):3 (A4 x OF (2):3):2

Dg 2 X 56(2) Dg x 56(2)
28 28 28.04 (2) 1
211 211 211“]\424 0
2412 2 2412 3U4(3):2 | 2
24122 2 2471%.204(2) 1
26+8 26 2648 (Ag x S3) 1
211 24 26 211 24 Ag 1
23+12 23 23412 (Ag x L3(2)) 2
211 26 2 21126 354 1
23,26 28 23 23.26 28 (S5 x L3(2)) 1
2l 12 9t 2 21712 21 (46 x S3) 2
23+12 92 22 23+12 22(Ag x S3) 2
23.23.26 25 23 23.23.26.25 (S5 x L3(2)) 1
2648 93 23 20+8 23(L3(2) x S3) 1
211 23 24 23 211,23 24 [5(2) 1
211 9146 23 211 9146 L3(2) 1
2412204 24712.2.24 (S5 x S3 x S3) 1
2412 2% 2 24712 24 2. 44 2
211 22 26 22 2112296 (S5 x S3) 1
211 24 24 2 211,24 24 (S5 x Ss3) 1
21412 9949 2 21412 2 942 (S3 x S3) 1
21412 92 94 2 21412 92 94 (S5 x S3) 1
26+8 24 2 2 2648242 (S35 x S3) 1
2648 23 92 22 264823 22(83 x S3) 1
26+8 24 92 2 2648 2492 G5 1
2648 23 23 22 20+8 23 93 .53 1
211 22 23 24 2 2112223 24 83 1
21412 94 92 9 2 2141224922 2 G5 1
23412 (Dg x 22) 2 23412 (Dg x 22).S55 1
S 2 S 1

Table 2: Non-trivial radical 2-subgroups of Fij,

Suppose R € Ro(M;7,3) such that Q = RN H € Ro(L1,3). Then

37.3%.(L3(3) x 2) if Q =37.3%,
37.3%.2(Ay x Ay).2.2 if Q =37.3%,
N, (R) = { 37.33.32.25,.2 if Q =37.33.32,
3°.34.3.25,.2 if Q =37.34.3,
(3 x 347%).33.3.23 if Q =37.34.32,
We may take

Ro(L2,3) = {3 x 3178,37.3 (3 x 3119).3, (3 x 317%).3%, (3 x 317%).33.3}
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and then N(R) 7& ]\7]\41 (R) = NLQ(R), NMLQ(R) = NNM1.2(L2)(R) for all R €

Ro(L2,3). In addition, C(R) = 32 for R € Ro(L2,3) and
(3x 317%).3.284.2  if R= (3 x 3]7®).3,

Np,(R) =14 (3 x3,%9).32.25,.2 if R= (3 x 3]7%).3%,
(3 x 347%).33.3.2° if R=(3x3,%).3%3.
We may take
Ro(Ls,3) = {3%,3% x 3172 (3% x 31%), 32 x (3% x 3172).3}, (4.7)

and N(R)# Nar, (R)# Ny (R), Nary 2(R) = Ny, 5 (rs) (R) for RERo(Ls, 3)\{3%}.

It follows that Ro(Mi,3) =
{3,3%,37,3x 317®,37.3%,37:3%, (3 x 317%).3, (3 x 317%).32,3%.3%.3%, (3 x 311%).33.3},
and N(R) # Ny, (R) for R € Ro(Ms,3)\{3}.

Case (4) For 1 < i < 8, let M; be the maximal 2-local subgroups of Fi,, such that
M1 = N(QA) ~ 2.F122:2, M2 = N(211) ~ 211.]\4247 M3 = N(2A2) ~ 22.U6(2)ZS3,
My = N(2B) ~ 21712.3.U4(3):2, M5 = N(2A%) ~ (A4 x OF (2):3):2, Mg = N(2B?)
~ 23+12.(A6 X L3(2))7 M7 = N(26> = 26+8.(Ag X 53) and Mg = N(28) ~ 2820§ (2)

If R is a non-trivial radical 2-subgroup of G = Fi,,, then we may suppose
R € Ro(M;,2) such that N(R) = Ny, (R) for some i =1,...,8.

Case (4.1) We may take
Ro(Ma,2) ={2'1,211.24 21126 93 2698 211 93 24 911 91+6 911 92 26 911 94 91
24712.2.9%.2, 2618 2492 2618 93 93 911 9293 9% 2141294222 G}
and moreover, N(R) = Ny, (R) for each R € Ro(Mz,2), so that we may suppose
Ro(Ma,2) € Ro(G,2).

Case (4.2) Let Ky ~ (22 x 2119).U4(2):53, Ky ~ 2'1.L5(4):S5, K3 ~ 26+8,(S; x
S5).3 and K4 ~ Dg x Sg(2) be the maximal p-local subgroups of M3 (cf. [9, p. 115]).
Then we may suppose each radical subgroup R of M3 is a subgroup of Ro(Kj,3)
for some ¢ with N(R) = Nk, (R) = N, (R).

The radical subgroups R € Ro(K1,2) and their local structures are given in
Table 3 and moreover, N(R) # N, (R) = Ni, (R), N 2(R) = Ny, (5, (R) for
each R € Ro(K1,2).

We may take

Ro(Ko,2) ={2',211.2, (22 x 2179).24 21124 26%8 22 (22 x 2178) 24 2,
(22 x 2178).29.2% (22 x 217%).21.22 2}

and moreover, N(R) # Nay,(R) = Nk, (R), Nuy.2(R) = N, »(x,)(R) for each
R € Ro(Ks,2). In addition, C(2'') = 21, C(2!1.2) = 27, C(2!1.2%) = 26,
C(2618.22) = 24 and

2112, 1,(7)  if R =212,

Ng,(R) =< 21124 A5.55 if R = 211.24
20+8 92 G5 if R =26+822,
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| R_|cm | Ng (R |

22 x 2118 23 (22 x 217%).U4(2):8
(22 x 21%9).2 22 (22 X 21+8) 256
(22 x 2118).24 23 (22 21+8) 24 A5:53
(22 x 217%).2.24 23 (22 x 2118).2.24.32.2.55
(22 x 217%).242 22 (22 21+8) 24.2.53
(22 x 2179).24.22 23 (22 x 21+8) 24,92 (3 x S3)
(22 x 211%).2.24.2 22 (22 x 2178).2.24.2.95
(22 x 217%).21.22.2 22 (22 21+8) 2492 9

Table 3: Radical 2-subgroups of (22 x 217%).U4(2):55

We may take
Ro(K3,2) ={2078 211,24 20482 (22 x 2179).2.2% 264822 (22 x 217%) 2% .22
(22 x 217%).2.20.2, (2% x 2118).24.22.2}
and moreover, N(R) # Ny (R) = N, (R), Nay.2(R) = Ny, ,(x,) (R) for each

R € Ro(Ks3,2). In addition, C(2678) = 26, C(2678.2) = 24 and Ny, (2678.2) =
26+8.2.(53 X 53)
The radical subgroups R € Ro(K4,2) and their local structures are given in

Table 4 and moreover, N (R) # Nu, (R) # Nk, (R), Napy2(R) = Ny, ,(x4)(R) for
each R € Ro(K4,2)\ {Ds}.

| R | c® [Ne® |
Dg 2 X 56(2) Dg X 56(2)
Dg x 2° 26 Dg x 25:Sg
Dg x 26 27 Dg x 25:L3(2)
Dg x 23.2% 24 Dg x 23.2%.(S3 x S3)
Dg x 23.22.23 24 Dg x 23.22.23.53
Dg x 23.25 24 Dg x 23.25 .53
Dg x 22.23.23.53 23 Dg x 22.23.23.53
Dg x 23.25.2 22 Dg x 23.25.2

Table 4: Radical 2-subgroups of Dg x Sg(2)

It follows that we may take
Ro(Ms,2) = {22, Dg, 2,22 x 217% 2112 (22 x 2178).2, 2648 211 2%
( 2”8) 24 26+8 2, (22 x 21+8).2.24 2618 22,
(22 X 21+8) 24 22 (22 X 21+8) 24 22 2}
and moreover, N(R) # Ny (R) for each R € Ro(Ms,2) \ {22, Ds}.
Case (4.3) We may take
Ro(My,2) = {21112 21412 9 91H12 od 91l 96 9l +12 904 91112 04 9,
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24712.2.24.2 21712 22 04 211 9494 2618 949 26+8 24 92,
23112 (Dg x 27),211.22.23 2% 21712 2422 2 5}
and moreover, N(R) = Ny, (R) for each R € Ro(My,2), so that we may suppose
Ro(My,2) C Ro(G,2).

Case (4.4) The radical subgroups R € Ro(Ms5,2) and their local structures are
given in Table 5 and moreover, N(R) # N, (R), Nas, 2(R) = N, (R).2 for each
R € Ro(Ms5,2) \ {(2%)*, Dg} and N(R) = Ny, (R) for R € {(2%)*, Ds}.

| R_| C(R) [ Nai(R) |
(22)* 22 x O (2):3 (A1 x OF (2):3):2
Dg 2 X 56(2) Dg X 56(2)
28 28 (Ayg x 26:A5):2
28.2 26 28.2.56
28 .23 25 28.23.3(L3(2) x S3)
23 .28 23 23.28.3.(S3 x S5 x S3).S3
28 24 23 28.24.(S5 x S3).S3
23.28.2 22 23.28.2.(S3 x S3)
24,94 24 24 24.24.24 . 15(2)
24,23 26 24 24.23.26 (S5 x S3).3
282223 22 28.22.23 .93
23,28 22 23 23.28.22 (S5 x S3)
28.23.22.2 23 28.23.22.2.93
23,28 23 23 23.28.23 G5
23.28.22.2 22 23.28.22.2.93
28,2423 22 28,2493

Table 5: Radical 2-subgroups of (A4 x OfF (2):3):2

Case (4.5) We may take
Ro(Mg,2) =  {2311223 .26 98 93F12 92 93 93 96 95 9l +12 91 91l 93 o1
21+12 94 9 9648 93 92 9648 94 9 91l 94 94 911 92 96 91l 92 93 o4
21112 24 92 9 2618 23 93 9312 (Dg x 2), S}
and moreover, N(R) = Ny, (R) for each R € Ro(Ms,2).
Case (4.6) We may take
Ro(M7,2) = {2078 21121 9618 93 93 93 96 95 911 9146 911 93 o4
21+12 9 91 9618 91 9 91412 9 91 9 91H12 92 94 96+8 93 92
2048 91 92 91H12 (Dg x 22),2018 23 93 oll 92 93 94 g1
and moreover, N(R) = Ny, (R) for each R € Ro(M7,2).
Case (4.7) We may take Ro(Ms,2) =
{28,21112 9 98 93+6 98 o118 98 96 94 98 26 2 94 98 9316 92 98 93+6 Dy}

and moreover, N (R)# Ny (R) for each R€Ro(Ms,2)\ {28, 21112.2}, N(21112.2) =
Nag (21412.2), O(28:23+6) = 23, 0(28.26.24) = C(28.26.2.2%) = ((28.23+6 Dg) = 2,
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C(28.2118) = 22 = (/(28:23+6 22) and

28,2346 (L3(2) x 3) if R = 28.23+6
28.2148 (S5 x Az)  if R =28.2148
28.26.24. A if R =28.26.2%
Nug(R) =4 o 452 . 8 56 5 od
28.26.2.24.32.2 if R =28.26.2.2%
28.2346.22 (S5 x 3) if R =28.23+6.22
28.2316 Dg.3 if R =2%.2%%6 Dg.
Case (4.8) Let

Ty ~ 22.Us(2):2, Ty ~ 21 Myo:2,

T3 ~ 2%.56(2), Ty ~ 22.2'9.U,(2).2,

Ts =~ 2678.(S3 x Sg), T ~ (22 x OF (2):3):2

be the maximal 2-local subgroups of M; = 2.Fiss:2. Then we may suppose each
radical subgroup of M is a subgroup of R (7}, 3) for some ¢ with N(R) = Np,(R) =
N, (R).

The radical subgroups R € Ro(T1,2) and their local structures are given in Table
6 and moreover, N(R) # Ny, (R) # Nr, (R) for each R € Ro(T1,2)\{2%, Ds}.

| R_[  cm [ Np® |
22 22.U(2) 22.Ug(2):2
Dg 2 x Se(2) Dg x Se(2)
211 211 211 13(4):2
22 x 2178 23 (22 x 2178).U4(2) 2
2112 27 211 2. 1o(7)
(22 x 217%).2 22 (22 x 217%).256
26+8 26 26+8'(S3 x 55)
211 24 26 211 24 Gy
(22 x 217%8).24 23 (22 x 2118).24.5;
26+8 2 24 26482 (S3 x S3)
(22 x 217%).2.2¢ 23 (22 x 217%).2.24.(S5 x S3)
(22 x 211%).24.2 22 (22 x 2179).24.22 55
26+8.22 24 26+8.22.53
(22 x 217%).2.24.2 22 (22 x 217%).2.21.2.95
(22 x 2179).24.22 23 (22 x 2179).24.22 55
(22 x 21%%).24. Dg 22 (22 x 217%).24.Dg

Table 6: Radical 2-subgroups of 22.Ug(2):2

We may take Ro(13,2) =
{2t oMt 2% 91l 93 9 oll 9 9 911 92 93 9 9018 93 9 oll 92 91 9 26%8 93 92}

and moreover, N(R) # Ny, (R) = N, (R) for each R € Ry(T3,2).
We may take

Ro(Ts,2) = {28,28.2°,28 26 2893 24 9895 93 98 93 94 9 92 93 95 96 98 95 93 91
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and moreover, N(R) # N, (R) # Nr,(R) for each R € Ro(T3,2)\{2% 28.2°}
and N(R) £ Ny, (R) = Np,(R) for R € {25,28.25). In addition, C(28.26) = 24,
O(28.23.2%) = 0(28.23.24.2) = 23, ((28.25.23) = (/(22.23.25.20) = (/(28.25.23.2) = 22,

and
28.26. 13(2) if R =2829,
28,2324 (93 x S3) if R =28.23.24
Niy(R) = 28,2523 G, %f R =28.2°23
28232126, if R =28.23.2%.2,
22.23.25.26 G4 if R =22.23.2526,
28.25.23.2 if R =28.2523.2.

We may take Ro(Ty,2) =
{22,210 98 95 211 91 9 92 910 9 94 911 92 93 2 911 92 91 9 2618 g 2 2618 93 921

and moreover, N(R) # Ny, (R) = N1, (R) for each R € R(Ty,?2).

The radical subgroups R € Ro(Ts,2) and their local structures are given in Table
7. Moreover, N(R) # Nuy, (R) # N, (R) for each R € Ro(Ts,2)\{22, Ds}.

| R_| C(R) | Nr(R) |
(22)* 22 x OF (2):3 (22 x O (2):3):2
Dg 2 x 56(2) Dg x 56(2)
28 28 28, Ag:2
28.2 26 28.2.56
23 28 23 23.28.3(S3 x S5 x S3).2
28 24 23 28,24 (S5 x S3).2
24,24 24 24 24.24.24 13(2)
23,28 2 22 23.28.2.(S3 x S3)
24,23 26 24 24.23.26 (S5 x S3)
28 .92 93 22 28.92 23 Gq
2328 23 23 23.28 23 G5
28,23 229 23 28,2392 9 G5
23.28 22 2 22 23.28.22.2 55
28,94 93 22 2894 93

Table 7: Radical 2-subgroups of (22 x Og (2):3):2

We may take Ro(T5,2) =
{2018 oll 91 9018 93 92 910 9 91 911 92 94 9 2618 g2, 2018 93 9 2618 93 921

and moreover, N(R) # Ny, (R) = Np (R) for each R € Ro(T5,2).

It follows that the radical subgroups of M; and their local structures are given
in Table 8. Moreover, N(R) # Ny, (R) for each R € Ro(Mi,2)\{2, Ds}.

This completes the classification of radical 2-subgroups of GG. The centralizers
and normalizers of R € Ro(G,2) are given by MAGMA. O

LEMMA 4.2. Let G = Fib,, and let BIk"(G, p) be the set of p-blocks with a non-
trivial defect group and Irr™ (G) the characters of Irr(G) with positive p-defect. If a
defect group D(B) of B is cyclic and p # 2, then Irr(B) is given by [14, p. 352].
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| R_| C(R) | Nary(R) |
2 2.Fig0.2 2.Figs.2
22 22.U(2) 22.U6(2).2
(22)* 22 x O (2):3 (22 x OF (2):3):2
Dg 2 X 56(2) Dg X 56(2)
28 28 28.56(2)
211 211 211.M2222
22210 22 22.210.174(2).2
2825 22 28.25 Sg
26+8 26 26+8.(56 % 53)
211'24 26 211~24-SG
211,23 2 24 21123 2 1,5(2)
211 24 9 22 211 24 9 85
211 92 93 9 22 211 92 93 2 55
22210 9 94 22 222109224 (S5 x S3)
26+8 93 23 264623 (S5 x S3)
26+8 93 2 23 26+6 93 264
211 92 94 9 22 211 92 94 2 G4
2648 Dg.2 22 2648 Dg.2.53
26+8‘23'22 22 26+8'23'22

Table 8: Radical 2-subgroups of 2.Figs:2

(a) If p = 7, then BIK°(G,p) = {B; | 0 < i < 4} such that D(Bg) ~ 7
and D(B;) ~ 7 for i > 1, where By = By(G) is the principal block of G.
In addition, Trr(By) = Irr ™ (G)\ (UL, Irr(B;)), £(B;) = 6 for 1 < i < 4 and
(By) = 22.

(b) If p = 5, then BIk’(G,p) = {B; | 0 <
D(Bj) ~5 with0 <i<2and3 <j
Irr(B;) =

{xr : k€{4,5,13,17,19,20, 21,23, 25,31, 33,51,54,55,67, 71,79, 85,94, 103}}

Ir(Bs) = {xu : k € {2,3,16,38,46,47, 52,64, 65, 77, 78,82, 88, 91,92, 104}},
and
Irr(By) = IrrH (G)\ (UL, Irr(B;)). Moreover, £(B;) = 4 for 3 <i <4, {(Bs) =
2, é(BQ) = 14, and E(Bl) = E(B()) = 16.

(c) If p =3, then BIK’(G,2) = {By, B1} such that D(B;) ~ 3%. In the notation
of [9, p. 200],

< 5} such that D(B;) ~ 5% and
5.

7
< 5. In the notation of [9, p. 200],

Irr(By) = {xn : k € {59,76,88,89,91,92} }
and Trr(By) = Irr ™ (G)\Irr(By). Moreover, £(By) = 4 and {(By) = 25.
(d) If p = 2, then BIK*(G,2) = {By, By, By} such that D(B;) ~ (22)* and
D(B3) ~ Dsg. In the notation of [9, p. 184],
Irr(B1) = {X35, X64, X655 X79 }+

Irr(Bz) = {54, X71, X845 X905, X104} and Irr(Bg) = Irr T (G)\ (Irr(By ) UTrr(By)).
Moreover, £(B1) = £(Bz) = 3 and {(Byp) = 33.
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In addition, let D = Dg, 31+2 or 52 be a subgroup of the covering group G =
3.Fiy,, and let Irr(Z(3.Fiy,)) = {1 ¢, ¢} If B(C) is the block of Z(3.Fiy,) containing
¢, then 3.Fib, has a unique block By such that By covers B(¢) and D(By) ~ D.
Let B} be the complex dual of By, so that B} covers B(¢'). In the notation of [9,

204] if Irr(By, €) denotes the characters of Irr(By) covering ¢, then

(X i1 1 J € {203,205,215,217,239}} ifp = 2,
and Trr(By, ¢) UTre(B,¢') = {x;j, 41 : 5 € {113,121,123,127,129, 135, 151, 161,
175,189,199, 203, 213, 217 219,237,245, 247,251 255}} when p = 5.

Moreover, if D is a Sylow p-subgroup of G, then G has a block B covering B(C)
with D(B) ~ D. Let B’ be the complex dual of B, so that B' covers B(¢'). Let

Q = Irr(By,¢) Ulrr(BY, ¢') UIrr

Irr(Bl, ¢)u Irr(Bi,C’) = {

where B' runs over the blocks of G with cyclic defect group p given by [14, p. 352].
Then

Irr(B,¢) Ulrr(B', ¢) = I (G) \ (QU It ™ (G)).

Proof. If B € BIk(G,p) is non-principal with D = D(B), then Irt’(C(D)D/D)
has a non-trivial character § and N(6)/C(D)D is a p’-group, where N(6) is the
stabilizer of  in N (D). If p is odd, then by [14, p. 352], we may suppose D is
non-cyclic, so by Proposition 4.1, D €¢ {52,32%,2,22, (22)*, Dg}.

If D =52, then C(D) = 5% x Ay and N(D) = (5%:4A, x A4).2, so that N(D)
has 2 orbits on Trt?(C(D)/D) and G has 2 blocks with D = 52.

If D = 3% then C(D) = 32 x G2(3) and N (D) = (3%2 x G2(3)).2, so that N (D)
has one orbit on Irt’(C(D)/D) and G has one block with D = 32.

If D = 2, the C'(D) = N(D) = 2.Fig.2 and [Irr’’(C(D)/D)| = 0.

If D = 22, then C(D) = 22.Ug(2) and N(D) = 22.Us(2).S3, so that the only char-
acter of Irt®(C(D)/D) is stabilized by a 2-element in N(D)\C(D). In particular,
G has no block with D = 22,

If D = (2%)*, then C(D) = 22 x O (2):3 and N(D) = (A4 x Of (2):3):2. Now
I’ (C(D)/D) consists of two characters # with N(6)/C(D) a p'-group, and both
lying in an orbit of N(D). Thus G has one block with D = (22)*.

If D = Dg, then C(D) = 2 x Sg(2) and N(D) = Dg x Sg(2), so that N(D) has
one orbit on Irt’(C(D)/D) and G has one block with D = Dg.

Using the method of central characters, Irr(B) is as above. If D(B) is cyclic or
isomorphic to 2% or Dg, then ¢(B) is the number of B-weights (see [11] and [20]).

Suppose p = 5 and B = By, By, B, so that D(B) =¢ 5% and the non-trivial
elements of D(B;) consists of 5A-elements. By [16, Theorem 4.13],

k(B;) = {(B;) + Z £(bi)
b;

where b; runs over blocks of Cg(5A4) = 5x Ag such that b = B;. Thus b; = By(5) x
b, for some b, € Blk(Ag) with D(b}) = 5 and £(b;) = £(b}). Since D(b}) is cyclic, it
follows that £(b}) is the number of bj-weights. Now N4, (D(b;)) ~ (5:2 x A4).2, so
for each 7 there exists a unique such block b; of Ay, and £(by) = 4 = £(b}), £(by) =2
It follows that ¢(By) = ¢(B1) = 16 and ¢(By) = 14.

https://doi.org/10.1112/51461157000000541 Published online by Cgrijbfidge University Press


https://doi.org/10.1112/S1461157000000541

The Alperin weight conjecture and Dade’s conjecture for the simple group Fip,

Suppose p = 3 and B = By, so that D(B) =¢ 32. The non-trivial elements of
D(B) lie in 3A and 3E, Cg(3A) = 3 x OF (3):3 and Ce(3E) = 32 x G2(3). But
D(B)NOg (3) = 1 and 003(3):3(D(B)00§ (3):3) = 3xG2(3), so a similar argument
to above shows that {(B) =6 —1—1=4.

If ¢,,(G) is the number of p-regular G-conjugacy classes, then £7(G) = 95, l5(G) =
94, (3(G) = 30 and ¢2(G) = 41. Thus ¢(By) can be calculated by the following
equation due to Brauer:

LG = |J  uB+m’a),
BeBIKY(G,p)

where [Irt’(G)| = 49,38,1 or 2 when p = 7,5,3 or 2.
Since C(5%) = 3 x 52 x Ay, it follows that G has 7 blocks with defect group
5% and 3 of these are blocks of G. Similarly, since Cjs(Dg) = 6 x Sg(2), it follows

thatAé has 3 blocks with defect group Ds. Using the method of central characters,
Irr(B) is as stated for B € Blk(G). O

THEOREM 4.3. Let G = Fiy, and let B be a p-block of G with a non-cyclic defect
group. Then the number of B-weights is the number of irreducible Brauer characters
of B.

Proof. It B = By, then the proof follows by Proposition 4.1, Lemma 4.2 and (4.1).
Suppose B # By.

If p = 2, then B = B; or By, and D(B) =~ 22 or Dg, so that the weight conjecture
for B follows by Uno [20].

Suppose p = 3 and B = By, so that D = D(B;) = 32. Since C(D) ~ 32 x G2(3)
and N (D) ~ (3%:2 x G3(3)):2, it follows that B has 4 weights and so £(B) = W(B).

Suppose p = 5 and B = By or Ba, so that D = D(B) = 52. Thus C(D) = 52x A4
and N(D) = (5%:4A4 x A4).2. Since |Irr(N(D)/D)| = 46, G has 46 weights of the
form (D, ) for ¢ € Irr(N(D)/D). If B = By, then the canonical character 6 of
the root block b of B has an extension to N (D), so that B has 16 weights, since
I (N/(D)/C(D))| = 16. Thus W(Bs) = 46 — 16 — 16 = 14 = ((B,). O

5.  Radical chains of Fiy,

Let G = Fi},, C € R(G) and N(C) = Ng(C). In this section, we do some
cancellations in the alternating sum of Uno’s conjecture. First we list some radical
p-chains C(i) with their normalizers, then reduce the proof of the conjecture to
the subfamily R°(G) of R(G) consisting of the union of G-orbits of all C(i). The
subgroups of the p-chains in Tables 10 — 13 are given either by Tables 1 and 2 or in
the proofs of Lemmas 4.1 and 5.1. If p is 5 or 7, then the radical p-chains are given
in Table 9.

LEMMA 5.1. Let G = Fi},, E = G.2 and let R°(G) be the G-invariant subfamily of
R(G) such that

{C(i) : 1 <i<36} with C(i) given in Table 10 if p = 3,
{C():1 88} with C(i) given in Tables 11— 13 if p = 2,
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Then
Z (—1)‘C‘k(N(C'),B,d,u, [T]) = Z (_1)|C|k(N(O)vBad7uv [T])
CeR(G)/G CeRY(G)/G
(5.1)
for all integers d,r,u > 0. If p=3 or 2, then Ng(C(i)) = N(C(4)).2 for each i.
c N(C) Ne(C)
c(1) 1 Fib, Figg
c(2) 1<5 (5:2 x Ag).2 N(C).2
C(3) 1<5<52 (52 x Ayg).42 N(C).2
C(4) 1< 52 (52:4A4 X A4).2 N(C).2
c(1) 1 Fib, Figg
c(2) 1<7 7:6x Ay N(C).2
Cc(3) 1<7<7? 72.(6 x 3) N(C).2
C(4) 1<7? 72:25L5(7).2 N(C)
C(5) 1< <7l 7112:(6 x 2) N(C)
C(6) 1< (7?)* 72:28Lo(7).2 N(C)
c(n) | 1< () <742 71206 x 2) N(C)
C(8) 1< 71+ 7112:(S3 x 6) N(C).2

Table 9: Radical p-chains of Fiy, with p =5,7

Proof. Throughout, C' and C” will denote radical chains C' : 1 < P, < --- < P,
and

C':1<P <...<P),. (5.2)
Thus C € R(G) and P is a radical subgroup of G. We may suppose P; € Ro(G, p).
Sometimes we also denote by ¢g(C’) a radical chain of G' corresponding to C’ such
that N(C") = N(g(C")) and Ng(C") = Ng(g(C")).

Case (1) Suppose p =3, and R € Ro(Ms,3)\{3' 119} given by (4.2). Let o(R) :
1<Q=3"0%<Rand o(R) :1 < R. Then o(R) and o(R)’ satisfy the conditions
of Lemma 2.2, so there is a bijection g from R~ (o (R), 31719) onto R%(a(R)’, 31710)
such that N(C") = N(g(C")), Ng(C") = Ng(g(C")) and |C’| = |g(C")| — 1 for each
C' € R~ (c(R),319). Thus

k(N(C"), B,d, u,[r]) = k(N(g(C")), B,d,u,[r]), (5.3)
and we may suppose

C ¢ U (R™(0(R), 319 UR(0(R), 31 +10)). (5.4)
RERo(Ms,3)\{31+10}

Thus we may suppose Py ¢ {31+10.3 31410 34 31410 (3 314+2) 32 34 38 32} and if
Py =310 then C =¢ C(28). We may suppose

Py e {3,3%,37,3%.31.3%.3%,32.31.3%,32.31.35.3) C Ro(G, 3).
Let C' : 1 < 32.34.3% < 32.31.3%.32 and ¢(C’) : 1 < 32.34.3% < 3171034 <

32.34.38.32, where 32.3%.3%.32,31719.3% € Ry(M4, 3). Then N(C’) = N(g(C")) and
Ng(C') = Ng(g(C")) and we may suppose C' #¢ C’, g(C”).
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c N(C)

c(1) 1 | Fib,

C(2) 1<3 | (3x0g(3):3):2

C(3) 1<3<3% | 32:2xGa(3)

C(4) 1<3<32<3tx3"? | 322 x (32 x 317%):25,

C(5) 1<3<37 | 37:L4(3):2

C(6) 1<3<37<37:3% | 37:33.15(3)

c(7) 1<3<37<37:3%<37:343 | 37:34.3.25,

C(8) 1<3<37<37:3% | 37:3%:2(A4 x Ag).2.2

C(9) 1<3<37 <3731 <37.33.32 | 37.33.32.25,
C(10) 1<3<37<37:3* <37.33.32 <37.34.32 | 37.31.32.22
C(11) 1<3<37<37:34.3<37.34.32 | 37.34.32.23
C(12) 1<3<37<37:34.3 | 37:31.3.25,.2
C(13) 1<3<3x38 | (3x317%)2(A4 x Ay x Ag).2:3):2
C(14) 1<3<37.3%<33.33.3% | 33.33.36.(2 x 2S4)
C(15) 1<3<37.3% | 37.33.(2 x L3(3))
C(16) 1<3<37.3% <32.32.34.3 | 32.32.31.34.(2 x 254)
c(17) 1<3<37.3%<33.33.36 <37.34.32 | 37.34.32.23
C(18) 1<3<3°.343% < (3x3,7%).3%.3 | (3x3/7%).3%.32°
C(19) 1<3<35343% | 35.34.31.29,.2
C(20) 1<37 | 37.07(3)
c(21) 1< 37 <3103 | 317193.U4(2):2
C(22) 1< 37 < 373343 < 37353112 | 37.35.3172 .25,
C(23) 1 <37 <37.33+3 | 37.33+3 [13(3)
C(24) 1<37 <3730 < 3731703 | 37.3,70.3.25,
C(25) 1< 37 < 373070 | 37.3176,(24, x Ay).2
C(26) 1< 37 < 373470 <37.35.33 | 37.35.33.(S, x 2)
C(27) | 1 <37 < 373110 < 37311093 < 32.31.38.32 | 32.31.38.32.22
C(28) 1< 310 | 3110 U5(2):2
C(29) 1< 323435 <31F1034 | 3171034 (2 x Ag):2
C(30) 1<32.34.3% | 32.34.38.(244 x Aj5):2
C(31) 1<32<32x (323,73 | (3%:2x (32 x 3,1%).3.22).2
C(32) 1<32 | (3%2:2 x G2(3)):2
C(33) 1<33.34.33.3% <32.34.38.3 | 32.34.3%.3.(254 x 2)
C(34) 1< 3%.34.33.33 | 32.34.33.3%:(L3(3) x 2)
C(35) 1<33.3433.3% < 317193 x 3172 | 817103 x 3172).(284 x 2)

)

1< 33313333 < 32.34.38.3 < 32.34.38.32 | 32.343%.3223

Table 10: Some radical 3-chains of Fij,
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Let o : 1 < Q =3%.3%.3% < 32.34.38.3, so that o/ : 1 < 32.3%.3%.3. A similar proof
to above shows that we may suppose

C ¢ (R (0,3%.3*.3%) UR"(0, 3%.3%.3%)). (5.5)

In particular, we may suppose P; #¢g 3%2.3%.3%.3 and moreover, if P, = 32.3%.38,
then C €6 {C/(29), C(30)}.

Let 0 : 1< Q=3<3%<3"x3"2 sothat ¢/ : 1 < 32 < 3* x 372, A similar
proof to above shows that we may suppose

C ¢ (R (0,3) UR"(0,3).

In particular, we may suppose P; #g 3* x 3'%2 when P, = 3 and P, = 32, and
moreover, if Py = 3%, then C €¢ {C(31),C(32)}.

Let O’ : 1 < 33.3.3%.3% < 32.31.3%.32 and g(C") : 1 < 3%.31.3%.3% < 31+10(3 x
3112) < 32.31.38.32. Then N(C’) = N(g(C")) and Ng(C') = Ng(g(C")) and we
may suppose C' #g C’,g(C"). Thus if P, = 33.3%.33.33, then C €¢ {C(33),C(34),
C(35), C(36)}.

Suppose Py = 37 € Ro(Ma,3). Applying the Borel-Tits Theorem [8] (see [17, p.
361]) to O7(3), it follows that C €g {C(j) : 20 < j < 27}.

Finally, suppose P; = 3 € Ro(M1,3). Let R € Ro(L2,3)\{3x 38} C Ro(M1,3),
and o(R) : 1 <3< Q=3x3"8< R, sothat o(R)": 1 <3 < R. A similar proof to
above shows that (5.4) holds with 31719 replaced by 3x 378 and Ro (M3, 3)\ {31119}
by RO(LQ,?}) \ {3 X 31+8}.

In particular, we may suppose P» & Ro(L2,3)\{3 x 3178} and moreover, if P, =
3 x 318 then C =g C(13).

We may suppose P, € {32,37,37.33 3°.3%.3%) and if P, = 32, then P3 #¢ 3* x
372 Let €' :1 < 3 < 3% < (3% x 3142)* < (31 x 31%2)3 and g(C") : 1 < 3 <
32 < (3% x 312).3. Then N(C’) = N(g(C")) and Ng(C') = Ng(g(C")) and we may
suppose C #g C’, g(C’). Thus if P, = 3 and P, = 32, then C €¢ {C(3),C(4)}.

If P, = 35.34.347 then N]\/jl (P2> = 35.34.34.2S4.2, so that C €¢ {0(18)7 0(19)}

If P, = 37.3% ¢ RQ(Ml, 3), then Lg := N]\/jl (PQ) = 37.33.(2 X L3(3)) and we may
take

Ro(Lo,3) = {37.3%,3%.3%.30,32.32.3% 3% 37.3.3%},
and Nz, (3%.3%.30) = 33.33.36.(25, x 2), Np,(32.32.34.3%) = 32.32.34.34.(25, x 2)
and
Np,(37.32.32) = 37.3%.32.23.

Let C':1<3<37.3%3<32323%34 < 373432 and g(C") : 1 <3< 3" <3733 <
37.3%.32. Then N(C') = N(g(C")) and Ng(C’) = Ng(g(C")) and we may suppose
C #¢ C',g(C"). Tt follows that if P, = 3 and P, = 37.33, then C €¢ {C(i) : 14 <
i <17}

Suppose P, = 37, so that L; = Ny, (37). If 37.3% € Ro(L1,3), then L, :=
Np,(37.3%)
= 37.3%.L3(3) and we may take

Ro(L4,3) = {37.3%,37.31.3,37.33.32,37.34.32},

and Np,(37.33.3%) = Np,(37.3%.3%), N.,(37.3%.3) = 37.3%.3.25, # Ni,(37.31.3)
and
Np,(37.34.32%) = 37.34.32.22.
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Let 0:1<3<3"<Q=373%3<37333% sothat 0’ : 1 <3 <37 <37.3332. A
similar proof to above shows that we may suppose (5.5) holds with 32.3%.3% replaced
by 37.3%. Let C": 1 <3 <37 <3733 <37.31.3<373"32and g(C") : 1 <3< 3" <
37.3% < 37.31.3%2. Then N(C’") = N(g(C")) and Ng(C") = Ng(g(C")) and we may
suppose C #¢ C’, g(C"). Thus we may suppose P #¢g 37.3%.3% and if P3 = 37.3%,
then Py #¢ 37.3%.32.

If 37.3* € Ro(L1,3), then L5 := Np,(37.3%) = 37.3%.2.(A4 x A4).2.2 and we may
take

Ro(Ls,3) = {37.3%,37.3%.3%,37.31 3%},
and NL5 (R) = NLl(R) and NLl_Q(R) = NNLl.z(Ls)(R) for each R € RQ(L5, 3)

Let ' :1 <3 <37 <37.3132 and ¢(C") : 1 < 3 < 37 < 37.3* < 37.34.32. Then
N(C") = N(g(C") and Ng(C") = Ng(g(C")) and we may suppose C #g C’, g(C").
It follows that if Py = 3 and P» = 37, then C €¢ {C(i) : 5 < i < 12}.

Case (2) Let R € Ro(M2,2)\{2!'}, and o(R) : 1 < Q = 2! < R, so that
o(R) : 1 < R. A similar proof to that of Case (1) shows that we may suppose (5.4)
holds with 31710 replaced by 2! and Ro(Ms,3) \ {31719} by Ro(Maz,2) \ {2!1}.
Thus if P, = 2!, then C =¢ C(42) and we may assume that P; & Ro(Ma,2).

Case (2.1) Let 0 : 1 < Q =2 < 2% < Dg, so that ¢/ : 1 < 2% < Dg. A similar
proof to above shows that we may suppose (5.5) holds with 32.3%.3% replaced by 2.
Thus 1fP1 = 22, then PQ #G Dg, and lfpl =2 and P2 222, then P3 #G Dg.

Let R € Ro(K2,2)\{2'}, and o(R) : 1 <22 < Q =2 < R,so that o(R)' : 1 <
22 < R. A similar proof to that of Case (1) shows that we may suppose (5.4) holds
with Ro(Ms,2) \ {31719} replaced by Ro(Ka,2)\{21}.

Let V = {(2x217%).2, (2 x 2178).2.24, (2 x 2/7%).2.20.2} C Ry(K1,2), R € V and
let 0(R):1<22<Q=2x2" <R, sothat ¢(R)": 1 <22 < R. A similar proof
to Case (1) shows that we may suppose (5.4) holds with 31+10 replaced by 2 x 2} +%
and Ro(Ms,3) \ {31719} by V. Thus if P; = 22, then P, ¢ V and in addition, if
Py =2 x 24" then P; ¢¢ V.

If V; = (2 x 2/7%):2%. 45:95 < K, then we may take Ro(V1,2) =

{(2 x 2119):2% (2 x 217%):2%.2, (2 x 2179):2%.22 (2 x 2179):29.22 2} C Ry (K7, 2),
so that Ro(K1,2) =VU Ro(‘/172) In addition, .Z\TK1 (R) == ]VV1 (R)7 NKLQ(R) =
NNK1,2(V1)(R) for each R € Ro(vl, 2)

Let R € Ro(V1,2) \ {(2 x 21%%):24} and o(R) : 1 < 22 < 2 x 218 < Q =
(2 x 217%):2¢ < R, so that o(R)" : 1 < 22 < 2 x 2}*% < R. We may suppose (5.4)
holds with 31710 replaced by (2 x 217®):2% and Ro(Ms,3) \ {3171} by Ro(V4,2) \
{(2 x 21%):24}.

Let 0 :1 < 2% < Q = 2618 <« 26489 50 that o/ : 1 < 22 < 26+8.2. A similar
proof to above shows that we may suppose (5.5) holds with 32.3%.3% replaced by
2648 Thus if P, = 22, then P, #¢ 2678.2.

If Vo = (2 x 217%).2.24.(S5 x S3).3 < K3, then we may take Ro(V2,2) =

{(2 x 2179).2.24 (2 x 2178)2%.22 (2 x 2179)2.20.2, (2 x 217%):2%.22.2} C Ry(K3,2).
In addition, Nk, (R) = Nv,(R), Nk, .2(R) = Ny, ,(v»)(R) for each R € Ro(V2,2).
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N(C)

1 Fib,

1<2 2.Figo.2

1<2<2? 22.Ug(2):2
1<2<22 <2l 211 13(4):2

1<2<22 <22 %2478 < (22 x 2178):21
1<2<22 <22 x2lt8

1<2<22 <2648 <211 o4

1<2<22 <2648

1<2<22 <2648 < (2 x2118).2.0¢

1<2<22 <2648 < (2 x2179).2.21 < (2 x 2179).24.22
1<2< (22>

1<2<(22)* <28

1<2<(22)* <28 <2823

1<2<(22)" <28 <2823 <28.23.22
1<2<(22)r <23.28 <2824

1<2<(22)* <23.28 <2824 < 23,2204 24
1<2<(22)* <23.28 < 28.24 < 23222424 282192
1<2<(22)* <23.28

1<2<(22)r < 242424 < 24242422
1<2<(22)" < 242424

1<2<(22)* < 24242 < 23.28.Dg

1<2< (22)r < 212921 < 21242422 < 23.28. Dg.2
1<2<(22)* <21.23.26 < 2423262

1<2<(22)r <24.23.26

1<2<(22)F <24.23.26 < 24242422

1<2< (22) <24.23.26 < 24242422 < 23.28. Dg.2
1<2<28

1<2<28 <2825

1<2< 2% <2820 <22.9325296

1<2<28 <2826

(22 x 217%):24.85
(22 x 2178).U4(2):2
211 24 g

26+8.(53 X S5)

(2 x 2118).2.24(S5 x S3)
(2 x 2179).21.22 55
(22 x OF (2):3):2
28:5g

28.23.L3(2)
28.23 22 G3

28.24 (83 x S3).2
23.92 24 94 G4

28 .24 22
23.28.3.(S3 x S5 x S3).2
24,24 2492 g4
24.24.24 . 1,5(2)
23.28 Dg.S3

23.28 Dg.2

24,2326 2,64
24.23.26 (S5 x S3)
24,24 24 92 g3
23.28 Dg.2
28.56(2)

28.25 S¢
22232526 g5
28,26 1,5(2)

Table 11: Some radical 2-chains of Fij,
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c N(C)
C(31) 1<2<28 <28232% < 289593 28.25.23 .83
C(32) 1<2<28 <2823.24 28.23.24 (S3 x S3)
C(33) 1<2<28 <28232% <2823 249 28,23 24,2 .53
C(34) | 1 <2< 28 <28.23.2% < 28,2523 < 2825939 28,2593 .2
C(35) 1<2< 2t 211 Mos:2
C(36) 1<2<22.210 < 211242 211,242 85
C(37) 1<2<22210 22.210.74(2).2
C(38) 1 <2< 26+8 <211 94 211 24,56
C(39) 1<2<26+8 2648 (S3 x Se)
C(40) 1 <2< 2648 < 22210204 22.210.2.24 (S5 x Ss3)
C(41) 1 <2< 2648 < 22210224 < 2119224 9 211,92 94 2.3
C(42) 1 <2l 211 Moy
C(43) 1< 22 <21t 211 L3(4).S5
C(44) 1< 22 22 Ug(2).53
C(45) 1< 22 <22 x2lt® (22 x 217%).U4(2):55
C(46) 1< 22 <22 x 2078 < (22 x 21 7%):0¢ (22 x 21 78):24:45:83
C(47) 1< 22 < 26+8 2648 (83 x S5).3
C(48) 1< 22 <2048 < (22 x 217%) 224 | (22 x 217%).2.24.(S53 x S3).3
C(49) 1< 22 <2048 <ol 91 < (22 x 2179) 24 22 (22 x 2/7%).24.22.55.3
C(50) 1< 22 <2648 <ol 24 211 24 A5.S5
C(51) 1< 2lF12 < 21196 211 26 (3 x Ag).2
C(52) 1< 2t 24T12.3.U4(3):2
C(53) 1< (22)* < 23.28 23.28.3.(S3 x S3 x S3):53
C(54) 1< (22)* (Ag x OF (2):3):2
C(55) 1< (22)" <28.23 28.23 (L3(2) x S3)
C(56) 1< (22)* < 28.23 < 23,2822 23.28.22 (53 x S3)
C(57) 1< (22)" <2823 < 23,2822 < 23,2823 23.28.23 .53
C(58) 1< (22)* < 28.23 < 242326 24.23.26 (S5 x S3)
C(59) 1< (22)r < 24.23.26 24.23.26.(S5 x S3).3
C(60) 1< (22)* < 24.23.26 < 23,2823 232823322

Table 12: Some radical 2-chains of Fij,
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¢ N(C)
C(61) 1< (22)* < 28 (Ayq x 28:Ag).2
C(62) 1< (22)" <28 <2823 28.23(L3(2) x 3)
C(63) 1< (22)r <28 <2823 < 212306 24.23.26 (53 x 3)
C(64) 1< (22)* <28 <24.23.26 24.23.26 (S5 x S3)
C(65) < (22)* < 28 < 24.23.206 < 23,2823 23,2893,
C(66) 1< (22)" <28 <2824 28.24 (S5 x S3).53
C(67) 1< (22)" <28 <2824 < 23,2822 23,2892 (S5 x 3)
C(68) 1< (22)" <28 <2821 < 232822 < 2328222 23,2822 6
C(69) 1< 23+12 <2396 98 23.26.98 (S5 x L3(2))
C(70) 1< 23+12 23412 (Ag x L3(2))
Cc(71) 1< 23412 < 9lf12 ot 2\ 712 24 (46 x S3)
c(72) 1< 23H12 < 2112 94 < 911 94 94 211 2424 (53 x S3)
C(73) 1< 28 <2if?2 2iT1%2.U04(2)
C(74) 1< 28 2%:05 (2)
C(75) 1< 28 < 28:2346 28:23+6 ([3(2) x 3)
C(76) 1< 28 < 282178 < 98:96 04 28:26 24 A5
c(77) 1< 28 <28:24f% 28:2178 (S5 x As)
C(78) 1< 28 < 28:24% < 28:23+6 22 28:23+6 92 (3 x §3)
C(79) 1< 28 < 28:2346 <98 96 9 94 98 93+6 Dy 282316 Dg.3
C(80) 1< 28 < 28:23+6 < 28 26 9 24 28.26.2.24 (3 x S3)
C(81) 1< 2648 < 21194 211 24 Ag
C(82) 1< 26+8 20+8 (S3 x Ag)
C(83) 1< 2648 < 23232625 23.23.26.25 (L3(2) x S3)
C(84) 1 < 2618 « 2393 96 95 < 911 93 94 211,93 94 [,3(2)
C(85) 1< 2648 <2l 12 994 | 2112 9 94 (55 x S5 x S3)
C(86) 1< 2648 < 2l H12 998 < 91412 991 9 21412 294 9 (S5 x S3)
C(87) | 1< 2648 < 21712008 < 9648 91 9 < 211 92 93 94 211 92 93 94 g4
C(88) 1< 2648 <9l F12 900 < 964894 9 2648 94 2 (S3 x S3)

Table 13: Some radical 2-chains of Fij,
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Let R € Ro(V2,2) \ {(2 x 2119).2.24} and o(R) : 1 < 22 < 2078 < Q = (2 x
2178).2.24 < R, so that o(R)" : 1 < 22 < 26%% < R. We may suppose (5.4) holds
with 31719 replaced by (2 x 21+%).2.2% and Ro (M3, 3) \ {31719} by Ro(V5,2) \ {(2 x

1+8\.04
247%):241.
If V5 = 21124 A5.55 < K3, then we may take
Ro(V5,2) = {211.24,20%8.22 (2 x 217%)2.22 (2 x 217%):21.2%.2} C Ry (K3, 2).

In addition, Nk, (R) = Ny, (R), Nk,.2(R) = Ny, ,(v5)(R) for each R € Ro(V3,2).

Let 0 : 1 < 22 < 2648 < Q = 21124 <« 264892 4o that o/ : 1 < 22 < 2618 <
2648 22 A similar proof to above shows that we may suppose (5.5) holds with
32.31.3% replaced by 2'1.24,

Let C' : 1 < 22 < 2648 < 21194 < (2 x 217%):24.92 < (2 x 217%):24.22.2 and
g(C") 11 < 22 < 2648 < 21 9% < (2 x 2179):24.22.2. Then N(C') = N(g(C")) and
Ng(C') = Ng(g(C")) and we may suppose C' #¢ C’, g(C”).

It follows that if P, = 22, then C' € {C(i) : 43 < i < 50}.

Case (2.2) Let
Q={21112.2,21712.24 21112 .94 21412 9% 9 21112 22 94 96+8 o4 9 93+12 Dy x 22)}

be a subset of Ro(Ms,2), R € Q and let o(R) : 1 < Q = 2!'* < R, so that
o(R) : 1 < R. A similar proof to Case (1) shows that we may suppose (5.4) holds
with 3119 yeplaced by 247! and Ro(Ms,3) \ {3110} by Q. Thus P; #¢ R and if
Py =212 then P» #£¢ R.

If W = 2126355 < My, then we may take Ro(W,2) =

{21126 21112204 2 211 9% 24 2048 94 22 911 92 93 o4 21+12 9122 2 S}
C Ro(My,2),

so that Ro(M4,2) = QU Re(W,2). In addition, Nw(R) = Nuy,(R) and
Ny, 2w)(R) = Nag, 2(R) for each R € Ro(W,2). Let R € Ro(W,2) \ {2'1.2°}
and o(R) : 1 < 247" < @ = 21126 < R, so that o(R)' : 1 < 2/7"* < R. We
may suppose (5.4) holds with 3'710 replaced by 2!1.2% and Ro(Ms,3) \ {3'71°} by
Ro(W,2) \ {2!1.20}. Thus if P, = 2}'2, then C €¢ {C(51),C(52)}.

Case (2.3) Let o : 1 < Q = (22)* < Dg with Dg € Ro(Ms5,2), so that o : 1 < Ds.
Since N(Dg) = Ny (Dg) and Ng(Ds) = Ny, 2(Ds) = N(Ds).2, it follows that we
may suppose (5.5) holds with 32.3%.3% replaced by (22)*. In particular, P, #g Ds
and if Pl = (22)*, then P2 #G Dg.

If X1 = 23.28.3(83 X Sg X 53).83 < M5, we may take Ro(X1,2) =

{23.28 28,21 23 28 2 2398 92 28 92 93 93 98 93 93 98 92 9 98 91 931 C Ry (M5, 2)
and in addition, Ny (R)=Nx, (R) and Ny, 2(R)=Nx, 2(R) for all Re Ro(X71, 2).

Let R € Ro(X1,2) \ {23.2%} and o(R) : 1 < (22)* < Q = 2328 < R, so
that o(R) : 1 < (22)* < R. We may suppose (5.4) holds with 3'*19 replaced by
2328 and Ro(Ms,3) \ {3719} by Ro(X1,2) \ {2%.2%}. Thus if P; = (22)*, then
Py &g Ro(X1,2)\ {23.2%} and if moreover, Py = 23.28 then C = C(53).

Let XQ = (A4 X 26:A8).2 < M5,

Ay = {28,28.2,28.21 28,9293 98.93.92.2 28 9193} C Ry(M5,2)
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and X7 = {25.23,24.23.26 9398 22 93 98 93}, We may take Ro(X2,2) = Ay U X}
such that Nz, (R) = Nx,(R) for R € X and
98.93.(L3(2) x 3) if R = 25.23,
249396 (S5 x S3) if R = 2%.23.26,
239892 (83 x3) if R = 23.28.22,
23,2823 G, if R =23.28.23
Let R € {28.2,28.2322.2} C X} and o(R) : 1 < (22)* < Q = 2% < R, so that
o(R) :1 < (2%)* < R. We may suppose (5.4) holds with 3'710 replaced by 28 and
Ro(Ms,3)\ {31410} by {28.2,28.23 92 2}.

If X3 =28.23(L3(2) x 3) < X3, then we may take

Ro(X3,2) = {28.23,23.28.22 212326 91232621 and

Nix, (23.28.22) = Ny, (23.28.22), Ny, (2%.23.26) = 24 23 26 (S35 x3) # Ny, (24.23.26),
N, (24.23.26.2) = 242326 6 and Nx, 2(R) = Nx,(R).2 for all R € Ro(X3,2).

Let 0 : 1 < (2%)* < 28 < Q = 28.23 < 232822 5o that 0/ : 1 < (22)* <
28 < 23.28.22. We may suppose (5.5) holds with 32.3%.3% replaced by 2%.23. Let
C':1 < (22)" <28 <2823 < 242326 < 2423262 and g(C') : 1 < (22)* < 28 <
28.23 < 2423262, Then N(C’) = N(g(C")), Neg(C’) = Ng(g(C")) = N(C").2 and
we may suppose C &g {C, g(C")}.

If X4 =28.2%(53 x S3).53 < X, then we may take

Ro(X4,2) = {28.24,23.28.22 2892 23 239893 9891 931 C R((X,,2)
and in addition, Nx,(R)=Nx,(R) and Nx, 2(R)=Nx, 2(R) for all RERy(Xy4,2).

Let R € Ro(X4,2)\{28.24,23.28.22} and let o(R) : 1 < (22)* < 28 < Q =
28.2% < R, so that o(R) : 1 < (22)* < 28 < R. We may suppose (5.4) holds with
31110 replaced by 28.2% and Ro(Ms,3) \ {31710} by Ro(X4,2)\{28.24,23.28.22}.

If X5 =2%.23.20,(53 x S3) < X», then we may take

Ro(X5,2) = {2%.23.26,28.23.22.2 23 28,23 28 21 23} C Ry(X>,2) (5.6)

and in addition, Ny, (R)=Nx,(R) and Nx, 2(R)=Nx, 2(R) for all ReR((X5,2).
If X =2%.23.20.(53 x S3).3 < M5, then we may take
Ro(Xe,2) = {2%.25.20,28.23.22.2 23 9823 28 24 23} C Ry(M5,2)
and in addition, Nz, (R) = Nx,(R) and Ny, 2(R)=Nx,.2(R) for all Re Ry (X5, 2).
In particular, Nx,(R) =¢ Nx,(R) for R € {28.23.22.2,28.24.23} and
Nx, (2%.28.23) = 23.28.23.32.2 £, Ny, (23.28.23) = 23.28.23.5;.

Let R € Ro(Xe,2)\{2%.23.26,23.28.23} and let o(R) : 1 < (22)* < Q = 28 <
24,2326 < R, sothat o(R) : 1 < (2%)* < 2%.23.25 < R. We may suppose (5.4) holds
with 31710 replaced by 28 and Rq (M3, 3)\{3'11°} by Ro(Xe,2)\{2%.23.26,23.28.23}.

Let €7 :1 < (22)* <28 <2423.26 < 232823 < 282423 and ¢(C’) : 1 < (22)* <
94,2396 < 932893 < 28.94.93. Then N(C") = N(g(C")) and Ng(C") = Ng(g(C"))
and we may suppose C #¢g C’, g(C").

If X7 =28.23(L3(2) x S3) < Ms, then we may take Ro(X7,2) =

{28.23 212101 93 98 92 9193 96 93 98 93 93 98 92 9 98 93 92 9 98 91 93}

Nx, (R) =
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and NX7 (R) ZJVM5 (R) for ReRy (X7, 2)\{24.23.26, 23.28.23}, NX7 (R) =G NX2 (R)
for R € {2%.23.26,23 9893} and Ny, 2(R) = Nx.(R).2 for all R € Ro(X7,2).

Let 0:1 < (22)" < Q =282% < 212424 5o that o/ : 1 < (22)* < 21.24.2%. We
may suppose (5.5) holds with 32.3%.3% replaced by 28.23.

We may suppose X5 = 24.23.26.(S3 x S3) < X7, so that Ro(X5,2) € Ro(X7,2)
and Nx,(R) = Nx,(R). Let R € Ro(X5,2)\{24.23.26} and let o(R) : 1 < (22)* <
2823 <« Q = 242325 < R, so that o(R) : 1 < (22)* < 28.2% < R. We may
suppose (5.4) holds with 31710 replaced by 24.23.26 and Ro(M3,3) \ {3'71°} by
Ro(Xs,2)\{24.23.26}.

If Xg=23.28.22.(53 x S3) < X7, then we may take

Ro(Xs,2) = {23.28.2% 23.28.23 2328 22 2 282193} C Ry(X7,2)

and NXS(R) == NX7 (R) and NXS.Q(R> == NXTQ(R) for all R € 'R,()(,Xg7 2)

Let 0:1 < (22)* < 28.23 < Q = 23.28.22 < 23.28.22.2 50 that 0/ : 1 < (22)* <
28,23 < 23.28.22.2. We may suppose (5.5) holds with 32.3%.3% replaced by 23.28.22.

Let C7 11 < (22)* < 28.23 < 23.28.22 < 232823 < 28.242% and ¢g(C') : 1 <
(22)* < 28.2% < 232892 < 289493 Then N(C") = N(g(C")) and Ng(C') =
Ng(g(C")) and we may suppose C #¢ C', g(C").

It follows that if P, = (22)*, then C €¢ {C(j) : 53 < j < 68}.

Case (2.4) Let Yy = {23+12.92 23939695 96+8 93 92} € R (M, 2), R € Wy
and o(R) : 1 < Q = 2372 < R, so that o(R)" : 1 < R. We may suppose (5.4) holds
with 31+10 replaced by 23712 and Ro (M3, 3)\ {31719} by ;. Thus we may suppose
Pl ¢G yl and if Pl = 23+12, then PQ g yl.

If V7 = 23.26.28.(Sy x L3(2)) < Me, then we may take Ro(Y7,2) =

{23.26.28 211 93 91 9l1 91 91 911 92 96 911 92 93 94 91 +12 94 92 9 9618 93 93 G}

as a subset of Ro(Me,2), so Nagg(R) = Ny, (R) and Nagg.2(R) = Ny, ,(v)(R) for
R € Ro(Y1,2).

Let R € Ro(Y1,2)\ {23.26.28}, and o(R) : 1 < 23712 < Q = 23.26.2% < R, s0
that o(R) : 1 < 23712 < R. A similar proof to that of Case (1) shows that we
may suppose (5.4) holds with 3'+10 replaced by 23.26.28% and Ro(M3,3) \ {31710}
by Ro(Y1,2) \ {29.26.28}.

If Yo = 2171224 () x Ag) < Mg, then we may take Ro(Y2,2) =

{21*"12'247 21*"12'24'27 26*"8'24'27 211'24.247
21192 93 91 9112 91 92 9 93112 (Dyg x 2%), S}
as a subset of Ro(Me,2), so Nagg(R) = Ny, (R) and Nagg.2(R) = Ny, (vs) (R) for
R € Ro(Y2,2).

Let Yy = {21+12.942 9648 24 9 93412 (D« 92)} C Ry(Y2,2), R € Vs, and
o(R): 1< 2312 < Q = 2171224 < R 50 that o(R) : 1 < 23712 < R. A similar
proof to that of Case (1) shows that we may suppose (5.4) holds with 3'*19 replaced
by 21+12.24 and RQ(M;),, 3) \ {31+10} by yg.

If Y3 = 211.24.24,(S3 x S3) < Ya, then we may take

Ro(Ys,2) = {21,212 211 92 93 91 91412 91 92 61 C Ry (M, 2),

so that N]\/[G(R) = NYQ(R> = Ny3(R> and NMSQ(R) = NNMGQ(YS)(R) for R €
Ro(Ys,2).
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Let R € Ro(Ys,2) \ {21.2424), and o(R) : 1 < 2312 < 2141294 ~ ) =
2112424 < R, so that o(R)' : 1 < 23712 < 2141294 < R A similar proof to that of
Case (1) shows that we may suppose (5.4) holds with 3'*19 replaced by 2'1.24.24
and RQ(M373> \ {31+10} by RQ(Yg, 2) \ {211.24.24}.

It follows that if P, = 23712 then then C € {C(i) : 69 < i < 73}.

Case (2.5) Let 0 : 1 < Q = 268 < 26¥8.23 50 that o’ : 1 < 2678.23. A similar
proof to that of Case (1) shows that we may suppose (5.5) holds with 32.3%.3%
replaced by 2678, Thus we may suppose P, #g 26%8.23 and if P, = 26+8 then
Py # 20+8 93,

If 7, = 211.24.A8 < M7, then we may take R()(Zl, 2) =

{211 21 91l 9116 oll 93 9d 9lH12 9 91 9 9018 91 92 96+8 93 93 oll 92 93 21 g1

as a subset of Ro(Mz,2), so that Nz, (R)=Nz, (R) and NM7,2(R):NNM7_2(Z1)(R).

Let R € Ro(Z1,2) \ {211.2%}, and o(R) : 1 < 26¥8 < @ = 21122 < R, s0
that o(R)" : 1 < 2678 < R. A similar proof to that of Case (1) shows that we
may suppose (5.4) holds with 31710 replaced by 2'1.2% and Ry (M3, 3) \ {31710} by
Ro(Z1,2)\ {2'".2%}.

If Zy = 23.23.26.2° (L3(2) x S3) < M7, then we may take

Ro(Zo,2) = {23.23.26.25 211 23 21 9648 9 9 96+8 93 92
21122 93 94 23H12(Dg x 22) 26182323 GV C Ry(M7,2)

so that NM7(R) = Ng, (R) and NM7_2(R) = NNM7,2(Zz)(R)'

Let 2, = {20+5.921.2 96+8 93 92 93+12 (Do % 92)} C Ry(Z2,2), R € Zi, and
o(R) 11 <2018 < @ =23.23202° < R, so that o(R)" : 1 < 2678 < R. A similar
proof to that of Case (1) shows that we may suppose (5.4) holds with 3!*19 replaced
by 23.23.26.25 and R()(M373) \ {31+10} by Zl.

If Z3 = 211.23.24. L3(2) < Z,, then we may take

Ro(Z3,2) = {211.23.24 2119293 21 2648 93 93 G C R((Zy,2)

so that Nz, (R) = Nz,(R) = Nz,(R) and N, 2(R) = NNM7.2(23)(R)~

Let R € Ro(Z3,2) \ {211.23.24}, and o(R) : 1 < 2648 < 232625 <« (Q =
2112321 < R, so that o(R)" : 1 < 2678 < 232625 < R. A similar proof to
that of Case (1) shows that we may suppose (5.4) holds with 3'710 replaced by
211.23.2% and Ro(Ms, 3) \ {31110} by Ro(Z3,2) \ {211.23.24}.

If Z, = 2112.2.24 (S3 x S3 x S3) < My, then we may take

Ro(Z4,2) = {21112.2.0% 2648 91 9 9l+12 9 94 9 91112 92 o4 96+8 o4 92
23H12(Dg x 2%), 21 22,23 2 S} C Ro(M7,2)

so that NM7(R) = Ng, (R) and NM7_2(R) = NNM7,2(Z4)(R)'

Let 0 : 1 < 2648 < Q = 21112294 <« 214129294 5o that o/ : 1 < 20+8 <
21412 92 24 A similar proof to that of Case (1) shows that we may suppose (5.5)
holds with 32.3%.3% replaced by 21+12.2.24,

If Z5 = 21712.2.24.2.(S3 x S3) < Z4, then we may take

Ro(Zs,2) = {21112.2.24.2 26+8 24 92 911 92 93 91 G C R((Z4,2)
so that N]\/[7(R) = .Z\/vZ5 (R) == NZ4 (R) and NM72(R> = NNM7.2(Z5)(R)'
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Let R € Ro(Zs,2) \ {21+12.2.24.2), and o(R) : 1 < 2648 < 21412294 < =
211129219 < R, so that o(R)" : 1 < 2678 < 21712994 « R A similar proof to
that of Case (1) shows that we may suppose (5.5) holds with 32.3%.3% replaced by
91+12.9 94 9 and Ro(Ms, 3) \ {3110} by Ro(Zs, 2) \ {2112.2.24 2},

If Zg = 2678.24.2.(S3 x S3) < Z4, then we may suppose

Ro(Zs,2) = {2678.21.2 211 22 23 2% 23F12(Dg x 22), S} C Ro(Z4,2)

so that Nz, (R) = Nz, (R) = Nz,(R) and Nz, 2(R) = NNM7,2(ZS)(R)-

Let o : 1 < 268 < 2112994 « (9 = 2648242 < 23+12(Dg x 22) so that
o 11 < 268 < 21¥12 994 « 93+12(Dg x 22). A similar proof to that of Case (1)
shows that we may suppose (5.5) holds with 32.3%.3% replaced by 2678.24.2.

Let O : 1 < 26+8 < 21412991 < 9648 949 < 911929394 < G and ¢(C") :
1 < 20648 < 91412991 < 2648949 < G Then N(C') = N(g(C")), Ng(C') =
Ng(g(C") = N(C").2 and we may suppose C €¢ {C’, g(C")}.

It follows that if P, = 2678 then

Ccq {C(j): 81 < j <88}

Case (2.6) If P, = 2%, then N(P;) = Mg = 28.04 (2). Applying the Borel-Tits
theorem to Og (2), it follows that C' €g {C(j) : 73 < j < 80}.

Case (2.7) Let 0 : 1 < 2 < @ = (2?)* < Dsg, so that o’ : 1 < 2 < Dg, where
Dg € Ro(T1,2). A similar proof to that of Case (1) shows that we may suppose
(5.5) holds with 32.3%.3% replaced by (22)*. Similarly, if 0 : 1 < Q =2 < 22 < Dg
with ¢’ : 1 < 22 < Dg, then (5.5) holds with 32.3%.3% replaced by 2. Thus if P, = 2,
then we may suppose P, #¢ Dg and if moreover, P, € {22 (22)*}, then we may
suppose P3 #g Dsg.

Let R € Ro(T2,2) \ {21}, and 0(R) : 1 <2 < Q = 2" < R, so that o(R)' : 1 <
2 < R. A similar proof to that of Case (1) shows that we may suppose (5.4) holds
with 31710 replaced by 2! and Ro(Ms, 3) \ {3171°} by Ro(T2,2) \ {2!1}.

Let 77 := {28.2%,22.210 2 94 26+8 D¢ o} C Ry(T4,2), R € Ty, and o(R) : 1 <
2 < Q = 222 < R sothat o(R) : 1 < 2 < R. A similar proof to that of
Case (1) shows that we may suppose (5.4) holds with 31710 replaced by 22.21 and
RQ(M;),, 3) \ {31+10} by 'Tl

If T7 = 211.24.2.S5 < Ty, then we may suppose

Ro(T7,2) = {21242, 2112223 2 211 92 2% 2 2618 93 921 C R((Ty,2)

so that Ny, (R) = Nz, (R) = Nr,(R) and Ny, 2(R) = NNM1.2(T7)(R)'

Let R € Ro(T7,2)\{2!t.2%.2},and o(R) : 1 <2 < 22210 < Q = 211222 < R, 50
that o(R) : 1 < 2 < 22210 < R. A similar proof to that of Case (1) shows that we
may suppose (5.4) holds with 3119 replaced by 211.24.2 and Ro(Ms3,3) \ {31710}
by RQ(T77 2) \ {211.24.2}.

Let 0 : 1 <2 < @Q = 2648 < 264893 50 that o/ : 1 < 2 < 26823 where
201823 € Ry(Ts,2). A similar proof to that of Case (1) shows that we may suppose
(5.5) holds with 32.3%.3% replaced by 26+8.

If Ty = 2'1.24.55 < T5, then we may suppose

Ro(Tg,2) = {2'1.24 2112224 2 2648 93 9 96+8 93 921 C R (T5,2)
SO that N]\/jl (R) = .Z\/vT8 (R) = NT5 (R) and NMlg(R> = NNMl,Q(Tg)(R)'
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Let R € Ro(Ts,2) \ {21124} and o(R) : 1 < 2 < 26+8 < Q = 21128 < R, s0
that o(R)" : 1 < 2 < 2678 < R. A similar proof to that of Case (1) shows that we
may suppose (5.4) holds with 31710 replaced by 2'1.2% and Ry (M3, 3) \ {3171°} by
Ro(Ts,2) \ {211.21}.

If Ty = 22.210.2.24,(S5 x S3) < T5, then we may suppose

Ro(Ty,2) = {22.210.2.24 211 92 9% 9 9648 D¢ 9 26+8 93 921 C Ry(T5,2)

so that Nps, (R) = N, (R) = Npy(R) and Ny, 2(R) = NNM1.2(T9)(R)'

Let 0:1 <2< 208 <« Q=2221922% <268 Dg.2 sothat o/ : 1 <2 < 2648 <
2678 Dg.2. A similar proof to that of Case (1) shows that we may suppose (5.5)
holds with 32.3%.3% replaced by 22.219.2.24,

Let C' 11 < 2 < 26+8 < 22910991 < 9119291 9 < 96+8 93 92 and g(C") :
1 <2 < 2048 < 92910994 « 9648 93 92 Then N(C') = N(g(C")), Ng(C") =
Ng(g(C") = N(C").2 and we may suppose C &g {C’,g(C")}. Thus if P, = 2 and
Py = 25%8 then C €¢ {C(j) : 38 < j < 41}.

If P, =2 and P, = 28 ¢ Ro(T3,2), then N]\/jl (P2> =13 = 28.56(2). Applying
the Borel-Tits Theorem to Sg(2), it follows that C €¢ {C(j) : 27 < j < 34}.

Let Tjo = 28.53 < Tp, 74 = {28.2,28.2%,28.24.2 24,24 2422 23 98 Dg.2} and
Ty = {28.23,28.22.23}. Then we may suppose

Ro(Tho,2) = {22} U T, U T

and in addition, N7, (R) = Nr,(R), Nry2(R) = Nng ,(1y0)(R) for R € Ty, and
Ny, (28.23) = 28.23.L(2), Ny, (25.22.2%) = 28.22.23 G,

Let R€ 7y, and o(R) : 1 <2< (2)* < Q=28 < R,sothat o(R) : 1 <2 <
(22)* < R. A similar proof to that of Case (1) shows that we may suppose (5.4)
holds with 3'+10 replaced by 2% and Ro(Ms3,3) \ {31710} by 7;.

If Tyy = 28.23.L3(2) < Tho < Ts, then we may suppose

Ro(T11,2) = {28.23,28.22.23 28,2322 9893 Dg} C Ro(Tho,2)

so that NT10 (R) = NT11 (R> and NT10~2(R) = NNT10.2(T11)(R>'

Let 0:1 <2< (22)" <28 <@ =2%2%3<282223 sothat o/ : 1 <2< (2%)* <
28 < 28.22.23. A similar proof to that of Case (1) shows that we may suppose (5.5)
holds with 32.3%.3% replaced by 28.23.

Let C":1 <2< (22) <28 <2823 <282322 <2823 Dgand g(C'):1<2<
(22)* < 28 < 28.23 < 28.23. Dg. Then N(C') = N(g(C")), Ng(C') = Ng(g9(C")) =
N(C").2 and we may suppose C &g {C’,g(C")}. Thus if P, = 2, P, = (2%)* and
Py = 28, then C €¢ {C(12),C(13),C(14)}.

Let T12 = 23283(53 X 53 X 53)2 < Tﬁ, 7?5 = {23.28.2, 24.23.26.2, 23.28.D8} and
T = {28.24,28.24.2 23,28 Dg.2}. Then we may suppose

R()(Tlg, 2) = {23.28} U7 U 7})*

and in addition, Nzy, (R) = N1 (R), N1y.2(R) = Nng o (110)(R) for R € Ro(T12,2).
Let Re€T5,and o(R): 1 <2< (2)* < Q=232 < R,sothat o(R) : 1 <2<
(22)* < R. A similar proof to that of Case (1) shows that we may suppose (5.4)
holds with 3'*19 replaced by 23.2% and Ro(M3,3) \ {3171°} by 75.
If Tyz = 28.24.(S3 x S3).2 < T2 < T, then we may suppose

Ro(T1s,2) = {28.24,28.21.2 2322 21 21 2398 Dg.2}
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so that NT13 (R) = NT12 (R) and NT12_2(R) = NNT12,2(T13)(R) for R € Ro(Tlg, 2)\
{23.22.21.24 ) and Ny, (23.22.21.21) = 23,2294 21,6,

Let R € Ro(Ths,2) \ {28.24,23.22.24.24} and o(R) : 1 < 2 < (22)* < 23.28 <
Q =2%2% < R, so that o(R)' : 1 < 2 < (2?)* < 23.2% < R. A similar proof to that
of Case (1) shows that we may suppose (5.4) holds with 3'+10 replaced by 28.2% and
Ro(Ms,3)\ {3171} by Ro(Tis,2)\ {28.24,23.22.20 24 }. Thus if P, = 2, P = (22)*
and Py = 23.28% then C €5 {C(15),C(16),C(17),C(18)}.

Let Py =2, Py=(22)", Py=242 21 € Ry (T, 2). Then Ny, (Ps)=2%24.24 L3(2)
and we may take

Ro(24.24.2%.L3(2),2) = {21.2%.2%,2% .21 24 .22 23.28 Dy, 23.2%. Dg.2} C Ro(Ts,2).
Applying the Borel-Tits Theorem to L3(2), it follows that C' € {C(j) : 19 < j <
29}

Let Py =2, Py=(22)* and P;=2%.23.26€ Ro(Tp,2). Then

Nr, (P3) = 24.23.20 (Ly(2) x Ly(2))
and we may take Ro(24.23.25.(Lo(2) x La(2)),2) =
{21.23.26 212326 2 2%.2191.92 2398 Dg.2} C Ry (T, 2).

Applying the Borel-Tits Theorem to Ls(2) X L2(2), it follows that C €¢ {C(j) :
23 < j < 26).

It follows that if P; = 2 and P» = (2%)*, then

Ceq{C():11<j <26}
Finally, suppose P; = 2 and P, = 22, so that Ny, (P2) = T}.
If Tyy = 211.L3(4):2 < Ty, then we may take
Ro(Tia,2) = {2'1,211.2,(2% x 21%).2% 211 2% (22 x 217%).2% 2,
201822 (22 x 2119).24.22 (22 x 2119).2". D} C Ro(T1,2),

so that NT1 (R) = ]VT14 (R) and NTl_Q(R) = NNT1.2(T14)(R) for R € RQ(TM, 2)

Let R € Ro(Th4,2) \ {2'1}, and o(R) : 1 < 2 < 22 < Q = 2! < R, so that
o(R) : 1 <2 < 22 < R. A similar proof to that of Case (1) shows that we
may suppose (5.4) holds with 31710 replaced by 2!' and Ro(Ms,3) \ {31710} by
Ro(T14,2) \ {21}

If Ty5 = (22 x 2178):U,4(2):2 < T3, then we may take

Ro(Tis,2) = {22 x 2178 (22 x 2118) 2 (22 x 2178):2% (2% x 2178) 2.2,
(22 x 2148).2%.2 (22 x 2118) 24 22,
(2% x 2118).2.20.2, (27 x 27®).2%. Dg} C Ry (T1,2),
SO that NT1 (R) = NT15 (R) and NTl,Q(R) = NNTl.Q(TL'S)(R) fOI‘ R (S RQ(T15, 2)

Let 75 = {(22x2175).2, (22 x 21+8).2.2% (22 x 21+8).2.24.2} C Ry(T15,2), R € T,
and o(R) :1<2<22<Q=22x2"8 < R sothat o(R) : 1 <2< 22 <R. A
similar proof to that of Case (1) shows that we may suppose (5.4) holds with 31+10

replaced by 2% x 2178 and Ro (M3, 3) \ {31710} by Ts.
If T16 = (22 X 21+8).24.S5 < T15 < Tl, then we may take RO(TlG, 2) =

{(22 x 2178):24 (22 x 2118) 202, (22 x 2178).2%.22 (22 x 2/7%).2%. D} C Ro(T15,2)
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so that N, (R) = N, (R) and N, 2(R) = NNT1.2(T16)(R)'

Let R € Ro(T16,2) \ {(22 x 2178):24}  and o(R) : 1 <2 <22 < 22 x 218 < Q =
(22 x 21+8):24 < R, so that o(R) : 1 < 2 < 22 < 22 x 218 < R. A similar proof
to that of Case (1) shows that we may suppose (5.4) holds with 31+10 replaced by
(22 X 21+8).24 and R()(Mg,, 3) \ {31+10} by R()(Tlﬁ, 2) \ {(22 X 21+8):24}.

If Ty7 = 25+8.(S3 x S5) < T1, then we may take

Ro(Ti7,2) = {2678, 21124 2618 9 (22 x 2148) 2.2 2618 92 (22 x 2178) 2.2 2,
(2% x 2118).2%.22 (2% x 211%).2%. Dg} C Ro(T1,2),

so that Nr,(R) = Np,,(R) and N, 2(R) = NNy, o(1i7) (R).

Let 0:1 <2<22< Q=208 <206782 50 that o/ : 1 < 2 < 22 < 2682,
A similar proof to that of Case (1) shows that we may suppose (5.5) holds with
32.31.3% replaced by 26+8.

If Thg = 2'1.2%.85 < Ty7 < Ty, then we may take

Ro(Tis,2) = {211.24,2078.22 (22 x 217%).24.22 (22 x 217%).2. D} C Ro(T17,2)

so that N, (R) = N, (R) and N, 2(R) = NNT1.2(T18)(R)'

Let R € Ro(Tis,2) \ {211.24}, and o(R) : 1 < 2 < 22 < 20+8 < @ = 21124 <
R, so that o(R)" : 1 < 2 < 22 < 26+8 < R. A similar proof to that of Case
(1) shows that we may suppose (5.4) holds with 3'710 replaced by 2!1.2% and
RQ(M;),, 3) \ {31+10} by R()(Tlg, 2) \ {211.24}.

If T19 = (22 X 21+8).2.24.(Sg X Sg) < T17 < Tl, then we may take RQ(Tlg, 2) =

{(22x2'78).2.2% (22 x2118).2.2% 2, (22 x2118).29.22 (22 x2!7®).2%. D5} C Ro(T17,2)

so that Nr,(R) = N1, (R) and N, 2(R) = NNy, o(T10) (R).

Let 0:1 <2 <22 <208 <« Q= (22 x2178).2.2% < (22 x 2118).2.24.2, 50 that
ol 11 <2< 22 <2648 < (22 x 2148).2.24.2. A similar proof to that of Case (1)
shows that we may suppose (5.5) holds with 32.3%.2% replaced by (22 x 21%8).2.24,

Let O 11 < 2 < 22 < 2648 < (22 x 2148) 294 < (22 x 21+8) 2492 < (22 x
278).24. Dg and g(C") 1 1 < 2 < 22 < 2048 < (22 x 2148).2.21 < (22 x 217%).24. Dg.
Then N(C') = N(g(C")), Ng(C") = Ng(g(C")) = N(C").2 and we may suppose
C éa{C,g(C)}.

It follows that if P, = 2 and P, = 22, then we may suppose

Ceq{C®i):3<i<10}.

This completes the classification of the radical p-chains. The normalizers of the
chains are determined by MAGMA. O

REMARK 5.2. Let G be a covering group of G = Fib,, p a faithful linear character of
Z(G) and B a block of G covering the block B(p) containing p. If D(B) # O,(Z(G))
and p = 2,3, then

> (DIR(N(C), B du,p, ) = DY (~D)ICK(NG(C), B,d,u, p, [1])
CER(G)/G CERY(G)/G

for all integers d,u > 0.

The proof of the Remark is the same as that of Lemma 5.1, since N(C’) =
N(g(C")) implies N&(C') = Na(g(C")).
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6. The proof of Uno’s invariant conjecture for Fiy,

Let N(C) be the normalizer of a radical p-chain. If N(C) is a maximal subgroup
of Fiy,, then the character table of N(C) may be found in the library of character
tables distributed with GAP [13]. If this is not the case, we construct a “useful”
description of N(C) and attempt to compute directly its character table using
MAGMA. Many of these normalisers posed difficulties for the standard character-
table algorithm of [18]; this motivated the development by Unger [19] of a new and
more powerful algorithm to compute character tables.

If N(C) is soluble, we construct a power-conjugate presentation for N(C') and
use this presentation to obtain the character table.

If N(C) is insoluble, we construct a faithful representation for N(C') and use this
as input to the character table construction function. We employ two strategies to
obtain faithful representations of N(C).

1. Construct the action of N(C) on the cosets of soluble subgroups of N(C).

2. Construct the actions of N(C') on the cosets of its stabilizers acting on the
underlying set of Fi,.
The tables in Appendix A list the degrees of the irreducible characters used in
the proof of Theorem 6.1.

THEOREM 6.1. Let B be a p-block of G = Fiy, with a positive defect. Then B
satisfies Uno’s invariant conjecture.

Proof. We may suppose B has a non-cyclic defect group.
(1) Suppose p = 7, so that by Lemma 4.2 (a), B = By. By Tables A-235 — A-238

(Appendix A),
21 if (d,u,r) = (2,2,4),

k(N(C(2)), Bo,d,u, [r]) = k(N(C(3)), Bo,d,u,[r]) = ¢ 14 if (d,u,7) = (2,1,1),
0  otherwise.

If i = 4,5,6,7, then by Tables A-239 — A-242 (Appendix A),

16 if (d,u,r) = (3,1,2),

3 if (d,u,r)=(3,1,1),

2 if (d,u,r) =(2,1,2),

0  otherwise.

k(N(C(2)), Bo, d,u, [r]) =

Thus Theorem 6.1 follows by

6 if (d,u,r)=(3,2,1),
6 if (d,u,r)=(3,1,1),
4 if (d,u,r) = (3,2,2),

k(N(C(1)), Bo, d, u, [r]) = k(N(C(8)), Bo,d,u, [r]) = § 9 if (d,u,r) = (3,1,3),
2 if (d,u,r) =(2,2,1),
4 if (d,u,r) =(2,1,1),
0 otherwise.

(2) Suppose p = 5, so that by Lemma 4.2 (b), B = By, By, or By and D(B) ~ 52.
Apply Lemma 2.1 to both Ny, (5) and Ny, (5), where 5 € Ro(Fihy,5). Thus
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Theorem 6.1 follows by
10 if (d,u,r) = (2,2,1),
k(Fiby, Bi,d,u, [r]) = k(N (5%), Bi,d,u, [r]) = { 10 if (d,u,r) = (2,2,2),
0  otherwise,

where 7 = 0,1 and by

4 lf (d7u7lr) = (27 2’ 1)7
4 if (dyu,r) =(2,2,2),
k(Fi/24vBQ7d7u7 [TD :k(N(52>7BQ7d7u7 [TD =454 if (d,u,r) = (2,1,1),
4 if (d7u’lr) = (27172)7
0 otherwise.
Defect d 8 8 7 7|16 | 6| otherwise
Value u 2 1 2 1| 2| 1| otherwise
k(3, d, u) 60 | 30 | 24 | 12 | 4 | 2
k(4, d, u) 60 | 30 | 60 | 30 | 4 | 2 0
k(31,d,u) || 44 | 2252 |26 | 4] 2 0
k(32, d, u) 44 | 22 | 16 8|4 2 0

Table 14: Values of k(N (C(i)), By, d,u) when p =3 and d(N(C(i))) =8

(3) Suppose p = 3, so that by Lemma 4.2 (c), B € {By, By} with D(By) ~ 3%

If B = By, then N(32) = N(C(32)) = (3%:2 x G2(3)).2, so Theorem 6.1 follows
by Lemma 2.1 and

4 ifd=2and u=2,
k(G By, d,u) = k(N(C(32)), Bi,du) = { 2 ifd=2andu=1,
0 otherwise.

Suppose B = By and let k(j,d,u) = k(N(C(j)), Bo,d,u). First, we consider
the radical 3-chains C(j) with d(N(C(j))) = 8, and so j = 3,4, 31,32. The values
k(j,d,u) are given in Table 14.

It follows that

> (=D)ICOI(N(C(i), Bo, d,u) = Y (—1)ICDK(N(C(5)), Bo, d, ).
i=3,31 i=4,32

Next we consider the radical 3-chains C(j) such that the defect d(N(C(5))) = 13
or 14, so that j € {2,5 — 19}. The non-zero values k(i, d, u) are given in Table 15.
It follows that

> (—=1)IDIk(N(C(4)), Bo, d,u) = 0.
A(N(C(i)))=13,14

Finally, we consider the radical 3-chains C'(j) such that the defect d(N(C(j))) =
16, so that j € {1,20— 30,33 —36}. The non-zero values k(i, d, u) are given in Table
16.
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It follows that

S (—)COIK(N(C()), By, d,u) = 0

A(N(C(i)))=16
and the theorem follows when p = 3.

(4) Suppose p = 2, so that by Lemma 4.2 (c), B € { By, B1, Ba} with D(B;) ~ 22
and D(Bs2) ~ Dg. If B # By, then by [20], Dade’s invariant conjecture holds for
B. Suppose B = By.

First we consider the radical 2-chains C(5) such that the defect d(N(C(j))) = 14,
so that j € {13,14,16,17,62,63,67,68}. The non-zero values k(i,d, u) are given in
Table 17.

Defectd || 14 | 14 | 13 | 13 |12 |12 [ 11 |11 ]10] 109 9
Valueu || 2] 1| 2] 1] 2| 1] 2| 1| 2| 1]2] 1
k(13,d,u) = k(62,d,u) || 32|32 16]1632]32]10]10] o ofo]o
k(14,d,u) = k(63,d,u) || 32 [ 32| 16 | 16 |56 |56|46]a6] o o|o]o
k(16,d, u) = k(67, d,u) || 32 [ 32 |56 |56 | 32]32]10]10]16]|16]8]s
k(17, d, u) = k(68,d, u) || 32 | 32 | 56 | 56 | 56 | 56 | 46 | 46 | 16 | 16 | 0 | 0

Table 17: Values of k(i,d,u) when p = 2 and d(N(C(7))) = 14

It follows that
> (=)I€OI(N(C(i)), By, d,u) = 0.
d(N(C(i)))=14

Next we consider the radical 2-chains C(j) such that the defect d(N(C(5))) =
so that j € {11,12,15,18 — 26,53 — 61,64 — 66}. The non-zero values k(z,d,u
given in Table 18.
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It follows that

S (—L)ICOKN(C()), Bord.u) = 0.
d(N(C(i)))=15

If d(N(C(j))) = 17, then 27 < j < 34. The non-zero values k(i,d, u) are given
in Table 19.

Defectd || 17 | 16 | 15 | 14 | 14 | 13 |13 |12 |12 | 11 | 11 | 8

Value u || 2 2 2 2 1| 2| 1 1] 2| 1] 2
k(27,d, u) || 64 | 32 8| 32| 8| 8| 4| 4| o 2| 24
K(28,d,u) || 64 | 112 | 24| 48 | 8|16 | 4|36 | 0| 8| 0|4
k(29,d,u) || 64 | 112 | 88 | 64 |24 |28 |20 (36| 0| 8| 00
k(30,d,u) || 64 | 32| 24| 48 |24 | 12| 4| 4| o] 2| 2|0
k(31,d,u) || 64 | 144 | 120 | 96 | 8 |64 | 4|52 | 8| 8| 0|0
k(32,d,u) || 64 | 64 | 104 | 48 | 8|56 | 4|20 8| 2| 2|0
k(33,d,u) || 64 | 64 | 120 | 64 |24 {60 | 4|20 8| 2| 2|0
k(34,d,u) || 64 | 144 | 184 | 112 [ 24 | 76 |20 |52 | 8| 8| 0|0

Table 19: Values of k(i,d,u) when p = 2 and d(N(C(7))) = 17

It follows that

> (VI OKN (), Boydiu) = 0.
d(N(C(i)))=17

If d(N(C(5))) = 18, then j € {3 —10,43 —50}. The non-zero values k(i, d, u) are
given in Table 20.

Defect d 18 17 | 16 | 15 | 14 | 13 | 12 | 11 | 10 | 8 7
Value u 2 2 2 2 2 2 2 2 2|2 2
k(3, d, u) 16 | 12 | 10 | 24 | 20 | 20 | 24 9 1141
k(4, d, u) 16 | 12 | 10 | 20 | 19 7 8 5 0]0]|O0
k(5, d, u) 16 | 12 | 10 | 28 | 37 | 31 | 12 5 0]0]|O0
k(6, d, u) 16 | 12 | 10 | 24 | 40 | 36 | 32 9 514 |1
k(7, d, u) 16 | 12 | 26 | 26 | 35 | 35 8 2 0]01]0
k(8, d, u) 16 | 12 | 26 | 30 | 36 | 40 | 24 6 1100
k(9, d, u) 16 | 12 | 26 | 30 | 56 | 64 | 32 | 14 51010
k(10, d, u) 16 | 12 | 26 | 34 | 53 | 59 | 12 | 10 01010
k@43,d,u) || 16 [20 [10 |24 [11 ] 2] 8] 3] ofo]o
k(44, d, u) 16 | 20 | 18 | 28 | 16 | 17 | 14 9 1141
k(45, d, u) 16 | 20 | 18 | 28 | 36 | 33 | 24 9 51411
k(46, d, u) 16 | 20 | 10 | 32 | 29 | 26 | 10 3 0]01]0
k(47, d, u) 16 | 20 | 34 | 38 | 32 | 29 | 18 8 1({0]0
k(48, d, u) 16 | 20 | 34 | 38 | 52 | 45 | 28 | 16 51010
k(49, d, u) 16 | 20 | 26 | 42 | 45 | 38 | 14 | 10 0]0]|O0
k(50, d, u) 16 | 20 | 26 | 34 | 27 | 14 | 12 2 01010
Table 20: Values of k(i,d,u) when p = 2 and d(N(C(7))) = 18
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It follows that
(—1)/“DI(N(C(i)), Bo,d, u) = 0.
d(N(C(i)))=18

If d(N(C(j))) = 19, then j € {2,35 — 41}. The non-zero values k(i,d,u) are
given in Table 21.

Defectd || 10 | 18 | 17 | 16 | 15 | 14 | 14 | 13 | 13 |12 |12 [ 11 [ 10 | 8
Valueu || 2| 2| 2] 2| 2| 2] 1| 2] 1| 2| 1] 2] 2| 2
k(2,d,u) || 3224 ] a| 8] 8|25 a0 8] 8] 4| of 2[4
k(35,d,u) || 32|24 | 4| 8| 6| 5| 4| 6| 4| 2| 4| 0] 0]o0
k(36,d,u) || 32 |24 |20 |48 |24 |31 ] 4]|14] a]10] 4] 0of oo
k(37,d,u) || 32|24 [20 |40 |22 43| af26| o 18] 4| 4| 2[4
k(38, d,u) || 32|24 [ 36 |20 ]38 |13 a[1a| 4] o] of 4] o0]o
k(39, d,u) || 32|24 [ 36 | 20|40 [ 33| 4|18 8| 6| 0| 4| 20
k(40, d,u) || 32 | 24 [ 52 | 52 [ 54 | 67| 4|34 | o]16] 0o 8] 20
k(41,d,u) || 32 | 24 [ 52 |60 |56 |55 | af22| 4] 8] o 4] 0o

Table 21: Values of k(i,d,u) when p = 2 and d(N(C(7))) = 19

It follows that
> (=)I€OIK(N(C(i)), B, d,u) = 0.
d(N(C(2)))=19

If d(N(C(j))) = 20, then 73 < j < 80. The non-zero values k(i,d, u) are given
in Table 22.
It follows that

> (-D)I9WIK(N(C(i)), By, d,u) = 0.
d(N(C(i)))=20

If d(N(C(5))) = 21, then j € {1,42, 51,52, 69 — 72,81 — 88}. The non-zero values
k(i,d,u) are given in Table 23.
It follows that

> (=D)OIK(N(C(i)), Bo,d,u) =0
d(N(C(i)))=21

and the theorem follows when p = 2. O
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7. The proof of Uno’s projective conjecture for 3.Fiy,

Let C' be a radical p-chain of Fiyy and Nipy (C) = 3.Npy, (C). Let Z =
Z(3.Fin,), Irr(Z) = {1,¢(, ¢’} and B(C) the block of Z containing .

The tables in Appendix B list the degrees of the irreducible characters used in
the proof of Theorem 7.1.

THEOREM 7.1. Let B be a p-block of G = 3.Fiy, with D(B) # O,(G). Then B
satisfies Uno’s projective conjecture.

Proof. (1). Suppose p = 7. Then G has exactly one block B = B covering the block
B((). Let C be a radical 7-chain of Fij,. If |C| = 0, then N¢(C) = G, Ngy, (C) =
Fiy, and so k(Ng(C), B, d, ¢, [r]) is given by Lemma 4.2, and k(Ngy, (C),Bo, d, u, [r])
is given in the proof (1) of Theorem 6.1. Thus

2
k(Na(C), B,d, ¢, [r]) = > k(Ngy, (C), Bo, d, u, [5r]). (7.1)
u=1

If [C] # 0, then N3 gy, (C) = 3 x Ny, (C), so that (7.1) still holds. Thus Theorem
7.1 follows by the proof (1) of Theorem 6.1 when p = 7.

(2). Let p = 5 and B = B or B given by Lemma 4.2. If C(j) = C(2) or C(3)
given by Table 9, then

N3 riy, (C(5)) = 3 X Nryy, (C(4))- (7.2)
If C = C(4), then Ng(C) = Ng(5%) and
10 if (d,r) = (2,1),
k(3.Fiyy, B, d, ¢, [r]) = k(Ns.pi, (5°), B, d, ¢, [r]) = < 10 if (d,r) = (2,2),
0  otherwise.

The theorem holds.

(3). Suppose p = 3, so that Uno’s projective conjecture is Dade’s projective
conjecture. By Lemma 4.2, B € {B;, B} with D(B;) ~ 3'*2.

If B = By, then Ng(32) = N(C(32)) = 3.(3%:2 x G2(3)).2, so Theorem 7.1

follows by Lemma 2.1 and
4 ifd=2,
0 otherwise.

k(G, B1,d,¢) = k(N(C(32)), By,d, () = {

Suppose B = B and let k(j,d) = k( (C( ), B,d,¢). First, we consider the
radical 3-chains C'(j) with d(N(C(j))) =9, and so j = 3,4, 31, 32. Then the values
k(j,d) are given in Table 24.

| Defect d || 8 | 7 | 6 | otherwise |

k(3,d) || 30 | 12 | 2 0
k(4,d) || 30 | 30 | 2 0
k(31,d) || 36 | 30 | 4 0
k(32,d) || 36 [ 12 | 4 0

Table 24: Values of k(N(C(i)), B, d,¢) when p = 3 and d(N(C(1))) =9
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It follows that

Y (DICON(C@), B.d.¢) = Y (-)I°OK(N(C@)), B,d, Q).

i=3,31 i=4,32

Next we consider the radical 3-chains C'(j) such that the defect d(N(C(j))) = 14
or 15, so that j € {2,5 — 19}. If A(N(C(j))) = 14, then j € {5 — 12,14 — 17} and
(7.2) holds. Thus if d > 1, then

2
k(N3 i, (C(4)), B,d,¢) = > k(Nesy, (C(4)), Bo,d — 1,)
u=1
and so k(Ng.Fi/M(C(j)),B?d, () is given by Table 15. If d(N(C(j))) = 15, then
J €{2,13,18,19} and the non-zero values k(i, d) are given in Table 25.

[Defectd [ 14 [13 [12] 11 [10] 98] 7]

k(2,d) || 54 |18 |27 | 18| 5| 09
k(13,d) || 54 [ 72 | 27| 18 |54 18 | 9
k(18,d) || 54 [ 72 | 72 [ 120 [ 54 | 0] 0
k(19,d) || 54 [18 [ 72 [ 120 5] o]0

[l Nl B R I V)

Table 25: Values of k(i,d) when p =3 and d(N(C(i))) =15

It follows that
> (=)COI(N(C(i)), B,d,¢) =0.
A(N(C(3)))=14,15
Finally, we consider the radical 3-chains C(j) such that the defect d(N(C(35))) =
17, so that j € {1,20 — 30,33 — 36}.
The non-zero values k(i,d) are given in Table 26.
It follows that

> (=)IOI(N(C(i)), B,d, () =0
A(N(C(i)))=17

and the theorem follows when p = 3. o K
(4). Suppose p = 2, so that by Lemma 4.2, B € {B1, B} with D(B) ~ Ds. If
B = By, then Theorem 7.1 follows by
4 ifd=3,
k(G7Bl7d7C> :k(N(C(54)>7Blvd7C) =41 ifd=2,

0 otherwise.

Suppose B = B and let Q = {1,52,53, 54,597 60,70,71}. If 1 < j < 88 with
J & Q, then (7.2) holds and so k(N3 ry, (C(j)), B,d, () is given by (7 1). It follows
by Tables 17-22 that

> (-D)9YI(N(C)), B,d,¢) =0,
d(N(C()))=w
where w € {14,17 — 20}.
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Defectd [ 14 13 [ 1211 [10 [ 8] 7]

k(1,d) || 42| 9 6| 7] o]3]2
k(20,d) || 60 | 12| 24| 8| 0|30
k(21,d) || 60 | 36 | 51| 24| 6|30
k(22,d) || 72 |48 | 75 ({39 | 6|00
k23,d) || 72 ] 12| 48|11 ] ofo]o
k(24,d) || 72 |30 | 141 [ 11| o]0 |0
k(25,d) || 60 | 30 | 84| 8| o|0]0
k(26,d) || 60 | 54 | 111 [ 24| 0|0 |0
k(27,d) || 72 [ 66 | 168 [ 39| o]0 o0
k(28,d) || 42 |24 | 33| 9| 6|32
k(29,d) || 42 | 51| 78| 9| o0 |0
k(30,d) || 42 [ 36| 51| 7| o]0 ]o0
k(33,d) || 81 [ 39 | 126 [ 10| 0] 0|0
k(34,d) || 81 | 12| 42| 10| ofo]o0
k(35,d) || 81 | 45 | 69 (39| 6|00
k(36,d) || 81 | 72 | 153 [ 39| o[ 0|0

Table 26: Values of k(i,d) when p =3 and d(N(C(7))) =17

Suppose d(N(C(j))) = 15, so that j € {11,12,15,18 — 26,53 — 61,64 — 66}. If
moreover, j ¢ €2, then k(N3 i, (C(4)), B,d,¢) is given by (7.1) and Table 18. In
addition, if j € {53,54,59,60} C €, then the non-zero values k(j,d) are given in
Table 27.

[ Defectd 15 J14 [ 131211 J10] 9[8[ 7|

k(53,d) || 32 |40 | 44 [ 20 | 19 |12 | 14 |6 | 1
k(54,d) || 32 |24 |36 ]|20] 3| of 8|61
k(59,d) || 32 |24 52|56 [11] o] oflo]o
k(60,d) || 32 |40 |60 |56 [27] 4] olo]o

Table 27: Values of k(i,d) when p =2 and d(N(C(i))) =15

It follows that
> (-DICOIK(N(C(i)), B,d,¢) =0.

A(N(C(i)))=15

Suppose d(N(C(j))) = 21, so that j € {1,42,51,52,69—72,81—88}. If moreover,
J & €, then k(N3 riy, (C(4)), B.,d,¢) is given by (7.1) and Table 23. In addition, if
Jj €41,52,70,71} C Q, then the non-zero values k(j,d) are given in Table 28.

It follows that

S ()P0 (C), B,d,¢) =0

d(N(C(2)))=21

and the theorem is now proved. O
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[Defectd [ 20 20 [19 [18 [ 17 [ 16 [ 15 [14 [ 1312 11 [10] 8]

k(l,d) || 32 ] 8| 4| 8] 1| 2| 4] 6| 1] 0] 0] 1
k(52,d) || 32 |24 |12 | 8| 5| 6| 5|14 |15 | 8
k(70,d) || 32 |24 | 4|12 | 3|16 | 12| 4| 1] O
k(71,d) |[ 32 |40 | 12 [ 12 | 7 |20 |13 |12 | 11 | 2

OO ||

3 1
0 0
1 0

Table 28: Values of k(i,d) when p =2 and d(N(C(7))) = 21

Appendices

Two appendices are provided as add-ons to this paper.

e Appendix A gives the degrees of irreducible characters of chain normalizers of
Fij, and Figy; it may be found at http://www.lms.ac.uk/jem/11/lms2007-003/
appendix-a/app-a.pdf.

e Appendix B gives the degrees of irreducible characters of chain normalizers
of 3.Fiy,; it may be found at http://www.lms.ac.uk/jem/11/lms2007-003/
appendix-b/app-b.pdf.

These characters were used in the proofs of Theorems 6.1 and 7.1, respectively.
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