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GENERALIZATIONS OF THE SIMPLE TORSION
CLASS AND THE SPLITTING PROPERTIES

MARK L. TEPLY

In this paper all rings R are associative rings with identity and all modules
are members of R-mod, the category of unital left R-modules, unless the con-
trary is specifically stated.

A subclass .7 of R-mod is called a hereditary torsion class if .7 is closed
under submodules, homomorphic images, direct sums, and extensions [14; 15].
With each hereditary torsion class.7, there corresponds a unique class.-# such
that (7 ,% ) is a hereditary torsion theory [2; 12; 14; 15]. Such a class # is
called a torsion-free class and is closed under submodules, direct products,
extensions, and injective hulls. (J, %) is called stable if 7 is closed under
injective hulls [14; 15; 17].

Since simple modules play an important role in ring theory, one hereditary
torsion class which is natural to study [2; 3; 5; 15; 16; 17] is

& = {M € R-mod| every non-zero homomorphic image of M has
non-zero socle}.

& is called the simple torsion class. (Elsewhere in the literature (e.g. [4; 13]),
modules in . have also been studied under the name of Loewy modules.)
A hereditary torsion class.7 is called a generalization of the simple torsion
class & if 7~ D .%. (This terminology comes from [7].)
The hereditary torsion classes, which arise from Krull dimensions, are im-
portant generalizations of .. The Krull dimension of M € R-mod, which will
be denoted by K dim M, is defined by transfinite recursion as follows: if M = 0,

K dim M = —1; if o is an ordinal and K dim M < «, then K dim M = «
provided that there is no infinite descending chain M = M, D M; D ... of
submodules M ; of M such that, for< = 1,2, ..., K dim (M,._../M,) € a.

(It is of course possible that there is no ordinal « such that K dim M = a.)
Given an ordinal «, we can define a hereditary torsion class .7, by

T« = {M € R-mod| every non-zero homomorphic image of M has
a non-zero submodule with Krull dimension < «af.

For any non-zero M € R-mod, K dim M = 0 if and only if M is an Artinian
module. Hence it is an easy exercise to see that. 7 ; = ¥. Clearly, if & < 8,
then I, ©.9 4; s0 7 . is a generalization of .¥ whenever a = 1. For properties
of Krull dimension and.7 , the reader should consult [10].
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SPLITTING PROPERTIES 1057

Let 9 be a hereditary torsion class with associated torsion theory (7 ,.% ).
For M € R-mod, let J (M) denote the (necessarily) uniquelargest submodule
of M in .7 . A R-module M is said to split if 7 (M) is a direct summand of M.
Then (7, %) is said to have the cyclic splitting property (CSP) if every
cyclic module splits. (7,.%) is said to have the finitely generated splitting
property (FGSP) if every finitely generated module splits. 7 (M) is said to
have bounded order if 1.7 (M) = 0 for some (left) ideal I such that R/I ¢ .7 ;
hence (7, ) has the bounded splitting property (BSP) if.7 (M) is a direct
summand of M whenever.Z (M) has bounded order. Finally, (7 ,.% ) is said
to have the splitting property (SP) if every module splits. For further discus-
sion of these definitions, the reader is referred to [15; 17].

The above splitting properties have been studied for the case.J = ., but
not for the case where.7 is a generalization of .. In particular, the splitting
properties of (%, % ) are discussed for commutative rings in (3; 5; 15; 17]; a
result [16, Theorem 3.5] on SP for (¥,.% ) has also been obtained for rings
which have sufficiently many finitely generated, two-sided ideals. Also [9] and
[17] give some general results on SP which may be applied to (¥,% ) under
certain restrictive ring conditions.

In section one of this paper, we shall obtain theorems on the various split-
ting properties of generalizations of .%’. In section two, these theorems are
specialized to the case.Z = .¥; these resulting specializations generalize the
main results of [3;5; 15; 17]. An example is given to show that the theorem of
section two on SP applies to certain non-local, non-commutative rings that
satisfy neither the hypotheses of Gorbachuk’s theorems [9, Theorems 2 and 3]
nor the author’s results [16, Theorem 3.5].

In order to do this, we will be interested in the following two conditions that
R may satisfy for a hereditary torsion class .7 :

(*) Every two-sided idempotent ideal, which is finitely generated as a left
ideal, has the form Re, where ¢ = e.
(*77) Every non-zero principal left ideal Rx properly contains
a two-sided ideal I such that Rx/I €. I .

If R satisfies (*¥) and if . is a generalization of .%, then R also satisfies
(*77). The following classes of rings satisfy both (*) and (x¥):

(1) commutative rings;

(2) von Neumann regular, left duo rings;

(3) von Neumann regular, left semi-artinian rings;

(4) local right perfect rings, where ‘“local’”’ means that the ring has unique
maximal left ideal;

(5) left and right noetherian, hereditary integral domains with no two-sided
idempotent ideals (e.g. the ring D[[«x]] of all power series with coefficients in a
division ring D).

Several other interesting examples of rings which satisfy both (*) and (*%)
are given in section two.
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It is possible that a generalization .7 of ¥ may satisfy (*77), but not (*¥).
To illustrate this fact, we now show how to construct a ring R which satisfies
(*) and (*7 442) for a given non-limit ordinal «, but does not satisfy (*7 ) for
any 8 £ a + 1.

Example 0.1. Let @ be a non-limit ordinal. Let D be a commutative integral
domain of Krull dimension « such that D has an automorphism ¢ of infinite
period. (The existence of such a domain D is justified in the remark following
this example.) Let 7" = D[x; ¢] be the twisted polynomial ring; i.e. the addi-
tive group is the additive group of the polynomial ring D[x], and multiplica-
tion in D[x; ¢] is defined by xd = ¢(d)x and its consequences. 7" is a left Ore
domain and hence 7" is a left order in a division ring F. Let R be the subring
of power series ring F[[y]] such that the “‘constant’ term of every member of R
isin T i.e.,

R = {t—l— ; ay'|t € T,a; EF}.

We now outline a proof for showing that R has the desired properties: R
satisfies (*) and (*7 ,,2), but R does not satisfy (¥7 ) for any 8 < a + 1.
(1) Each two-sided ideal of T is either generated by an element of the form
x" for some integer n or else contains a nonzero element of D. (Consider an
element which has least degree among members of the ideal.)
(2) Let

z=t+; ay'

If 1 5 0, then for each b € Fand each positive integer k, there exists > 710,y €
R such that

(;:biyi) (t —+ g aiyi) = byk.

(Solve the coethcient equations inductively.)

(3) By (2), Rz contains the two-sided ideal M generated by theset {by|b € F}.

(4) If the degree of t = Y i_odix’ € T is positive (i.e., n = 1) and dy # 0,
then 7% contains no two-sided ideals by (1). Hence, if the degree of ¢ is positive
and d¢ # 0, then every proper two-sided ideal I of R which is contained in
Rz is contained in 1.

(5) Letz’ = 1 4+ x € R.If Iisa two-sided ideal such that Rz’ /I € .7 4, then
by (4), Re’/M € T 5.

(6) There is a lattice isomorphism between the R-submodules of Rz’'/1f and
the T-submodules of 7%'. Moreover, 7% is an a-critical 7-submodule of 7.
(See [10, Lemma 6.3].) Hence K dimg R2'/ M = K dim; T3 = (Kdim, D) + 1
=a + 1, and K dimg N = K dim; 7%’ = a + 1 for any submodule N of
Rz'/ M by [10, Proposition 2.3].
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(7) By (6), RZ/M € T upe, but Re'/M ¢ J 5 for any B £ o + 1. Hence
R does not satisfy (*7) for any 8 < o + 1 by (5).

(8) By factoring out the highest power of y in z and applying (2), we see
that every principal left ideal of R contains M" for some integer #.

(9) Since K dimyz R/M = K dim; T = « + 1, then by (8), R/L € T 412
for every non-zero left L of R.

(10) From (8) and (9) it follows that R satisfies (*7 o;2).

(11) Let I be an idempotent, two-sided ideal of R which is finitely generated.
The coefficients of y° of members of I form a finitely generated idempotent
ideal I’ of T'; so by (1), I’ must contain an element of D. The coethicients of x°
of members of I’ form a finitely generated idempotent ideal I’ of D. Since D is
a commutative domain, I'" = 0 or I’ = D. If I'" = D, then the existence of
an element of I’ in D implies that 1 € I’ and hence I’ = T'; from (2) it now
follows that I D M, and hence I = R. If I"" =0, then I’ = 0 and hence
I C M; by considering the least positive integer in the set {k|y" has nonzero
coefficient for some member of I}, it is easy to see that I* = [ implies I = 0.
Hence R satisfies (*).

Remark. The example above depends on the existence of certain integral
domains D having an automorphism ¢ of infinite period. We now indicate two
constructions for such D, one for finite ordinals and one for the general non-
limit ordinal case.

(1) Let C be the algebraic closure of Zs, the field of two elements. Let p be
the automorphism of C defined by p(a) = a?foreacha € C. lf « = nisa finite
ordinal, extend p to an automorphism ¢ of the polynomial ring D =
Clx1, X2, ..., %) by ¢(x;) = x;fore=1,2, ..., n Then Kdim D = n = a,
and ¢ has infinite period. (Note: if « = 0,let D = Cand ¢ = p.)

(2) Let @ be a non-limit ordinal. By [10, Theorem 9.6], there exists a com-
mutative integral domain C with Krull dimension & — 1. By examining the
proof of [10, Theorem 9.6], we also see that if the base field in the construction
for C has characteristic zero, then so does C. (The construction of C is done
by forming a big polynomial ring over the base field, localizing at a prime ideal
generated by a ‘‘gang”’ of indeterminates, and then passing to a homomorphic
image.) Now let D = ([u], the polynomial ring in the indeterminate u. Then
K dim D = «, and

¢:D—D: Y, caul— Y, ci(u+ 1)
i=1 i=1

is the desired automorphism of infinite period.

Now let (7,% ) be a hereditary torsion theory of R-modules, and let I be
a two-sided ideal of R. Then (77,.% ) induces a torsion theory (7', % ') of
R/I-modules in a natural way: 7' = {M € R/I-mod|M €.7, where M is
viewed as an R-module via xm = (x 4 I)m for all x € R and m € M]}. Since
an R/I module is a simple R/I-module if and only if it is simple as an R-module
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in the natural way, then the torsion class.’’ induced by .%, is just the simple
torsion class for R/I-mod.

LEmMMA 0.2. Let (9, F ) be a hereditary torsion theory for R-mod, let I be
a two-sided ideal of R, and let (7', F ") be the torsion theory of R/I-mod in-
duced by (7, F).

1) If (& ,%) has CSP (FGSP, BSP, SP), then (7', % ") has CSP (FGSP,
BSP, SP) for R/I-modules.

(2) If I is a finitely generated idempotent left ideal and if R satisfies (*) and
(*97), then R/I satisfies (*) and (*7").

Proof. (1) is known (e.g., see [17, p. 72] or [15, p. 452]). Both (1) and (2) are
straight forward to prove from the appropriate definitions.

1. Splitting properties for generalizations of .. Before we can give
characterizations of the splitting properties for generalizations of ., we need
several elementary lemmas.

LemMma 1.1. Let.J be a generalization of &, and let (7 ,% ) be a hereditary
torsion theory with CSP. If R/I € F , then I* = I.

Proof. Replace ¥ by .7 in the proof of [15, Proposition 2.1].

LEmMMA 1.2. Let. T be a generalization of &, and let (7 ,F ) be a hereditary
torsion theory for R-mod. Let R € %, and let R satisfy (*7 ). If R/I ¢ % and
if @ Yacw Rxo © I, then there exists a collection {I}acq of two-sided ideals
satisfying the following conditions:

(1) Rxo C I, C I for each a €

(2) R/I1, € F for each a € A ;

(3) I./Rxy € I for each a € L ;

(4) Yacala is direct.

Proof. By (*97) there exists, for each a € %7, J, C Rx, such that J, is a
two-sided ideal of R and Rx./J, €.7 . Define I, by I,/J, =9 (R/J,) for each
a € . Clearly Rx, C I, (2) holds, and (3) holds. Since (I, + I)/I € ¥ and
since (I, + I)/I = I,/(I N I,) is a homomorphic image of I,/J, € .7, then
(I + I)/I = 0; hence I,  I. Since J, is a two-sided ideal for each «, so is I,.

If 0 #x € LM Yacao—ip Lo, then 0 2 x = ag = D 4z as, where B is a
finite subset of &7 — {8}. Since R € %, (Rx, : a,) is an essential left ideal for
each @ € B \U {B}. Hence there exists

ye N (Rxy:aa)
a€B U (B}

such that 0 # yx = yag = Y aep Yo € Rxsg (M D aep Rx, = 0, which is a con-
tradiction. Hence (4) holds.

LemMa 1.3. Let R, (7, %), and { L} ac be as in Lemma 1.2. If R satisfies (*)
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and (7, %) has CSP, then, there exists a set of orthogonal idempotents {eq}aces
such that I, = Re, for each a € .

Proof. By Lemma 1.1, I, = I, for each a € &7. By CSP, I./J, is a cyclic
module; so from part (1) of Lemma 1.2, it follows that each I, is generated by
two elements. Hence the result follows from (*).

LEMMA 1.4. Let (7, %) be a hereditary torsion theory for R-mod such that
R € % and R satisfies (*77). Then every (module) direct summand of R is a
two-sided ideal of R.

Proof. Let pRR = A @ B, and suppose that b € B. The map 4 — 4b given
by right multiplication is an R-epimorphism. By (*7") there is a two-sided
ideal T of R such that T € 4 and 4/T € 9. But Th T AN B = 0; so the
induced epimorphism A4/T — Ab implies that 4b €.7. As R ¢ %, then
AB = 0.

We now can state our first main result, which characterizes CSP for general-
izations of ..

THEOREM 1.5. Let. T be a generalization of &, and let (7 ,F ) be a hereditary
torsion theory for R-mod. If R € # and R satisfies (*) and (*7), then the
following statements are equivalent.

(1) (I, %) has CSP.

(2) If R/K € ¥, then K is a ring direct summand of R.

(3) Every cyclic in ¥ 1s projective.

Proof. (2) = (3) = (1) is trivial.

Assume (1) holds. Let R/K € %, and let @ Y .cw R, be a direct sum of
cyclic modules such that @ D e Rx is an essential submodule of K. By Lemma
1.3, there exists a family {e,}.cs of orthogonal idempotents such that Re, = I,
where I, is as in Lemma 1.2. Let I/® Y acy Io = T (R/ Y wcw I.) define the
two-sided ideal I. Since I/ wew I € 7 and (I + K)/K € %, it follows from
the existence of an epimorphism

I/ ; L—I/UNK)=~ (I+K)/K

that I € K. By (1), I/ acw I has an idempotent generator g+ > ac lo In
R/S et L.

Case 1. If Rg = I, then by (*) I = Re for some e = ¢2. Since [ is essential
in K it follows that I = K; so (2) follows from Lemma 1.4.

Case 2. If Rg = 0, then I = ® > qcw I.. Let M, be a maximal submodule of
I, = Re, for each a € .%7. Then

7"(12/@ > Ma) =/ Y M~ Y L/M,
acd acd

acsd

must be finitely generated by (1). Hence 7 is a finite set; so I is finitely
generated and a summand of R. Consequently (2) follows from Lemma 1.4.
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Case 3. If 0 # Rg # I, then by (X7) there exists a two-sided ideal G such
that G € Rgand 0 # Rg/G € . As in the proof of Lemma 1.3 there exists
an idempotent e such that Re/G =.9 (R/G) and Re C I.

Write R = Re ® F, where F = R(1 — e). Note that I = Re + Y sca Rea.
By the modular law I = Re ® (I N F). But

INF=UNF1—-e)CI1—-e)N\FC ( > Rea)ﬂF
14
by Lemma 1.4. Hence I = Re @ [(DPac Rea) M F].
By the modular law,

X, Reo= [(% Re,) NRe] @ [ ( )y Re,) N F].
By [11, Theorem 1], (X ace Reo) M F is a direct sum of countably generated
modules. If (3 .cwRe.) M Fis not finitely generated, then (3 4c Re,) M F has
a countably generated direct summand W which is not finitely generated. By
closure under extensions and by R € %, R/W € % . Let W be generated by
the set {x;}5-:. For each positive integer #, there exists a least positive integer
k(n) such that xyy ¢ Rxy + Rx: + ... + Rx,. By Zorn’s Lemma, choose K,
maximal with respect to x,y ¢ K, and >.7—; Rx, € K, € W. Then (Rxy +
K,)/K, is an essential simple submodule of R/K,; so (Rxym + K,)/K. €7 .
Since (7, %) has (CSP), then (7 ,% ) is stable; hence R/K, €.7 . Define

o W— @ Zl W/Kyw— ), eu(w),

where ¢, : W— W/K, is the canonical epimorphism given by w — w + K,.
If H = ker ¢, then W/H = image of ¢. Since R/W € ¥, then 7 (R/H) C
W/H, which is a direct summand of R/H by (1). Hence.Z (R/H) is finitely
generated. But. (R/H) =. (W/H) cannot be finitely generated; for other-
wise the isomorphic copy of & (W/H) in the image of ¢ would have non-zero
coordinates in finitely many W/K,. This contradiction shows that (3 acx Rea)
M F must be finitely generated.

Therefore, I = Re @ [(D_qcw Ren) M F]is finitely generated. By Lemma 1.3
and (*), I is generated by an idempotent element and hence is a direct sum-
mand of R. Since [ is an essential submodule of K, I = K; so (2) follows from
Lemma 1.4.

One widely studied torsion theory is Goldie’s torsion theory (%, .A4); e.g.,
see [6; 8; 15] and their references. ¥ is the smallest torsion class containing
the singular modules; 4" is precisely the class of nonsingular modules. If R is
a commutative integral domain, then ¥ coincides with the class of modules
which are torsion in the classical sense.

By Theorem 1.5 and an argument of [15, p. 459], we have the following
result.
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COROLLARY 1.6. Let (7 ,.% ) and R be as in the hypotheses of Theorem 1.5.
If (7 ,%) has CSP, thend = 9.

As a consequence of the corollary, when R is a commutative integral domain
and . is a generalization of ¥, (7 ,# ) has CSP if and only if .7 contains
the usual torsion class. In particular, if R has Krull dimension «, then (7 5,.% )
has CSP if and only if 8 = a.

But, for the ring of Example 0.1, (7 a42,% ay2) has CSP by Theorem 1.5 and
part (9) of Example 0.1. However,. #.9 ,.» # R-mod.

LEMMA 1.7. Let.d be a hereditary torsion class for R-mod. If R satisfies (*97),
then every left ideal I contains a two-sided ideal I' such that 1/I' € T ; moreover,
if T (R) = 0, then I’ is essential in I.

Proof. For each x € I, we use (*7) to find a two-sided ideal I, such that
Rx/I, €7 .Set I’ = Y .1, Itiseasy tosee that I’ has the desired properties.
We now can use Corollary 1.6 and Lemma 1.7 to apply results of [6] and [8]
in order to obtain results about FGSP and BSP for generalizations of %.

THEOREM 1.8. Let. T be a generalization of &, and let (7 ,.% ) be u torsion
theory for R-mod. If R € % and if R satisfies (*) and (*X7"), then the following
statements are equivalent.

(1) (7, %) has FGSP.

(2).I = 9, and each finitely generated module F ¢ F has the following
properties: (a) F is finitely related; (b) hd F < 1; (c) Tor,®*(Hom,(4, D), F) =
0 for any A € .9 and any divisible Abelian group D.

(3) (@) (4 :x) 1s finitely generated for every x € E(R) and every finitely
generated A T E(R), where E(R) denotes the injective hull of R;

(b) 2f I 1s any right ideal which contains a two-sided, essential left ideal of R,
then Iy is flat and Tor®(R/I, E(R)) = 0; and

(c) if L 1s an essential left ideal of R, then R/L € T .

Proof. By Corollary 1.6,.7 = % ; so the equivalence of (1) and (2) follows
from [6, Corollary 2]. By R ¢ % and Lemma 1.7, every essential left ideal of
R contains an essential two-sided ideal of R; so the equivalence of (1) and (3)
follows from [8, Theorem 4.9].

COROLLARY 1.9. Let R be a commutative ring, let. I be a generalization of &,
and let (7, F) be a torsion theory for R-mod. If R ¢ ¥, then the following
statements are equivalent.

(1) (7 ,%) has FGSP.

(2) R is semihereditary, R (M A is finitely generated for every finitely generated
A C ER),and R/L €9 for every essential left ideal L of R.

Proof. Combine Corollary 1.6 and [8, Corollary 4.10] to obtain this result.

Before we can deal with the BSP for (7 ,-% ), we must introduce a Loewy-
type construction and prove a technical homological lemma.

https://doi.org/10.4153/CJM-1975-111-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1975-111-9

1064 MARK L. TEPLY

Suppose that T is a two-sided ideal of R and that R/T is a right semiartinian
ring (which occurs whenever R/T is left perfect). Define the two-sided ideals
T, of R inductively as follows: Ty = T'; if a is not a limit ordinal, then T,/ 7T%—1
is the right socle of R/T,_;; if @ is a limit ordinal, then T, = Ujg<a 73. Hence
the set {T./T}acw forms a right Loewy series for R/T, where & is an index
set of ordinals such that 7/7 = R/T for some 8 € ..

LeEMMA. 1.10. Suppose that R/ T is a left perfect ring and that K is a right ideal
of R satisfying To © K C Tyy1 for some ordinal a. If T, and Tayr1 are flat as
right R-modules, so is K.

Proof. Since T,41 is flat, we have the exact sequence
T0r2R(Ta+l/Ky —) - TOI‘lR(K, —) - TorlR(TuH-l) —) = 0,

so it suffices to show that Tor:®(T,41/K, ) = 0. Since To41/7T, is semisimple,
then as a right R-module

Ta+1/T = (K/Ta) @ (Tu+l/K)7
and hence
TOrQR(Ta+l/Tay —) = ’ror2R(K/Tﬂ! —) @ TOI‘2R(]1“+1/K’ _)'

Consequently, it is sufficient to show that Tory®?(T411/Tw, —) = 0. But this
follows from the flatness of 7,4, and 7T, and the exact sequence

Tore®(Tay1, =) = Tore® (Tag1/Tw, =) — Tor B(Ty, ).

THEOREM 1.11. Let. 7 be a generalization of &, and let (7, % ) be a torsion
theory. If R € F and if R satisfies (*) and (X7"), then the following statements
are equivalent.

(1) (", %) has BSP and is stable.

(2) R is a finate direct sum of left Ore domains D;(i = 1,2, ..., n), each of
which has the following properties:

(a) for each two-sided ideal I of D,;, D;/I is a left perfect ring and D;/I € T ;

(b) of H is any right ideal of D; which contains a two-sided ideal, then H is
flat and Tor,?i(D,;/H, E(D;)) = 0.

(3) R is a finite direct sum of left Ore domains D;(i = 1,2, ..., n), each of
which satisfies the following properties:

(i) for each two-sided ideal I of Dy, D /I is a left perfect ring and D;/I € T ;
(i) each two-sided ideal of D; is flat as a right module;

(iii) if M 1s a maximal right ideal of D ; which contains a two-sided ideal, then

Tor?#(D;/M, E(D;)) = 0.

Proof. (1) = (2). Let M be a finitely generated module. By (1) and [17,
Lemma 3.2], there exists a left ideal I of R such that every element of J (M)
has an annihilator of the form N%—,;({ : r;), wherery,7s,...,7, € Rand R/I €
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J . By (*77) and Lemma 1.7, I contains a two-sided ideal I’ such that I/I’ €
J". Hence I'Y (M) = 0; so J (M) has bounded order. By (1) M splits.
Therefore, (7 ,# ) has FGSP and hence CSP.

Thus .7 = % by Corollary 1.6. Moreover, since (X7") holds, it follows from
Lemma 1.7 that our definition of BSP for & coincides with the definition for
BSP given in [8] (in this case). Whenever R is a direct sum of rings, then
(9, N) has BSP if and only if the Goldie torsion theory for each direct
summand has BSP (see [15, p. 452]). It now follows from [8, Theorem 5.3] that
it is sufficient to show that R is a (ring) direct sum of finitely many left Ore
domains.

Let 3 4cw R, be any essential submodule of R with x, # 0 for each « € .27
By the proof of Lemma 1.3 and by Lemma 1.4, there exist two-sided ideals
{Ju}acw and orthogonal idempotents {e,}aces such that J, & Rx, C Re, By
(8, Theorem 5.3], R/ acw J« is a left perfect ring. Since {eg + D acr Ja)sew 1S
a set of non-zero orthogonal idempotents in R/ acw Ja, then &7 must be a
finite set by [1, Theorem P]. Hence gR is finite dimensional.

Let ® Y i1 Ry; be a maximal direct sum of nonzero uniform left ideals of R.
By Lemma 1.3, there exists a set {e;}"i—; of orthogonal idempotents such that

@ YRy, € @ Y1 Rey;

thus R = @ > i_; Re; is a ring direct sum by Lemma 1.4. Set D; = Re;.
Since R € &, then Ry, is an essential uniform submodule of Re; = D;; thus D;
must be an integral domain (as.? = %).

(2) = (1). Condition (X77) and R € % imply that the set of essential left
ideals has a cofinal subset of two-sided ideals (by Lemma 1.7). Hence our
definition of BSP for (4,./) coincides with that of [8] in this case. From (2)
and [8, Theorem 5.3] it follows that the Goldie theory for each D; has BSP,
and hence (¢, 4) must have BSP (as R = D, + Dy + ... + D,). Also
(4, /) is stable. But condition 2(a) and Lemma 1.7 imply that a cyclic
module is in & if and only if it is in.7 ; hence I = 9.

(2) = (3). This is trivial.

(3) = (2). First, we let H be a right ideal of D, where D is any D;. Assuming
that H contains a two-sided ideal 7', we wish to show that (i) and (ii) imply
that H is a flat right D-module. This will be done by transfinite induction.
By (i) D/T is left perfect; so we define K, = H N Ty for all 8 € .&/. (Tp is
defined just prior to Lemma 1.10.)

Since ' = 1Ty € K, € T, then Lemma 1.10 and (ii) imply that K, is a
flat right D-module.

Suppose that 8 = o + 1 is not a limit ordinal, and suppose Ks_; is a flat
right D-module. By Lemma 1.10 and (ii), K is a flat right D-module whenever
Kisarightideal such that 7, © K © T,41.Set K = Kg+ Ty = (H M Tat1)
+ T,. Then K is a flat right D-module, and the exact sequence

O—*KgHK—)K/K,s——)O
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yields the exact sequence
Tor;?(K/Kg, _) — Tor?(Ks, ) — Tor,?(K, _) = 0.

Thus it suffices to show that Tor,®(K/Ks, —) = 0. Now K/Kg == ((HM Tp)
+ Tg_l)/(Hm Tﬂ) = Tg_l/ (Hf\ T,g_l N Tﬂ) = T,g_l/ (Hf\ Tﬂ_l). Since Tg_1
is flat by (ii) and since H M Ts_, is flat by our induction hypothesis, then there
is an exact sequence

0 = Tory?(T-1, -) = Tory? (Ts—1/(H M Tp-1), -)
— Tor,P(H M Ty, -) = 0.

Hence Tor,?(K/Kpg, ) = Tor:?(Tsa/(H M Tp_y), ) = 0.
Let 8 be a limit ordinal, and assume that K, is a flat right D-module for
all @ < B. Since Ky = HN Ty = Uacg (HN Ty,) = lim H N T, then
—_—

Tor,”(Ks,~) = Tor;’(lim K,,_) = lim Tor,’(K,,_) = 0.

Hence Kg is a flat right D-module.

Since D/T is left perfect, H = H /M T for some ordinal 8; hence H must be
a flat right D-module.

Next, we wish to show that if H is a right ideal of D which contains a two-
sided ideal T, then (i) and (iii) imply that Tor,?(D/H, E(D)) = 0, where D
isany D,. By (i), D/T is left perfect; so every nonzero homomorphic image of
the right D-module D/H has nonzero (right) socle. Moreover each simple right
module which appears in the (right) Loewy series for D/H (see [4; 13; 16])
must be annihilated by 77 i.e. the annihilator of any element of a simple right
module which appears in the Loewy series for D/H must be a maximal right
ideal which contains a two-sided ideal. Hence if D/ M is a simple right module
which appears in the Loewy series for D/H, then Tor,?(D/M, E(D)) = 0 by
(iii). Since Tor;? commutes with direct sums and direct limits, an easy trans-
finite induction on the (right) Loewy series of D/H shows that Tor,?(D/H,
E(D)) = 0.

Remarks. (1) The proof of Theorem 1.11 is actually the first time that we
needed to use the property that I is proper in Rx in condition (¥4 ). In par-
ticular, we needed the ‘“‘proper’”’ hypothesis to insure that the idempotents
{eg + D wcw Ja}sew were all nonzero.

(i) If R = DI[[x]] is the ring of all power series with coefficients in a division
ring D, then (%, % ) has BSP and is stable by Theorem 1.11.

(iii) If R is the ring of Example 0.1, then.7 4,2 = % by Corollary 1.6 and
its subsequent comments. Therefore.7 ,,. is stable. Since R has no nontrivial
idempotent elements and since R/M = T is not a left perfect ring, then
(7 a2, F ay2) does not have BSP by Theorem 1.11.

The following corollaries of Theorem 1.11 show that it is very difficult for
(7 o, F.) to have (BSP) unless.9 , =.% or R-mod.
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COROLLARY 1.12. Let R be a Zeft and right duo ring satisfying (*). Let a = 1
be an ordinal, and suppose that. 7 «(R) = 0. If (7 a,F ) has BSP and is stable,
theny , =% = 9.

Proof. Since R is a left duo ring, then R satisfies (*%°) and hence (*7.).
By Theorem 1.11, R = D; + Dy + ... + D, (ring direct sum) such that,
for each 2 =1, 2, ..., n and each two-sided ideal K; of D;, D;/K; is a left
perfect ring. Since D;/K ; is left perfect and R is left and right duo, then D;/K;
is right perfect; hence DZ/K € % by [1, Theorem PJ.

From Corollary 1.6,. 7, = &. Let I be an essential left ideal of R. By
Lemma 1.7 there exists a t\\o sided ideal I' C I such that I/I' € T .= 9.
Then I’ = > (D;N\I').Set K; = D; M I'. It follows that

R/I' =~ (@ é Di)/(@ ; Ki) ~ @ Z:; D,/K; € &,

hence R/I € .¥. Therefore, every cyclic module in.9, is.%, so it follows that

Ta=%.
COROLLARY 1.13. Let R be a commutative ring. Let « = 1 be an ordinal, and
suppose that T o(R) = 0. If (7 ay ¥ ) has BSP and 1is slable then 7 o=% =%9.

COROLLARY 1.14. Let R be o commutative Noetherian ring. Let « = 1 be an
ordinal, and suppose that 7 4(R) = 0. If (7 o, F o) has BSP, then T o =% = 9.

Proof. Since R is commutative and Noetherian, every hereditary torsion
theory is stable [14]; so the result follows from Corollary 1.13.

C()ROLLAR\ 1.15. Let R be a commutative ring. Let « = 1 be an ordinal. Then
(T w0 F &) has SP if and only if R is a semiartinian ring.

Proof. This corollary is immediate from Lemma 0.2, [14, Proposition 4.2],
Corollary 1.13, and [17, Theorem 5.1].

COROLLARY 1.16. Let R be a ring which has Krull dimension as a right R-
module. Suppose that « =2 1 is an ordinal, T ,(R) = 0, and R satisfies (*) and
(*7 ). If (7 o F o) has BSP and is stable, then o = ¥ = 9.

Proof. By Theorem 1.11, R = D; + Dy + ... 4+ D, (ring direct sum) such
that, for each 7 = 1, 2, ..., n and each two-sided ideal K of D;, D;/K is a
left perfect ring. Since Rg has Krull dimension; so does (D;/K)g. But a semi-
artinian (right) R-module with Krull dimension is artinian. Therefore,
rad (D;/K) is nilpotent, and hence D,;/K is also right perfect. Thus D;/K € .%.
The Corollary now follows from the same argument used in the second para-
graph of the proof of Corollary 1.12.

2. The case. 9 = ¥. We begin section two with the following generaliza-
tion of [15, Theorem 4.3].
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TueOREM 2.1. If ¥ (R) = 0 and if R satisfies (*) and (*), then the following
statements are equivalent.

(1) (¥, %) has CSP.

(2) R is a (ring) direct sum of finitely many left Ore domains and ¥ = Y.

Proof. (2) = (1). Let D = D, + D, 4 ... 4 D, be aring direct sum. It is
known that ¥ = .% has CSP if and only if, for each ¢ = 1, 2, ..., #, the
torsion theory induced on D,mod by ¥ =% has CSP (see [15, p. 452]).

Since each D;is a left Ore domain, then % induces the classical torsion theory
on D;-mod for each7 = 1, 2, ..., n. But then each induced torsion theory has
CSP.

(1) = (2). We have ¥ = ¥ by Corollary 1.6. Temporarily assume that R
is left finite dimensional. Then let >_,—; Rx; be a maximal direct sum of cyclic
submodules of R. By Lemma 1.3, there exist orthogonal idempotents ey, s, . . . ,
e,, such that

n

® Zl Rx; S @ Zl Re; C R.
i= i=

Since ® Yi—; Re, is a direct summand of R, then Y.%_; Re; = R. Since R € ¥
and . = @, then (0:x) = 3,4, Re; for any nonzero x € Re,. Hence each
Re; is an integral domain.

Consequently, it is sufficient to show that R is left finite dimensional. Let
@ Y acaRx, be a direct sum of principal left ideals which is essential in R.
By Lemma 1.3, we obtain an infinite set of orthogonal idempotents {€,}4c« such
that L = > ,cyRe, is an essential submodule of R. By Corollary 1.6, 4 =
R/L € &. Hence rad A is right T-nilpotent; so in 4 idempotents can be
lifted modulo rad 4. Let S be a simple module in Soc (4/rad 4). Then S is
generated by an idempotent element f’ of A/rad A, which can be lifted to an
idempotent f ' of A. Let f € R such that f”” = f + L. Hence for some finite
subset € of &, f2 — f € > e Re;. Let R® = R/Y ;c¢ Rey, and let ¥’ be the
torsion theory for R’-mod which is induced by .#. Then ¥’/(R’) = 0, and by
Lemma 0.2, R’ satisfies (*%’). Hence (Rf + > ic¢ Re)/Y. e Re; is a two-
sided ideal of R’ by Lemma 1.4. Thus Rf + 3 ic¢ Re; is an idempotent two-
sided ideal of R; so by (*) there exists an idempotent e such that Re = Rf +
> ¢ Re;. Hence (Re + L)/L = (Rf + L)/L and

Rf+L:|/[ Rf—}—L]NAf”—l—radA_ ,
[——_L Rad 4 NZ2= = S 200 2 = gy = s,

Consequently, Re/(Re M\ L) = (Re + L)/L has a unique maximal ideal.

Since R/Re ¢ # and R/Re, ¢ ¥ for a € &/, then R/(Re N Re,) € .F for
a € &Z. Hence by Theorem 1.5, there exist orthogonal idempotents {hs}acw
such that Rh, = Re M Re,. If B = {a € &|h, # 0} were finite, then

0 Re/(ReM L) = Re/ Y, Rh,

acd
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is a direct summand of Re € % . But Re/(Re N\ L) € %, which gives a con-
tradiction. Hence B must be infinite. We partition B into disjoint infinite sets
A and T, each with infinite cardinality. Choose M C Re maximal with respect

to
MM Y, Rhy=0
achA
and
M2 Y Rh.
a€el

Then R/M € % ;so Mis a (ring) direct summand of R (and Re) by Theorem
1.5. Let Re = M ® N. Since M and N are finitely generated left R-modules,
then M € L and N € L. Since M and N are generated by orthogonal
idempotents, we obtain the non-trivial ring direct sum

Re+ L)/L=((M+L)/L) ® (N+ L)/L).

This direct sum forces a contradiction to the fact that (Re + L)/L has a
unique maximal (left) ideal.

Example 2.2. Let F be a field, and let ¢ be an automorphism of F. Extend
¢ to Flx] by ¢(x) = x. Let D be the quotient field of F[x]. Let

r=1l5 2]

with addition given coordinatewise (in the usual way) and multiplication
defined by the rule

I F K ¢

Then R is a ring. (We note that R is commutative if and only if ¢ is the identity
map if and only if the multiplication above is the usual matrix multiplication!)
We observe that

o€ Flxl, b€ D}

rad R = {l:g (I;:Hb € D} , and (rad R)? = 0.
The reader can now verify the following statements.

(1) If y € Rand y ¢ rad R, then Ry D rad R.

(2) If I* = I # 0, then I € rad R; so I/rad R is an idempotent ideal of
R/rad R. Since R/rad R is (ring) isomorphic to F[x], then I/rad R = R/rad R;
so R satisfies (*).

(3) If y € R —rad R, then by (1) we may choose a two-sided ideal K
maximal with respect torad R € Kandy ¢ K. Then Ry/K € ¥ (as R/rad R
is isomorphic to Flx]).

(4) Any left ideal contained in rad R is two-sided. Thus if y € rad R and
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if K is a left ideal chosen such that K C Ry and K is maximal with respect
toy ¢ K, then K is a two-sided ideal and Ry/K € ¥.

(5) Combining (3) and (4), we see that R satisfies (X7 ).

(6) ¥ (R/rad R) = 0, and rad R is not a direct summand of R.

(7) Since ¥ (R) = 0, Theorem 2.1 implies that R does not have CSP.

Example 2.3. Let D’ be a subdivision ring of the division ring D. Let R be
the subring of the power series ring D[[x]] consisting of those series whose
constant term is in D’; i.e.

R = {d' + > dx'|d € D',d, € D}.
i=1

The reader can verify the following statements.

(1) R is an integral domain; so . (R) = 0.

(2) If & + > Z1dx? € Rand d’ # 0, then, by solving coefficient equations
of x¥in the usual way, d’ + > .2 :1dx* has an inverse in R.

(3) The left ideal M generated by {dx|d € D} is the unique maximal left
ideal of R. M is a two-sided ideal.

(4) Every principal left ideal contains a power of M; hence (*%) holds for R.

(5) R contains no nontrivial idempotent ideals by a ‘‘least degree’’ argu-
ment; so (*) holds for R.

(6) Therefore Theorem 2.1 applies to show that (¥,.-%# ) has CSP.

(7) We also note that D is (left) Noetherian and has Krull dimension if and
only if D is a finite dimensional vector space over D’.

In view of [1, Theorem I’}, Theorem 1.11 becomes the following generaliza-
tion of [15, Corollary 4.5] whenever 9 = ¥.

THEOREM 2.4. Let ¥ (R) = 0, and suppose that R satisfies (*) and (*&).
Then the following statements are equivalent.
(1) (¥, %) has BSP and is stable.
(2) R is a finite direct sum of left Ore domains D;(i = 1,2, ..., n), each of
which satisfies the following properties:
(1) for each two-sided ideal I of D, D;/I is a left and right perfect ring.
(i) each two-sided ideal of D, is flat as a right module.
(iii) of M is @ maximal right ideal of D ; which contains a two-sided ideal,
then Tor®¢(D;/ M, E(D;)) = 0.

COROLLARY 2.5. Let R be a left duo von Neumann regular ring. Then (¥, F )
has BSP and is stable if and only if R is a left semiartinian ring.

Proof. The “if”" part is trivial. The “only if’’ part follows from Lemma 0.2
and Theorem 2.4 (as a regular integral domain is a division ring).

In order to prove our main result on SP for (%,.% ), we need the following
result of Gorbachuk.

ProOPOSITION 2.6 [9, Theorem 2]. Let (7 ,F ) be a hereditary torsion theory.
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Then (7 ,% ) does not have SP provided that there exists a sequence Py, Py, . . .
of left ideals of R satisfying the following properties:
() R/P, €T forn=1,2,...;
(i) R/(N3=1 Py) €T
(iii) for each n = 1, 2, ..., there exists an integer m(n) and a p, € P, such
that p, has zero as its left annihilator and

Prrpipe .. - pn 2 pr1P2 - - - P K.

We now can state a generalization of the main results of {3; 5] and the
characterization of (SP) for (%, %# ) given for commutative rings in [15] and
[17].

THEOREM 2.7. Suppose that R satisfies (*) and (X¥). Then (¥, F ) has SP
if and only if R is a left semiartinian ring.

Proof. The “if” part is trivial. “Only if"’: Since R has (*) and (*%) and (¥,
&) has SP, then, by passing to the ring R/.% (R) and applying Lemma 0.2,
we may assume that . (R) = 0. By Theorem 2.4 and Lemma 0.2, we may
assume that R is a left Ore domain such that (a) R/I is a left and right perfect
ring for all nonzero two-sided ideals I of R and (b) R satisfies (*) and (*%).

Suppose that d is a nonzero element of R and that d does not have a left
inverse. Then

Rd 2R 2R 2 ....

Let K = N;_1Rd" If K # 0, there exists a nonzero, two-sided ideal H C K
by (*%). Thus the set {Rd"/H} is an infinite descending chain of principal left
ideals of R/H. But R/H is right perfect, and hence R/H can have no infinite
descending chain of principal left ideals by [1, Theorem P]. This contradiction
forces K to be 0.

Consequently, Gorbachuk’s result (Proposition 2.6) will imply a contradic-
tion to the hypothesis, (%, % ) has SP, provided that we can construct a
sequence of (left) ideals P, and a sequence of nonzero elements p, such that

(i) R/P, € &,
(ii) Ny=1 P, = 0,

(iii) p, € P,, and

(iv) Ppyiprpe .« . Dn 2 P1b2 - .« Pos2R.

To do this, we proceed inductively to define p, € P, C Rd".

By (X77) there exists a two sided ideal T & Rd. Since R € .#, T # 0.
Since R/T is right perfect, R/T € %. Set P, = T, and let p; be any nonzero
element of P;.

Now suppose that p;,_1 € Pr_1 & Rd*! has been defined appropriately. Let

0 #x € RA&*MN\ Py_1p1ps2 - . . Pr—z,

which is possible since R is a left Ore domain. (In case £ = 2, po = 1.) By
(*77) there exists a two sided ideal 7 & Rx. Since R/T’ is right perfect,
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R/T' ¢ %.SinceR € #,T' # 0.Set P, = T',and let p, be any nonzero element
of P,.Since P;istwo-sided, then pip2 ... pyR C P, CRx C Pi_1p1pa. . . Pr_e.
Moreover,

DY

P, NRI"=K =0;
n=1

n=1

so we have constructed the desired sequence.

The following corollary may be viewed as a generalization of [5, Theorem
3.9].

COROLLARY 2.8. Let R be a von Neumann regular, left duo ring. Then (¥,T)
has SP if and only if R is a left semiartinian ring.

We now give an example of a ring R such that (%, ) can be tested for
SP by Theorem 2.7, and R does not satisfy the hypothesis of any other theorem
on SP.

Example 2.9. For each integer m = 2, let m* denote the least prime factor
of m. Let 4, be the algebraic closure of the field Z/(m*), where Z denotes the
integers. Then 4, has an automorphism ¢, defined by ¢,(a) = a™ for each
a € 4,,. Set

P, = {Z amixmi‘ami € Am}
i=1

Then elements of P,, can be added in the obvious way and multiplied as power
series subject to the twisting rule, xa = ¢,(a) x for all « € 4,,, and its con-
sequences. Now define

R={C+7I'ml+7rm2+.--+7rmnlceZr7"miEPmi}v

where the m; range over the integers = 2. Again elements of R can be added
in the obvious way. Define multiplication for R by the following rules and
their consequences:
(i) mmimm; = 0 for my; € Ppyy Ty € Pry, my 3= my;
(ii) for ¢ € Z and 7, € Pn;, cmm; = (c + (m*)) 7p: and mp,c = 7,
(c + (m*)), where the multiplication on the right side of each equation
is the multiplication of P,;;
(iii) any two elements of R in P,,; multiply as elements of P,,,.
Then R is a ring.

Let X be the ideal of R defined by X = P, + P; + Py + .... If I is an
ideal of R contained in X, it follows easily (by considering the term of least
degree that can appear a member of I) that I = I? implies I = 0. If J? = J
and J &€ X, then (J + X)/X is an idempotent (left) ideal of R/X. Since
R/X is (ring) isomorphic to Z, then J + X = R. Hence J contains an element
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of the form

:|:1+7rm1+7rm2+-~-+7|'an

where 7,; € P;. But by the method of comparing coefficients of twisted power
series, it is straightforward to construct an inverse of this element. Thus
1 € J;soJ = R. Therefore, R satisfies (*).

Since R/X is ring isomorphic to Z, then R is not local; so the results of [17,
Section 3] cannot be applied to R. Also, if ¢ # 1and ¢ + 7y, + 7o + ... +
Tm. € R, then choose a prime number p and positive integer k such that p
divides ¢ and p* > max {m,, m,, ..., m,}. Hence

Xk (€ + Ty + oo F Tn) =0 = (¢4 Ty + -« o+ Ty Xpke

From this fact and an argument in the previous paragraph, it follows that
every element of R with zero left or right annihilator is invertible. Thus R
does not satisfy the hypotheses of [9, Theorem 2 or 3].

If 0 #r € R, then there exists an integer m such that 0 # x,» € P,.
Hence Rx,%r is a proper nonzero submodule of Rr. Therefore, soc R = 0.
But then, if R/I € ¥, IN Rx, # 0 for every n = 2. Let k € Z such that
(RE+ X)/X = (I + X)/X. If I # R, then we may assume k& = 2; so, for
eachj =1, 2, ..., there must be a generator of I of the form

sk4+ s + .o F T Ty o T,

where s € Z, m,; € P,;, and 0 # m; € Puxi. Hence I cannot be finitely
generated as a left ideal. Thus R does not satisfy the hypothesis of [16, Theorem
3.5].

Since soc R = 0, we can apply Theorem 2.7 to show that R does not split,
provided that R satisfies (X¥). Let

feel [ee] @
i i i
r=a-+ Zl Ay Xy + z Amy iXms + ..+ Z Uy iXm, € R,
P im1 =1

where a € Z and ) {Lian;ix,;' € P;for j = 2,3, ..., n. We wish to find a
two-sided ideal T properly contained in Rr such that R7/T € .. lf « = =1,
7 is invertible; so we assume that ¢ # =+1. If ¢« # 0, set

H = Y {P:|k* relatively prime to a};

if a =0, set H = 0. For each m;* which divides «, let ¢, be the least positive
integer ¢ such that a,,, # 0. Then some laborious computation shows that
T =Ra*+ H+ Pt + P, + ...+ P,.'» is the desired two-sided ideal
of R.

In fact, since 1 and 0 are the only idempotent elements of R, (%, % ) does
not even have CSP for R-mod by Theorem 2.1.
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