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Abstract
Let I' be a finite group, let 6 be an involution of I" and let p be an irreducible complex representation of I". We
bound dimprg in terms of the smallest dimension of a faithful IF,-representation of I'/Rad, (I'), where p is any
odd prime and Rad, (I') is the maximal normal p-subgroup of I.

This implies, in particular, that if G is a group scheme over Z and 6 is an involution of G, then the multiplicity

of any irreducible representation in C* (G(Z p)/ GY(z p)) is bounded, uniformly in p.
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1. Introduction
The main result of this paper is the following:
Theorem A see §10.1 below. There is an increasing function C'* : N — N such that, for any

Odd prime p,

Positive integer d,

Finite group T,

Normal p-subgroup N < T,
Embedding I'/N — GL4(F,),
Involution 0 of T,

Irreducible representation p of T,

O O 0O 0O O O ©O

the space p* ’ of T'?-invariant vectors of p has dimension at most C'"(d).

As a corollary, we deduce the following
Corollary B (see §10.1 below). For every integer d, there is an integer A such that, if
p is an odd prime,

F is a purely ramified extension of Q,,

K c G(F) is a compact subgroup,
6 is an involution of K,
p is an irreducible representation of K,

O O 0O 0O O ©

then

dim(p”) <A.

25
28
29
32
32
33
33
34
37

G is a connected linear algebraic group over F whose reductive quotient has dimension at most d,

Remark 1.0.1. Animportant special case of Theorem A is where I' = G(Z/p"), when G is a semisimple
group scheme and 6 is the restriction of an algebraic involution. The uniformity in the involution 6 is
not essential. The case n = 1 (and p varies) was proved in [AA 19, She]. The case when p is fixed and n

varies is much easier than the general result and can be directly deduced from Corollary 5.0.5.

1.1. Background and motivation

Let G be a group and let X be a transitive G-space. A basic problem of representation theory is

to

compute the multiplicities with which irreducible representations of G appear in the space of functions

on X. This problem can be studied in several settings. In each setting, one considers a different kind

of

function space. For an example in the algebraic setting, if G is a connected reductive algebraic group
over C and X is a spherical G-variety (this means that the Borel subgroup of G has an open orbit in X),

then C[X] is multiplicity-free as a G-representation.
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Multiplicities for spherical G-varieties are of great interest in other settings. In non-algebraic settings,
these multiplicities may be greater than one. One has the following conjecture:

Conjecture C. Let G be a reductive group scheme over Z and let X be a G-scheme. Assume that X(C)
is a spherical G(C)-space. Then there is an integer C such that, if F is a local field of large enough
characteristic and p is a smooth, admissible and irreducible representation G(F), then

dimHom(p, C*(X(F))) < C.

One can study variants of this conjecture in various levels.

o The most basic level is when both F and p are fixed. This case was mostly done. See [vdB87, Del10,
SV17].

o The next level is when F is fixed and C is required to be independent of p. The main known results
in this level are for the archimedian case. See [vdB87, KO13, KS16, AGM16].

o The last level is the full conjecture where both F and p vary. Here, the only known cases are where
the spherical spaces are multiplicity free (i.e., Gelfand pairs) and related situations. Although there
are many known Gelfand pairs (see, for example, [GK75, Sha74, vD86, Fli91, BvD94, Nie06, Yak05,
AGRS10, AGS08, 0S08, AG09b, AG09a, AG10, AAGI12, Zhal0, JSZ10, JSZ11, AS12, AGJ09,
AG12, SZ12, Aiz13, CS15, Car, Rub], and the reference therein), general spherical spaces are not
multiplicity free.

Our motivation for Corollary B is the following strategy for proving Conjecture C:

—_—

. Prove a variant of Conjecture C when F ranges over the collection of finite fields.

2. Deduce from (1) a variant of Conjecture C when F ranges over the collection of rings of integers in
local fields.

3. Deduce Conjecture C from (2).

Step (1) was done in [AA19, She]. Corollary B implies Step (2) under certain conditions:

Corollary D (see §10.1 below). Let G be a reductive group scheme over Z, let 6 be an involution of
G and let X = G/GY be the corresponding symmetric space. Then there is an integer C such that, for
every odd prime p and every irreducible representation p of G(Z,),

dimHom(p, C*(X(Z,))) < C.

Remark 1.1.1. Originally, we were interested only in Corollary D. However, since our argument is
inductive, it turns out to be easier to prove the more general Theorem A.

1.2. The Larsen—Pink theorem

A central ingredient in the proof of Theorem A is a theorem of [LP11] roughly stating that finite
subgroups of GL,(F ) are close to groups of IF,,-points of connected algebraic subgroups of GL,;. We
use the Larsen—Pink theorem in several ways:

o The Larsen—Pink theorem attaches an algebraic group of GL,, to finite subgroups of GL,,(F,), and we
prove Theorem A by induction on the dimension on this algebraic group. In particular, the Larsen—
Pink theorem implies that the lengths of decreasing chains of perfect subgroups of GL4(F,) are
bounded when we vary p.
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o It allows us to reduce statements about finite groups with no normal p-subgroups to finite groups of
Lie type. We use this to prove the main theorem for groups with trivial p-radical (see §8) and to get
bounds on various cohomology groups in §6 and §7.

We discuss the Larsen—Pink theorem and its applications in §4.

1.3. Sketch of the proof of Theorem A

To prove Theorem A, we analyze the extreme cases N = I" and N = 1, and we use Clifford’s theory to
deduce the general cases from them. The main difficulty is to control the multiplicities when describing
a representation using Clifford’s theory.

We now sketch the proof of Theorem A. We first analyze the case of groups with odd order. The
analysis is based on the simple observation that every element in such a group has a unique square root.
We prove a Gelfand property (i.e., multiplicity one property) for symmetric pairs of such groups. In
addition, we prove a necessary condition (related to conjectures of Lapid and Prasad [Glal8, Pra]) for
a representation of a group G of odd order to be distinguished with respect to a symmetric subgroup
of G. Finally, we show that the first cohomology of S, with coefficients in groups of odd order vanishes.
We treat this case in §5.

Next, we analyze the case of a group with a trivial p-radical. Here, we prove a twisted version of the
main theorem. Using the Larsen-Pink theorem, we reduce this case to the case of finite groups of Lie
type, where we apply a similar reasoning as in [AA19, She]. We treat this case in §8 and Appendix A.

For the general case, we introduce the following invariant of a group I': rd, (I') is the smallest possible
dimension of a connected reductive group G such that I"/Rad, (I') € G(F,). Since, in the notations of
Theorem A, ﬁp (") < d?, it is enough to bound dimprg in terms of Hp (). This is done by induction
on Hp (T). In the rest of the section, we describe the induction step.

Clifford theory implies that there is a group A satisfying Rad,(I'’) < A < I' and an irreducible
representation o of A such that

o p= Indg(O').
o O’lRadp(r‘) is isotypic.

By Mackey’s formula, the multiplicity dimpra is a sum of multiplicities of o in various transitive
A-sets. A priori, the number of transitive A-sets that might contribute to dimer is [T'9\I"/A|, which
is unbounded. We use the Lapid—Prasad criterion to bound the number of subgroups of A whose
contribution is nonzero by |[H!(S,, A)|, which we can bound.

To bound the individual contribution of a transitive A-set, we analyze two possibilities:

o Rad,(A) =Rad,(I').
In this case, the bound on H2(A/Radp (A), pp~) implies that, for large p, the representation o is
a tensor product of a representation o that is trivial on Rad,(A) and a representation o that is
irreducible when restricted to Rad, (A). The multiplicity of o> is at most one since Rad, (A) has
odd order. The bound on the multiplicity o follows from the analysis of the case with trivial p-
radical mentioned above. At this point of the argument, we need to bound twisted multiplicities of
representations of A /Rad,, (A) rather than usual multiplicities. The reason is that the one-dimensional
multiplicity space obtained for Rad, (A) manifests itself as a twist here.

o Rad,(A) # Rad,(I').
In this case, the Larsen—Pink Theorem implies that there is subgroup of bounded index A° < A such
that rd(A°) < rd(T"). We deduce the required bound from the induction assumption.

1.4. Complication related to the action of S,

The sketch above overlooks one technical point. Namely, although the Larsen—Pink theorem was proved
for groups, we need it for symmetric pairs or, equivalently, in the S>-equivariant setting. One way around
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this difficulty is to embed I" into I" X I" using the graph of #. Under this embedding, 6 becomes the
flip (x,y) +— (y,x), which clearly extends to the ambient algebraic group. This way is implemented
in Lemma 2.2.3 below. The drawback of this method is that it doubles the dimension of the ambient
algebraic group, so it is not suitable for induction. So, in some parts of the argument, we use a different
method: We use an iterative procedure, based on the Larsen-Pink Theorem that allows us to replace
(without increasing the value of rd p) asubgroup of bounded index with a smaller S-invariant subgroup,
also of bounded index. We implement this procedure in Lemma 4.1.1 below. This procedure is very
costly in terms of the bounds on the indexes, and it is one of the main reasons why our bound on the
multiplicities is very large.

1.5. Limitation of our result

o Our bounds on the multiplicities are given in terms of an embedding into a group of F,,-points rather
than a group of E—points. Therefore, we do not bound the multiplicity of symmetric pairs with
G = G(OF) when F ranges over all extensions of a given local non-archimedean field (of course, if
the degree [OF /mp : Fp] is fixed, we do get uniform bounds). The reason is that, unlike G(F)), the
group G(E) has decreasing chains of perfect subgroups of arbitrary length. For this reason, we do
not conjecture that Theorem A holds if we replace F,, with E

o The bounds on the multiplicities we obtain are extremely large. We did not try to optimize the bounds
since our argument cannot prove any reasonable bounds.

o In the general case, we only bound usual multiplicities and not twisted ones. The reason is that our
analysis of odd order groups does not work well in the twisted case. We do not expect any problems
with the twisted Gelfand property, and we also think that it will be easy to obtain a criterion for
twisted distinction. However, this criterion will be different from the untwisted, so the number of
symmetric subgroups of A contributing to the multiplicity will not be the size of any homology but
rather some other number that we do not know how to bound. It would be interesting to resolve the
twisted case, especially since we use bounds on twisted multiplicities in the case of trivial p-radical
in order to bound the usual multiplicities in the general case.

1.6. Structure of the paper

In §2, we Ex notations and formulate our main result. See Theorem 2.3.1. In particular, we introduce an
invariant rd,, to measure ‘dimension’ of a finite group. See Definition 2.2.1.

In §3, we recall some group theoretic facts.

In §4, we quote the Larsen—Pink Theorem and deduce two corollaries that we will use in the paper:
Corollary 4.0.13 and Corollary 4.1.2.

In §5, we treat the case of groups of odd order. In this case, we prove a stronger form of the main
result along with some other results for this special case. See Lemma 5.0.2 and Corollary 5.0.5.

In §6, we bound the size of the first cohomology group of S, with coefficients in a finite group I' in
terms of H,, (T"). See Corollary 6.0.6.

In §7, we prove a vanishing result for H?*(T',Z/p"), where T is a finite group, assuming p is large
enough with respect to rd,, (I"). See Proposition 7.0.2.

In §8, we prove a twisted version of the main result for the case of groups with trivial p-radical. See
Corollary 8.0.5.

In §9, we recall some basic results of Clifford theory which are needed in our proof.

In §10, we prove our main result, Theorem 2.3.1. In §§10.1, we deduce Theorem A and Corollary B
from Theorem 2.3.1.

In Appendix A, we prove a twisted version of the main result for finite groups of Lie type. The
argument is an adaptation (to the twisted case) of [She].

In Appendix B, we construct a family of symmetric pairs of reductive groups that includes all
symmetric pairs of reductive groups of a given dimension over all finite fields; see Lemma 3.2.1. We use
this construction in §4 in order to express the bounds given by the Larsen—Pink theorem in terms of rd,,.
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2. Conventions, notations and reformulation of the main result
2.1. Conventions

o By a finite symmetric pair, we will mean a pair (I', §), where I is a finite group and @ is a (possibly
trivial) involution of I'. For a symmetric pair (I, 8), we get a symmetric subgroup I'? c T', a
symmetric space I'/T"? and an action of S> on T".

o For a group G, we denote the derived subgroup of G by G’ and the center of G by Z(G). If G is an
algebraic group, we denote the connected component of identity in G by G°.

o All schemes considered in this paper are assumed to be of finite type over Noetherian base schemes.

o By a simple algebraic group, we mean a connected algebraic group whose Lie algebra is simple.

o Throughout the paper, we will formulate and prove several lemmas that assert the existence of
increasing functions N — N satisfying certain conditions. Each of those lemmas will give the
corresponding function a distinct notation. It is implied that, after each such lemma, we fix such a
function and use that notation to refer to it. The choices of such functions are not unique, but the only
effect of a different choice is different bounds. Since we just claim the existence of bounds, this is
irrelevant to us.

o We will usually use capital boldface letters to denote varieties, capital calligraphic letters to denote
schemes, and capital gothic letters to denote sheaves.

2.2. Notations
We will use the following invariants of a finite group.
Definition 2.2.1. Let I" be a finite group and p be a prime.

1. Define the p-reductivity dimension rd,, (I') of I" to be the minimal » such that there exist a connected
n-dimensional reductive algebraic group G and an embedding I' — G(F,).
2. Define the reduced p-reductivity dimension r_dp (T") by

td,,(T) :=rd,,(I'/Rad, (T")),
where Rad, (T") is the maximal normal p-subgroup of I'.

Definition 2.2.2. Let (I, ) be a finite symmetric pair and let p be a prime.

1. Define the p-reductivity dimension rd, (I", §) of (I", ) to be the minimal n such that there exist an
n-dimensional reductive algebraic group G, an involution ¢ of G and an embedding i : I' — G(F))
such thati(6(y)) =t(i(y)) forally e .

2. Define the reduced p-reductivity dimension rd,, (I, 6) by

rd,, (T, 0) :=rd, (T'/Rad,,(T), §),
where 6 is the involution of I'/Rad,, (T") induced by 6.
Lemma 2.2.3. For any symmetric pair (I, 0) and every p, rd,(I', 6) < 2rd,,(I").

Proof. Leti: T" — G(F,) with G reductive and dimG =rd,(I'). Let H= G x G, lett : H — H be
the flip 8(x, y) = (y,x) andlet j : T" — H(F,) be j(y) = (i(y),i(6(y))). The triple (H, ¢, j) gives an
equivariant embedding as required. O

Next, we introduce some notations relating to multiplicities.
Notation 2.2.4. Let I be a finite group.
o We denote the set of (isomorphism classes of) complex irreducible representations of I" by Irr(I').

o We denote the set of (one dimensional) characters of I" by I'.
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o Suppose that 8 is an involution of I'. Denote

v(I',0) = max dimprg,

pelr(T)
I = I,0),
V( ) 4 invol}lll?ign of I V( )
v,(T) = max max dimp" ‘

6 involution of I' pelrr(T") such that
Plragy (1) s isotypic

w(l,0) = max dimprg’)(,
pelrr(), yel?

and

I = r,6).
'u( ) 0 invé}}lﬁgn of Fﬂ( )
2.3. Reformulation of the main theorem

Using the notations above, Theorem A has the following reformulation:

Theorem 2.3.1 (main). There is an increasing function C : N — N such that, for every prime p > 2
and every finite group T,

v(T) < C(rd,(T)).

This theorem appears to be slightly weaker then Theorem A. We will deduce Theorem A from it
in §10.1.

3. Preliminaries on finite groups and algebraic groups

In this section, we collect several properties of finite and algebraic groups.

3.1. Finite groups of Lie type
The following theorem is well known:

Theorem 3.1.1. For any finite field F which is not one of F,,F3,F4,Fg,Fg and for any connected,
simply-connected, semi-simple algebraic group G defined over F, the following hold:

G(F) is generated by its unipotents.

H*(G(F), A) = 1, for every trivial G(F)-module A.
G(F) is perfect.

Z(G(F)) = Z(G)(F).

|Z(G(F))| < 24mG,

BARE ol S

Remark 3.1.2. Claim (1) follows from [Ste68, Theorem 12.4], so Claim (2) follows from [Ste68, Remark
12.8(b)].

Claims (3) and (4) follow from Claim (1) and [Mar91, Theorem 1.5.6].

By Claim (4), |Z(G(F))| < |Z(G(F))|. Since both functions G  |Z(G(F))| and G > 29mC are
multiplicative, it is enough to prove Claim (5) in the case G is simple. For the classical groups, this is
a simple inspection; for the exceptional groups, use the fact that the size of the center is equal to the
determinant of the Cartan matrix of the Dynkin diagram of G.
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Corollary 3.1.3. Let F be a finite field of characteristic greater than 3, let G be a connected reductive
group over F and let ¢ : G’ — G’ be the universal cover of the derived subgroup G’. Then qﬁ(a(F)) =
G(F)".

Proof. The inclusion ¢ (@(F )) C G(F)’ follows from 3.1.1(3). For the other direction, it is enough to

show that a commutator of two elements of G(F) belongs to gb(@(F )). Let g1, g2 € G(F). Choose

71,22 € Z(G(f)) such that giz1, 8222 € G’(F), and choose elements hy, hy € 67(?) such that

#(h1) = g121, #(h2) = g222. Since ™1 (Z(G")) = z(@), the element [y, hy] € G’(F) is independent

of the choices of z; and h; and hence is fixed by Gal(F/F). Therefore, [hy, hy] € G’ (F). Hence,

(1,821 = ¢([n, o)) € $(G7(F)). :
Corollary 3.1.3 and Theorem 3.1.1(3) imply the following:

Corollary 3.1.4. Let F be a finite field of characteristic greater than 3 and let G be a connected reductive
group over F. Then G(F)’ is perfect.

Lemma 3.1.5. Let ¢ : G — G be an isogeny of algebraic groups defined over a finite field F, and let
K be the kernel of ¢. Then

|65y : 9(G(Fy)) | < IK(E)I.
Proof. From the long exact sequence of Galois cohomologies
K(F,) — G(F,) — G(F,) — H'(Gal(F,/F,),K(F,)) — H'(Gal(F,/F,),G(F,)),

we get
|6(Fy) : 9(G(F,))| = [Ker(H' (Gal(F,/7,). K(Fy) — H'(Gal(F,[Fy), G(F,))]
< |H'(Gal(Fq/Fq), K (Fg))| < |K(Fy)l- o

Lemma 3.1.6. For every connected reductive group G defined over a finite field F of characteristic
larger than 3, we have

[G'(F) : G(F)'] < 29™(©),

Proof. We can assume that G is semisimple. Let ¢ : G — G be the universal cover. By Theorem
3.1.1(5) and Lemma 3.1.5, |coker$| < 29™G_ The result follows from Corollary 3.1.3. O

Lemma 3.1.7. Let T'; be simple nonabelian groups and let T := [[;_, T'i. Any normal subgroup A of
I is of the form A = [;¢; Ui for some index set I C {1,...,n}. The same holds when T'; are simple
adjoint algebraic groups and A is a normal algebraic subgroup of T.

Proof. Assume that I'; are simple nonabelian groups and identify I'; as a subgroupof I'. Letzr; : I’ — I}
be the projection. If 7r; (A) # 1, then [A, I';] is a nontrivial normal subgroup of I';, so I'; = [A, ;] C A.
Thus, the lemma holds with I = {i | m;(A) # 1}.

The proof in the case where I'; are algebraic is similar. O

Corollary 3.1.8. Let I'; and I be as in Lemma 3.1.7 and let 0 : I — I be an automorphism. Then there
is a permutation o € S, such that 6(I';) = Ty (;).

Corollary 3.1.9. If p > 3 is a prime number and G is a connected semisimple adjoint group defined
over Fp, then any automorphism of G(F )" extends to an algebraic automorphism of G.
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For the proof, we will need the following:

Theorem 3.1.10 (easy direction of the classification of finite simple groups; cf. [GLS94, §1] and [Ste60,
3.2]). For any two finite fields Fy, F» of characteristic greater than 3 and any two absolutely simple and
adjoint algebraic groups G, H defined over F\, F, respectively,

1. G(Fy)’ is simple.

2. IfG(F])’ ~ H(Fz)’, then F| ~ F> and G ~ H.

3. Any isomorphism G(F)) — H(F,)’ is the composition of ¢ : G(F)) — G?®(F) and
¥ : G?(F) — H(F,), where ¢ : F| — F, is a field isomorphism, G® = G Xspec(Fy) Spec(F2) and
W is the restriction of an isomorphism G? — H.

Proof of Corollary 3.1.9. Write G = [] G; where G; are simple (not necessarily absolutely simple)
adjoint groups defined over F,,. For each i, there is a finite field F,, and an absolutely simple adjoint
group S; defined over F,, such that G; = (Si)]Fqi /5,- We have G(F;)" = []S;(Fg,)’. By Theorem
3.1.10(1), the groups S;(Fg,)" are simple. By Corollary 3.1.8, there is a permutation o such that
0(Si(Fy,)") = Soi)(Fy, (1))’ The assertion now follows from Theorem 3.1.10(3). O

3.2. A versal family of reductive groups

In order to prove uniform results for all reductive groups of a bounded dimension over an arbitrary finite
field, we will use the following lemma.

Lemma 3.2.1. For any integer n > 0, there exist a scheme S, of finite type, a smooth group scheme
@, : R, — Sy, and an involution 7, : Ry, — R, over S, such that the following hold:

1. For every finite field F and every s € S, (F), the group (R,)s is connected and reductive.
2. For every connected and reductive group G of dimension at most n over a finite field F and for any
involution t of G, there is s € S,,(F) with

(G, 1) = ((Rn)s» (Tn)s)-

3. For any root datum X, there is a subscheme S* C S, such that, for any geometric point x of S, the
(absolute) root datum of (Ry)x is X if and only if x factors through S*. Moreover, S* is a union of
connected components of Sy,.

We prove this lemma in Appendix B. The proof does not work for infinite fields, but we do have the
following:

Lemma 3.2.2. There is a function C'" : N — N such that any reductive group G over an arbitrary
field F has a faithful F-representation of dimension at most C""(dim G).

4. A theorem of Larsen—Pink and its applications

A theorem of Larsen and Pink is central to our proof. In this section, we quote the theorem and extract
two corollaries (Corollaries 4.0.13 and 4.1.2) from it.

Definition 4.0.1. Let S be a scheme and let f : G — S be a group scheme over S.

1. A family of subgroups is a pair consisting of amap x : 7 — &S and a 7 -subgroup scheme H € GXsT .
In this case, we write H €, G.

2. Suppose that H €, G, that k is a field, that s € S(k) and that ' C G (k) is a subgroup. We say that
T k-evades H if, for every t € n~'(s)(k), we have T" ¢ H, (k).

Definition 4.0.2. Suppose I', A are subgroups of some group. We say that I' is big in A if
[A,A] cT CA.
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The following is a restatement of [LP11, Theorem 0.5]:

Theorem 4.0.3. Let S be a scheme and let G — S be a group scheme over S such that every geometric
fiber is connected, simple and adjoint. There is a family of subgroups H €, G such that, for every
prime p, every E—poim s Spec(ﬁ) — S, and every I C G (E), if T E—evades H, then there is a
Frobenius map ® : G; — G such that T is big in G, (E)‘D.

Recall that, for an algebraic group G defined over E, a Frobenius map of G is an automorphism
@ : G — G for which some positive power ®" coincides with some a standard Frobenius.

Corollary 4.0.4. Let S be a scheme and let G — S be a group scheme whose geometric fibers are
connected, simple and adjoint. There is a family of subgroups K €. G such that, for every prime
power g, every s € S(By) and every I' C Gs(Fy), if I' Fy-evades K, then there is a Frobenius map
(O QS(E) — QS(E) such that T is big in G, (P_q)q).

For the proof of corollary 4.0.4, we use the following preparations:
Definition 4.0.5. Let S be a scheme. Fix a closed embedding (GL,)s <— Ag .

1. We say that a regular function f : (GL,)s — A! has degree at most ¢ if it is the restriction of a
polynomial of degree at most  on Ag .

2. We say that the degree of f : (GL,)s — Al is ¢ if its degree is at most § and not at most & — 1.

3. Define the complexity of an S-subgroup scheme £ c (GL,)s to be the minimal m such that the
polynomials of degree at most m in the ideal 1(L) generate I(L).

Lemma 4.0.6. For any two integers n and A, there is an integer B such that, for any field F, if
L c (GL,)F is an algebraic subgroup of complexity at most A, then L° is of complexity at most B.

Proof. For any integer B, the statement ‘the complexity of the connected component of an algebraic
group L is at most B’ is a first-order statement on the coefficients of the polynomials defining L. c

(GLn)F .
The result follows now by ultraproduct argument. O

Lemma 4.0.7. Let G — S be a group scheme and let H €, G be a family of subgroups.

1. For any integer d € N, there exists a family of subgroups KC € G such that, for any geometric point
s of S and any d geometric points s1, . .., sq of 17\ (s), the group Hy, N -+ N Hy, is of the form K;,
where t is a point over s (i.e., T(t) = ).

2. There exists a family of subgroups P €4 G such that, for any geometric point s of S, any open
subgroup of G is of the form ‘P;, where t is a point over s.

Proof. 1. Let 8’ be the domain of definition of 7 and let G5 := G Xs S’. Define
Ki=HXgy - Xgs H
and
S"=8" x5 x5 S

to be the d-fold fibered products. The natural maps S” — S and K — S” give a subfamily as
required.
2. After passing to a stratification of S, we can assume that G c (GL,)s is closed. Fix a closed
embedding (GL,)s — Ag .
Since G — S is of finite type, there is a bound D on the complexity of all subgroups G, where
s ranges over all geometric points of S. By Lemma 4.0.6, there is a bound E on the complexity of
all subgroups (Gy)°, where s ranges over all geometric points of S. Since G — § is of finite type,
there is a constant C such that, for any geometric point s of S, the group G5 has at most C connected
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components. We get that there is a constant M such that for any geometric point s € S, any open
subgroup of G has complexity at most M.

There is a morphism 7 — S and a family of subgroups P ¢ Gy — 7T such that the following
holds: for every prime power ¢, every s € S(F;) and every algebraic subgroup P C G, which is
defined over F, and has complexity at most M, we have that P = P;, for some ¢ € T (F,;). By the
arguments above this family satisfies the requirements.

Proof of Corollary 4.0.4. It is enough to construct /C and prove that the claim holds for all but finitely
many primes. Let 7 : §” — S and H — &’ be as in Theorem 4.0.3 and let d = dimgs G.
By Lemma 4.0.7, we have a family IC €; G, with 7 : T — &, such that, for any geometric point s

of S and any d geometric points sy, . .., sy of 77! (s), any open subgroup of Hg, N --+ N H,, is of the
form C;, where ¢ is a point over s (i.e., 7(#) = 5). We show that such a family K satisfies the conclusion
of the Corollary.

Let g be a prime power, s € S(F;),andI" C G (F,) thatF,-evades K. Let F : 7' (s) = 771 (s) bethe
geometric Frobenius. We first show that T" E—evades H. Assuming the contrary, there is s’ € 771 () (11-'Tq)
such that I' ¢ H (E). For every finite subset / C Z, denote H; = (;¢; Hpiy. There are iy, ...,ig
such that dimHy;, _;,3 = min{dimH; | I C Z finite}. The group H"il ..... i) is invariant under the
Frobenius, so it is defined over F,. It follows that the group l“H‘{’l.l _____ i) is also defined over F,. By the
assumption on K, we have l“H‘Ei1
I' F,-evades KC.

The result now follows from Theorem 4.0.3. m

Proposition 4.0.8. There is a function Crpo : N — N such that, if p is a prime number, G is a connected
algebraic group over F,, t : G — G is an involution, and I' C G(F,) is t-invariant, then there is a
normal t-invariant subgroup A < T of index at most Cppo(dim(G)), a connected reductive group H
defined over F,,, an involution s of H and an S>-equivariant homomorphism p : A — H(F,) such that:

dimH < dimG.

ker p is a p-group.

IfdimH = dim G, then ker p = 1.
p(A) is big in H(F)p).

S

For the proof, we will need some preparations:

Lemma 4.0.9. Let p > 3, let H be a connected semi-simple group over F, and let1 — C — E —
H(F,)" — 1 be a finite central extension. Then there is a finite central extension E of H and an
embedding E — E(F,) such that the diagram

E——H(E,) (1)

E(Pp) - H(Fp)

commutes. In addition,

1. If o is an automorphism of H, 7 is an automorphism of E and the map E — H(F,)" is equivariant,
then there is an automorphism of E such that the map E — H is equivariant.
2. If|C| is prime to p, then E N E° is big in E°(F),).

Proof. Let H be the universal cover of H. By Theorem 3.1.1, the universal central extension (or universal
cover; cf. [Moo68, §11) of H(F,,)" is H(F,). Denote the kernel of H(F,) — H(F,)’ by A and note that

311(4)

AcC Z(H(F,)) Z(H)(F,).
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The extension ] - C — E — H(F,)" — 1 corresponds to a homomorphism @ : A — C. In particular,
E =H(Fp) x C/6(A), where 6(g) = (a(g),87").
Consider A and C as discrete algebraic groups. Let C be the zero-dimensional algebraic group

C-= (c x Z(ﬁ)) /6(A)
and let
E- (c x ﬁ)/a(A).

The short exact sequence 1| — C — E — H — 1 is a central extension, the map
E = (C X ﬁ(]P‘,,))/(S(A) — E(F)) is injective and the diagram (1) commutes.

It remains to prove the additional claims. Claim (1) follows from the construction. For Claim
(2), assume that |C| is prime to p. By the construction, E° = H/ker(). It follows that E N E° >
ﬁ(Pp)/ker(a/), so the map £ N E° — H(F,)’ is onto. Since the order of Z(H) (E) is prime to p, the
same is true for the size of C and the size of the kernel of £ N E° — H(F,)". Since the kernel of the
surjection EN E° — H(F,)’ is prime to p, we have that the number of p-elements of ENE® is equal to the
number of p-elements of H(F,)’. By the same reasoning applied to the surjection E°(F,) — H(F,)’,
this is also the number of p-elements of E°(F,). Hence, all p-elements in E°(F,) are already in E N E°.
By Theorem 3.1.1 and Corollary 3.1.3, E°(FF,)’ is generated by its p-elements, and the second claim
follows. O

The next lemma follows from [Mar91, Proposition 1.5.5, Theorem 1.5.6 (i)] and Theorem 3.1.1(1).

Lemma 4.0.10. Let p > 3 and let H be a reductive group over F,. Then any g € H(F,) that commutes
with H(Fp,)" is central in H.

Proof of Proposition 4.0.8. For every n, let (R, Sy, T,) be the versal family of reductive groups with
involutions from Lemma 3.2.1. By Lemma 3.2.1(3), there is a subscheme S; c S, such that, for any
geometric point x of S, the group (R,)x is absolutely simple adjoint iff x factors through S;. Let
RS C R, be the preimage of ).

Applying Corollary 4.0.4 to R}, — S;, we get a family of subgroups K, € R;, parameterized by
an S;-scheme f : S; — S;. Let D(n) be the maximum of the number of connected components of a
group of the form (/C,,)x N (1) # (x) (KCs1)x, or of the form (KC,,)x, where x is a geometric point of S;,.

We define three functions C; po, C35,., C99/ -

7°p0s Crpo : N — N by recursion. Set

Crpo(1) = C35p(1) = CL4I (1) = 1

and, for n > 2, set

CZ%(”) =max{(3" +2)",Crpo(n - 1)D(n)"}.

Chpo(n) = 2"C ().

Crpo(n) =2"Cy’(n).

Note that CZ(;,J(; < Ci}o < Crpo. We will show that the proposition holds with this choice of Cr po.

The proof is by induction on n := dim G. The base of the induction, n = 0, is trivial. The induction step
is divided to the following steps:

Step 1: The claim holds if p < 3" + 1 with the bound Cy,pg replaced by CZ?,{).
In this case, we can take A = 1, using the bound |G(F,)| < (p + DAmG from [Norg7,

Lemma 3.5].
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Step 2: The claim holds if G is semisimple and adjoint, with the following improvements:
(a) The bound Cy py is replaced by CZ?,’O.
(b) Either H is semisimple and Ker(p) = 1, or there is a proper connected z-invariant subgroup
N < G such that [I": TN N(F,)] < D(n).

By Step 1, we can assume p > 3" + 1. We have G = G| X - - - X G,,,, where G; are simple
and adjoint. We denote the projection G — G; by pr;. Each G; is a restriction of scalars from
an absolutely simple (and adjoint) group: G; = Resg,_/r, S;.

For any i € {1,...,m}, we will define a point o; € S;,(F,,). By Corollary 3.1.8, for any ,
we have 1(G;) = Gy, for some j. If i # j, we take oy € S, (Fy,) to be such that (R,),, = S;.
This is possible since dim(S;) < dim(G;). If i = j, we take o; = 0 € S;,(F,) to be such that
(Rn)o, = S; in an Sy-equivariant way.

In both cases, we identity G;(F,), S;(Fy,), and (R,)o, (Fy,). Given I' ¢ G(F),), there are
two cases:

Case 1: For some i, pr;(I') c G;(F,) does not F,,-evade K,,.
For simplicity, we assume that #(G;) = Gy; if 1(G;) = G, the proof is similar (and
simpler). In this case, there is a point x € S’(F,,) that lies over o; such that pr;(I') C
(K)x(Fg,). Denote K := KC,.. By the definition of D(n), we have |mo(K Nty (K))| <
D(n). Let M = Resg, g, (KN to, (K)). We have |7o(M)| < D(n)".

Using the identification G; = Resg, 5, S;, the group M is a subgroup of G; and is
defined over F,,. Note that pr;(I') ¢ M(F,,). Since dim(prl._1 (M)) < n, the result now
follows from the induction step applied to pr; (M)° and ' N pry ! (M)°(Fp).

Case 2: For all i, pr;(I") F,-evades K.
In this case, there are Frobenius maps ®; : S; (E) - S; (E) such that pr;(T") is big

inS; (]F_%)q’f. LetA:=Tn Hi(Si(E)‘D") . Since

[8:F)® « (8:Fq®) | < 29,
we get

. ‘ di
[[: A] < 22dmSi < pdmG < e ().

Since A D I, it follows that pr;(A) = (Si(ﬁ)q’f) ,for all i. Since (S,' (]P:)‘Di) are
simple groups, Goursat’s Lemma implies that there is a subset / C [m] such that the
projection A — [];¢; (S,-(E)‘D") is an isomorphism. Since A is perfectand A c T,
it follows that A = T, and, in particular, #(A) = A.

By [Ste68, 11.6], there is a connected semisimple F,, group H such that H(F,) =
Hie[ Si(Fqi)q)i-

By Corollary 3.1.9, the restriction of 7 to A extends to an involution s of H.

By [Nor87, Lemma 3.5], (p — 1)4mH < |H(IF,,)| and |G(]Fp)| < (p+1)4mG 5o

(p _ l)dimH < |H(Fp)| < |A|2dimG < |G(Pp)|2dimc < (2p+2)dimG < (3p_3)dim(;.

Since p > 34mG 4 1. we have

d¥mH < log(3p - 3) <14 .1 ’
dimG ~ log(p-1) dim G

sodimH < dimG.
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Step 3: The claim holds if G is semisimple (but not necessarily adjoint), with the bound C}%,,.

Let G = G/Z(G),letn : G — G be the projection and let T = 7(I"). Applying the previous

step to I_“, G, there are two possible cases: .

Case 1: There is a proper connected ¢ -invariant subgroup N < G such that
[T :TNN(F,)] < D(n).

Case 2: There is a subgroup AcT,a semisimple group H with an action of Sz and an S3-
equivariant injective homomorphismp : A — H(IF,,), such that p(A) H(]F,,) is big

and [T : A] < C{4 (n).

In the first case, we are done by the induction assumption. For the second case, note that
p(z’) = ﬁ(Fp)’ and, by Lemma 3.1.6, we have [A : Z’] < 2". Denote A := n‘l(Z') NT. We
get that

adj n SS
[T:A] < CLP{)(n)Z = Cypo(n),

where A is a central extension of A = ﬁ(IF,,)’. By Lemma 4.0.9, this central extension can be
extended to an S;-equivariant central extension H of H in such a way that the embedding

A — H(F,)

has big image, as required.
Step 4: The claim holds if G is a direct product of a semisimple group and a torus, with the bound C7%,.
Write G = G’ X T. Let p : G — G’ be the projection and I := p(I"). Applying the previous
step to I, we get groups A and H. The claim holds for A := A X T(F,) NT and H:= Hx T.
Step 5: The claim holds if G is reductive.
Let G := G’ x Z(G)°. We have an isogeny 7 : G — G. By Lemma 3.1.5 and Theorem 3.1.1(5),
[G(Fp), ﬂ(G(}P‘p))] < 2" LetI' := n~1(I"). Applying the previous step to I'c G(IF ), we
get groups A, Hand amap g : A — H(]F,,) Note that Ker () N A is central in A, and thus,
p(Ker(m) N A) is central in 5(A). Since p(A) is big in H(F,,) we get (by Lemma 4.0.10) that
5(Ker(m)NA)iscentral in H. Define H = H/j(Ker(n)NA) and A := n(A) = A/(Ker(x)NA).
Note that [I" : A] < Cppo(n). The map 5 desends to a map p : A — H(F), and we are done.
Step 6: The claim holds for all connected groups G.
Denoting the unipotent radical of G by U, ¢ induces an involution on G/U, and the projection
7 : G — G/Uisequivariant. By the previous step, we can assume that U is positive dimensional.
Given T, let T’ = (). By induction, there is a subgroup A c T, an algebraic group H and a
homomorphism 5 : A — H(F,). It is easy to see that A := 7' (A), H:=Hand p :=pon
satisfy the requirements of the proposition. o
Corollary 4.0.11. There is an increasing function Cyop : N — N for which the following holds. Ifp is a
prime and A C T are finite groups such that Rad, (A) # A NRad, (I"), then there is a normal subgroup
A° < A of index at most Cmono(gip (")) satisfying ;ip (A°) < r_dp ().
For the proof, we will need the following:
Lemma 4.0.12. Let p > 3 be a prime and let H be a reductive group over Fp,. Let I < H(F),) be a big
subgroup. Then T does not have a nontrivial normal p-subgroup.

Proof. Suppose that P is a nontrivial normal p-subgroup of I'. Since the index of H(F,)" in H(F,) is
prime to p, we have P ¢ H(F,)’. For similar reasons, P N Z(H(F,)’) = 1. This gives an embedding of
Pinto H(F,)"/Z(H(F))’), which is a product of nonabelian simple groups, a contradiction. O

Proof of Corollary 4.0.11. Set Cpono(n) = max(4", (Cppo(n) + 1)"). Suppose that A C I" are as in
the statement of the corollary. Without loss of generality, we can assume that Rad, (I") is trivial. Let

n:= H,, (T'). Using the bound |G(F,)| < (p + 1)4mG from [Nor87, Lemma 3.5], we may also assume
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that p > 3 and p > Cprpo(n) (otherwise, the claim holds with A° = 1). Embed I' < G(F,) with
G connected reductive of dimension n. Applying Proposition 4.0.8 to A ¢ G(F}), there is a normal
subgroup A°<A, a connected reductive group H defined over [F,, and ahomomorphism p : A° — H(F,)
such that

1. [A:A°] £ CrLpo(n).

2. ker p is a p-group.

3. p(A°)is bigin H(F)).

4. dimH < n.

5. If dimH = n, then kerp = 1.

By Lemma 4.0.12, ker p = Rad,, (A°). In particular, HP(A") < dimH.
If dim H < n, we are done. Otherwise, since [A : A°] < Cppo(n) < p, we get that

Rad,(A) c Rad,(A°) =kerp =1,

contradicting the condition that Rad, (A) # A NRad, (I"). O

Corollary 4.0.13. There is an increasing function Cpp : N — N for which the following holds. If
p is a prime, (I',0) is a finite symmetric pair and Rad,(I') = 1, then there is a 6-invariant normal
subgroup A <T" satisfying [I" : A] < Cpp(xd,(I")), a connected reductive algebraic group H satisfying
dimH < 2rd,(T"), an involution t of H and an S»-equivariant embedding A C H(F,) such that
H(F,) c A c H(F)).

Proof. Set Cpp(n) = Cppo(2n). Embed I' < G and apply Proposition 4.0.8 to G X G, the involution
t(x,y) = (y,x) and the subgroup {(x,6(x)) |[x e '} =T. )

4.1. 6-invariant subgroups of bounded index

In this subsection, we prove Corollary 4.1.2, which is a S;-equivariant version of the monotonicity of
rd, Corollary 4.0.11.

Lemma 4.1.1. There is a function Ci,,, : N X N — N which is increasing in both variables such that,
for any

o pair of finite groups A < T" and
o a prime p,

there exists a subgroup A° < A which is normal in T and satisfies
[ A%] < Ciny (1d,,(A), [T A])
and
rd, (A°) < 1d,(A).
Proof. Define recursively
Ciny (0, k) = k!
and
Cinv (n, k) = k!Cpono(n) Ciny (n = 1, k! Cprono(n)).
We will prove the lemma by induction on H,, (A). For ﬁp (A) =0, the claim is clear. For the induction

step, let n > 0 be an integer and assume the lemma holds if Hp (A) < n. We prove the lemma for
rd,(A) = n. Let

Ay = ﬂ yAy~L.
yell
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We consider the following cases:

Case 1. Rad, (A1) =Rad,(A) NA;.

In this case, HP(A]) < HP(A) = n, so we can take A° := A, and we are done.
Case 2. Rad, (A1) #Rad,(A) NA;.

In this case, Corollary 4.0.11 implies that we can find A, such that

td,(Ay) <1d,(A) =n
and
[A1 2 Az] < Cono(n).
By the induction hypothesis, there exists A° < A, which is normal in I" and satisfies
[A2:A°] < Ciny(n—1,[I": Az])
and

1d, (A°) < 1dp(A2) < n.

[F : AO] < [F : Al] . [Al IAz] . [A2 : AO]
< [F : A] !CmonO(n)Cinv(n -1, [F : AZ])

[T : Al'Crnono(n)Ciny (n = 1, [T : Ay] - [Aq : Az])

[T 2 Al'Cimono(n)Ciny (n = 1, [I" : AJ1CLp (1)) = Ciny (n, [T - A]). o
The last lemma and Corollary 4.0.11 imply the following:

Corollary 4.1.2. There is a function Cp,,,, : N — N such that, for any odd prime p, any finite group T,
any subgroup A < I' satisfying Rad, (A) # A NRad, (I"), and any involution 6 of A, there is a normal
O-invariant subgroup A° < A such that

o 1d,(A°) < rd, ().
o [A:A°] < Cmon(ﬁp(r))'

Proof. Set
Cinon(n) = Ciny (1, 2Cmono(n)).
By the monotonicity of the H,, (Corollary 4.0.11), we can find A < A satisfying

Hp(Al) < Hp(l—‘)

and

[A : Al] < Cm()n()(ap(r))-
Let A := (0) < A. By Lemma 4.1.1, there is a normal subgroup A° < A| which is also normal in A and
satisfies

[A :Ao] < Cinv(ap(Al)? [A : Al])
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and
1d, (A°) < 1d, (A1) < rd, (D).
The fact that A° is normal in A implies that A° is #-invariant. We also have

[A:A°] < [A: A°] < Ciny(rdp (A1), [A : AY])
< Ciny (1d, (1), [A 2 A1]) = Ciny (1, (T), 2[A 1 Ay])
< Ciny (ap (F)’ 2Cman0(ap (r))) = Cion (ap (F)) o

5. Groups of odd order

In this section, we analyze symmetric pairs of groups of odd order and prove several statements about
them that will be used in the proof of the main theorem. In particular, we prove a strong version of the
main theorem for symmetric pairs of groups of odd order. Namely, we prove that they are all Gelfand
pairs (Corollary 5.0.5(1)).

We also prove some other results for symmetric pairs of groups of odd order; see Lemma 5.0.2 and
Corollary 5.0.5(2).

Remark 5.0.1.

1. Even though the results in this section are valid for arbitrary groups of odd order, we will only use
them for p-groups for odd p.

2. All the proofs in this section are based on the fact that, for a group of odd order n, the map x — X'
is a square root.

The following is a special case of the Schur—Zassenhaus theorem:
Lemma 5.0.2. If Q is a finite group of odd order and 6 is its involution, then H' (S5, Q) = 1.

Proof. We need to show that, for every element s € Q that satisfies s = 8(s~!), there exists an element
g € Qsuchthat s = 6(g Dg.

|Ql+1
2

Letg =s 2 . Then

[oTES T+ 5! _1) e (ol Q1 [Q+1
T) s 2 =0(s7) 2 s 2 =52 5§52

0(g g =0((s = glert _ g O

Lemma 5.0.3 (Gelfand-Kazhdan property for symmetric pairs of odd order). If Q is a finite group of
odd order and 0 : Q — Q is an involution, then, for any g € €, there are hy, hy € QO such that
highy = 6(g™").

Lemma 5.0.3 follows immediately from the following:

Lemma 5.0.4 (polar decomposition for symmetric pairs of odd order.) If Q is a finite group of odd order
and 9 : Q — Q is an involution, then

Q= QO . Qé}oinv,
where QP°"V .= (g € Q|O(g) =g~ '}.
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Proof. Let g € Q. Define s = (8(g™")g)™>" and 0 = gs~. Then,

0(s) = 0((6(g™)g) ")
= (0(6(g™)g) T
= (g7Ho(e) T
=((0(g™H9)™)
= ((0g™H9) ) ) =57,
0(0) = 0(gs™") = 6(g)s
= 0(g)(0(g™g)
= 0(2)0(g)g(0(g Ng) * !
= g(0(g™e) T !
= 5(0(ge) T
= g(0(g™")9)! "%

|Q]+1 -1

=g(0(gHg) T =gst=0

1Q+1
2

and, thus,
g= gs_]s =o0s. |

Lemma 5.0.3 gives the following:
Corollary 5.0.5. If T is a finite group of odd order and 0 is an involution of Q, then

1. (Gelfand property for symmetric pairs of odd order:) (Q, Q%) is a Gelfand pair — that is, for any
p € Irr(Q),

dimpm <l

2. (Lapid-Prasad property for symmegtric pairs of odd order:) Any representation p of G which is Q°
distinguished (i.e., satisfies dimp®" > 0) also satisfies

p"=pod.

Proof. The claims follow from Lemma 5.0.3 and [Aiz, Theorem 2] (which is an adaptation of results
from [GK75] and [JR96]). |

6. Bounds on H'(S,,T)

In this section, we prove Corollary 6.0.6, which gives bounds on the cohomology group H'(S», A) for
a finite symmetric pair (A, 6).

Lemma 6.0.1. There is an increasing function Cg1ro : N — N such that, for any finite field F of odd
characteristic, any connected reductive group G and any involution t of G, both defined over F,

|H'(S2,G(F))| < Criro(dimG).
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Proof. Let n be an integer. Let ®, : R, — S, and 7, be as in Lemma 3.2.1. Let s, be the anti-
automorphism s,,(g) := 7,(g™"). Let Cxr1ro(n) be such that, for any geometric point x of S,,,

o 7' (0

< Criro(n).

Fix x € S, (F) and let G := ®,,! (x). We need to show that
|H' (S2, G(F))| < Criro(n)-

By definition, we have H'(S,, G(F)) = G(F)*/G(F), where the action of G on G** is given
by g - x := gxs,(g). Since G is connected, Lang’s theorem implies that the map G(F)*" /G(F) —
(G*"/G)(F) is an embedding. By analyzing the action of the Lie algebra, it is easy to see that the orbits
of the action of G on G** are open. Thus,

|H' (52, G(F))| = |G(F)* /G(F)| < (6™ /G)(F)| < |(6™/G)(F)| = |m0(G2)| < Criro(n).

The following lemmas are straightforward:

Lemma 6.0.2. Let A be a finite abelian group with an action of S». Denote A[2] = {x eA|x?= O}.
Then |H'(S,, A)| < |A[2]]%

Proof. Let & € Aut(A) be the nontrivial element of S;. Denote C = {xe€ A|x0(x) =1},
B = {x‘19(x) | x EA} and § = {x2 | x EA}. We need to show that |C/B| < |A[2]|%>. Since
|C/B| =|C/CNS|-|CNS/BNS| < |A[2]]|-|CNS/BNS]|,itin enough to show that [CNS/BNS| < |A[2]].

Letx € C NS andlet z € A be such that z2 = x. Then z6(z) € A[2] and x(z7'6(z)) = z6(z) € A[2].
Hence, CNS C A[2] - B,so |[CNS/BNS| <|A[2] - B/B| < |A[2]]. O

Lemma 6.0.3. Let I" be a finite group, let 6 be an involution of T and let N <T" be a normal 6-invariant
subgroup. Then

1. |HY (S5, N)| < |H'(S,,T)|- [T : N].
2.

|H' (52, T)| < [H'(S2,T/N)| - max |H7 (S5, N)l,

where T ranges over all involutions of N (including T = 1) and H-(S», N) is the cohomology of the
Sy-module N given by the involution T.

Proof. In the proof, if G is a group with involution o, we identify H'(S,,G) with the quotient of
CG.o := {x € G | xo(x) = 1} by the action of G given by g - x = o(g)xg~".

1. We have have a map @ : Cy 9/N — Cr,o/I" taking N - x to I' - x. Given x € Cu g, the fiber
@ '(a(N -x)) =a (I - x) is equal to (T" - x)/N, so its size is at most [T" : N]. Hence, |Cn _¢/N| <
(Cr.o/T] - [T : N].

2. We have amap 8 : Cr g/T" — Cr/n,¢/(I'/N) sending I' - x to (I'/N) - (xN). It is enough to show
that the sizes of the fibers of 3 are bounded by max, |[HL(S>, N)|.

For x € Cr., let v : N — N be the automorphism 7,(n) = x~'6(n)x. Since 72(n) =
x710(x"")n@(x)x = n, the automorphism 7, is an involution.

Suppose that y € Cr ¢ and S(I" - x) = B(I" - y). Then there is y" € I" - y such that y’ = xn, for
some n € N. Since

1=6(y")y =60(x)0(n)xn = 0(x)xx"'0(n)xn = 74 (n)n,
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we get that n € C . Hence, 871 (B(T - x)) can be identified with xCy . /T". For any m € N,
m-y" =60(m)xnm™" = xte(m)nm™,

s0 |87 (B(T - x))| < xCn .7, /N| = |Hy (S2,N)|. o

Now Lemma 6.0.1 implies the following:

Corollary 6.0.4. There is an increasing function Cgir : N — N such that, for any prime p, any
connected semi-simple group G, defined over F,, any involution 6 of G(F,)’, we have

|H' (82, G(Fp)")| < Crir(dimG).

Proof. Take Cy1r(n) = Cr1ro(dimG)49™C | where Cpgo is the function given by Lemma 6.0.1.
Using the bound |G(F,)| < (p + 1)4mG from [Nor87, Lemma 3.5], we can assume that p > 3.
Let G := G/Z(G). By Corollary 3.1.3, the induced map G(F,)" — G(F,)’ is onto, and its kernel
is Z(G(Fp)’). Let 4 be the involution induced by 6 on (_}‘(]Fp)’. By Theorem 3.1.10, we can lift § to an
involution 7 of G. By Lemmas 6.0.3, 6.0.1, 3.1.6 and Theorem 3.1.1, we have

(52, G(F,))| < 1 (52, G(F,)) | max |HL(S2, Z(G(E,) DI<IH' (52, G(F,))| - IZ(G(E,) )
3.1.1 3

< |H' (52 G(F,))2976 "< |H! (52, G(F,))| - [G(E,) : G(F,)]29mC

3.1.6 ) . 6.0.1 ,
< |H} (S5, G(Fp))| - 49MC "< Cpyipo(dimG)49™C = Cpy 1 (dimG). =

Now we can derive our bound on the first cohomology:

Proposition 6.0.5. There is a function Cg1 : N — N such that for any finite group T, any involution 6
of I and any prime p > 2, we have

H'($,.T) < Cyi(rdy(I)).
Proof. We take
Cr1(n) = Cair(2n)Crp(n)2",

where Cy g is the function given by Corollary 6.0.4 and Cr p is the function given by Corollary 4.0.13.
Using the bound |G(F,)| < (p + 14mG from [Nor87, Lemma 3.5] and Lemmas 5.0.2, 6.0.3, we
may assume that p > 3.
Let @ be the involution of I'/Rad, (I') induced by 6. By Corollary 4.0.13, there is a f-invariant
normal subgroup A of I'/Rad,, (I'), a connected reductive group H defined over F,, and an involution ¢
of H such that

[['/Rad, () : A] < Cprp(rd(I)),

dimH < 2rd(I"),

There is an equivariant embedding (A, 0]s) — (H(F,), 1),
H(F,) <A <H(F)).

O O O O

By Corollary 3.1.4, we have A’ = H(F),)".
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Applying Theorem 3.1.1, Corollary 6.0.4 and Lemmas 5.0.2, 6.0.2, 6.0.3, we get

6.0.3 <0 h
|H'(S2.D)| < |H'(S2,T/Rad, (I)| - max |Hp(S2. Rad,, ()] "= |H' (S, T/Rad,, ()|

"< max |HL(85, A)| - 1H' (85, (T/ (Rad (1)) /)

6.0.3
< max |HL(S2,A)| - [[/Rad, (D) : A]
T

< max |HL(S5, A)|CLp(rd(I)

6.0.3 —
< max |H. (S5, A")| - max |[HL (S5, A/A")| - Cpp(xd(T))
o T

"< max |HY (55, H(F,))| - [(A/AN)[2]P - Cop(R(T)

"< Crir(2rd(D)) - [(A/AN 2] - Cop (RA(T)
< Coir(26d(I)) - |(H(F,) /H(EF,)) [2] - Cp(rd(I)
< Cyr(26d(I)) - |(H(F,)/H (F,)) (2] - [H'(F,) : H(F,)']* - Cop(rd(I))
< Crig(2Hd(T)) - |(H/H')(F,)) [2]) - 290 . €, p (rd(I))

< Cpp(2rd(D)) - 290 - Cpp(rd(I)) = Cpry (rd(D)). E
Corollary 6.0.6. There is an increasing function C Ilfflr : N — N such that, for any pair of finite groups
A c T, any involution 0 of A and any prime p > 2,
|H' (S2,A)] < Ci7 (vd,(I)).
Proof. Define
CHT (1) = Con(m)Crri (n).

By Corollary 4.1.2, there is a #-invariant normal subgroup A° <t A such that HP(A") < ﬁp (I') and
[A : A°] < Cpon(rd,(I0)). The previous proposition (Proposition 6.0.5) implies that |[H'(S5,A°)| <
Chi (HP (T")). From the exact sequence

H'(S2,A°) = H'(S2,A) = H' (52, A/A°),
we get
|H' (S, A)| < |H'(S2,A°)| - [H' (S2,A/A°)|
< Cpi(rd, (D)) [A @ A°]

< CH}(BP(F))Cm()n(HP(F))
= Cher(rd, (I). =

7. Bounds on H* (T, p1 )

Let ju - denote the group of roots of unity of order which is a power of p. In this section, we prove that

H*(T, p=) is trivial whenever Rad, (I") = 1 and p is large with respect to rd, (I"). See Proposition
7.0.2 below.
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We will need the following:

Lemma 7.0.1. For any short exact sequence of finite groups
1%1—‘1 —)F2—>F3—>1,

we have

1. If p ¥ |Ty|, then H (I, F,) = H' (T3, F,), for all i.
2. If p {|T3|, then H(T»,F,) = H(['},F,)', forall i.

Proof. For a pair finite group I' < T, let IF : Mg, (I") — M(I"”/T) be the functor of I'-invariants
from the category of [F,-representations of I'” to the category of [F,-representations of I'’/I". Note that,
if p 1 |T'|, then IIE’ is exact. Also denote

Ir = If.

Now

1. If p ¢ |T'y|, then

H'([,Fp) = R (In,) (Fy) = R (I, 0 I}*)(Fp) = R'(Ip,) o I} (Fp) =
= R'(Ip,)(Fp) = H'(I3,Fp).
2. If p 1 |I'3], then
H'([2,Fy) = R'(Ir,) (F),) = R (I, o I12)(F)
= I, o R'I;2(Fp) = Ip (H (T, Fy)) = H' (T, Fp)". o
Now we can prove the main result of this section:

Proposition 7.0.2 (vanishing of H? for large p). There is an increasing function Cya : N — N such
that for any

1. integer n,
2. prime p > Cyga(n),
3. finite group T such that Rad,(I") = 1 and rd,(T") < n,

the group H* (T, M p) is trivial.
Proof. Itis enough to show the claim after replacing - by F,. Define
Ch2(n) := max(3, Cppo(n),4").

Fix n. Let p > Cy2(n) be a prime and I' be a finite group such that Rad,(I') = 1, and rd, (I") < n. We
have to show that

H*(I,F,) = 0.

By Corollary 4.0.13 applied with trivial involution,' there are a normal subgroup A < T, a connected
reductive algebraic group H defined over F,, and an injective homomorphism p : A — H(F,) such that

1. [T':A] <Crp(n).
2. H(Fp)' < p(A) < H(]F"p)
3. dimH < 2n.

n fact, Proposition 4.0.8 is enough.
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Applying 7.0.1(2) to the embedding A c T, it is enough to prove that H>(A, F,) = 0. We will identify
p(A) with A.

Let Ag = A N H'(F,). We have an embedding of A/A¢ into (H/H")(F,). Thus, p 1 [A, Ag]. By
descent of H? to a subgroup (Lemma 7.0.1(2)), this implies that it is enough to show that

H*(Ag,Fp) = 0.

By Lemma 3.1.6, [Ag : H'(F,)’] < 4" By Lemma 7.0.1(2), it is enough to show that
HZ(H'(JFPLF,,) =0.
Let 7 : H — H’ the universal cover. By Corollary 3.1.3,

H*(H'(F,)',Fp) = H*(n(H'(F))),F,),

and the latter group vanishes by combining descent of H? to a quotient (Lemma 7.0.1(1)) and vanishing
of H? for simply connected groups (Theorem 3.1.1(2)). m

8. The case of trivial p-radical

In this section, we prove a twisted version of the main result of the paper for the special case when I
has a trivial p-radical (see Corollary 8.0.5 below).

We start with the case that I" is a finite group of Lie type. This case, in the larger generality of
spherical pairs but without a twist, was proved in [She]. A variation of the argument of [She] proves the
twisted case. We include this variation in Appendix A. In particular, the following is a special case of
Theorem 1.0.1:

Theorem 8.0.1. There is an increasing function C,q : N — N such that, for every finite field F of
characteristic > 3, every connected reductive group G and every involution t of G, we have

u(G(F),1) < Cra(dim(G)).

In order to apply this theorem to arbitrary groups with trivial p-radical, we will need the following:

Lemma 8.0.2 (cf. [AA19, Lemma 3.2.1]). Let ¢ : I'y — 'y be morphism finite groups and let 0, 6, be
involutions of I'1, Iy such that 6, o ¢ = ¢ o 0. Then,

L (2, 60;) < [Ty @ ¢(I'y)]u(T, 61).
2. v(I, 02) < [ : () ]v(Iy, 6).

Lemma 8.0.3. For every prime p and every connected reductive group H over F,, we have
[H(F,) : H(F,)" - Z(H)(F,)] < 22dimH,

Proof. The map ¢ : H' x Z(H) — H is an isogeny. By Lemma 3.1.5 and Theorem 3.1.1,
[H(F,) : H'(F)) - Z(H)(F,)] < |(ker ¢)(F,)| = |Z(H'(Fp)| < |Z(H'(F)))| < 29™H,

where H is the universal cover of H’. By Lemma 3.1.6, [H'(F,) : H(F,)’] < 29" and the result
follows. m]

The following lemma is straightforward.

Lemma 8.0.4. If A, B are finite groups and 04,0 are involutions of A, B, then u(A X B,04 X 0p) =
K(A,04)u(B, 0p).

Corollary 8.0.5. There is an increasing function Cp, : N — N such that, for any prime p > 3 and any
finite group T that has a trivial p-radical, we have u(I") < Cp,- (rd(T")).
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Proof. Set
Cnr(n) :=Crp(n) 16nCrd(2n) .

Let 8 be an involution of I'. Applying Corollary 4.0.13 to I", we get a triple A, H, t. By Lemma 8.0.2,
we have

p(,0) < [ A]- p(A,0) < Crp(rd,y (D) u(A, 6).

Denote S = H(F,)" and Z = Z(H)(F,). Note that S and Z are -invariant subgroups of H(F,). By
Lemma 8.0.3,

w(AO) <[A:ANS-Zlu(ANS-Z,0) <2%H AnS-Z,0) <a%DpuAans-z,0).

Let ¢ : §x Z — H(F,) be the multiplication map. ¢ is equivariant if we use the involution 6 x 6 on
S x Z. By Lemma 8.0.2(1),

w(ANS-Z,0) < u(e'(A),8x06).
Since S C A, we get that (,D_l (A) =S x A, for some A C Z. Therefore, by Lemma 8.0.4,
p(@™ (A).6x 6) < u(S.6).
Finally, by Lemma 3.1.6,
u(S,0) < [H'(Fp) : S|u(H'(F)), 1) < 29 y(H'(F,), 1) < 4" O u(H'(Fp), 1),

and the result follows from Theorem 8.0.1. |

9. Clifford theory

We recall the elements of Clifford theory. The following lemma is standard.

Lemma 9.0.1. Let T be a finite group, let p be an irreducible representation of I" and let N < T be a
normal subgroup of I'. Let T be an irreducible subrepresentation of p [n and let o be the T-isotypic
component of p [n. Let A := T'; be the stabilizer of T € Irr(N) with respect to the adjoint action. Then
o is A-invariant and

p = indg o.

Lemma 9.0.2. Let T be a finite group, let p be an irreducible representation of I and let N < T be a
normal p-subgroup of T, and p € Irr(I"). Assume that p | is isotypic and that H*(T'/ N, M p) is trivial.

Then there exist 1, 7y € Irr(I) such that my |y is irreducible, the action of N on my is trivial, and
p =T Qm.

Proof. Write p [y= 7®C, where (7,V) € Irr(N). Recall the construction of the 2-cocycle corre-
sponding to the triple (I", N, 7): choose a set of coset representatives T C I" such that 1 € T. For every
t € T\ {1}, choose an isomorphism A, : 7" — 7 such that det(A,;) = 1, and let A| = I.

Define a map 7 : I' — End¢(V) by n(tn) = A;v(n) for t € T and n € N. This is a projective
representation of I" that extands 7 and satisfies 7(tn) = n(¢)7r(n) and

n(nt) = n(tt™'nt) = Ayr(t7"nt) = Al (n) = T(n) Ay = ()7 ().
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For every v,y € I, the map

(O Hr(viv2)

is an intertwiner of 7, so

()t Hr(yiv2) = a(y, y)I,

for some a(yy,y2) € C*. The map @ : I' x ' — C* is a 2-cocycle of I with coefficients in C*,
and a simple computation shows that a descends to a 2-cocycle on I'/N. Since N is a p-group,
det(7(n)) € pup~,foreveryn € N.Since det(A,) = 1, forevery ¢t € T, we get that a(y1, yy)dim7 ¢ M p.
Since dim 7 is a p-th power, we get that a(y1,¥2) € pup=.

By assumption, this implies that @ is cohomologous to the trivial cocycle, and, therefore, there is a
representation 7 of I' such that 7; [n= 7. Since 7 is irreducible, so is 7. By [Isa06, Corollary 6.17],
p =171 ® 7, for some 1, € Irr(I"/N). O

10. Proof of the main theorem
In this section, we prove Theorem c and deduce Theorem A and Corollary B.

Lemma 10.0.1 the main theorem for product case. Let C,,,- be the increasing function given by Corollary
8.0.5. Then, for every

prime p > 2,

symmetric pair of finite groups (I, T'?),

p1 € Irr(T) such that p1|Rad, (r) is irreducible,
p2 € Irr(I) that factors through I'/Rad , (I),

O O O O

we have
dim((p1 ® p2)"™) < Cor (D).

Proof. Since odd order symmetric pairs are Gelfand pairs (Corollary 5.0.5(1)), we have

0
Radp, (') <

dimp, 1.

If (01 ®p2)T" = 0, the claim trivially holds. Otherwise, let y be the character with which T'? /Rad » (D)

adp(l")e

acts on pf . Using Corollary 8.0.5,

dim(py ® p2)™" = dim(y ® py)""/®e4r " < (I/Rad, (1)) < Cor (rd('/Rad,y(I))) < Cpp (rd(I)).
[m}

Using Clifford theory, the last lemma implies the following:

Corollary 10.0.2. There is an increasing function C, : N — N such that, for every prime p > 2 and
any finite group I', we have

v, (D) < Cy(rd, (),

where v}, is the function defined in Notations 2.2.4.

Proof. Define C,.(n) = max((Cga(n) + 1)", Cy(n)). We will prove the corollary by analyzing two
cases:
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Case 1. p < Cpa(rd(I)).
In this case,

IT/Rad,(T)| < (p + 1D < (Coa(rd(T)) + )T < €, (rd(I)).

Since we can control multiplicities when we pass to subgroup of bounded index (Lemma 8.0.2),
we get that

v(I') < |I'/Rad, ()| - v(Rad,(I)).
Since odd order symmetric pairs are Gelfand pairs (Corollary 5.0.5(1)), we have that
v(Radp(I')) = 1.
We obtain
v/,(T) < v(T) <#(I'/Rad,(T)) < C, (rd(T))

Case 2. p > Cpo(rd(I)).
By Proposition 7.0.2, the group H?(I, ju ) is trivial. Let p € Irr(T") be such that Plrad, () is
isotypic. By Clifford theory (Lemma 9.0.2), there exist 7y, 7p € Irr(T") such that 7| Rad,, (T) 18
irreducible, the action of Rad,(I") on m5 is trivial and p =~ m; ® m>. Thus, the main theorem
for product case (Lemma 10.0.1) implies that, for any involution 8 of I", we have

P = (m @ 1) < Cppr (rd(I)) < € (rd(ID)). O

We are now ready to prove the main theorem:

Proof of Theorem 2.3.1. Define C recursively by

1. C(0):=1

2. C(n) = Cgelr (n) max(C,(n), C(n = 1)Con(n)),

where C ;’fl’ is given by Corollary 6.0.6, C,, is given by Corollary 10.0.2 and Cy,,,, is given by Corollary
4.1.2. We will prove the theorem by induction. We assume the theorem holds if ﬁp (I') < n and prove
it in the case rd(I") = n.

Let 6 be an involution of I" and p € IrrT". Let N := Rad,(I"). If (p|N)N9 = 0, we are done.

Otherwise, let 7 be an irreducible direct summand of p|y such that ()N ‘0. By the Lapid—Prasad
property for symmetric pairs of odd order (Corollary 5.0.5(2)), we have ()¢ = 7*. Let A := I'y. We have

0(A)=T,0 =T =T, = A,

showing that A is @-stable.
By Clifford theory (Lemma 9.0.1), we have

o= indg(a'),
where o € Irr(A) is such that o |y is T-isotypic. Therefore,
ANT)E _ o

Aﬂ(FH)g , (2)

o .
p" = (indy (o) = ®g)earr/roc [g]eA\Tdis To 0"
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where
s = {g e T T* £ 0} ¢ {g € T|o™"T* £ 0} = {g e [TV % 0) =
={g eT|(tNT) 2 0} = {g e T|(+*)N’ £ 0} € {g € T|(1%)* 0 6 ~ 78} = ",

The last inclution is by the Lapid-Prasad property for symmetric pairs of odd order (Corollary 5.0.5(2)).
We analyze the quotient A\ /T"?_ Since (72)* 0 6 = (t* 0 6)?(®) = 79(2) we have

P = (g e TJr(® = 18} = {g|r7¢7) = 7} = {glgh(s™") € A).
Thus, for any g € IV, we have
0(ad(g7")(A)) = ad(8(g™"))(A) = ad(g™'g0(g™))(A) = ad(g™")(A),

and hence, ad(g~')(A) is #-stable.
We also have

™ /T% = {g6g™" € Alg € T},
and thus,
A\ )T = Ker(H'(S2,A) — H'(S,,T)).
Combining the last equality with (2), we get

dimp"™” < |[H'(S>,A)| max dimo2"T*
g

Erl'lv
=|H'(S,,A)| max dim(o o ad(g))(ad(g")(A))ﬁF"
ger‘ln,\)
= |H'(S5,A)| max dim(c o ad(g)) @& A’
gEFlYlV

. i(g)o00ad(g™")
=|H'(S,,A)| max dimo ™
gel"mv

< |H'(S2, M) max (dim(02"Y).

6’ is an involution of A

By our bound on H!(S,, A) (Corollary 6.0.6),

dimp™ < Cher (xd,,(I')) max  (dim(o®”)). 3)

6’ is an involution of A
We finish the proof by analyzing the following cases:

Case 1. Rad,(I") # Rad, (A):
In order to bound v(A), we fix an involution 8’ of A. By Corollary 4.1.2, we can find a 6’-
invariant subgroup A° < A such that
rd, (A°) < rd, (D)

and

[A:A°] < Cmon(ap(r))-
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The induction assumption implies that v(A°) < C (H,, (') = 1). Lemma 8.0.2(2) implies that
v(A.0') < [A 2 A% V(A% 6']52) < Cion(1d, (D) C(xd, () = 1),
)
V(A) < Con(rd, (D) C(rd, (I) - 1).
It follows that
dimp™ < CJi7 (1d, (1)) * Cnon(1d, (1) C(1d, () = 1) < C(xd,, (),

as required.
Case 2. Rad,(I') =Rad,(A).
In this case, H,,(A) < Ep(r), and o |rad,, (a) is isotypic. By (3) and Corollary 10.0.2,

dimp"™” < Cher (vd, () - v/(A)
< Cgelr(;jp(r))cv’ (Hp(A))
< CHer (vd), (1)) Gy (rdp (1)) < C(rd (D). o

10.1. Deduction of Theorem A, Corollary B and Corollary D

We will now deduce Theorem A from our main result, first reminding its formulation.
Theorem A. There is an increasing function C" : N — N such that, for any

o odd prime p,

o positive integer d,

o finite group T,

o normal p-subgroup N < T,

an embedding I'/N — GL4(F)p),

an involution 0 of T,

an irreducible representation p of T,

we have dimpry < Cfin(d).
Proof. Set

O O O

C"(d) = Cinon(d*)C(d?).
By Corollary 4.1.2, we have a subgroup A < I"/N such that

1d(A) < rd(GLy4(Fp)) = d*
and

[T/N : A] < Cnon (1d(GLa(Fp))) = Crnon(d?).
Let I'° be the preimage of A under the projection I' — I'/N. We have
rd(I°) =rd(A) < d>.

By the main theorem (Theorem 2.3.1),

V() < C(d?).
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Lemma 8.0.2(2) implies that

v([) = [T : T°w(I°) = [[/N : Alv(T°) < Cpon(d>)C(d?) = C™(d). o

Proof of Corollary B. Set A = C/"*(C""(d)), where C*" is the function given by Lemma 3.2.2.

Lety : G — Rbe the reductive quotient of G and let ¢ : R — G L¢uin () be the embedding given
by Lemma 3.2.2. The group ¢ o ¢(K) is a compact subgroup of G L¢uin 4y (F) and, after conjugation,
we may assume that ¢ o Y/ (K) C GLciin(q)(OF). Let Ky C GLctin(q)(OF) be the first congruence
subgroup.

SetM := KN (poy) ' (Ky), L := MNkerp,and P := LNO(L). The claim now follows by applying
Theorem A to I" := K/P, N := M/P, and the embedding I'/N = K/M < GL¢uin(4)(OF)/K1 =
GLclin (d) (Fp) [m}

Proof of Corollary D. There is a constant C = C(G, 6) such that, for every prime p, the number of
connected components of G? x Spec(F,,) is at most C. We claim that, for every p, the set X(Z),) is a
union of at most C G(Z,)-orbits. Corollary D follows from

o The claim.

o The fact that each G(Z,,)-orbit has the form G(Z,,)/G(Z,)?%, for some involutions 6; of G(Z,).
o dimHom(p, C*(G(0)/G(0)%)) = dimpCG(@*,

o Corollary B.

It remains to prove the claim. For this, it is enough to show that, for every prime p and every natural
number 7, the number of G(Z/p™)-orbits in X(Z/p") is bounded by C. Recall that the Greenberg
functor is a functor from the category of Z/p"-schemes to the category of FF,-schemes that satisfies
that Gr,(X)(F,) = X(Z/p™). There is a natural transformation Gr,(X) — X x Spec(F,). For the
definition of the Greenberg functor, see, for example, [BLLROO, pp. 276].

From the long exact sequence of Galois cohomologies of Gal(E/]Fp) with coeflicients in
Gr,(GY%), Gr,(G) and Gr,(X) (see, for example, [Ser02, §5.4, Corollary 1]), the orbit space of
Grn(X)(F,) = X(Z/p") under Gr,(G)(F,) = G(Z/p") embeds into Hl(Gal(E/Fp),Grn(G‘g)).
The kernel of n : Gr,(G%) — G? x Spec(F,) is an iterated extension of additive groups, so
it is absolutely connected. By Lang’s theorem and the long exact sequence of Galois cohomolo-

gies with coefficients in ker(n), Gr,(G?) and GY x Spec(F),), the set Hl(Gal(E/Fp), Grn(Gg))
embeds into H' (Gal(E/}F,,),GH X Spec(FP)) which itself embeds into Hl(Gal(E/IF,,),nO(Gg)).
Since Gal(E/IF,,) is pro-cyclic, a 1-cocycle is determined by its value at a topological generator, so
H! (Gal(E/Fp),no(Ge)) < |10(G?) (F,)| < C. O

A. Bounds on twisted multiplicities for spherical spaces of finite groups of Lie type
In this appendix, we prove the following:

Theorem A.0.1. Let S be a scheme of finite type, let G — S be a connected reductive group scheme of
finite type over S and let H C G be a closed (not necessarily connected) reductive subgroup scheme.
Assume that, for every geometric point s of S, the pair (Gs, Hy) is spherical. Then there is a constant
C such that, for every finite field F, any s € S(F), any irreducible representation p of G;(F) and any
I-dimensional character 6 of Hs(F),

. Gs (F)
dim Homg_ (F) (p,IndHS(F) 0) <C.

The proof is very similar to the one in [She]. The main additional ingredient is the geometrization of
(1-dimensional) characters of finite groups of Lie type.
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Given a Weil Q;-local system £ on a scheme X over a finite field F, the sheaf to function correspon-
dence gives a function X (F) — Q, which we denote by yqg.

Lemma A.0.2. Let S be a scheme of finite type and let H — S be a (not necessarily connected) reductive
group scheme of finite type over S. There is a constant C such that, for every finite field F of size greater
then 9, any prime £ # char(F), any s € S(F) and any 1-dimensional character y : Hs(F) — Qpg, there
is a Qg-local system £ over H with a Weil structure of pure weight zero such that y¢ is a character of
a representation of Hg(F) of dimension at most C that contains y as one of its irreducible constituents.

Proof. For every (not necessarily connected) reductive group G defined over a field F, let (G°)’ be the
derived subgroup of the connected component of G and let G be the the product of the universal cover
of (G°)’ and the radical of G. The map G(F) — G(F) has finite kernel and cokernel.

By a stratification argument, there is a constant ¢ such that, for every field F, any s € S(F), the
kernel and cokernel of the map H(F) —>ﬂ2—ls(F ) are bounded by c¢. By Lemma 3.1.5, if F is a finite
field, the kernel and cokernel of the map H(F) — H,(F) are bounded by ¢2. We will show that the
lemma holds with C = ¢*. .

Given F, ¢, s, y as in the lemma, denote the map Hy — H, by ¢. Let R(H,) be the radical of H.
By [Lus85, §5], there is a 1-dimensional local system F on R(#H) such that y= = x [r(2,)-

By Theorem 3.1.1(3), the character y o ¢ TT{Z is trivial. Therefore, under the decomposition

7:[“& = ”;T-Ly( X R(Hs), we have

(F)

X o9 = 1l e, BX R)= iz 5,) BXF = X1 5 uF,

where 177 denotes the 1-dimensional trivial local system on ’}Z
Setting M = ¢ (177 ® F), the function yax is equal to ¢.(x o ¢). It follows that the restrictions

of xar and |ker o(F)|x to 90(7’:[;(F)) coincide. Choose coset representatives g1,...,g. € Hs(F) to
@(H(F)) and let & = 5 Ad(g;)*(M). We have that

— TndHs (F) . __ Hs (F)
Xe = Ind(p(ﬁ;(F)) XM F‘p(HS(F))— Ind(p(HS(F))Hs(F) Res¢(%~s(F)) | ker o(F)lx,
which implies the claim. O

Now we will continue with the original argument of [AA 19, She], adapting it to include the character
X and its geometrization £.

Definition A.0.3. If G is an algebraic group acting on a variety X, we let Xg =
{(x.8) e XxXG|g-x=x}

Lemma A.0.4. Let G, H be reductive algebraic groups, let X = G/H and consider the diagram

GXHL—XG

|s

H

where a(g, h) = (gH, ghg™") and p(g, h) = h. If £ is an H-equivariant local system on H, then there
is a local system M on X such that a*IN = p*L.

Proof. We construct I using descent. The main point is that (G x H) xx, (G x H) = G x Hx H via
the map ((g1, h1), (g2, 12)) = (81,85' 81, h1). We get a diagram
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GxHxH—=GxH-"“>Xg

as
\LPZ im
by

HxH=-————H

by

where a1, as, p1, po are the projections, by (x,y) = x and by(x,y) = xyx~'. We have b;p> = pa; for
i = 1,2. The equivariance of £ gives an identification a : b{8 — b3&, which gives an identification
B:ajpi® = (b1p2)"8 — (b2p2)*L = a;p}L, and itis easy to check that,B satisfies the cocycle identity.
By descent, p} & is the pullback of a sheaf 9 on X¢. Since a is onto, we get that M is a local system. O

In the next lemma, we use the notion of induced character sheaf; see [AA19, Definition 2.2.1].

Lemma A.0.5. Let S be a scheme of finite type, let G — S be a connected reductive group scheme of
finite type over S and let H C G be a closed (not necessarily connected) reductive subgroup scheme.
Assume that, for every geometric point s of S, the pair (G, Hy) is spherical. There is a constant C| such
that, for any finite field F, any s € S(F), any induced character sheafR on G and any Hs-equivariant

local system 8 on H of weight zero, dimHomg_ (r) ( X8> Indg° T (F) )(g) < Cy-rk L.

Proof. For every geometric point s of S, let Fl; be the flag variety of G,. Let C; be such that, for every
geometric point s of S, the number of connected components of (Gs/Hs X Fly)g, is bounded by C;.

Let F, s, &, & be as in the lemma. Denote G = G;, H = H,, X = G/H and fix a Borel subgroup B of
G defined over F. Consider the diagram

(XxG/B)g

&

X¢

G

Spec(F)

where f, 7, f, 7 are the projectionsand g = 7o f =T o f.
By definition, there is a weight zero local system & on (G/B)g such that & is a direct summand of
Rr. . Applying Lemma A.0.4 to £, we get alocal system It on X¢. Since £ has weight zero, so does .
By construction, yr s = Ind yg. Denoting the standard inner product of functions on G(F) by
(=, —), we get

dlmHomG(F) (XR’ IndH(F) XL) = <XR’ IndHEF; >

= <XR’va§m>
= (xaopmv. 1) = trace(Frp | pi(R ® i),

where Frp is induced by the Frobenius map of Spec(F).
For every n, denote the degree n extension of F' by F,, and denote the pullbacks of £, & to Gr,, Hf,
by &,,, &,. From the same reasoning as before, we get

dimHomgF,) (Xgn,lndHEF";)(g ) = trace(Fri | pr (R ® fiMY)).
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The complex p) (] ® £iMY) is a direct summand of p,(mF ® fiIM"). Since
n,ﬁ(f*‘;g ® 7?"EJJEV) - m(g ® ﬁ?m&v) =m(F e fiMY) =mF e A,

we get that p\ (] ® AIMY) is a direct summand of piq, (f"% ® E*EIRV). Since /*F ® T*IM" has weight

zero, we get that the complex pi (] ® fi9t") has weight zero, is concentrated in degrees 0, . . ., 2dim(X X
G/B)g = 2dimG and

dimH>"C 5 (] ® £IMY) < dimH>I"C p g, (f*i‘y ® %‘*m&v) < crk Q.
Thus,

lim sup trace (Frf | pR ® M) < crk &,

n—oo

so, by [AA19, Lemma 2.4.1 and the proof of Theorem 2.1.3],

dimHomgr) ()(R,Indgg; )(g) =trace(Frp | p & ® fiM’) < crk @ ]

Proposition A.0.6. For any d, there are integers N, C such that, if

1. F is a finite field of size greater than N,
2. G is a reductive group defined over F of dimension at most d,
3. x is an irreducible character of G(F),

then there are induced character sheaves K1, ...,R¢ and real numbers «ay,...,ac € [-C,C] such
that ), a; xs, — x is a non-negative combination of irreducible characters of G(F).

Proof. [She, Lemma A.1, Theorem 2.2, Theorem 3.3] (the last two are due to Laumon and Lusztig). O

Proof of Theorem A.0.1. Without loss of generality, we may assume that |F| > 9. Let p be an irreducible
representation of G(F) and let 8 be a character of H(F). Let C, K;, a; be as in Lemma A.0.6 (applied
to p) and let £ be as in Lemma A.0.2 (applied to 6). By Lemma A.0.5, we have

dimHom(p, Ind 6) < (Z aim,lndm> < > Jail - [{xs,. Ind xe)| < €€ - C. o

B. A versal family of symmetric pairs of reductive groups over finite fields

In this appendix, we prove Lemma 3.2.2 and construct a family of symmetric pairs of reductive groups
that includes all symmetric pairs of reductive groups of a given dimension over all finite fields (Lemma
3.2.1).

B.1. Proof of Lemma 3.2.2
For the proof, we will need the following:

Lemma B.1.1. There is an increasing function C*P' : N — N such that any reductive algebraic group
G over an arbitrary field F splits over an extension F' | F of degree at most CS?* (dim G).

Proof. Set CSP'(d) := 37",
There is a maximal torus of G that is defined over F ([ABD+64, XIV 1.1]), so we can assume that
G is a torus. Denote d = dim G.
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Since G is an F-form of GZ, we get a continuous homomorphism p : Galp — Aut(G%) = GL4(Z).
The image of p is finite. Since the kernel of GL;(Z) — GL4(Z/3) is torsion-free, p(Galr) embeds in
GL4(Z/3), so

lp(Galp)| < |GL4(Z/3)] < 3% = C*P'(d). O

Proof of Lemma 3.2.2. Since there are finitely many split reductive groups of given dimension, there
is a function C'"SP' such that every split reductive group H has a faithful representation of di-
mension C'""SP?(dim H). Given an arbitrary reductive group G, Lemma B.1.1 implies that G splits
over an extension F’/F of degree at most C*P'(dim G). Hence, there is a faithful representation
G — Resg/jr GLctinspt (gim G)» SO We can take Cln(n) = ClInSPt (n)CSP! (n). O

B.2. Sketch of the proof of Lemma 3.2.1

We first show that there are finitely many root data of a given dimension (see Lemma B.3.1 below).
Thus, we restrict our attention to a given root datum X. We denote by G the split reductive group scheme
corresponding to X. By Lemma B.1.1, there is an integer & such that any reductive group of type X over
a finite field splits after passing to a field extension of degree k.

We then construct a finite etale map of schemes £ — F that forms a family containing all degree k
extensions of finite fields. This means that, for any degree k extension of finite fields E/F, we can find
an F-point y of 7 whose fiber £, is Spec E. Moreover, we equip £ with an action of the cyclic group Cy
such that, if F is a finite field, we can find y as above such that the action of Cy on &, is the Frobenius.
See Lemma B.4.1 below.

By Lang’s theorem, a reductive group of type X over a finite field F' that splits over a degree k
extension E/F is determined by an action of Cy on X. We show that there are finitely may such actions
up to conjugation (see Lemma B.3.2 below). Thus, we can fix one such an action &. We can also consider
& as an actionon G.

At this point, we can construct a group scheme H — F containing all groups of type (¥, &) over
finite fields. Namely, we first construct a group scheme H’ — F whose fiber over y € F(F) is the
restriction of scalars of Gg, to F. Using the two actions of Cyx on € and G, we equip H’ with an action
of Cy. Finally, set H := (H’)C*.

Next, we incorporate all possible involutions. We first note that, up to inner automorphisms, there are
only finitely many involutions of X commuting with the action of Cy (see Lemma B.3.2 below). Thus,
we can restrict our attention to a specific such involution 7. We then construct an F-scheme S whose
F-points are pairs (y, ) consisting of a point y € F(F) and an involution ¢ of G¢, which commutes
with & and is of outer class 7.

Finally, we pull back the group schemes H’ and # to S and denote the resulting groups schemes R’
and R. Both R and R’ are equipped with a natural involution 7. The group scheme R — S with the
involution 7 gives the required family.

Remark B.2.1. In the proof, below we skip H, H’ and construct R, R’ directly.

B.3. Some preparations

Lemma B.3.1. For any integer n > 0, there is a finite number of isomorphism classes of complex
connected reductive groups of dimension n.

Proof. Fix a complex connected reductive group G. Let G’ be the universal cover of its derived group,
let Z°(G) be the connected component of the center of G and let " be the kernel of the multiplication
map G’ x Z°(G) — G.

Let Z(G’) be the center of G’. Note that Z(G’) is finite, that ' ¢ Z(G’) x Z°(G) and that ' N Z°(G)
is trivial. Thus, I" is a graph of a morphism from subgroup of Z(G’) to Z°(G). This implies that
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I' < Z(G") x Z°(G)[|Z(G")|], where for an integer k, the group Z°(G)[k] is the subgroup of elements
of order dividing k in Z°(G).

Any complex connected reductive group G is uniquely determined (up to isomorphism) by the
following:

o the simply conected semi-simple complex group G’.
o the complex algebraic torus Z°(G).
o the finite subgroup I' < Z(G’) x Z°(G)[|Z(G")|].

Since each of those has only finitely many options given the dimension of G, the claim follows. O

Lemma B.3.2. For any complex connected reductive group G and any finite abelian group A,
#Mor(A,Out(G))/Ad(Out(G)) < .

Proof. Any automorphism of G is determined by its restrictions to the derived subgroup G’ and to the
connected component Z°(G) of the center. We first claim that the map Aut(G) — Aut(Z°(G))xAut(G’)
has finite cokernel. Indeed, let K be the kernel of the map G’ x Z°(G) — G. The group K is finite. Let
M c G’ x Z°(G) be the product of the center Z(G’) and the finite group of elements of Z°(G) of order
dividing |K|. The group M is finite, contains K and is characteristic in G’ x Z°(G). It follows that the
subgroup of Aut(Z%(G)) x Aut(G’) fixing K has finite index. Any element in this subgroup extends to
an automorphism of G.

Let ¢ be the composition Aut(G) — Aut(Z°(G)) x Aut(G’) — Aut(Z°(G)) x Out(G’). By the
paragraph above, the cokernel of ¢ is finite. Note also that the kernel of ¢ is the subgroup of inner
automorphisms. In particular, we have an embedding Out(G) — Aut(Z°(G)) x Out(G’) with a finite
cokernel.

The group Out(G’) is finite. Denote it by I". The group Aut(Z°(G)) is isomorphic to GL,,(Z) for
some integer n. We get

|Mor(A, Out(G))/Ad(Out(G))| < |Mor(A, GL,(Z) x )/ Ad(Out(G))|
< [GLn(Z) X T : Out(G)] - [Mor(A, GLn(Z) X )/ Ad(GLn(Z) x )|
< [GLn(Z) X T : Out(G)] - |T| - [Mor(A, GLn(Z))/Ad(G Ln(Z))].

By [PR94, Theorem 4.3], Mor(A,GL,(Z))/Ad(GL,(Z)) is finite, proving the lemma. O

B.4. Construction of the family

Lemma B.4.1. For any integer n > 0, there exists a finite etale morphism ¥,, : £,, — F,, of schemes of
finite type over Z with an action of C,, on E,, over JF,, such that, for any degree n extension E [ F of finite
fields, there exists v : Spec F — F,, such that

Spec(E) = Spec(F) X, &n

as a Cyp-scheme. Here, the action of C,, on E is the Galois action.

Proof. For a unital ring A and an integer k, let Ay [¢] be the set of polynomials of degree < k and let
Aj [t] be the set of monic polynomials of degree k. Denote the resultant of two polynomials f(t), g(7)
by res;(f,g). Let

Fu(A) :={(f,8) € AL [t] X Ap_1[t] | res;(f, f’) € A* and f divides f o g and g°" — 1}
and let

En(A) ={(f.8,2) € A, 1] X Ap-1[t] X A | (f,g) € Fnand f(z) = 0}.
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Define an action of C,, on &,(A) by

k- (f,g,Z) = (f’g’gck(z))'

By construction, the assignments A — F,,(A) and A — &, (A) give rise to representable functors.
We denote the representing schemes by F,, and &,. Similarly, the action of C,, on &, (A) gives rise to an
action of C,, on &, over F,,. Denote by ¥, : &, — F, the projection. The map ¥,, is an etale map.

Suppose that E/F is a degree n extension of finite fields. Let @ € E be a generator and let f € F, [f]
be its (monic) minimal polynomial. Let g € F,_;[f] be the polynomial of degree < n such that
Frp(a) = g(a). The tuple (f, g) is a point in F,,(F) (i.e., it defines a morphism Spec F — F,,). It is
easy to see that

Spec(E) =~ Spec(F) X, &,
as required. O
‘We now prove the main result of this appendix.

Proof of Lemma 3.2.1. Let X be a pair consisting of a root datum and a choice of positive roots, and let
k be an integer. Let @ : S X Cx — Aut(X) be a morphism.

Let Gx — SpecZ be the split reductive group scheme corresponding to X. Let @ : Sy X Cx —
Aut(Gx) be the corresponding action.

Let Autg, 7 : Schemes®” — Groups be the functor defined by Autg, /7(S) = Auts(Gx Xspecz S);
cf. [Con, Definition 7.1.3]. By [Con, Theorem 7.1.9], this functor is representable by a (not necessarily
finite type) Z-group scheme that we also denote Autg, /z.

Denoting S» = {1, &}, let Ix , C Autg, 7z be defined by

a commutes with @, (Cy)s and, for every geometric point s of S,
Ix,a(8) = {a € Autg,z(S) 2(Ci)s y g p }

the automorphism ay is in the class a (g, 0)

where S is an affine scheme. For an automorphism S of Gx, we denote by By its restriction to Gx X S.
By [Con, Theorem 7.1.9], Zx , is of finite type.
Define an action @3 : S> X Cx — Autz, ,(Gx X Ix o) by

a3 (&' ) (x,n) = (' a2 (j)x, 1),

wherei € Z, j € Cy and (x,77) € Gx X Zx o(S5).

Let F, & be as in Lemma B.4.1 and define Sy _, := (Zx, o X Fk) }k &k, where " denotes the internal
morphism space; see, for example, [AA, §§3.1]. An F-point of Sk , is a pair (z,y), where y € Fy(F)
and z € Zx o ((Ek)y). Let

R o = (Gx X Sas,a)SA3E (Ex X7 Sx.a)-

Note that R} , has a natural structure of a group scheme over Sy .. By their constructions,
Eks Sx.a R;E ., all have an action of Sy X Cy (S7 acts trivially on &). Denoting the S X Cy-action
p ,
on Rx,a by
g SH) XCr — A”tsx,a(R’x (x)’

let

R = (R )™V,
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and

13,0 = ¥4(&)|Ry o

Denote ny := C*P(dimgpecz(Gx)), where C*P? is the function given by Lemma B.1.1.
Let

A, = {(%,d, k)|X is aroot datum of dimension < n;d < nx;kx € Mor(Sy X Cy4, Aut(¥X))/ad(Aut(X))}.

Since there are finitely many root data of a given dimension (Lemma B.3.1) and finitely many actions
of §2 X C4 (d < nyx) on a given root datum (Lemma B.3.2), the set A, is finite. Finally, set

Sn = u S%,(Is
(X.d,[a])er,

Rn = u R%,af’
(X.d,[a])eA,

and

ty == u x a-
(X.d.[a])eA,

We claim that (R, S,, t,,) satisfies the requirements of the lemma.

Parts (1,3) follow from the fact that, for any geometric point x of Sx_, the group scheme (Rx_o)x is
reductive and its absolute root system is X. It remains to show Part (2).

Let n be an integer, let F be a finite field, let G be a reductive group of dimension < n defined over
F and let  be an involution of G. We need to find an element w € S,,(F) such that

(G7 t) = ((Rn)l\/t/’ tnl(Rn)\w)~

Let X be the absolute root datum of G. By Lemma B.1.1, there is a field extension E/F of degree
d < nx and an isomorphism Gg =~ (Gx)E.

Denoting the group of E-automorphisms of the algebraic group (Gx)g by Autg ((Gx)E), we get an
element in H'(Gal(E/F), Autg((Gx)e)). By Lang’s theorem, this element comes from an element
H'(Gal(E/F),Outg ((Gx)g)) via the embedding Outg ((Gx)r) = Out(X) € Autg(Gx)e. Since the
action of Gal(E/F) on Outg((Gx)g) is trivial, this element is a homomorphism ¢ : Gal(E/F) —
Outp ((Gx)E) = Aut(X).

Let [t] € Aut(X) be the involution corresponding to r € Aut(G). We get an action @ : S, X Cy —
Aut(X). By Lemma B.4.1, there is an element y € F4(F) such that (£4)|, = Spec E and the action Cy4
on this fiber is the Frobenius action.

Let g be the automorphism of Gpg corresponding to z. We will consider it as an element
in Autg,;z(E) = Autg((Gx)g). By construction, t € Zx o(F). The tuple (y,t) gives a point
w € Sx o (F) C S, (F). Finally,

(G,1) = ((Rn)lw’tnl(Rn)\w)- o
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