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1. Introduction

A group G is said to be quasi-injective if, for each subgroup H of G and
homomorphism 6:H—G, there is an endomorphism §:G—G such that 8|y =0. It is of
course well known that the category of groups does not possess non-trivial injective
objects and so we consider groups satisfying the weaker condition of quasi-injectivity.

The quasi-injective abelian groups are determined in [2, p. 106]; these are either
divisible abelian groups or are periodic and each Sylow p-subgroup is a direct product
of isomorphic cyclic or quasicyclic groups. The quasi-injective finite groups were
completely characterized by Bertholf and Walls [1]. They showed in particular that
every subgroup of a finite quasi-injective group is a T-group (i.e., every subnormal
subgroup is normal) and that finite quasi-injective groups are supersoluble and met-
abelian.

We do not attempt to give a complete characterization of infinite quasi-injective
groups as there will be very considerable difficulties in dealing with certain types of
infinite group. Ol'Sanskii [5] has constructed infinite groups in which every proper
subgroup has prime order and any two subgroups of the same order are conjugate.
Such a group G would be quasi-injective if, for each xe G, and for each integer n, the
mapping of x to x" could be extended to an automorphism of G. It is not clear to the
author whether this can, in fact, be done but it seems likely that some variation on
OFr3anskil’s construction would lead to a quasi-injective group.

To exclude the possibility of such examples arising, we restrict our investigations to
more manageable classes of groups, namely soluble groups and locally finite groups. In
these cases we are able to give a characterization of the quasi-injective groups which is
similar to that in the finite case. In particular, we shall see that quasi-injective groups
which are soluble or locally finite are T-groups. Strangely, we have been unable to give
a direct proof of this fact for nonperiodic groups but the arguments used in this case are
related to those used by Robinson [6] in his investigations of infinite T-groups.

Our results may be summarized in the following theorem.

Theorem. (A) A nonperiodic soluble group is quasi-injective if and only if it is a
divisible abelian group.
(B) A locally finite group G is quasi-injective if and only if it is one of the following two
types:
(I) G=Q xG,, where Q is the quaternion group of order 8 and G, is a quasi-injective
2'-group.

249

https://doi.org/10.1017/50013091500003370 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500003370

250 M. J. TOMKINSON

(I) G is a split extension of a normal n'-group K by a n-group H satisfying the
conditions:
(i) H and K are abelian groups in which each Sylow subgroup is a direct product of
isomorphic cyclic or quasi cyclic groups,
(i) K=G,
(iil) every maximal n-subgroup of G is a complement to K,

(iv) for each he H, pen’ and positive integer r, there is an integer m=m(p, r,h) such
that h™'ah=a"™, for every element ac K having order dividing p',

(v) if o= n and K, is the Sylow o-subgroup of K, then Cy(K,) is a direct factor of H.

Part (B) of this theorem is very similar to the finite case. There is a slight adjustment
to condition (iv) to allow for quasi cyclic groups to appear in K but the significant
change is the addition of condition (iii) requiring that every maximal zn-subgroup is a
complement to K. In particular, this implies that any two maximal m-subgroups are
conjugate under some automorphism of G (see, for example [3, Hilfssatz V1.7.14]). This
secems to be a very strong condition which would repay further investigation. Certainly
it does prevent some simple constructions from providing examples of quasi-injective
groups.

For example, let K=Dr2, X,, where X,;={x;) is cyclic of prime order p;, where the p,
are distinct odd primes. If H=Dr2, Y, where Y;=(y;> has order 2 and we form the
split extension G=KH in which

YiXiyi=Xx; L

YiXjYi=X;j G#9,

then G is quasi-injective. The group G is just the direct product of the finite groups
{x;,y> and so the maximal 2-subgroups are just the subgroups which are locally
conjugate to H in G.

However, if we let A=]]2, (y,> and form G=KH, then G does not satisfy condition
(iii) as the subgroup {x,y;,X,y,,...» is a maximal 2-subgroup which, being countable,
clearly does not complement K.

In fact, we have been unable to construct any quasi-injective group G=KH in which
H/Cyx(K) is uncountable and would conjecture that this situation can not occur.

But even the assumption of countability of H does not ensure that G=KH satisfies
condition (iii). If we take H,=(Dr2, Y)x{y) where y has order 2 and yx,;y=x;"!, for
all i, then in the group G,=KH, we again have L={x,y,,X,y,,...» as a maximal
2-subgroup but |G:KL|=2.

2. Soluble groups

Although some of the results here apply to all soluble quasi-injective groups and will
be used later, our main aim in this section is to determine the nonperiodic soluble
quasi-injective groups. The remaining soluble groups will then be included in the locally
finite case which is dealt with in Section 3.
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The first three parts of the following lemma are given in Bertholf and Walls [1]. The
results on fully invariant subgroups will be most useful when applied to terms of the
derived series.

Lemma 2.1. (i) A direct factor of a quasi-injective group is quasi-injective.

(ii) A fully invariant subgroup of a quasi-injective group is quasi-injective.

(iii) If a fully invariant subgroup of a quasi-injective group has an element of order n
(including n infinite) then it contains all elements of order n.

(iv) If the quasi-injective group G has an element of infinite order then G is radicable.

Proof. (iv) Let xe G have infinite order and let g be any element of G. If n is a
positive integer, consider the homomorphism 8:{x">—{g)» which maps x" onto g. This
mapping extends to an endomorphism §:G—G. If x0=y, then

Y= =x"0=x"0=g.

Lemma 2.2. Every locally nilpotent subgroup H of a quasi-injective group is a
Dedekind group (i.e. each subgroup of H is normal in H).

Proof. It is sufficient to prove that every finitely generated nilpotent subgroup H is
Dedekind.

Let K=y,(H)=[H', H]; we show first that H'/K is finite.

Let KSU<H,; then Uss UH'w H. If U is not normal in H then there are elements
he H such that U"# U. Suppose, if possible, that U*U/U is nonperiodic for some he H.
Then U*U/U contains an infinite cyclic subgroup C/U and so there is a homomorphism
0:C—G with Kerf=U. There is an extension §:G—G of 8 with Ker§=N, say. Then
N<G and NAnC=U. But USN< G implies that U*SN and so CSUU*<N. This
contradiction shows that U*U/U is periodic for all he H. Therefore U#¥/H is periodic
and, being a finitely generated nilpotent group, U#/U is finite. The finitely generated
group U¥ has only finitely many subgroups of index |U#:U | and so U has only finitely
many conjugates in H.

We have shown that each subgroup of H/K has only finitely many conjugates. By a
theorem of Neumann [4], H/K is centre-by-finite and hence is finite-by-abelian. Thus
H'/K =7v,(H)/y5(H) is finite.

It follows that y,(H)/y;. (H) is finite for each i=2 [7, p. 55] and so H' is finite.

Now we can complete the proof. If H is not a Dedekind group then there is a
subgroup M <H such that M<a1?H but M<aH. Then MH'wH and so there is a
subgroup L such that M<as L<a H and L MH'. Since M<A H, there is an element he H
such that M*+M so that M<MM"*<L<MH'. Since H' is finite, MM"*/M contains a
cyclic subgroup C/M of prime order p, say, where p divides |[H’|. Then H’ contains an
element of order p and there is a homomorphism ¢:C—-G with Ker¢=M. This
mapping has an extension ¢:G—G with Ker¢=T and Tn C=M. But T<G implies
that M*<T and so CSMM"< T This final contradiction shows that H is a Dedekind

group.

Corollary 2.3. Every normal (locally) nilpotent subgroup of a quasi-injective group is
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either abelian or is a direct product, Q x A, of a quaternion group Q of order 8 and a
periodic abelian 2'-group.

Proof. The normal locaily nilpotent subgroup N is a Dedekind group and so is
either abelian or a direct product Q x A of a quaternion group and a periodic abelian
group [3, Satz I111.7.12].

We may therefore suppose that N=Qx A and it remains to show that 4 has no
elements of order 2. Let {g)> be the centre of Q and let xe A be an element of order 2.
There is an isomorphism 8:{q)>—{x> mapping g onto x. Let §:G—G be an extension of
0 and let Kerf=K. Since Kn{g>=1, we must have KnQ=1 and so there is a
quaternion group Q, =00 containing x. Now Q is characteristic in N and hence normal
in G. Thus QQ, is a finite 2-group and so, by Lemma 2.2, is a Dedekind group. But
such a group contains only one quaternion group and so Q, =Q contrary to x ¢ Q.

Lemma 2.4 Let N be a normal (locally) nilpotent subgroup of the quasi-injective group
G. Then every subgroup of N is normal in G.

Proof. 1t is sufficient to prove that each cyclic subgroup X ={x) of N is normal in G.

Suppose first that X has finite order and let geG. It follows from Lemma 2.2 that
X<aN and so U=XX? is a finite nilpotent group with X< U. If X?# X, then U/X
contains a subgroup C/X of prime order and there is a homomorphism 8:C—G with
Ker6=X. There is an endomorphism #:G—G extending 6 with Ker§=Y, say. Then
Y< G implies that Y=2XX?=UZ2=C contrary to CnY=X<C. This contradiction
shows that X <1 G whenever X is finite.

Now suppose that X is infinite cyclic; by Corollary 2.3, N must be abelian. Let ge G
and U=XX¢ then U is a finitely generated abelian group. If U/X is infinite cyclic then
there is a homomorphism ¢:U—G with Ker ¢ =X. This extends to an endomorphism
¢:G—G with Ker ¢ = W, say. Then W< G implies that W2 XX?=U contrary to Un W=
X <U. We may therefore assume that U/X is finite.

If the torsion subgroup T of U is non-trivial, then TX/X =T and so U/X contains a
subgroup C/X of prime order p for some p dividing |T|. Thus there is a homomorphism
Y:C—G with Keryy =X and we obtain a contradiction as above.

Therefore, we may assume that U is torsion-free. Since U/X is finite it follows that U
is infinite cyclic so that either U=X or U=X" If X9+ X, then either (1) g~ 1xg=x" or
(2) g7 'x"g=x for some integer n#0, + 1. There is a positive integer r such that n is not
an rth power. Since, by Lemma 2.1(iv), G is radicable, there is an element he G such
that h"=g. Since X?+ X, we also have X"+ X and, as above, we can show that XX* is
infinite cyclic and either (a) h~'xh=x™ or (b) h~'x"h=x, for some integer m#0, + 1.
From (a) we obtain g~ lxg=h""xh"=x" so that either (1) x™ =x" and m"=n or (2)
g 'x"g=x""=x so that nm"=1. From (b) we obtain g~ !'x"g=h""x"h =x so that
either (1) g7 'x"g=x=x"" and nm'=1 or (2) g"'x"g=x=g " 'x"g and n=n'". In all
cases we have a contradiction to n not being an rth power and this completes our proof
that X< G.

Corollary 2.5. Let G be a quasi-injective group. Then Cg(G’) is the unique maximal
normal (locally) nilpotent subgroup of G.
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Proof. Certainty C4(G’) is a normal nilpotent subgroup. If N is any normal locally
nilpotent subgroup and xeN, then (x><aG and so G/C4z{x)) is abelian. Hence
Ce({x>) 2 G’ and so xe C4(G).

Theorem 2.6. A soluble quasi-injective group is metabelian.

Proof. If not, then since the terms of the derived series are fully invariant there is a
soluble quasi-injective group G of derived length 3. In this group G” is a normal abelian
subgroup and so, by Corollary 2.5, G' £ C4(G'); that is, G’ is abelian and G metabelian.

Theorem 2.7. A nonperiodic soluble quasi-injective group G is abelian and hence is a
divisible abelian group.

Proof. Let xeG’; then {x)><a G and so G/Cy{x)) is finite. But, by Lemma 2.1(iv), G
is radicable and so has no non-trivial finite factor group. Therefore x is central and
hence G’ is central. Therefore G is nilpotent and the result now follows from Corollary
2.3.

3. Locally finite groups

We have now reduced our investigation of soluble quasi-injective groups to the
locally finite case. In fact, we shall see that the locally finite quasi-injective groups are
necessarily soluble. Our methods in this section are much closer to those used by
Bertholf and Walls [1] in the finite case although some complications arise through not
being able to assume that the groups have a satisfactory theory of Sylow subgroups.

Lemma 3.1. A locally finite quasi-injective group G is locally supersoluble.

Proof. Let F be any finite subgroup of G and let U/V be a chief factor of F. If U/V
is not cyclic of prime order than there is a prime p such that U/V has a subgroup
E/V=C,xC, (If U/V is nonabelian we can take p=2) There is a homomorphism
6:E—~G with |Im8|=p and V <Kerf<E. This mapping 6 can be extended to an
endomorphism §:G—G with Ker§=K, say. Then KnE=Ker0 and so V<KnU<U.
But KnU<a F and we have a contradiction to U/V being a chief factor of F.

Corollary 3.2. A locally finite quasi-injective group is metabelian.
Proof. By Lemma 3.1, G’ is locally nilpotent and, by Corollary 2.3, G’ is metabelian.

Therefore G is soluble and Theorem 2.6 shows that G is metabelian.

We shall use the term Sylow p-subgroup simply to mean a maximal p-subgroup. It
follows from Lemma 2.2 that a Sylow p-subgroup S of a locally finite quasi-injective
group is a Dedekind group. It follows that § is either abelian or is the direct product of
a quaternion group and an elementary abelian 2-group [3, Satz II1.7.12]. We can
improve this result as follows.

Lemma 33. Let G be a locally finite quasi-injective group and let S be a Sylow p-
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subgroup of G. If p is odd then S is abelian. If p=2 then S is either abelian or a
quaternion group of order 8.

Proof. By the remarks above we need only consider the case in which p=2
and S=Q x E where Q is a quaternion group and E an elementary abelian 2-group.

Suppose that E#1 and let x be a non-trivial element in E. Let {g) be the centre of Q
so that there is an isomorphism 6:{q)>—-<{x) mapping q onto x. Let §:G—G be an
extension of 6; then Q~Kerd=1 and so there is a quaternion group Q, =08 with (x)
as centre.

There is a finite subgroup F containing Q and Q,. Let T and T; be Sylow 2-
subgroups of F containing Q and Q,, respectively. Since T and T; are Dedekind groups,
Q0 and Q, are characteristic subgroups of T and T, and hence there is an element ge F
such that @, =gQg ! and so x =gqg ~'. The homomorphism ¢:{x, g)—{x) with Ker ¢ =
{g> has an extension ¢:G—G. If M=Ker $, then M ={q,gqg~ !> ={x,q) contrary to
Mn<{x,q)=Ker¢p={q). Therefore E=1 and S is a quaternion group.

Theorem 3.4. If the locally finite quasi-injective group G has a quaternion Sylow 2-
subgroup Q, then G=Q x H where H is a quasi-injective 2'-group.

Proof. Since G has a finite Sylow 2-subgroup, the Sylow 2-subgroups of any
subgroup U of G are conjugate in U. Now Q is a Sylow 2-subgroup of the normal
subgroup @G’ and so, by the Frattini argument, G=QG' N4(@)=G'N4(Q). If Q £ G then
there is a 2’-element xe G'— Ng4(Q). By Corollary 3.2, G’ is abelian and so, by Lemma
24, (x>=aG.

The natural homomorphism 8:{x)>Cy(x)—+<x) can be extended to an endomorphism
6:G—G with Ker §=M, say. Then Cy(x)SMn{x>Q<{x>Q. Also Mn{x)>=1 so that
[MA{DQ,(xDIEMn{x)=1 and we obtain Cy(x)=Mn{x)Q. Therefore Img
contains a subgroup isomorphic to {(x>Q/Cy(x).

But Q/Cy(x) is a non-trivial cyclic group and so has order 2. Therefore Cy(x) contains
the centre of Q. Since the Sylow 2-subgroups of G are conjugate to Q and {(x>=<1 G it
follows that each element of order 2 centralizes x. However, {x)>@/Cy(x) contains an
element of order 2 which does not centralize x. Hence Im # contains an element of order
2 which does not centralize xf =x. This contradiction shows that Q<1 G.

But by Lemma 3.1, G is locally supersoluble and so has a normal Sylow 2’-subgroup
H, say. Then G=Q x H and it follows from Lemma 2.1(i) that H is quasi-injective.

The following lemma shows that groups of the above form are necessarily quasi-
injective. This gives part (B)(I) of our main theorem and reduces the characterization of
locally finite quasi-injective groups to the case in which the Sylow p-subgroups are
abelian for each prime p.

Lemma 3.5. Let G=Sx T, where S is a n-group and T a n'-group. Then G is quasi-
injective if and only if S and T are quasi-injective.

Proof. One direction is contained in Lemma 2.1(i). We assume therefore that S and
T are quasi-injective groups, H is a subgroup of G and 8:H—G is a homomorphism.
Then there are endomorphisms 65:S—S and 6,:T—T which extend 8|y,.s and By
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Since H=(HnS)x(HnT) it is easy to check that the mapping #:G—G defined by
(st)f=(s05)(t0y), forseS, teT,

is an endomorphism extending 6.

The remainder of the paper is concerned with locally finite quasi-injective groups in
which every p-subgroup is abelian for every prime p. We begin by proving that these
groups satisfy the conditions of part (B)(II) of the main theorem (Lemmas 3.6 to 3.10)
and then show that a group with these properties is quasi-injective (Theorem 3.13).

Lemma 3.6. Let G be a locally finite quasi-injective group with abelian Sylow
subgroups. Then G' is a maximal n-subgroup for some set of primes n, and each Sylow p-
subgroup of G is a direct product of isomorphic cyclic or quasicyclic groups.

Proof. If G’ contains elements of order p” for each positive integer n, then G’
contains all p-elements of G, by Lemma 2.1(iii), and so G’ contains a Sylow p-subgroup
of G.

Suppose then that p" is the maximal order of a p-element in G’, where n>1. Then G’
contains all elements of order dividing p”. If G’ does not contain a Sylow p-subgroup of
G then there is an element a¢ G’ such that a has order p"*!. There is a finite subgroup
F such that ae F and a’e F'. Let P be a Sylow p-subgroup of F containing a. Since P is
abelian we have, by Satz I11.13.4 in [3],

P=(PNF)x(PNZ(NgP))).

Write a=xy, with xe PN F’' and ye PnZ(Ng(P)): then a?=x?y?e PN F' and so y’=1.
Hence a?=x? and x is an element of G’ of order p"*!. This contradiction shows that the
Sylow p-subgroup of G’ is a Sylow p-subgroup of G.

The structure of the Sylow p-subgroup S of G, for ped(G'), follows from the
observation that any two elements x, y of order p have the same height in S. For,
suppose x has height n in S and y has height greater than n. Then there is an element
geS such that g# e y. The isomorphism 6:{y>—{x)> mapping y onto x extends to an
endomorphism #:G—G. Clearly (gf)”"'=x and g8, being a p-element, is an element of
the normal Sylow p-subgroup S.

By Lemma 2.4, every subgroup of G’ is normal in G and so each element of G induces
an automorphism of the abelian group G’ which fixes each subgroup. Robinson [6] calls
such a subgroup-preserving automorphism a power automorphism. We restate the
relevant part of his Lemma 4.1.1 on power automorphisms in the context of quasi-
injective groups.

Lemma 3.7. Let G be a locally finite quasi-injective group with abelian Sylow
subgroups and let ge G. Then, for each prime pe &(G’) and each positive integer r, there is
an integer m=m(p, r,g) such that g~ 'ag=a™, for every element ac G’ of order dividing p’.

Lemma 38. Let G be a locally finite quasi-injective group with abelian Sylow sub-

groups and let n=&(G)—d(G’). Then each maximal n-subgroup of G is a complement to G’
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Proof. Note first that G’ Z(G)=1. For, otherwise there is a p-element xe G'n Z(G).
There is a finite subgroup F of G such that xe F’ and F has an abelian normal Sylow p-
subgroup P, say. Then xe PnF'nZ(F) contrary to this subgroup being trivial, by Satz
IV.2.2 in [3].

Now let C=Cg(G’) the maximal normal locally nilpotent subgroup of G (Corollary
2.5). Then C=G'xD, where D is an abelian normal =n-subgroup of G. Since
[G,D]=G nD=1 we see that D=Z(G).

For each ped(G’), let C,=C4((G),). It follows from Lemma 3.7 that G/C, is finite
and so there is a countable subgroup L/C of G/C such that LC,=G, for all ped(G)).
Then L/D is an extension of the normal n'-subgroup C/D by a countable n-group and
so C/D has a complement K/D in L/D. Now K is a n-group, K/D is countable and
KC,=G, for all pe®(G’). We show first that C4(K) is a complement to G’ in G.

If G’ Cyx(K)#1, then there is a p-element xe G'nCg(K). The element x centralizes
C, and K and hence x€ Z(G)nG'=1. Thus G'nCgxK)=1 and, in particular, C4(K) is
an abelian n-group.

Let geG and H=KG'{g) so that H/C is a countable n-group. Then C/D has a
complement S/D in H/D. Since D=Z(G), S is a n-group and SG'=H. It follows that
SNKG' and K are both complements to G’ in KG’. Since G’ is abelian, we may apply
Hilfssatz V1.7.14 of [3] to obtain an automorphism 8 of KG' which coincides with the
identity on G’, maps SN KG' isomorphically onto K and satisfies (xf8)x e G’, for all
x€ KG'. There is an endomorphism 8:G—G which coincides with 8 on KG'. Suppose
that S=(SNKG'){y), so that H=KG'{y). Since d coincides with the identity on G’, we
have (yf)y~! € C<KG'. Therefore ye KG'(yf) = KG'(Sf). But S§ is a n-group containing
K and so S#< C4(K). Therefore ye G'C4(K). Hence ge H=SG'(y) £G'C4(K) and, since
g was chosen arbitrarily, we have G'C4(K)=G and so C4(K) is a complement to G'.

Now let T be a complement to G’ (e.g, T=C4K)) and let U be any maximal z-
subgroup of G. Then U and TnUG’ are complements to G’ in UG’. As above there is
an automorphism ¢ of UG’ coinciding with the identity on G’ and mapping TnUG’
isomorphically onto U. Let ¢:G—G be an endomorphism extending ¢. Then T is a n-
group containing U and by the maximality of U we have T¢=U. If UG’ #G, then since
(TAUG)$=T¢ we obtain TnKer ¢+ 1. But

[TnKerd,G]1<KerdnG =1

and so TnKerg is a central n-subgroup. Hence T nKer § is contained in the maximal
n-subgroup U, contrary to TnUG' nKer¢=1.

Lemma 39. Let G be a locally finite quasi-injective group with abelian Sylow
subgroups. If S is a Sylow p-subgroup of G, then S is the direct product of isomorphic
cyclic or quasicyclic subgroups.

Proof. This has already been proved in Lemma 3.6 for primes pe &(G’). For primes
p¢ ®(G’) we require the complementation result proved above. As in Lemma 3.6 we can
prove that any two elements of order p have the same p-height in G. We must show
that an element xe S of order p has the same p-height in § as in G. Suppose that y is a
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p-clement such that xe{y); we must show that there is an element geS having the
same order as y such that xe{g). There is a Sylow p-subgroup P of G containing y
and, by Lemma 3.8 and Hilfssatz V1.7.14 of [3], there is an automorphism ¢ of G such
that P¢=S and ¢ induces the identity on G/G’. Then x¢ & (y¢><S and x¢ € G'{x). But
SNG'{x>=<{x) and it follows that x¢=x. Therefore xe (y¢> <8 and x has the same p-
height in § as in G.

Lemma 3.10. Let G be a locally finite quasi-injective group with abelian Sylow
subgroups. Let n=d(G)—&(G'), H a maximal n-subgroup of G and G, a maximal o-
subgroup of G, for some set of primes 0 S&(G'). Then Cgx(G,) is a direct factor of H. In
particular, Z(G)=Cy(G’) is a direct factor of H.

Proof. It is sufficient to prove that if he H such that h"e Cy(G)) for some prime
pemn, then there is an x € Cyx(G,) such that h? = xP.

The natural homomorphism 8:G,{h")—> G, can be extended to an endomorphism
0:G—-G with Ker§=M, say. Since h¢ Cy4(G,), we have MNG,{(h)=(h?) and so Im@
contains an element y with the same action on G, as h. Now ye G'(y>=G'(G'{y>nH)
and G'{(y>nH is a finite Sylow n-subgroup of G’'(y)>. Therefore there is an element
ge G such that (yX*<H. Clearly )? still has the same action on G/, as h and so x=
h(y®)~ ! € Cy(G,) is the required element.

We now show that a group with the properties obtained in Lemmas 3.6 to 3.10 is in
fact a quasi-injective group.

Theorem 3.11. Let G be a split extension of a normal n'-group K by a n-group H
satisfying the following conditions:

(i) H and K are abelian groups in which each Sylow subgroup is a direct product of
isomorphic cyclic or quasicyclic groups,
(i) K=G,
(iii) every maximal n-subgroup of G is a complement to K,
(iv) for each he H, pen’ and positive integer r, there is an integer m=m(p,r,h) such
that h™'ah=a™, for every element ae K of order dividing p',
(v) if o=n and K, is the Sylow o-subgroup of K, then Cy4(K,) is a direct factor of H.

Then G is a quasi-injective group.

Proof. Let L=G and let §:L—G be a homomorphism.

(A) f o=a(KnL/KnLNKer#f) and xeL, then x~1(x8) e C4(K,).

Let peo and ke(K,n L)—Ker 8. Then, using (iv), we obtain (k8)*® =(k*)® =(k6)*. Thus
x~1(x8) € C4(k6). But, using (iv) again, C(k6) = Cg(K ). Therefore x~*(x6) centralises K,
for all peg and so x ™ !(xf) € C4(K,).

(B) The homomorphism 6:L-G can be extended to a homomorphism 6,:KL-G
such that K. <Ker0,.
Since K is a quasi-injective abelian group and (KN L)#<K,, we can extend 0|, to a
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homomorphism 6,:K—K such that K, 0,<K, and K,<Kerf,. We now define
0,:KL—>G by

(kx)0, =(k0,)(x0), forkeK, xelL.
Since 6, is an extension of 6|.,, 8, is well-defined. Also 6, is a homomorphism, since
(kyx1)01(k3x3)0, =(k10,)(x10)(k,0,)(x,0)

=(ky0,)(k0,)"19 " (x,0)(x0)
= (ky6)(k:05)"F (x1x2)6, by (A),
=(k,0,)(k5* )0,(x1x,)8, using (iv),
= (ko k31 )0,(x1x,)0
=(kyx1k1x,)0,.

(C) The homomorphism 6,:KL—G can be extended to §:G—G.

There is an ascending series from KL to G in which each factor is cyclic of prime
order. It is sufficient to extend 6, to §:M—+G where |[M/KL|=p and proceed inductively
as there is no problem at limit ordinals.

Now M=K(MnH) and KL=K(KLnH). Let he(MnH)— KL be a p-element. Since
(KLNH)8, is a n-group, there is an automorphism ¢ of G coinciding with the identity
on K and such that (KLNH)0,<H¢. Then 6,¢ ':KL—~G is a homomorphism such
that (KLNAH)0,¢ " '<H and &(K/K ~Ker0,¢ " ')=a. By (A), (h*)~'(hP6,¢ ) e Cu(K,)
or hP0,=(hPc)¢, for some p-element c=(h~'(h0,¢ 1))’ Cy(K,). By (v), there is an
element de Cy(K,) such that d?=c and so (h")8,=((hd)’)¢. We can extend 6, by
defining hf=(hd)¢.

This completes the proof of our main theorem. We stated in the Introduction that
soluble or locally finite quasi-injective groups are T-groups. We have not yet proved this
as we have only needed the subgroups of G’ to be normal in G. Since nonperiodic
soluble groups are abelian they are clearly T-groups. For the locally finite case we can
give a direct proof as in [1].

Theorem 3.12. Every subgroup of a periodic quasi-injective group is a T-group.

Proof. Suppose that K<s L<s HZG. If K<1 H then there is an element he H such
that K*#K. Let U=K"K <L. Since U>K, there is a subgroup C/K of prime order p
and a homomorphism 8:C—G with Kerf=K. This mapping can be extended to an
endomorphism #:G—+G with Kerf=M, say. Then KSM<G and so U=KK"<M,
contrary to MnC=K.
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