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EXPLICIT FORMULAS FOR THE COEFFICIENTS OF
a-CONVEX FUNCTIONS, a« = 0

PAVEL G. TODOROV

1. Introduction. Let the function

() fi)=:z+ E a,z"

n=2
be analytic in the unit disk A = {z] [z] < 1}, with

f@)f'@z)/z # 0
there, and let a be a real number. Then f(z) is said to be a-convex in A if
and only if the inequality

Zf( ) ( Zf”(Z))]
o >0
f (2) /(@)

holds in A. The class #(a) of a-convex functions was introduced in [8]
and was studied in detail in the series [5]-[10], where in particular it
is shown that a-convex functions are univalent and starlike for all a
(—0o0= a = +o0), that is, the inequality

f'(z)
/@)
holds in A. Moreover, in [8] for 0 < « = 1, and in [6] for « > 0, it is
proved that each function f(z) a-convex in A is a univalent Bazilevic
function of the form

@ so |2 [Le0rL]

where o(z) € §* = #(0) [1]. In [3], [4], and [5] it is noted that the best
upper bounds on the coefficients of f(z) € #(a), a > 0, might be given
by the coefficients of the “a-convex Koebe function”

3) K@) = [i fo (V=1 §)_2/ad§]a.

In [3] and [4] explicit cumbersome formulas for the coefficients of the
extremal function (3) are given; these are based on a technique used in [2].

Re[ (1 —

Re >0
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(We remark that the formulas (19-20) in [4] are incorrect unless n is
replaced by k; and formula (21) in [4] must be studied for k& < n, but not
for k = n, thus perpetuating an oversight in formula (22) in [2] ). If we use
the technique used in [14], we can obtain what is possibly the simplest
combinatorial form yet for the Taylor coefficients in problems of this
kind. We do just that to obtain formulas for the coefficients of a-convex
functions, a > 0. Hence we are able to obtain sharp upper bounds of the
moduli {a,, | of the coefficients of the functions (1) for n = 1,...,
[a] + 1,1f &« > 0 1s not a positive integer, ( [a] denotes the greatest integer
less than «) and for all n = 1, 2,...,if a 1s a positive integer. Thus we
verify “the coefficient conjecture” for some n. En route we obtain
additional results that include earlier ones due to Pinchuk [11], Robertson
[12] and Schild [13].
All our results are sharp with all extremal functions explicitly given.

2. Explicit formulas for the coefficients of the powers of the “nucleus”
of the Bazilevic functions. If f(z) € .#(«) and if we put

a)zf’(Z)) " a(l i ")
/) /(@)

then p(z) € C, where C is the class of Carathéodory analytic functions

@ (- |

5) p)=1+ 2 p

n=1

which satisfy the inequality Re p(z) > 0 in A. From (4) we obtain

S ()N
(6) ?(f(z)) = P(z),

where

: — 1
(7y P(z) = exp{v/‘o&(t)?Adl}.

By using the identity

(8) ~Z[—(Q =1+ zi lnj—(z—),
f(2) dz z
and the substitution

%) Z? = [u(z) 1%

in (6), we obtain for a # 0,
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l/a
(10) du oMy WA

dz az az

From (9) and (10) we obtain, for « > 0,
. 1 Z _ a
Iy fi) = [; fo g ‘[P(K)]”“ds“] =z+ ...

If we set
(12) o(z) = zP(2)
then (6) yields the relation
z0'(z)
o(2)

which expresses the starlikeness of o(z) in A. Hence it follows that
the representations (2) and (11) are equivalent.

(13)

=p(z), pz) € C,

Definition. We call the function P(z) = o(z)/z the nucleus of the
corresponding Bazilevi¢ function defined by (2) or (11).

For a # 0, the function

(14) [P)]"* =1+ 2 P (@),

n=1

is analytic near z = 0. Hence, in order to find the coefficients of the
function (11) we must first find the coefficients of (14) in terms of
the coefficients of p(z) in (5).

THEOREM 1. The coefficients P(a),n = 1,2, ..., (a # 0) of the function
(14) have the explicit representation

4 B~k +1 )

n 1 (
15) P(a) = > —C, |2 ...,
15) Be) = 2 k=mk\ n—k+ 1

k=1 «&

where
P ) ”ff' L(n\*
16 Cv(—‘,...,"f—/‘ﬂ)zz _v(,*)
10 Cu n—k+1 =1 oyl \s

where the sum is taken over all solutions in non-negative integers
Vis ooy ¥y sy Of the system

(17) V1+V2+"'+21*k+l:k’
vw+22nt+...+m—k+ Dy . =n

Proof. Tt follows from (5) and (7) that the function (15) can be
represented by the composite function
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oo
[P(z)]l/a = o 2 &Z",

n=1 QN

where o denotes the substitution

2 (p,/an)z".

n=1

By a more precise version of a Faa di Bruno formula for derivatives of
composite functions [14, Theorem 1], applied to the n™ derivative of
the composite function above, at the point z = 0, we obtain the
representation

—k+1
(18) DI [P(z)]"" = n! E s 11 '( )
V.

s=1

where the interior sum is taken over all solutions in non-negative integers
Y, ..., ¥%_4 of the system (17). From (18) we obtain the representation
(15), (16) for P, (a).

This completes the proof of Theorem 1.

For an arbitrary x, let {(x), denote the factorial polynomial
Np=x(x+D...x+k—1 (k=12,...5{(x)y = 1.
From Theorem 1 we obtain the following result.

THEOREM 2. For a > 0, the coefficients P,(a), n = 1, 2,..., of the
Sfunction (14) satisfy the sharp inequalities

(19) |P(a)] = —-2,
n!

where equality holds only for the function

(S}

o).

20) [Pu(2)]"" =1 —e) Y* =1+ 2 2", (ld =

n=1

Proof. From (15) and (16) we obtain the estimate

S (Ipl Ip |
21) |P(a)]| = X —C —‘—ZEL)
@ 15 @] E.aA "\ n—k+1
Since p(z) € C, we can use the known inequalities [p| = 2,5 = 1,...,n,

in (21) to obtain
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@ @i = X 2o, -

o = - T ey},
" ok T\ n—k+ 1
where by (15)-(17) equality holds in (22), if and only if p, = 2¢€', || = 1,
s = 1,...,n But if p; = 2e¢ holds for the Carathéodory function (5),
then

p=2 fors =12 ...
Therefore equality holds in (22) only if the function (5) has the form

1 + s
L1423 e (1=,

1 — e n=1

(23) ps(2) =

or, by (7), only if the function (14) has the form (20). If we use the
combinatorial identity

é 1 lk(z 2 )= <§>n

LIS =12 . a>0)
R\ 1 n «=>0

i

k=1 & n!

then the inequality (22) becomes (19).
This completes the proof of Theorem 2.

We note two important consequences of Theorems 1 and 2.
1) For finite o, a = 1, if we set

p-1-L 0o=p<y
44

in (14) and if we use (12), we conclude that

_ 1-8 _ - # n+1
(24) op(z) = z[P(2)] z + El P,,(l — B)Z

is starlike of order B, that is, it satisfies the inequality

25) ReZZEE) < 4
op(z
in A. This also follows from the relation
zo'p(z
@26 ) _ (1~ gpey+ B per e
OB(Z )

which is easily obtained from (7) and (24). Hence, for
a=1/(1—-p), 0=B8<1,
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Theorem 1 yields the coefficients of the function (24) in terms of the
coefficients of the associated function p(z) in (26), and Theorem 2 gives us
the known estimates [11]-[13]

o) =

n!
for the class S of functions o4(z) starlike of order B; here equality holds
only for the Koebe functions

(X)) (n=12...)

[ee)

z 2 B 2B n _n_n
oplz) = TR i + El ¢ . 2t (el = 1),

For 8 = 0 the results reduce to the results for the class S* = S of starlike
univalent functions.
i1) For 0 = B < 1, it follows from (24) and (25) that the function

- - B o0 —_1~~ Zn+l
(28) fyl2) = fomm @ =zt 2 Rz(l _B)n —

is convex of order B, that is, it satisfies the inequality

Re(l +zﬁ(i)) > f

Sp(2)
in A. This also follows from the relation
zf ¥z
@) 1+ _ (12 gy + B p) e
e

which can be obtained from (24), (26), and (28). Hence, the coefficients of
jl';(z) can be expressed in terms of the coefficients of the associated
function p(z), using (29), and Theorem 1 fora = 1/(1 — B), 0=8< 1.
From (27) and (28) we obtain the known inequalities [11, 12, 13]

1 1 |<<2—2B>,, B
n+1P"(1_B) = (n+l)' (n—l,2,...),

for the class C% of functionsfﬂ(z) convex of order f3; here equality holds
only for the functions.

. 1 1
Jp(2) = 1 = 23)[(1 ") B 1]
- 7 + E <2 — 26);1(/121144 (I‘I _ 1)

n=1 (n+1)!

for 8 # 1/2, and only for the function
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H

Jpl2) = —~ln(1 —e) =z + El — 2T (g = 1)

for B = 1/2. For B = 0, the results reduce to those for the class
! = C8 of convex univalent functions.

3. Explicit formulas for the coefficients of Bazilevi¢ functions. Let (x Dics
for an arbitrary number x, denote the factorial polynomial
X =x(x—D...x—k+1D, (k=12,...5(x) =1,
and let the function in (11) have the expansion
(30) f(2) =z + E 4, @2 (0> 0)
n=1

in A. Now we shall determine the coefficients in (30) in terms of the
coefficients of the function given in (14).

THEOREM 3. The Taylor coefficients a, , (), n = 1,2, ... of the function
(11) for an arbitrary a > 0 have the explicit representation

Pi(a) Bk +1(@) )
a+ 177" (n—k+ Da+t1

3 a,, (o) = > (a)AC;1k(
k=1

where

Py(a) By j41(@)
32 C”"(a +1777 =k + Da + 1)

S (e

s=1 ! \(sa +

where the sum is taken over all solutions in non-negative integers

Vs oo oo Uiy Of the system (17). If a is a positive integer (a = 1,2,...),
then we also have the explicit representation

Py(e) F(a)
(33) an+l(a) = al 1+aa(P()(a) LI : ’ P()(a) =

+ 1 no + 1
forn = 1,2, ..., where
p (a) F,(a)

34) C,,+aa(P0(a) ces

na + 1

I L)
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where the sum is taken over all non-negative integers v, ....,¥
satisfying
35S n+rt+ ...+, =a

vww+2m+ ...+ m+ Dy =n+ a

Remark. For a positive integer a (a = 1, 2,...), (31) and (33) are
identical.

Proof. From (11), (14), and (30), we obtain
(36) f(z) =z[F) " =z + 2 a, (""", a>0,
n=1

where

(37) F(z) =1+ 2z €A a>0.

1 M8
>
B

1 an + 1

Again the (more precise) Faa di Bruno formula for the n'M derivative of
composite functions [14, Theorem 1], applied to the n'™ derivative of
the composite function

[FG)I* = t“ o F(2)

at the point z = 0 (see the proof of Theorem 2 in [14]), yields the
representation (31) immediately.

If a is a positive integer (a = 1, 2,...), then from (36) and (37) we
obtain

(38) f(z) = LF@O) P =2+ 2 oa, (0", 2z €A
n=1

The same Faa di Bruno formula for the nth derivative of composite
functions (used above), now applied to the composite function

[zF(z)]® = (o [2F(z) ]

at the point z = 0, yields

) P (a) P _ ()
39 F « _ e (P . 1 "”’__L"__)glls
(39 [FFEI = 2 alCu| Py~ (n — wa + 1

Pya) =1,

in A, where

Py() B, ol®)
40 C (P . 1 e n—a )
( ) na ()(d) a + 1 (n — a)a + 1
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:E’ff 1 (M)Vm

s=0 B! \sa + 1
where the sum is taken over all non-negative integers v, ..., %,
satisfying
@n n+nt+ ...ty 0=«

n+2nm+...+tm—a+ Dy_ = n

Now from (38)-(41) we obtain (33)-(35).
This completes the proof of Theorem 3.

From Theorem 3 and (20) we obtain the coefficients of the most general
“a-convex Koebe function”

42) K@z 6a) = [i ff)s*”“)“(l - ef)_z/“d{]a (el = 1:a > 0),

for arbitrary a > 0. We find
oo

(43) K(z; € a) = z[F(z; € )1 = z + 2 K, (€ a)2" !
n=1

in A, where

(44) F(z; e a) = 1 + X €'c ()"

n=1
< >
aln

nl(na + 1)
It is clear that the substitution { = zt in (42) yields the identity
1

o

with

(45) ¢, (@) = n=12...).

21 «
(46) K(z; € a) = z[&“"(—, -1+ - ez)] (le = 1; a > 0),
a a

where % is the Gauss hypergeometric function
21 1 1! _ _
5"(—, -1+ ez) =- fo AN — ezry
a o o 84

that is, the analytic continuation of the series (44) into the z-plane cut
along the ray

z = pe & p =1

In particular, if « is a positive integer (¢« = 1, 2, .. .), then from (43) we
obtain
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(47) K(z; € a) = 2/ zF(z; € a) |

o0
=z+ 2 K, (s "tz e A

n=1

As a corollary to the preceding, we have the following result concerning
the coefficients of the function (42) (or (46)) and the function (47),
respectively.

THEOREM 4. The coefficients K, | (€; a) of the general “a-convex Koebe
Sfunctions” (42) for an arbitrary a > 0 have the explicit representation

(48) K, (e a)=¢€K, (o) (n=12,...),

where

49) K, (@) = El (@@, - - - €y 1(@)),

where
n—k+1
(¢s(a) )%
(50) Cn/\'(cl(a)a R cn*k+l(a) ) = 2 I_II ! ’
§= &

where the ¢\(a), ..., c¢,_; 4 () are defined in (45) and where the sum
is taken over all solutions in non-negative integers v, ...,y,_; , of the
system (17).

If « is a positive integer (« = 1, 2,...), then we also have the

representation (48) but with the simpler expression
O K, () = a!C i, (@), ci(@), ..., c,(a)), cy(@) =1
forn = 1,2, ..., where
h
(¢5(a) )51
(52) Cyraalc(@), (@, .. e, (@)) = 3 TT =7

s=0 %!

and the sum is taken over all solutions in non-negative integers v, ..., u,
of the system (35).
Remark. For a positive integer a (a = 1, 2,...), (49) reduces to (51).
In [3], [4], and [5], as we have noted in the introduction, it is indicated
that the coefficients of the function (3) might yield the sharp upper bounds

on the modulus of the coefficients of the a-convex functions for a > 0.
Theorem 4 yields the simplest combinatorial form yet of that conjecture.

CoNJECTURE. The coefficients a,, , («) of the a-convex functions (30)
satisfy the sharp inequalities
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(53) la, (@) =K, (@), (n=12..)

where the K, , (a) are given by (49) for arbitrary a > 0, and by (51) for a
positive integer a (a = 1, 2,...), respectively, with equality only for the
“a-convex Koebe functions” (42).

Our Theorems 2, 3 and 4 verify that conjecture in the following cases.

THEOREM 5. The coefficients a, , (a) of the a-convex functions (30)
satisfy the sharp inequalities (53) forn = 1,...,[a] + 1 if @« > 0 is not a
positive integer ([a] denotes the greatest integer less than «), and for all
n=1,2,...if ais a positive integer (a« = 1, 2,...) where K, (a) are

given by (49) and (51), respectively, with equality only for the “a-convex
Koebe functions” (42).

Proof. If @ > 0 is not a positive integer, then from (31) and (32) we
obtain, for n = 1,...,[a] + 1, the estimates

|P1(a) | |R,_A.+](a)| )

n
(54) [a”+](01)| kgl ((X)/‘ nk a + 1 (n—k+ Da + 1

Now we can use the inequalities (19) in (54) to obtain

(55) lan—H((x) I == I«gl (a)kan(Cl(a)’ Tt Cn—l\'+l(a)) = Kn+l(a)’

with (45) and (49) in mind. Equality holds in (55), according to Theorems
2 and 3, only if the function (11) has the form (42).
If a is a positive integer (a = 1, 2, ...), the above proof is valid for all

n=1,2,....Indeed, then (a), = O for k > «, and hence, the summation
in (54) and (55) is taken over Kk = 1,...,nif | = n = «, and over
k=1,...,aifn> a.

If « is a positive integer (a = 1, 2, .. .), another proof can be obtained
from (33) and (34). Indeed, from (33) and (34) for n = 1, 2,...we
obtain

P (a P («
(56) la, ()] = asc,,ﬂ‘a(lpo(a) l 'a ‘i )1| %)

Again we use (19), (45), (51) and (56) to obtain
Ian+l(a) i —S- a!Cn+a,a(c0(a)’ Cl(a)’ R Cn(a)) = Kn+l(a)

where equality holds, according to Theorems 2 and 3 only if the function
(11) has the form (42).
This completes the proof of Theorem 5.

4. Explicit formulas for the coefficients of the Carathéodory functions in
terms of the coefficients of their associated a-convex functions. A solution
to this “inverse problem” follows from the following general result.
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THEOREM 6. If the function

(57 f(z) = 2 a7 (a = 1)

n=1

is analytic in A, then the following statements are valid.

() If

2f"(2) <
58 =1+ R
O e 2

thenp, = ng, (n =1,2,...),
where

n

59 g, = Azl D'k = DIC(@ - a, ),

and

n—k+1 (a )’.'\
(60) Coplay, ... a,42) = X I S+

s=1 V"
where the summation is taken over all solutions in non-negative
Voo ¥y of the system (17). The series (58) is valid for |z| < r| where

r, is the distance from z = 0 to the nearest zero of the function f(z)/z in A;
if f(z)/z # 0 in A, then the series (58) is valid in all of A.

(i) If
Zf‘”(z) - n
61 _ ,
60 50 E] Pz

then, p, = nh, (n = 1, 2,...), where

hy = 2 (=D Wk = DIC,Qay, ..., (n — k + 2)a, ;)
k=1
and
n—k+1
(62) C,,k(2a2, sy (n -k + 2)a17~k+2) = 2 H

s=1

[(s + Da, %

\'x! >
where the summation is that for (60). The series (61) is valid for
|z| < ry where ry is the distance from z = 0 to the nearest zero of the
derivative f'(z) in A; if f7(z) # 0 in A, then the expansion (61) is valid
in A.
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(ii1) For every number o, we have

A 7))\ S
63) (1 a)f(z) + a(l + I ) -1+ X2 p",

n=1
where
g =nl—ag, +ah,] (n=12...),

where the g, and h,, are given in (1) and (i1) above. Moreover, the series (63)
converges for |z| < ry where

ry = min(ry, ry);
if f(z)f'(z)/z # 0 in A, then the series in (63) is convergent there.

Proof. (i) From the identity (8) it follows that it is sufficient to obtain an
expansion for In(f(z)/z). If we use the (improved) Faa di Bruno formula
for the n' derivative of composite functions [14, Theorem 1], applied to
the n'" derivative of the composite function

In(f(z)/z) = Into (f(z)/z)

at the point z = 0, we obtain the formula

D!_, lnj—(z—) =nlg, (n=12...),
z

where the g, are given by (59). Hence
oo
In (.f_(z_)) = 2 gﬂz"
z n=1

holds; and this with (8) yields (58). The remarks concerning convergence
follow at once.
(i1) From the identity

Zf”(Z) _ i ’
e = e,

with

Inf'@) = 2 h2".
n=1
we again use the (improved) Faa di Bruno formula to prove (ii). Again the
remarks concerning convergence are immediate.
(i11) This follows from (i) and (ii).
This completes the proof of Theorem 6.
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In particular, when the function (57) is (i) starlike, (ii) convex or (iii)
a-convex, (« real), yield the result indicated in the title of this section.

5. Conclusion. If in (50) we put ¢, = ¢(a), s = 1,...,n — k + 1, and
we consider ¢|,...,c,_, 4, as arbitrary variables, then the expressions
(50) are isobaric homogeneous polynomials, of weight n and of degree k.,
in those variables [14]. Those polynomials may be obtained by using the
recursion formula introduced in [14]:

(1 =k = n, n = ], C"() = O, C()() = 1),

where C,, = C,(c|,...,¢,_,+ ) The first and last polynomials are

1
C, = ;c’l’ (n = 1.

Cn 1= Cps

The short table of the polynomials C,, for I = n = 5, given below, is
taken from [14].

1,
Cpp =3 Cyy =, Cyy = 213
2
15
Gy = 3, C3p = €163, G35 = gcl’

1
Cy = ¢4 Cpp = 03 + Ecg

1, 1 4
Cjra = =C1Cy, Cyy = —c7; Ccy = Cs,
43 5 162 Taa 241 &5 5

2 1 2
CS:Z = Ci1Cy + CrC3, C53 = 5C1C3 + i('lc'z,

13 1 5
Ciy = —CjCy, Coc = —7.
54 6 16 ©ss 120"

It is clear that sums (16), (32), (34), (40), (50), (52), (60) and (62) are
corresponding values of the polynomials C,,.
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