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Abstract

Let f and g be twc permutable transcendental entire functions. Assume that f is a solution of a
linear differential equation with polynomial coefficients. We prove that, under some restrictions on the
coefficients and the growth of f and g. there exist two non-constant rational functions R, and R» such
that R/ (f) = Ra(g). As a corollary, we show that f and g have the same Julia set: J(f) = J(g). As
an application. we study a function f which is a combination of exponential functions with polynomial
coefficients. This research addresses an open question due to Baker.

2000 Mathematics subject classification: primary 30D05, 37F10, 37F50; secondary 34A20.

1. Introduction and Main Results

Let f be a meromorphic function. We denote by 7 (r, f) the Nevanlinna characteristic
of f. The order and the lower order of f are defined by

, loglog M(r, f) . log T'(r, f)
) IT.SOEP logr “,Tlf,‘.fp log r
and
log log M (r, .. log T(r,
p = p(f) = liminf loglog M(r. /) = liminf ——" 72 v f),
r—o0 log r r—00 log r

respectively, where M (r, f) = max{|f(z)| : |z| = r} is the maximum modulus (see
for example [8] for an introduction to Nevanlinna Theory).
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Let f and g denote two meromorphic functions. If

(1.1 fg) =gl

then we call f and g permutable. Many mathematicians have studied the analytic and
dynamical properties of f and g. The following general results are known.

e Fora given f, there exist infinitely many transcendental entire functions g such
that f(g) = g(f), for example, g = f" will do, where f" denotes the n-th iterate of
f: f" = f"'(f). There should be no confusion with ordinary powers, which will
be explicitly written as ( f(z))" if necessary.

e For a given f, there are only countably many entire functions g such that (1.1)
holds (see [2]).

o Let f(z) =ae™ +c(ab#0,a.b,c e Q. If f(g) = g(f) then g = f" for
some 1 > 0 (see [1]).

In this paper we shall study relations between permutable entire functions and
differential equations. In fact, we shall consider functions which are solutions of
some linear differential equations of the form

(1.2)
P D) + pact @D "R+ + (@) () + po(D) f(2) + p(z) =0,

where n is a positive integer, and p; (0 <i < n) and p are polynomials, with p, # 0.

THEOREM 1.1. Let f and g be two permutable transcendental entire functions with
p(f)>0and r(g) <oo. If

(i) f(2) satisfies (1.2) with po(2) # 0 and p(z)/ po(z) # constant;
(ii)  f(z) cannot be a solution of any linearly differential equation of order < n—1
with polynomial coefficients,

then there exist two nonconstant rational functions R,(z) and R»(z) such that
R\(f) = Ra(g).

As an application, we consider the following function f(z):

(1.3) () = p@) + pi(2)e"? + pa(2)e™ D + - + p,(2)e™,
where p(z) is a polynomial. p;(z) (i = 1..... n) are non-zero polynomials and g;(z)
(i=1..... n) are polynomials with g;(z) — ¢;(z) # constant for | <i # j <n.

THEOREM 1.2. Let f and g be two permutable transcendental entire functions with
A(g) < oo, where f satisfies (1.3). Assume that p(z) is not a constant. Then there
exist two rational functions P,(z) and P»(z) such thar P,(f) = P»(g).
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REMARK. In [17], we studied a special case where n < 2.

Next, we list some well-known permutable transcendental entire functions of ex-
ponential type (see Ng [14] for other examples). ’

EXAMPLE 1. Let f(z) =z+ ye* and g(z) =z + ye* + 2kmi, where y(# 0) € C
andk € Z. Then fog=go f.

EXAMPLE 2. Let g,(2) = z + y sinz + 2km and g,(z) = —z — y sinz + 2k and
f(z) = z+ ysing, where y(# 0) € Cand k € Z. Then fog, = g, 0 f and
fogr=gof.

EXAMPLE 3. Let

4k + 3 4k 2
f@) =ia [CXP((—:L,lizz) + eXP(—ﬂiZ‘)] ,
8a? 8a*
4k +3 4k + 3w, 4k +3
g(z)=a[expé——ﬂif)—exp(—w—hif)]v g = ST = 2,
2 8a? 8a*”

wherea € C,a # 0Oand k € N. It is easy to check that g(g) = —q(f) — 2k + 1.5)7i
and f(g) = g(f).

The motivation for this research comes from the following open question in complex
dynamics.
Let f be a nonlinear meromorphic function. We define

F=F(f)= {z e C: the sequence {f"} is well defined and normal at z}
and
I=J(f)y=C—F(,

where C = C U {oo}, and the concept normal is in the sense of Montel. F(f) and
J (f) are called the Fatou and Julia sets of f, respectively. When there is no confusion,
we briefly write F and J instead of F(f) and J(f). Clearly F(f) is open and it
is well-known that J(f) is a nonempty perfect set which either coincides with C
or is nowhere dense in C. For the basic results in the dynamical system theory of
transcendental functions, we refer the reader to the books [9] and [13].

OPEN QUESTION 1 (Baker [1]). For two given permutable transcendental entire
functions f and g, does it follow that F(f) = F(g)?

This is a difficult question to answer. So far, affirmative answers to special cases
of functions of f and g have been obtained (see [1,16,18]). When f and g are
permutable rational functions, Fatou [4—6] and Julia [10] proved that they have the
same Julia set.
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COROLLARY 1.3. Ler f and g satisfy the assumptions of Theorem 1.1 or Theo-
rem 1.2. Then J(f) = J(g).

2. Some Lemmas

LEMMA 2.1 ([7]). Let Gy, Gy, ..., G, and f be non-constant entire functions and
let ho, hy, ..., hy, (m = 1) be nonzero meromorphic functions. Suppose that K is a
positive number and {r;}is an unbounded monotore increasing sequence of positive
numbers such that, for each j > 1,

T(rj,h) <KT(r;, /) (=0,...,m)

and

T(ri, )< (0 +o(ONT(r, ).
If
hOGO(f)+h]Gl(f)+"'+hme(f) EO

then there exist polynomials {p;} (j = 0,1, ..., m), not all identically zero, such that
pO(Z)GO(Z) + PI(Z)GI(Z) + -4 pm(Z)Gm(z) = 0

LEMMA 2.2 ([3]). Let fi(2) (j = 1,2,...,n)and g;(z) (j = 1,2,...,n,n > 2)
be two systems of entire functions satisfving the following conditions.

(1) Z’;=] fi(z)egj(:} = 0;
(2) for1 <j.k <n, j#k, g;(2) — &(z2) is non-constant;
(3) for1 <h,k=n h#k 1 <j<nT(f;)=o0{T(r e %)}

Then fi(z) =0(j=1,2,....n)

To state the following result, we denote by W( fi, f>. ..., f.) the Wronskian of the
functions fi,..., fu:

i o o fa

RN

fi SRR
W1 for oo f) =] ) . )

(n—1) n-1 _
fln 2" fn(" b

LEMMA 2.3 ([15], Problem 60, Chapter VII). Let f;(z) (j = 1,2....,n) be tran-
scendental entire functions. If W(f,,..., f,) = 0 but W(fy,..., fuo1) # O, then
there exist constants ¢y, Cy, . .., Cn— such that

h@Q=cafil@+afi(@)+: -+ cuy fuur (2).
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This implies the following lemma.

LEMMA 24 If fi(2) (j = 1,2,..., n) are linearly independent transcendental
entire functions then W(f,, ..., f,) #0.

LEMMA 2.5 ([19]). Let f and g be two permutable entire functions satisfying

0<p(f) <i(f) <oo, Alg) <oo.

Then for any given positive integer n there exist a positive constant K and a se-
quence {r;} tending to oo such that

T (rj,g(i)) <KT(r;, )
forall j=1landQ <i <n.

LEMMA 2.6 ([12]). If f and g are two permutable transcendental entire func-
tions and there exists a nonconstant polynomial ®(x, y) in both x and y such that

O(f,g)=0, then J(f) = J(g).

LEMMA 2.7. Letn > 1, f and g be two permutable transcendental entire functions
with p(f) > 0 and A(g) < oo, and let p;(z) (0 < i < n) and p(z) be polvhomials.

If

(1) pa(2) # 0 and po(2) #0,
(2) f(2) satisfies the following differential equation:

Q1) @) @) + P @@+ 4+ Pi@) F(2) + Po(2) f(2) + p(z) =0,

(3) f(z) cannot be a solution of any linearly differential equation with polvnomial
coefficients of order < n — 1,

then there exist four polynomials Q(z), Qo(z), Q.-1(z) and Q,(z), with Qo(z) # 0
and Q,(z) # O such that

AL m=2 not ol o\ n-l
Qn-.(f)pn<g>(f) -Qn<f)[pn(g>“"f (7 fg)+pn-.<g><§) ]=o,

g gy

(22) Qo(f)Pn(8) (g—) — 0:(f)po(g) =0
and
(2.3) Q(f)p.(8) (2—) — @.(f)p(g) =0,

whereay, = a> = landa, =n(n — 1)/2 forn > 3.
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PROOF. From (2.1) we see that A(f) < oo (see [11]). By (1.1) we have
e =8Wr,
@8+ f(®g" =" (Nf*+g N f"
f///(g)gl} + 3f!/(g)glg// + fl(g)g//l= gl//(f)f/3 + 3g/l(f)f/f” + gl(f)f/’/’

e +6f"(g)g%g" + f(8)Asx(g, " 8" + f(g)g"™
=gV fr+68" (N + 8" (IBiS f ")y + 8NP,

8" +10f P (g)g”g" + f"(g)Asa(g', . ... g + f(@)Asag, ..., g
+ f'(g)g?
=gV A+ 10gD( ) 2 f + 8" (f)Bsa(f. ..., T

+ 8" (f)Bsa(f's ooy fN+ NP,

F2 @) + FU " @a,(g) g + fP (@) Anaalgs . .., g M+

+ (@A . 8" + f1(g)g™
=g (IS +8" " (Na(fY T f +8"(f)Buna(f. ..., VAU E TR

+ 8 (N)B.alf', ..., Y+ (H ™,
where A, (g, . .., g "?) (i 3,2 < j<i—2)arepolynomials of g’, g"..., g2
and B, ;(f',..., fTP)(i = 3,2 < j <i—2)are polynomials of f', f", ..., fi=2,
Solving the above system yields

/ f
fe= P ).

[ (e = (f) g'(NH)+ [f,z - fgi ]g’(f),
! 3 ! " ’ _ ’ "

| rw=(%) g"’(f)+[ e le )]g"<f>+c;..<f’, £98(f),
~N 4 N2 nol o floh

(2.4)‘ f(-t)(g) — (i:_,) g(.t)(f) + [6(f) (fgi f g )} gl//(f-)

+ Cia(f', 808" () +Coa(f, 8)8'(f),

w W

AL nn—2 "ol [
F(g) = (L) g () + [”"(f) V8- Je )]g‘""’(f)
8 (g)"
+ Can2(f. 88" () + -+ Can (', 8)8'(f),
where C,;,-(f’,‘g') (i = 3,1 < j <i—2)are rational functions of g’, g", . .., ¢ and
o, S0,
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Replacing z by g(z) in Equation (2.1) yields

(2.5)
Pa(@) (&) + Pacr (@) FO V(@) + - + i) F/(8) + po(8) F(8) + p(g) = 0.

Substituting (1.1) and (2.4) into (2.5) we deduce that

(2.6)
N\ nn—2 "ol _ ol N\ n—1
po)(£) g‘"’(f)+[pn(g)“"(f P (L) ]g"""(f)

g (g)!
+ D2 (f. )2 () + -+ Dui(f, 8)8' (f) + Po(g)g (f) + p(g) =0,

where D, ;(f',g) (n > 3,1 <i < n — 2) are rational functions of g, g’, g", ..., g™

and f', ", ..., f™.

CLAIM 2.8. Let {r;}51, tending to oo be the sequence of positive numbers in
Lemma 2.5. Then there exists a positive number K such that, for sufficiently large j,

T (r,, Pale) (i‘) ) < KT, ),

=20 £11 o0 ol N\
& (f) (;{;"fl /") + Paci(8) (g—) )5 KT(r;, f) and

T (rj, Dui(f,8)) < KT(r;. f)

T (rj* pn(g)

foralln >3, 1 <i<n-2.

PROOF OF CLAIM 2.8. We shall prove a more general result.
Let P(f, f'..... f™, g, g...,g"™) be alinear combination of

V(@) =b@f@Q*f'@" - f™@"g@"g'@)" - g™ (2)",

where s;, ; (0 < i < n) are integers and b(z) is a rational function. We shall prove
that there exists a positive constant K such that, for all sufficiently large j,

T(rj, P) < KT(r). f).

In fact, by Nevanlinna’s Logarithmic Derivative Lemma, (see (8, Page 105]) we have
T(r, fY<T(@. f)+ O(ogr). Then,for0 <i <n,

T(rj, fO) < T(rj, f) + OQlogr).
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Since p(f) > 0, liminf,_, . (log T(r, f)/logr) = p(f) > 0. Thus, for sufficiently
large r,

28 10g Ttr, £) = olTC )

Combining this with the above inequality implies that

logr <

Q2.7) T (rj, ) <2T (r), f).
Now, by Lemma 2.5, there exists a positive constant K, such that
(2.8) T(r;.8"Yy< KT (rj,f) forj>=1land0<i<n.

By Nevanlinna’s First Fundamental Theorem, T(r, 1/f) < 2T (r, f) for sufficiently
large r. Note that T (r, b) = o(T (r, f)). Thus, from (2.7) and (2.8),

Ty, V) ST (rjb) + Y 21517 (r, £©) + D 20617 (rj, &) < KoT (), f)
i=0 i=0

for some positive constant K, and for sufficiently large j. Therefore, there exists a
positive constant K such that

T(rj, P)<KT(r;, f)
for sufficiently large j. Claim 2.8 follows. O

Now by (2.6), Claim 2.8 and Lemma 2.1, there exist n + 2 polynomials Q,(z),
Qn_1(2), ..., Q1(2), Qo(z) and Q(z), not all identically zero, such that

0.8 (@) + 01" V@) + - + Qo(D)g (D) + Q(2) = 0.
Substituting z by f(z) in this equation, we get

0:(IEV )+ Quar(HE" ) + -+ + Qo(Hg(f) + Q(f) =0.

Eliminating the term g™ (f) from this and (2.6), we have
(2.9) H, 18" "(f) + Hyo28" 2(f) + -+ + Hi8'(f) + Hog(f) + H =0,

where
_ Y
Hn——l - Qn—l(f)pn(g) E,’
nn=2 "ol ol AN
= Q. (f) [pn(g)a"(f) (g"f, fg)+pn_|(g) (;—) ]

ey

Ho = 0o(f) Pa(®) (g—

g) - Q.(fp(g).

’

) — O.(f)po(g),

H = Q(f)p,.(g)(
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CLaM29. Hi=0forO<i<n-land H =0.

PROOF OF CLAIM 2.9. Without loss of generality, we suppose on the contrary that
Hn—l 7_é 0'
Then, from (1.1), (2.4) and (2.9) we deduce that

P\ =1
o (jgf—) FO M@+ Ena(f ) 2(e) 4+ -+ Eniasa(f 8D ()
+Hyf(g)+ H =0,

where E,_,;(f', g) (n > 3,1 <i < n—2)arerational functionsof g, g’, g", ..., g™
and f', f",.... f"™. By Claim 2.8 and Lemma 2.1, there exist n + 1 polynomials
ti_1(2), t,=2(2), . . ., 11(2), 1(2) and £ (2), not aul identically zero, such that

o1 @ FO V@D + 12D PP @+ -+ 10 f(2) +1(2) = 0.
This contradicts condition 3 of the lemma. Claim 2.9 follows. O

Thus, we have

I\ m-2 Mol ot N\ n—1
Q"_'(f)p"(g)(i) _Q”(f)[”"(g)a"f vEsle )+p,,-l(g)(i,) ]:0,
4 g o g
(2.10) Qo(fHpu(g) <§> — Q.(f)Po(g) =0 and
Q(f)pa(8) <£—) - Q.(f)pg) =0.

CLAIM 2.10. Q, £ O and Q, # 0.

PROOF OF CLAM 2.10. In fact, if Q, = O then, by the same arguments as used
in the proof of Claim 2.8, we can deduce that f(z) must be a transcendental entire
solution of some differential equation with order at most # — 1 and with polynomial
coefficients. This is a contradiction. Hence Q, # 0. It follows from (2.10) that
Qo # 0. Claim 2.10 follows. O

This completes the proof of Lemma 2.7. g

3. Proof of Theorem 1.1

By (2.2) and (2.3), we have

Q) _ p(g)

G.1) = .
Qo(f)  Ppo(g)

https://doi.org/10.1017/51446788700037988 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700037988

378 X. Hua, R. Vaillancourt and X. L. Wang [10]

Let

R =29 pp=29

Qo(2) po(2)

By assumption, p(z)/po(z) is not a constant. Therefore R,(z) is not constant. Also
R, (z) is not constant by (3.1).

4. Proof of Theorem 1.2

Recall that
f@@) = pD)+ p1(@)e?® + pa(z)e” + - + po(2)e.

Without loss of generality, we assume that degg, < degg, < --- < deggqg,. Then

p(f) = A(f) = max{degq,. ....deggq,} = degq,.
Forl <i<nand0 < j <, set

(pie®)”

4.1 uj o

It is easy to see that all u; ; are non-zero polynomials. Note from (4.1) that
4.2) i+ Qi = Ui

forall j > Oand 1 <i < n. From

(4.3) f=p+pie” + pe¥ + -+ pe”
we get
(4.4) FO=pY 4u e +us e + -+ u, e,
forall j > 0.
Set
D P2 ttt Pn Uy Uz p Up.n
U Uz cee TUp U Us Un
A = s 0= )
Uy -1 Uz p— Upn—1 Ujn-1 U p-) Upn-]
f=p  p P
B ff=r Upy e Uy
1= . . . . )
(f - P)("_l) Uyn—1 e Up.n-1
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P pr o f-p
Uy U2y o f=r
Uyn Up et (f - p)("_])

It is easy to check that A and R, are two polynomials with A £ 0and Ry # 0. In
fact, if A = 0, that is

plelll pzeqz cen pneq"
uy e” uy e ... Un €%
=0,
Urn-1€? Uy,1€7 o Uy, e
then
pie? pe® e pne®
(pre?) (p26®) -+ (pae”)
. i ] . =0.

(pre™)" D (pre®)D oo (pretn)nh

Now, by Lemma 2.4, the functions p;e?, pye®, ..., p,e% are linearly dependent.
This obviously contradicts Lemma 2.2. Similarly we can show that R, # 0.
Now from (4.3) and (4.4), we deduce that
e" =B /A (s=1,...,n).
Substituting these into (4.4) for j = n, we have
Af® = p™ +uy B+ Uz By + - + Unn B,

Note that each B; (1 < i < n) is a linear combination of f, f/,..., f™~D. We deduce

that
Af" + R f" "+ + R f' + Rof + R=0,
where R,_;, ..., Ry and R are polynomials.
Further, f cannot be a solution of a differential equation
4.5) i fO o f P f At f +1 =0,

where t,_), ..., I, fy and ¢ are polynomials, not all of them zero. For suppose to the
contrary that f(z) is a solution of (4.5). Then this, (4.3) and (4.4) (with j = n) imply
that
Wpnoitaoy + U 2ty + - Fupaty +1op)e? 4+ - -
+ (un.n—l[n—l + Uppn-2ln-2 +--o+ Un 1l + tOpn)eq"
+ a1 P+, p" P+ p+1) =0,
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Combining this with Lemma 2.2, we get
Ulpeilot + Uinabya+ -+ Ut +opy =0

Upnrlypoy + Upp-2lgat o+ Uy ) T Iopy = 0.

These obviously contradict A # 0.

Thus the conditions of Lemma 2.7 are satisfied, so there exist polynomials Q(z),
Qo(2), @n-1(2) and Q,(z), with Qo(z) # 0 and Q,(z) # 0, such that

AN me2¢ g1t pron N\ n-1
Q,._x(f)A(g)(f) —Qn(f)[A(g)a"f (gg fg)+Rn-,<g)(£7) }=o,

? n+1§

f/ n
Qo(f)A(g) (E,— = Q.(f)Ro(g) =0 and
1\
0(f)A(g) (? — 0.(f)R(g)=0.
We remark that
4 D3 Pn
U U3y Up i
R, = _ul.n(_l)"_H .
Urp-2 Ux-2 Upn-2
4] pP3 Pn
S0 U U3, Up
— Uz, (1) . -
Upp-2 Uzp-2 Upn-2
P p2 Pn-i
LW Uz, Up_,
— sy (=1 | . ’
Uyp-2 Up-2 -+ Up_1.n-2
141 P2 tte Pn
Uy Uy -+ Uny
Upn—2 U2 p-2 - Upp-2
Uy n Uz p Tt Up p
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Similarly, for any i with 1 <i <n — 1, one has

P P2 ot Pn
R, =— Uin-i-t Uzp—i-t =** Unn-i-1]
Uln—it1 U2p-itt **°  Unp-itl
Uln U n tet Uy p
Also, it is easy to verify that
(4.6) R=pRy+pR +- -+ p"PR,_ - p"A,
with
4.7 deg Ry > max {deg R; (1 <i <n —1),degA}.
Here we only prove that deg R, > deg A. In fact, we have
(4.8) deg Ry =deg A+ ) (degg; — 1).
i=|
Set
Uy Uz, Un
7 =
Uy n-1 U n— et Up -1
Uy n Urp - - Upn

Toestablish (4.8), we need only prove thatdeg Z = deg A+ _,_,(degg; —1). Rewrite
Zby@2)asZ = Z,, + Z,; where

Uy Uz Upi
Z, = ,
Uitn-1 Uzp-t  Upp-
’ ! 14
Uynot Uapoy 70 Hypo
U Uz, Un,1
Z|2 =
Uln-1 Uz.n-1 Unn-1
7 ! ’
qiUrn-1 QU221 - GuUpp-

We easily deduce that deg Z = deg Z,,. Now we decompose Z;as Zy; = Ziy+Z12,
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where
U Uz, Unt
ZIZ] = , , , )
Uy pos Uz poz e Uyn
! ! ’
q]ul.n—l qzu.’..n—l o duUnn-
U, Uz U,
ZIZZ = .
’ ! ’
qlul.n—.’. q?_uZ,n—Z M q;_un.n—?.
’ ! f
dytvn—t GQlU2p-1 -0 GulUpn—g

We easily deduce that deg Z)> = deg Z,». Thus deg Z = deg Z,5,. This procedure
can be repeated. Finally we can assert that deg Z = deg Z)»...,, where

? ’ ’
q, P q,P2 T 4, Pn
M T . P ’
ZlZ»--Z = , , , _qlqz'.'an'
q\U1.n-2 qgu?.,n—l e q:un.n—Z
7 7 ’
qlul.n—l q:ul‘n—l e q,,un.n—-l

so establishing (4.8)
From (4.6) it follows that p = constant implies R/R, = constant. We now prove
the converse. Let us suppose that

By (4.6),
(c—p)Ry = p’R, + 4 p("")Rn_l _ p(")A.

If p s constant, this contradicts (4.7).
Finally, the theorem follows from Lemma 2.7 and Theorem !.1.

5. Proof of Corollary 1.3

By (2.2) and (2.3), we have

o)  ple
5.1 = )
G- Qo(f)  polg)
Let
0(2) p(2)
R - y R7 == .
1(2) 002 2(2) Po(Z)
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By assumption, p(z)/po(z) is not a constant, therefore, R»(z) is not constant. Also
R, (2) is not constant by (5.1).
We rewrite (5.1) in the form

Qox)p(Y) = Q)Poe(¥) _

5.2
62 Qo(x) po(y)

and consider two subcases.
If Qo(x)p(y) — Q(x)po(y) = constant, then by (5.2)

Qo(x)p(y) — Q(x)po(y) =0.

Hence
Q) _ PR
Qo(z)  po()

for some rational function S(z). It follows from (5.1) that

= S(2)

S(f)=S5().

Therefore f = +g + ¢ for some constant ¢. By Baker [1], we obtain J(f) = J(g).
If Qo(x)p(v) — Q(x)pe(y) & constant, then by (3.1) we get a nonconstant poly-
nomial Qo(x)p(y) — Q(x)po(y) such that

Qo(fHp(g) — Q(f)pe(g) =0.

The conclusion follows from Lemma 2.6.
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