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Abstract

The basic problem in this paper is that of determining the geometry of an arbi-
trary doubly-connected region in R? together with an impedance condition on its
inner boundary and another impedance condition on its outer boundary, from the
complete knowledge of the eigenvalues {4; }7; ; for the two-dimensional Laplacian
using the asymptotic expansion of the spectral function 6(¢) = E}'ﬁ, exp(—t4;) for
small positive ¢.

1. Introduction

The underlying problem is to deduce the precise shape of a membrane from
the complete knowledge of the eigenvalues A; for the Laplace operator A =
Y2 (8/8x)? in the x'x2-plane.

Let Q C R? be a simply connected bounded domain with a smooth bound-
ary 9Q2. Consider the impedance problem

A+Au=0 inQ, (8/0n+y)u=0 ondQ, (1.1)

where 9/9n denotes differentiation along the inward pointing normal to 89Q,
'y is a positive constant and u € C2(Q) N C(Q).
Denote its eigenvalues, counted according to multiplicity, by

0<A €A <3< <A< —>o00 asj— oo (1.2)

The problem of determining the geometry of Q and the impedance y has
been discussed recently in [4] from the asymptotic behaviour of the spectral
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2 Hearing the Shape of an Arbitrary Region 473

function

o0
0() = trlexp(—tA)) = > _exp(-td;), ast— 0. (1.3)
j=I1
Problem (1.1) has been investigated in [2], [3], [5] in the following special
cases:

Case 1. y = 0 (Neumann problem)

6(t) = L% +3 git‘;} 7+ a0+ 2—56(t/n)'/2 / k() do + O(1),

ast— 0. (1.4)
Case 2. y — oo (Dirichlet problem)

Q oQ
(1) = :’mlt 8(|7tt)ll/2 ta+ ﬁ(t/n)m /n(k(a))z do +00),
ast — 0. (15)

In these formulae, || is the area of Q, |9€)| is the total length of its bound-
ary, o is the arc length of the counterclockwise oriented boundary 4Q and
k(o) is the curvature of Q2. The constant term gy has geometric significance,
e.g., if Q is smooth and convex, then ay = 1/6 and if Q is permitted to have
a finite number “H” of smooth convex holes, then ay = (1 — H)/6.

Furthermore, it has been shown by Gottlieb [1] that if Ly is the length of
a part of the boundary Q2 with Neumann boundary condition and if Lp is
the length of the remaining part of 8Q with Dirichlet boundary condition,
then

19 + Ly-Lp
ant * 8(mr)l2

The object of this paper is to discuss the following inverse problem: Let
Q be an arbitrary doubly-connected region in R? surrounding internally by a
simply connected bounded domain Q; with a smooth boundary 9, and ex-
ternally by a simply connected bounded domain Q, with a smooth boundary
9€2;. Suppose that the eigenvalues (1.2) are given for the impedance problem

6(t) = +ag+O(?) ast—0. (1.6)

(A+A)u=0 inQ, (1.7)
(0/0n; + 7y )u=0 ondQ, (1.8)
and
(8/0ny+ y2)u=0 onoQy, (1.9)

where 8/0n; and d/3n, denote differentiations along the inward pointing
normals to the boundaries 82, and 9Q; respectively, while y, and y, are pos-
itive constants. Determine the geometry of the arbitrary doubly-connected
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region £ as well as the impedances y, and y, from the asymptotic behaviour
of 6(¢) for small positive ¢.

Note that problem (1.7)-(1.9) has been investigated recently by Zayed [6]
in the special case where

Q={(r6):a<r<b, 0<0<2n}

is a circular annulus.

2. Statement of results

Suppose that the inner boundary 8Q, of the region Q is given locally by
the equations x’ = yi(a;), i = 1,2 in which g, is the arc length of the coun-
terclockwise oriented inner boundary 8Q; and yi(g;) € C*(8Q,). Suppose
also that the outer boundary 8Q, of Q is given by the equations x/ = y'(a;),
i = 1,2 in which o, is the arc length of the counterclockwise oriented outer
boundary 8Q; and yi(a;) € C*(8Q,). Let L, and L, be the lengths of §Q,
and 8Q, respectively. Let k(o) and k;(o;) be the curvatures of 92, and
9Q; respectively, where fan ki(a1)da, = fag ky(0;)do, = 2n. Thus, the
results of our main problem (l 7)-(1.9) which will be constructed in Section
7 can be summarized in the following cases:

Casel. 0<pyn <, > 1)

o 1

1) = 2t ¥ 3Gy

L
sl = Lo+ 27 )} - B2+ 002,
ast— 0. (2.1)

Case2. (171 >1,0<9n«1)
In this case the asymptotic expansion of 6(¢) as ¢ — O follows from (2.1)
with the interchanges L; — L, and y;, « 7,.

Case 3. (y1, 72> 1)

1Ql 1

b = ant  8(me)V

s {(L1 + 2797 ") + (L2 + 27977 1)} + O(1'/7),
ast—0. (2.2)

Cased. (0<p,72<1)

19 Li+L L()’sz -nL)+0('?), ast—0. (23)

6(¢) = 4nt * 8(mn)l2 2z
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With reference to formulae (1.4)-(1.6) the asymptotic expansions (2.1)-
(2.3) may be interpreted as follows:

(i) Q is an arbitrary doubly-connected region in R? and we have the
impedance boundary conditions (1.8), (1.9) with small/large impedances 7,
y, as indicated in the specifications of the four respective cases.

(ii) For the first three terms, Q is an arbitrary doubly-connected region
in R? of area |Q)|.

In case 1, it has H = (1 + (3y,L,)/=) holes, a part of the boundary of
length L, with Neumann boundary condition and the other part of length
(L + 2ny; 1) with Dirichlet boundary condition, provided H is an integer.

In case 3, it has only one hole (H = 1), a boundary of length {(L; +
2ny7 ')+ (L + 27y; ")} together with Dirichlet boundary conditions on 99,
and 89Q,.

In case 4, it has H = 1+ 3(y2L>—y1L;)/n holes, a boundary of length L, +
L, together with Neumann boundary conditions on 4Q, and 9%,, provided
H is an integer.

3. Formulation of the mathematical problem

With reference to [2] and using the same arguments of Section 1 in [4] and
Section 2 in [6], we deduce that the spectral function 6(¢) associated with our
main problem (1.7)-(1.8) can be written in the form:

0(t) = |Q|/(4nt) + K(¢), (3.1)

and

k(0= [[ xxxndx, (3.2)

where Q] is the area of the region €2, while x(x,,X2;¢) is a regular part of
the Green’s function G(x;, x2;¢) for the heat equation Au = du/dt. In what

follows, we shall use Laplace transforms with respect to ¢, and use s? as the
Laplace transform parameter; thus

- +00
Cxnxnsh) = [ ew ¢ Glxxde. (3.3)
0
Consequently, we deduce that 5({1 , gz;sz) satisfies the membrance equation
(A —s1)G(x1,%2;8%) = =6(x1,—x2) inQ, (3.4)

together with the impedence conditions (1.8), (1.9), where d(x; — x2) is the
Dirac delta function located at the source point x; = x,.
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The asymptotic expansion of K (L) as t — 0 may then be deduced directly
from the asymptotic expansion of K(s2) as s — oo, where

K% = //n X, x;52)dx. (3.5)

4. Construction of Green’s functions

It is well known [6] that the membrane equation (3.4) has the fundamental
solution Go(x1, X2;52) = Ko(57x,x,)/27, where ry, x, = X1 —x2| is the distance
between the points x, = (x},x%), x2 = (x},x2) of the region Q and Kj is the
modified Bessel function of the second kind and of zero order. The existence
of this solution enables us to construct integral equations for G({,,gz;sz)

satisfying the impedance boundary conditions (1.8), (1.9) for small/large
impedances y;, y;. Therefore, Green’s theorem gives:

Case 1. (0<}’1 <1, )’2)}1)
G(x1,X2;8%) = Ko(s7x,x,) /27

1 —
+ ;/Q G(x1,y;52){8/0n1,Ko(sryx,) + 11 Ko(STyx,)} dy
an, ~ ~ ~ ~ ~

1 — -
+ Py Q a/anZyG(El:y;sz){(KO(srygz) +7 la/a”ZyKO(srygz)}dZ-
a 2 ~ ~ ~ ~ ~

(4.1)
Case2. (1n1>1,0<rn<l)
In this case @(51,52;#) has the same form (4.1) with the interchange

Q< 88y, 71 — y2 and 1y < na.
Case 3. (y1,72>> 1)
In this case 5({1,52;s2) has the same form (4.1) except its second term

which is different from the second term of (4.1). In case 3, the second term
of G(x1,X2;5?) is equal to the negative of the third term of (4.1) with the

interchanges 3Q < 98, y, « 2 and n; & n,.
Cased. (0<y,72<1)
In this case G(x1,X2;s2) has the same form (4.1) except its third term

which is different from the third term of (4.1). In case 4, the third term
of G(ggl,gz;sz) is equal to the negative of the second term of (4.1) with the

interchanges 8Q; « 9Q;, ¥, « 2, and n; < na.
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On applying the iteration method (see [4]) to the integral equation (4.1),
we obtain the Green’s function G(x, gz;sz) which has the regular part:

X(Xl,xz,s )= 2 2/ KO(S’x.y){ Ko(s’yxz)+?lK0(Sryxz)}

~

1
212 Joq, Ons 2y

.27‘2 /91/ KO(srxly)Ml(y y)

)
x { on Ko(sryix,) + ?1Ko(sry'x,)} dydy'
lyl ~ ~ ™ ~ ~

~

7]
Ko(S'x,y) {KO(Sryxz) +72 CER K (S"Zgz)} dZ

a 1
Yo /an, ag, On yKO("zug)Mz(JN/,Z )

o 0
X {Ko(sry,iz) +7; 'an2 Ko(srylgz)} dydy'
~ yl ~

~

1 9 ,
T a9 { 00, anZZKO(S'iug)Ms(Z,Z )dZ}

1]
X {6 Ko(sryix,) + leo(sryfx,)} dy'
Ryye ~~ ~~

7 Lol
272 Joq, UJsa,

- 0
X {KO(sr}"ﬁz) + 14 lanz KO(Sry’gz)} dyls (42)
~ y' ~ ~

¥ Ko(ors,)Mu(3. ') dy |

~

where

My, y) =3 K(\y),  i=1-4, (4.3)
v=0

1 a
KI(Z,’.Z) == {gn_lyKO(er') + J’lKo(S"{z')} , (4.4)

~

~

1] o 9?2
! = — —_— ’ -1 ¥ ’ 4.
Ky p) u{anzy,’“("zz)”z anzyanzy,KO(s’zz)}' (4:3)
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q |-

. 0
K3(y',y) = {Ko(sryy') +%, IWKO(S’W’)} s (4.6)

and

' )
1
Ki(y',y) == i o Oy Ko(Sryy) + 1 —Kaloryy )} (4.7)

Similarly, we can find 7(x, X2;s2) for the other three cases.

On the basis of (4.2) the function ¥(x;, gz;sz) will be estimated for large
values of s together with small y, and large y,. The case when x,; and x; lie

in the neighbourhood of the inner boundary €2, or in the neighbourhood of
the outer boundary 9, is particularly interesting. To this end we shall use
coordinates similar to those obtained in [4] as follows:

5. Differential geometry of the boundaries Q, and 6Q;

Let ny, n; be the minimum distances from a point x = (x!, x2) of the
region Q to the boundaries 9Q,, 9, respectively. Letters n,(0,), n2(a2) de-

note the inward drawn unit normals to 8Q;, 82, respectively. We note that
the coordinates in the neighbourhood of 9, and its diagrams (see Figure
1(a), Figure 2) are in the same form as in Section 3 of [4] with the inter-
changes 0 — o3, n & ny, h « hy, I & I, C(I) = C(I), § «~ J,. Thus, we
have the same formula (3.1)-(3.4) of Section 3 in [4] with the interchanges
c(0) « ky(02), n & ny and n(g) < nz(oz). Similarly, the coordinates in
the neighbourhood of 9Q, and its diagrams (see Figure 1(b), Figure 2) are
similar to those obtained in Section 3 of [4] with the interchanges 0 « o,
nen,he h,I oI, CI)o C(l)), d — J,. The only remark here is that
the two unit normal vectors on 32, and 9, are in the opposite direction.
Therefore, we have the same formulas (3.1)-(3.4) of Section 3 in [4] with
the following interchanges: c(o) « ki(01), n < ny, n(a) < n;(o;), the plus

sign of the second term of (3.1) by the minus sign, the minus sign of the
second term in the third equation of (3.2) by the plus sign, the constant
—1/12 in (3.3) by +7/12 and finally the minus sign in the second term of
(3.4) by the plus sign.
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6. Some local expansions
It now follows that the local expansions of the functions

d J
Ko(s"gz), mKO(srgz), WKO(S"gZ): (6.1)

~
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when the distance between x and y is small, are very similar to those obtained

in Sections 4, 5 or [4]. Consequently, for small y, and large y, the local
behaviour of the following kernels:

Kl (ZI’Z)’ K4(¥1,Z), (62)
K (y'y), K3(y',y), (6.3)

when the distance between y and y’ is small, follows directly from the knowl-

edge of the local expansions of the functions (6.1). This follows from the
definition of e*-functions (see [3], [4]) in small domains C(I;) and C([,).
Thus, using methods similar to those obtained in Sections 6-10 of [4], we
can show that the functions (6.1) are e*-functions with degrees 1 =0, -1, —1
respectively. Consequently, for small impedance y, the functions (6.2) are e*-
functions with degrees 4 = 0,—1 while for large impedence y, the functions
(6.3) are e*-functions with degrees 1 = 0, 1 respectively.
DeFINITION. If X, X, are points in a large domain Q + 9Q; or Q + 9Q,,
then we define
P2 = rnyin(rglz + rfzz) lf;}: €8Q,,

~

or

R =min(ry,y +ryy) if y €0

An E‘({,,gz;s)-function is defined and infinitely differentiable with re-
spect to x; and X, when these points belong to a large domain Q + 9Q, or
Q + 0Q; except when x; = x; € 3Q, or 3Q;. Thus the E*-function has a
similar local expansion of the e*-function (see [3], [4]).

By the help of Sections 8, 9 in [4] it is easily seen that formula (4.2) is an
E®%x,, x2; s)-function and consequently

G(x1, x2;5%) = Of[1 + |log sizlle=*"2} + O{[1 + |logsRa[le=2Rn}, (6.4)

which is valid for s — oo and for small y, and large y,, where 4 and B are
positive constants. Formula (6.4) shows that 5(51,52;s2) is exponentially
small for s — oo. Similar statements are true in the other three cases.

With reference to Section 10 in [4], if the e*-expansions of the func-
tions (6.1)-(6.3) are introduced into (4.2) and if we use formulae similar
to (6.4), (6.9) of Section 6 in [4], we obtain the following local behaviour of
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i(g;,{z;sz) when 7, or R, is small which is valid for s — oo and for small
y; and large y;:

T(x1, X238 = T, (X1, X2;5%) + Ta(X1, X255%), (6.5)

where if x;, x; belong to a sufficiently small domain C(/ 1), then

1 a\"! 5
= ce2Y - —1,-4
Z1(X1,X2;8%) = r {1 - <_3¢.2> }KO(SPIZ) + O(s e~ %P2), (6.6)
while, if x,, x, belong to a sufficiently small domain C(/3), then

1 o] .

= e o2y e _,-1 Y A —1,-Bsp12

A L 512) }Ka(spa) + 0(s1e59). (6.)

When 7, > 8; > 0 or ﬁlz > 0, > 0 the function f(gl,gz;sz) is of order
O(e= %), s — 00, N > 0. Thus, since lim?5/p;2 = 1 or limﬁu/p‘lz =1
when 71> or R, tends to zero, then we have the asymptotic formulaeA(6.6)
and (6.7) with j,; in the small domains cases being replaced by 7,5 or Ry, in
the large domain Q + 8, or Q + 8Q, respectively. Similar formulae for the
other three cases can be found.

7. Construction of our results

Since for &2 > h; > 0 or £2 > hy > O the function ¥, (x, x;s?) is of
O(exp —(24sh,)) while the function X,(x, x;s2) is of O(exp(—2Bsh;)), the
integral over the region Q of the function ¥ (x, )~c;s2) can be approximated in
the following way (see (3.5)):

ha Ly

R(s?) = /c Toe x:5){1 — ka(€1)E2) E" dE2

220 JE1=0

hy L,
- fc 7106 51 + Ky (E)€2) dé" dg?

220 JE1=0
+ O(exp(—2A4sh,)) + O(exp(—2Bsh;)) ass— o0  (7.1)
If the e*-expansions of ¥, (x, x;s?) and ¥,(x, x; s?) are introduced into (7.1),
one obtains an asymptotic series of the form:

J
K(s>)=) ans "+ 0(s™7") ass— oo, (7.2)

n=1
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where the coefficients a, for all four cases are calculated from the e*-expan-
sions by the help of formula (11.3) of Section 11 in [4].

Finally, on inverting Laplace transforms and using (3.1) we arrive at our
results (2.1)-(2.3).

8. Discussions and conclusions

In this paper we note that the definitions and the local expansions of e*-
functions and E*-functions in the small domain C(I,) and the large domain
Q + 9K, respectively are exactly the same as in Pleijel [3] and Sleeman and
Zayed [4]. But the definitions and the local expansions of these functions
in the small domain C(I;) and the large domain Q + 9Q; may be different
from those obtained in [3], [4] in the inclusion of the terms (8/8¢') and
(8/0&%)™ and because the two unit normal vectors on 8, and 8Q, are in
the opposite direction.

Pleijel has introduced these functions to estimate 7({1,5232) as s — 00

for Neumann or Dirichlet problem when x,, x; lie in the neighbourhood of
a smooth boundary of a general simply connected bounded domain, while in
the present paper the author has used these functions to estimate ¥(x, X»; 5?)
as s — oo for the impedance problem (1.7)—(1.9) with small/large impedances
71, Y2, when X, x; lie in the neighbourhood of the inner and outer boundaries
of a general doubly-connected domain in R2. From these discussions we

conclude that the reference [3] plays an important role in the present paper.
Because of that, I am deeply grateful to the Swedish mathematician Professor

-]

A. Pleijel.
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