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A note on rational approximation

C.S. Davis

It is shown that the inequality

\e-(p/q)\ < %((log log q)/{q2 log q))

holds for an infinity of integers p, q and that here the

factor % may not be replaced by a smaller number.

Corresponding best possible inequalities are given for the

±2/t
numbers e , where t is a positive integer.

In a recent paper (Davis [2]), the author gave the following result on

±2/t
approximation by rationals to numbers of the form e , where t is a

positive integer.

THEOREM. If a = ±2/t , where1, t € IN , and

il/t , t even,

l/(l»t) , t odd,

then, for any e > 0 , the inequality

(1) \ea-(p/q)\ < (c+e)((log log q)/{q2 log q))

has an infinity of solutions in integers p, q . Further, there exists a

number q' , depending only on e and t , such that

\ea-ip/q)\ > (e-e)((log log q)I[q2 log q)}

for all integers p, q with q > q' .

The second statement of the theorem shows that the constant c in the
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inequality (l) is 'best possible' in the sense that it can not be replaced

by any smaller number. Nonetheless, the inequality (l) may be improved, in

that c + c may be replaced by c , and it is the purpose of this note to

establish this result, thus giving the

THEOREM. If a = ±2/t , where t € N , and

1/t , t even,

a = •

l/{kt) , t odd ,

then the inequality

\e -(p/q)\ < e((log log q)/[q log q))

has an infinity of solutions in integers p, q . If a be replaced by any

smaller number, the inequality has only a finite number of integer

solutions.

In the paper cited, details of the proof were given for the case

a = 1 (in which case o = % ). The inequality (l) was established by

explicit ly constructing integers P , Q , for each n € fi , such that

where \j \ ~ l/2n and Q ~ V(2/e)(kn/e) as n •+ °° . The result (l) of

the theorem follows, on taking p = P , q = Q , and observing that

n ~ (log Q )/(log log Q ) . However, in the course of proving the second

statement of the theorem it is shown that P /Q is that convergent of the

simple (or regular) continued fraction

e = [2, 1, 2n, 1]™=1

which arises by terminating that fraction immediately before the partial

quotient 2n . Hence

\e-(p/q)\ < l/2nq2 .

Now

(2) log q = n log n + 0(n)

= n l o g n { l + 0 ( l / ( l o g n))} ,
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log log q = log n + log log n + o(l/(log n))

= (log q)ln + log log n + 0(1) ,

and hence

(3) 1/n < (log log c?)/(log q)

for all sufficiently large n . Thus

\e-{p/q)\ < %((log log q)/{q2 log q))

for an i n f i n i t y of p, q , as a s se r t ed .

We observe he r e , for l a t e r u se , t h a t (3) may be replaced "by

CO \/{n-m) < (log log <?)/(log q) ,

for any bounded m , s ince , by ( 2 ) ,

log q = {n-m) log n + 0(n) .

In order to complete the proof to cover other values of a , we quote

relevant results from Davis [/]. We denote by a , p la (n = 0, 1 . )

respectively the partial quotients and convergents of the continued

fractions in question. Further, we

the paper just cited and that hence

fractions in question. Further, we observe that our Q i s the B of
n n,n

Thus i f we take q = Q (or %Q , i f app rop r i a t e ) , the inequa l i ty {h)

s t i l l holds .

For a = 2 / t with t even, say t = 2k , and k > 1 , we have

a , 2 = (2n-l)fe - 1 and take q = <?_. __ = Q . Noting t h a t

a3n_2 = 2nk - (k+1) > 2nk - 2k = t{n-l) ,

we have

\ea-(p/q)\ < 1/iHn-Dq2]

and the resu l t follows, on using (U).

The case a = 2/t with t odd is a l i t t l e more complicated in deta i l
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and, for s implici ty, we wri te 3rc + 1 = N . Then

( i ) i f t = 1 , a_ = 6(2n+l) = UN + 2 ,

( i i ) i f * > 1 , a 5 n + 2 = 6t(2n+l) = UtN + 2t ,

The result in this case follows as before.

Finally, the case of e with a > 0 is essentially the same, since

here we simply take q = Pj, . instead of <?„ (the notation referring to

the continued fraction for the corresponding e J .
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