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INTEGRATED SOLUTIONS OF STOCHASTIC EVOLUTION
EQUATIONS WITH ADDITIVE NOISE

A. FlLINKOV AND I. MAIZURNA

We investigate the existence of a solution to the abstract stochastic evolution equation
with additive noise:

dX(t) = AX(t)dt + BdW(t), X(0) = £,

in the case when A is the generator of an n-times integrated semigroup.

1. INTRODUCTION

Let H and U be real separable Hilbert spaces. We consider the stochastic differential
equation

(1) dX{t) = AX{t) dt + BdW(t), X{0) = £,

where A : D{A) C H —> H is a closed linear operator and B : U —> H is a bounded linear
operator, W(-) is an {/-valued cylindrical Wiener process in a probability space (fl, T, P)
adapted to the filtration {Tt)t^o and £ is an H-valued random variable.

Equation (1) was studied by many authors (see [2] and [3] and references therein)
in the case when A is the generator of a Co-semigroup. The novelty of this note is that
we study this equation in the case when the operator A is the generator of an n-times
integrated semigroup. We prove the existence of a weak n-integrated solution to (1) and
discuss the existence a continuous version of this solution. Finally, we use the stochastic
wave equation to illustrate our results.

2. PRELIMINARIES

By //-valued random variable, we understand an //-valued mapping £ : Q —> H
which is measurable from (£l,T) to (//, B(H)), where B(H) is the smallest cr-field con-
taining all closed (or open) subsets of H. A stochastic process X(-) is said to be adapted
to the filtration {Tt}t^o if, for any t ^ 0, X(t) is {.Fj-measurable. A stochastic process
X(-) is called //-valued predictable if X : [0, oo) x f2 -> H (or X : [0,T] x Cl -> //) is
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T'oo-measurable (respectively ^-measurable), where V^ is a a-field generated by sets of
the form:

(s,t]x F, O^s<t, F e ?s and {0} x F, F € To,

and VT is the restriction of Voa to [0, T).
We denote by L2(il; H) the Banach space of all H-valued square integrable mappings

endowed with the norm

and by CV([0,T]; H) the Banach space of all mappings X : [0,T] -> L2(fi; # ) , t h a t a r e

continuous and adapted to the filtration {Tt}t^o, endowed with the norm

Let furthermore {ek}k€K be a complete orthonormal system in U and {/3*()}A6N be a
sequence of independent real Brownian motions on (f2, T, P) adapted to the filtration

o- For all y € U and t ^ 0 one can define the following random variables

which clearly belong to L2(f2). The formal sum

oo

(2)
k=l

is called an [/-valued cylindrical Wiener process. Note that the series in (2) is not
convergent in L2(Q;U).

We now give a very brief summary of basic facts about integrated semigroups, which
can be found, for example, in [1] and [6].

DEFINITION 1. Let n € N. A one-parameter family of bounded linear operators
{Ki(*) € £{H) '• t € [0,oo)} is called an n-times integrated exponentially bounded
semigroup if the following conditions hold

(a) ( l / (n - 1)!) /„' [(s - r )""1 Vn(t + r)-(t + s- r ) - 1 VB(r)]dr = Vn(t)Vn(s),

(b) Vn(t) is strongly continuous with respect to t ^ 0;

(c) 3 C> 0, a € R : ||VB(«)|| ^ Ceat, t > 0.

The semigroup {^(t) e &{H) : t € [0, oo)} is called non-degenerate if
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If the semigroup is non-degenerate, then Vn(0) = 0 and the operator

R(X):= r Xne~xlVn(t)dt, Re\>a
Jo

is invertible. The operator A defined by

(XI - A ) - X x = / X n e - X t V n { t ) x d t , x e H
Jo

with the domain equal to the range of (XI - A)'1, is called the generator of {Vn(t) 6
C(H):te[0,oo)}.

PROPOSITION 1 . Let A be a densely deBned linear operator on H with nonempty

resolvent set. Then the following statements are equivalent:

1. A is the generator of an n-times integrated semigroup {Vn(t) € C(H) : t €

[0,oo)};

2. for any x € V(An+1) the Cauchy problem

(3) u'(t) = Au(t), t > 0, u(0) = x,

has a unique solution u(-) € C([0, oo], V(A)) f) C1 ([0, oo], H) satisfying

3K>0, a € R : | | u ( t ) | | ^ Keat\\x\\A»,

where \\x\\A, := \\x\\ + \\Ax\\ + ... + \\Anx\\.

In this case the solution of (3) has the form

u(t) = V^(t)x, x € V(An+1).

Assume that the operator A in problem (1) generates an exponentially bounded
n-times integrated semigroup {Vn(t) € C(H) : t € [0, oo)}. We consider the stochastic
convolution

(4) Wn(t) := f Vn(t - s)BdW(s) = f ] f Vn(t - s)Bekd/3k(s).
Jo k=l Jo

The series in (4) is convergent in L2(?l,H) due to the following lemma, which is an
obvious generalisation of the corresponding result for the generators of Co-semigroups,
which can be found in [2].

LEMMA 1. Assume that K()x € C([0, T]\ H) for any x € H, and that the linear
operator

(5) Ltx:= f K(s)BB'K*(s)xds, x e H,
Jo
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is of trace class:

Tr Lt = 2 . I K^(s)^efc \\H^S *- °°-
k=iJo

Then for all t > 0 the series

pt 00 pt

WK(t) = K{t- s)BdW(s) = 5Z / K(f ~ s)BekdPk{t)

is convergent on L2(f2;if) to a Gaussian random variable WK(t) with mean zero and

covariance operator Lt. Moreover WK{-) belongs to Cw([0,T];H) for any T > 0.

By Lemma 1, we also have that

is a Gaussian random variable.

3. MAIN RESULTS

DEFINITION 2. An if-valued predictable process X(t) is said to be a weak n-integrated
solution of (1) if the trajectories of X(-) are P-almost surely Bochner integrable and if
for all v € D(A') and t <= [0, T] the equality

(6)

holds P-almost surely.

THEOREM 1 . Let A be the generator of an n-times integrated semigroup { Vn(t) €
C(H) : t € [0, oo)} and let the operator Lt, defined by (5) with K = Vn, be of trace class.
Then

X{t) = ^"(<)£ + / Vn{t - s)BdW(s)
Jo

is a weak n-integrated solution of (1).

PROOF: Without loss of generality assume that £ = 0. We show that equation (6)
is satisfied by

Wn(t)= f Vn(t-s)BdW(s).
Jo

Fix t e [0,T] and let u € D(A'). Note that

I (A'u,Wn(s))ds = j (A*U,J X[0}S](r)Vn(s-r)BdW(r)\ds.
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Hence by the stochastic Fubini theorem, we have

y" (,4V, Wn{s)) ds = Jl (ATV, j X[0,s](r)Vn(s - r)BdW(r)^ ds

= f ( f B*V*{s-r)A*vds,dW(r)\.

Since A generates an n-times integrated semigroup {K,(t) € C(H) : t € [0,oo)}, A"
generates the n-times integrated semigroup {V*(t) € £ ( # ' ) : t € [0,oo)}, where H* is
the dual space of H. Since A* and V*(t) commute, using the properties of the n-times
integrated semigroup {Vn*(i) € C(H') : t € [0,oo)} we obtain

[
J0

[t(A'u1Wn(s))ds= f ( f X[OtS]{r)B*A*V;{r-s)vds,dW{r))
0 Jo \Jr I

- B"(* * ^ i > , dW{r)= f
= (v, J V(t - r)BdW(r)\ - (v, j t ^

Therefore Wn(t) - /„' Vn(t - s)BdW(s) is a weak n-integrated solution of (1). D

However, the solution X does not necessarily have a continuous version. The purpose
of our next discussion is to find conditions under which the solutions have continuous
versions.

Let A be the generator of an exponentially bounded n-times integrated semigroup
{Ki(i) € C(H) : t € [0,oo)}. Hence A is also the generator of an exponentially bounded
(n + j)-times integrated semigroups {Vn+j(t) € C(H) : t S [0,oo)} for j = 1,2,... .
In particular, A generates an exponentially bounded 2n-times integrated semigroup
{^2n(<) € C(H) : t € [0, oo)}. It is shown in [5], that those semigroups satisfy the
relation

(7) V2n(t + s) = Vn(t)Vn(s) +
j=o •>•

Define

(8) W2n(t) := / V2n(t - s)BdW(s) = Y, [ V2n(t - s)Bekd0k(s).
Jo L_, Jo

By Lemma 1, W2n(t) is a Gaussian random variable with the law Af(0, Lf1), where

L]nx := I V2n(s)BB'V2'n(s)xds, xeH,
Jo
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given that L2" is of trace class. We now show that W2n
 n a s a continuous version. The

following theorem is a generalisation of the corresponding result of Da Prato and Zabczyk
[2] for generators of Co-semigroups.

THEOREM 2 . Assume that there is a € (0,1/2) and T € (0, oo) such that

(9) /
/
Jo

and for j = 0 ,1 ,2 , . . . , n — 1,

(10) / s~2aTr[V2n-j(s)BB*V2n_j(s)] ds = Clnf3 <oo.
Jo

Then W2n(t) defined by (8) has a continuous version.

PROOF: Using (7) we can write

W2n(t) = f V2n(t -o + o- s)BdW(s)
Jo

= [ Vn(t - o)Vn{o - s)BdW{s)
Jo

/ • ' / ^ 1 \
+ / I Y , -T7{a - s)3V2n-.j(t - a) + (t - a)3V2n-j{a - s) BdW(s).

Jo \J=o-7- /
Using the factorisation formula

t-a)a-l{a-s)-ado, a € ( 0 , 1 ) , O^s^t,
sin

we obtain

W2n(t) = sJR^l f (t _ ff)»-i(a _ s)-° ̂  j Vn{t _ a)Vn(a _ s)BdW(s)
ft Js Jo

{a - s)jV2n-j{t - a))BdW(s)
j=oJo Jl

sin (na) f1 , , /"' v-i 1
+—-—- (t- a)a~l{a - s)-a da I V ~{t - a)>V2n-Ao - s)BdW(s).

ft Js JofriJ-
By the stochastic Fubini theorem, we have

W ,B(t) = S i n (7 rQ) f vn(t - a)(t - a)*-1 f Vn{a - s)(a - s)-aBdW{s) da
ft Jo Jo

(11) +Sinj7ro) g 1 r< v^_^ _ ^ _ ff)o_! r ^ _ sy-aBdw{s) ^

ft ;=nJJ0 JO

sin{7ra) g{7ra) g 1 /"(4 _ ^ ^ f"

ft j = 0 3- Jo Jo
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Writing

Jo

and for j = 0 ,1 , 2 , . . . , n - 1

Un(<r) = f Vn{a - s)(a - s)-°BdW(s),
Jo

and

° ~ s)j-aBdW(s),

U2n-j{a) = f V^a - s)(a - s)-°BdW(s),
Jo

PB(t) = ! i £ i ^ f Vn(t - a){t - a)"-lUn{a) da,

f j,V2n^(t - a)(t - aT'^ia) da,

Pj{t) = ^ f ht-ay^U^
" Jo J-

we can write W2n{t) as

j=0 j=0

As in Lemma 1 Un{a) is a Gaussian random variable Af(0, S") for all a € [0,T), where

S>:= / s-2aVn(s)BB*V(s)xds.
J

Accordingly, for all j = 0 , 1 , 2 , . . . , n — 1, U2n-j(a) and Uj(a) are Gaussian random

variables A/"(0, Sjn~j) and 7V(0,5^) respectively, where

[
Jo

Six
ft

~JoS3 2°BB'xds-
By (9), for any m > 0, there exists a constant D^a such that for all a € [0, T] we have

By (10), for j - 0 , 1 , 2 , . . . , n - 1, there exist constants D^"--7 and £>£,,<» s u c h t h a t f o r a11

a € [0, T] we have
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This implies

and for j = 0,1, 2 , . . . , n — 1

Therefore Un(-)u>, [72n-j(-)w a n d Uji')^ a r e i n L2m([0,T]\H) for almost all w 6 Q, and
j = 0,1, 2 , . . . ,n — 1. Furthermore, by Holder's inequality and taking into account the
exponential boundedness of Vi(t) we have

(2m-l)/2m

n \2ma- \) * H£/»llt»-.([o.7li«)'

where M r = sup II Vn(t) II. Accordingly, for all j = 0 ,1,2, . . . , n - 1 we have
t€[0,T]

(2m—l)/2m

where Mf = sup |IV2n_j(t)||, and furthermore
t€[0,T]

1 / rt

- 1 / 2 m - 1 V2™-1>/2™.j + a-»/2 n 0 | | F ..
~ 7rj!V2mj + 2 m a - i y " ^ - ^

Hence Pn(-)w € C([0,T];H) for almost all CJ € Q and for all j = 0,1,2, . . . , n - 1,

P2n-j(-)u, Pj(-)u € C([0,T]; X ) for almost all w € fi. Thus

j=0 j=0

for almost all w S fi and (11) defines a continuous version of W-zn. D

COROLLARY 1 . Let A be the generator of an n-times integrated semigroup
{Vn(t) € C{H);t e [0,oo)} and all the assumptions in Theorem 2 hold. Then

X(t) = V2n(t)£ + [ V2n(t - s)BdW(s)
Jo

is a weak 2n-integrated solution of (1) which has a continuous version.
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4. EXAMPLE

Consider the stochastic wave equation

dYl{t,x) = -£jY(t,x) dt + dW{t, x), t G [0,T], i 6 n = (0,1),

Y(t,o) = Y(t,i) = o, te{o,T],

Y{o,x) = YO(X), y-/(o,x) = y,(ao, x € n,

where dVF(i,2;) is white noise. Define the operator A = -r-^ in L2(fl) with the domain

where H2(Q) and #o(ft) are the classical Sobolev spaces. The operator -A has a self-
adjoint compact inverse and therefore its spectrum consists of discrete eigenvalues. Eigen-
functions and eigenvalues of —A can be obtained by solving

-j£ = -»kek, efc(0) =

which gives

fj,k = k2ir2 > 0, ek = V^sinfcTra;, k 6 N.

Note that {et}^.! forms an orthonormal basis in L2(f2). Denote L2(Q) =: U, L2(f2) x
L2(f2) =: H, and let VF(-) be a {/-valued cylindrical Wiener process. Setting

( Xi(t) \ _ ( Y(t,x) \ (Yo(x)\

where X(t), XQ S H, we can rewrite the wave equation in the form (1):

dX(t) = AX{t) dt + BdW{t), X(0) = Xo.

The operator A is defined by

X2 \ ( 0A V

\AX1 I \ A 0 I\X2

V(A) = V{A) x L2{Q) c H,

and B e C(U, H) is defined by
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Then (see, for example, [4]) A generates an exponentially bounded non-degenerate 1-time

integrated semigroup

^ C(t) -1 S(t) J ' " '

on H. Here C and S are cosine and sine operator-functions defined by
OO OO • / , , \

^—v ^—v s i n [•^/Jikt)
C(t)v := y,cos (v/^t*) vk^k, S(t)v := y^ 7 = — vk^k,

k=i t=i vV*

where v e L2(Q) and vk = (v, ek)L2^)-

Note that if we consider a smaller space Hi := HQ(Q) X L2(Q), then the operator

A with the domain V(A) = V(A) x HQ(SI) C f^i, is the generator of a Co-semigroup on

Now, since we have that

V^ / ||^(s)-Bet||2(is < C(T)S~]— < oo,
*=i -*0 k=i ^k

then the process

X{t) = V(t)Z + f V{t- s)BdW{s)
Jo

is a weak 1-integrated solution of (1), that is,

(X(t), v) = (tX0, "> + ( / " x(s) ds> ̂ * J / ) + ( I (t~ s)BdW{s), i/V i/ g D{A').
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