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TOWARDS MINIMAL BINDING VARIETIES OF
LATTICES

VACLAV KOUBEK

Introduction. By classical results of Ambrust and Schmidt, every
monoid is isomorphic to the endomorphism monoid of an algebra. Thus if
we want to investigate in which varieties (or generally, in a concrete
category) each monoid is isomorphic to the endomorphism monoid of an
algebra in this variety (or an object of this category) then the important
role is played by the concept of a binding category (see the definition
below). Moreover, as shows the Hedrlin-Kucera Theorem [13] if the
set-theoretical assumption (M) holds (i.e., there is an infinite cardinal «
such that each ultrafilter closed under « intersections is trivial) every
concrete category can be fully embedded into any binding category. Other
properties of binding categories are in [7, 11, 13]. A list of the most
important binding categories and the properties of binding categories can
be found in an excellent monograph [13].

This paper is devoted to binding varieties of bounded lattices and
(0, 1)-homomorphisms. Griatzer and Sichler [5] proved that the variety of
all bounded lattices is binding. Adams and Sichler [1] strengthened this
result by proving that there is a locally finite variety &7 of bounded lattices
(it will be defined later) that is binding and asked whether .2/is the smallest
binding variety of bounded lattices. The aim of this paper is a negative
answer to this question. We define two varieties &/(B)* and #/(B)« of
bounded lattices and prove that they are binding and their intersection is
the variety generated by Ns; in this variety each lattice has a prime ideal
and thus it is not binding, see [13]. Therefore, there is no smallest binding
variety of bounded lattices. The following problem is open: Are the
varieties &/(B)sx and /(B)* minimal binding varieties of bounded
lattices?

The proof of the main theorem is not based on the existence of
complement pairs, in contrast to [1] and [5]. In fact, our lattices have
exactly one complement pair, 0 and 1.

The paper has four parts. The first part consists of standard definitions
and facts in Graph Theory, Category Theory and Lattice Theory. In the
second part auxiliary graph constructions are given; a special binding full
subcategory of the category of all graphs is constructed. The third part
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contains a proof of the main theorem: &/(B)« and «/(B)* are binding. The
last part continues [2] by a description of the lattices of subvarieties of
(B)« or &/(B)*. In particular, these lattices are countable in contrast to
the lattice of subvarieties of .2/ which is uncountable.

1. Preliminaries. For a set X, denote by | X| its cardinality. Each ordinal
a is identified with the set of all ordinals less than «. Cardinals are
identified with initial ordinals. The set of all natural numbers (i.e., the set
of all finite cardinals) is denoted by N.

Since the paper uses notions from four different fields, we recall some
basic notations used in these fields.

Graph theory. A graph is a pair (X, R) where X is a set and R is a set of
some two-point subsets of X. Elements of X are called vertices, elements of
R are called edges. If (X, R), (Y, S) are graphs then a mapping f/:X — Y is
a compatible mapping from (X, R) to (Y, S) if {f(x), f(y)} € S for each
{x, v} € R. The category of all graphs and compatible mappings is
denoted by Gra. A directed loop free graph is a pair (X, R) where X is a set
and

RC XX X—{(x,x)x€ X}

If (X, R), (Y, S) are directed loop free graphs then a mapping f:X — Y is a
compatible mapping from (X, R) to (Y, S) if

(f(x),f(y)) € § foreach (x,y) € R.

The category of all directed loop free graphs and compatible mappings is
denoted by DiGr. We recall that a subset T of a graph (X, R) is called a
component of (X, R) if T is a maximal set (with respect to inclusion) such
that for each pair x, y € T there is a sequence x = Xxg, Xj, ..., X, = V
with

{x, x;+1} € R foreachi=0,1,...,n — L

The set of all components forms a decomposition of X. A subset T of a
graph (X, R) is independent if for each pair of vertices u, v of T, {u, v} & R.
For a vertex x of (X, R) the degree of x is the cardinality of the set {y; {x,
y} € R}. If T'is a subset of (X, R) then (T, { {x,y} € R; x,y € T} )isa
Sull subgraph of (X, R) induced on T (or shortly, on a set T). A graph (X, R)
is called complete if R is the set of all two-point subsets of X. In particular,
a three-point subset 7 of X is called a triangle in (X, R) if the full subgraph
induced on T is complete. A graph (X, R) is called a complete bipartite
graph, if there is a decomposition X, X, of X such that

R={{xy})x€ X,y € Xp}.
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Category theory. A functor F:¥— X'is called a full embedding if for each
pair a, b of Zobjects it holds that:

(i) if f, gcta — b are distinct £morphisms then Ff # Fg (i.e., F is
faithful);

(ii) if f:Fa — Fb is a #morphism then f = Fg for an £morphism
g:a — b (i.e., Fis full).

A pair (& F) is a concrete category where Zis a category, F is a faithful
functor from £to a category of all sets and mappings (usually, if F is clear
we omit it).

An object A of a category X is called rigid if it has exactly one
endomorphism, the identity of A.

A concrete category is called a binding (or universal) category if every
category of algebras and their homomorphisms can be fully embedded
into it. This is well-known (see e.g. [13]).

THEOREM l.1. Gra and DiGr are binding.

Lattice theory. In this paper “lattice” means a bounded lattice (i.e., a
lattice with the least element 0 and the greatest element 1), “homomor-
phism” means a (0, 1)-homomorphism; i.e., a homomorphism preserving 0
and 1; “sublattice” means a (0, 1)-sublattice; i.e., a sublattice with the
same 0 and 1 as the original lattice. A complemented pair of a lattice L is a
pair a, b of elements of L witha- b = 0,a + b = 1 (we shall denote the
meet as -, the join as + ). If L is a lattice, then an element a of L is an
atom if a # 0 and for every element b € L,a = b > 0 implies a = b. A
subset X of a lattice L is called an order-ideal if y € X whenever there is x
€ X with x = y. For a lattice L and an elementa € L, theset {y € L;y
= a} is called the principal ideal generated by a. An element a of a lattice L
is called join-irreducible (or meet-irreducible)if a = x + y (ora = x - y) in
L implies a = x or a = y. For a graph 4 = (X, R), denote by I(¥)« the set
of all finite independent sets of (X, R) ordered by the inclusion with an
added new element 1. Then I(¥9)+ is a lattice. In particular, if ¢ is a
complete bipartite graph with a decomposition on X, X, of X such that

R={{xy}x € X,y € Xz}

then 1(9)« is the set of all finite subsets of X; or of X, ordered by the
inclusion plus a greatest element added. The dual lattice of 7(¥)« is
denoted by I(¢)*. Then <7 is the smallest variety containing /(¥)+ and
1(9)* for each graph ¥ Define #/(B)s (or &(B)*) the smallest variety
containing all I(¥)« (or 1(9)*, resp.) for each complete bipartite graph.

Universal algebra. A variety ¥’is locally finite if each finitely generated
algebra in ¥7is finite. An algebra A is called subdirectly irreducible if it has
a least non-identical congruence.
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2. A graph-theoretical representation. The aim of this section is to show
that a subcategory of Gra with certain properties is binding. This result
will be used in the next section for a construction of full embeddings of a
suitable full subcategory of Gra into varieties &/(B)x and #/(B)* of
lattices. The theorem is a modification of the results and proofs in [10].
First we give a construction of a rigid graph with suitable properties. This
graph will be used for the proof of Theorem 2.6 which describes a required
subcategory C of Gra.

Construction 2.1. By induction, we shall construct a sequence of graphs
(Zi, Si)ien such that if i < j then (Z;, §;) is a full subgraph of (Z;, §)).
First choose an increasing one-to-one sequence {a;};en of infinite
cardinals. Let (Z;, Sjy) be the complete graph on the set Zy = «ay. To
construct (Z;, S), first choose a rigid graph (Z,, Py). For every edge r =
{x, v} € Py we add a copy of the complete graph («;, C|) and connect
each point a € «; by edges to x and y. Precisely, put

Zy = Zy U (a1 X Py),
Si=SouU {{(ar)br)}abea,re Py
U {{(ar)x};a € a,r € Pyx €r}.

Now we proceed by induction. If (Z;, S;), i > 0 is constructed, we denote
by €2; the set of all components of the full subgraph of (Z;, S;) on the set Z;
— Z;,—y. Foreach W € {; we choose a rigid graph (W, P; ;) and we form
(Z;i+1, Si+1) such that for each edge r = {x, y} € P;y we add a copy of
the complete graph («;+, C;+) and each point a of «;; we connect to x
and y by edges. Precisely, put

Ziyy = Zi U (ai+1 X U A{Piy; W e Q}),

Siv1 =8 U {{(@r)bnr}

a,b € aj4y,r € Py for W e Q;}

U {{(a, r), x};

a € oy, r € PiyforWeQ,xer}
Put

Z=U{Z;ieN}), §=uU({S;ieN}).

To form the graph (Z, S) we add new edges to S. For this purpose we
choose a one-to-one mapping

on:Zop = U {P,y; We Q) foreveryn =3
(it is possible because |P, | = a, for every n) and put

S = S U {{x,(a,q;,,(x))};a € ay+1, X € Z(),I’l € N,n = 3}

https://doi.org/10.4153/CJM-1984-017-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1984-017-3

VARIETIES OF LATTICES 267

PrOPOSITION 2.2. The graph (Z, S) satisfies the following:

a) for each edge {x, y} € S there are infinitely many vertices z € Z such
that {x, y, z} is a triangle in (Z, S);

b) assume that for every n € N and every W € Q,, every vertex of the
graph (W, P, y) has an infinite degree then for every z € Z there is an
infinite subset T. of Z such that:

bl) ift € T, then {1, z} € S;

b2) for every y € Z and for every pair t, u € T., t # u either

y=2z or{y,t} €S or{yu} €S,

c) there is an infinite set T of disjoint triangles in (Z, S), i.e., if {x, y, z}
and {t, u, v} are distinct triangles in T then
{x,y, 2} N {t, u, v} = 0;
d) each vertex of (Z, S) has an infinite degree in (Z, S);

€) for each pair x, y of vertices of Z there is a finite sequence T,
T\, ..., T, of subsets of Z with

X € TO,)’ € T}D |Tl N Tl’+l| =2

foreachi = 0,1,...,n — 1such that the full subgraph of (Z, S) induced on
T; for each i = 0, 1, ..., n is complete;

f) (Z, S) is a rigid graph;

g) for each edge {x,y} € S; — S;— | fori Z 0 (weput S_| = 0) there is a
subset T of Z with x,y € T, |T| = a; such that the full subgraph of (Z, S)
induced on T is complete;

h) for each subset T of Z such that the full subgraph of (Z, S) induced on T
is complete, if T N Z; #+ O for ani > 0 then |T| = a;4;

i) for each vertex x € Zy and for each i € N there is a subset T C Z with
x € T, |T| = «; such that the full subgraph of (Z, S) induced on T is

complete;

) x € Z, — Z,— for n > 0 if and only if a shortest sequence T,
Ty, ..., Ty of subsets of Z with x € Ty, |Ty N Zyl > 1, and |T; N T\ >
1 for everyi = 0,1, ...,k — 1 such that the full subgraph of (Z, S) induced

on T; is complete for every i has length n.

Proof. The verification of a), b), ¢), d), e), g), h), i) and j) is a
straightforward calculation based on the construction of (Z, §). We verify
f). If f:,(Z, S) — (Z, S) is a compatible mapping we get by h) and 1) that
f(Zy) C Z, because f preserves complete graphs. By j) we get that f(Z,) C
Z, for each i and by g) and h) we obtain that

f(Z;, — Zi—)) c Z, — Zj—, foreveryi € N.

We prove by induction over i that f'is the identity. For a pair x, y € Z, we
have {x, y} € Py if and only if there is a subset T of Z with x, y € T, |T|
= a; such that the full subgraph of (Z, §) induced on T is complete. Thus
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the restriction of f to Z; is an endomorphism of (Z, Py); hence f/Z is the
identity. Assume that f/Z; is the identity for some i € N. Let €, be the
set of all components of the full subgraph of (Z, S)inducedon Z, | — Z,.
According to the definition of (Z,;+, S;+,) for each W € ;4 there is a
pair xy, yy € Z; such that for each w € W and for each z € Z; we have
{w,z} € Sifand only if z € {x, yy}. Since f(xy) = xy and f(yy) =
ywweget f(W)c Wforeach W € Q;+. Forapairx,y € W e Q| we
have that {x, y} € P,; |y if and only if there is a subset T of Z with x, y
€ T, |T| = a;4+, such that the full subgraph of (Z, S) induced on T is
complete. Thus the restriction of f to W is an endomorphism of (W,
P;+1.w). Hence f/ W is the identity. Since W is an arbitrary component of
the full subgraph of (Z, S) induced on Z;y|, — Z; by the induction
hypothesis we conclude that f/Z,, is the identity. Thus (Z, S) is rigid.

If we combine b) and d) of Proposition 2.2 we get:

COROLLARY 2.3. There is a rigid graph (Z, S) such that:

a) for every edge {x, y} € S there are infinitely many vertices z € Z such
that {x, y, z} is a triangle in (Z, S);

b) for every vertex z € Z there is an infinite subset T. of Z such that for
eacht € T. we have {t, z} € S and for each vertexy € Z — {z} and for
each pair u, t € T,, u # t either {y,t} &€ Sor {y,u} &€ S;

¢) there is an infinite set T of disjoint triangles in (Z, S);

d) for each pair {x, y} of vertices in Z there is a finite sequence of subsets

To, Ty,....,Tyof Zwithx € Ty, y € T,, |T; 0 Ti 1| > 1 for each i = 0,
1,...,n — 1 such that the full subgraph of (Z, S) induced on T; is complete
foreachi = 0,1,..., n.

We use a standard sip construction, see e.g. [9], [12], [13]. A quadruple
(X, R, a, b) is called a sip if (X, R) is a graph and a, b are vertices of (X,
R).

Construction 2.4. Let (X, R, a, b) be a sip, then we define a functor (X, R,
a, b)* — from DiGr into Gra as follows: for a directed loop free graph (Y,
S) put

(X,R,a,b)*(Y,S)=((V,T)
where V' = X X S/~ where ~ is the smallest equivalence such that
fors = (x,y),t = (z,y) € S we have (b, s) ~ (b, 1)
fors = (x,y),t = (y,z) € S we have (b, s) ~ (a, t)
fors = (x,y),t = (x,z) € S we have (a, s) ~ (a, 1).

Then for each s € S there is a one-to-one mapping i;:X — V such that
is(x) is the class of ~ containing (x, s) for each x € X. Put

T = {{is(x), i5(y) }; {x,»} € R, s € S}.
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For a compatible mapping f:(Y, S) — (Y, §’) define a compatible
mapping

(X,R,a,b)*fi(X,R,a,b)*(Y,S) > (X,R,a,b)*(Y,S)
such that for each s € S we have

((X,R,ya,b)y*f)ijg =iy

where s’ € S’ such that

s = (f(x), f(y)) whenevers = (x, y).
A sip (X, R, a, b) is called a rigid sp if for every directed graph (Y, S)
and for every compatible mapping
f(X,R)— (X, R,a b)*(Y,S)
there is s € S with f = i,.

THEOREM 2.5. If (X, R, a, b) is a rigid sip then (X, R, a, b) * — is a full
embedding.

Proof. See [12], [13].
By Condition d) of Corollary 2.3, if ¢, b € Z are distinct points then (Z,

S, a, b) is a rigid sip. Thus from Corollary 2.3 and Theorem 2.5 we
obtain:

THEOREM 2.6. There is a full subcategory C of Gra such that

a) C is binding;

b) for every compatible mapping f.(X, R) — (Y, S) between objects
of C

bl) there is an infinite set T of disjoint triangles in (X, R) such that if {x,
y, z} and {u, v, w} are distinct triangles in T then

(S S f@} O @), fO). f(w)} = 6

b2) for every x € X there is an infinite set T, of X such that f/ T, is
one-to-one, if t € T, then {x,t) € R and for every pair u,v € T\, u # v and
for every w € Y either

w=f(x) or {wfu))es o {wfv)} &S,
b3) for every edge {x, y} € R there is an infinite subset T of X such that
J/T is one-to-one and {x, t}, {y, t} € R for eacht € T.

3. Lattice theoretical representations. The aim of this section is to prove
that #/(B)s and &/(B)* are binding varieties of bounded lattices. We prove
this only for &/(B)x, the proof for &/(B)* being dual. First we recall some
useful facts:

PROPOSITION 3.1. Every finite subdirectly irreducible lattice in /(B)x is a
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sublattice of 1.(%) for a finite complete bipartite graph 9. If 9, G are
complete bipartite graphs, 9 a full subgraph of 9’ and -9 — ' the inclusion
map, then f can be extended to an embedding f:1+(9) — I+(9').

Proof. For the first fact see [3], and for the second one see [1].
Hence we immediately get:

CoRrROLLARY 3.2. If L is a finite lattice in /(B)+ and x, y are distinct
points of L then for some finite complete bipartite graph 9 and a
homomorphism f-L — 1+(9), f(x) # f(y) holds.

We describe a construction of a functor ® from Gra to &Z(B)x.

Construction 3.3. Let ¥ = (V, E) be agraphand a € V' U E a point. Let
Oy denote the smallest congruence of a free lattice #(V U E U {a} ) in
H(B)« over VU E U {a} such that

1) foreachv € V' U {a} and for each e € E,

v + eOgy 1;
2) for each edge e = {v, w} € E,
vow: eBy0;
3) for each triangle e; = {u, v}, e = {v, w}, e5 = {u, w} € E,
e e e300 and a-v-w-uBg0.
Set
O(G) = FV U EU {a})/0g
For a compatible mapping /:9 = (V, E) — ' = (W, F), let
[TV UEU{a))=>F WU FU {a})

denote its free extension (assume that a € W U F) thatis, f7(v) = f(v)
for eachv € V, f%({v,w}) = {f(v), f(w) )} for each {v, w} € E, f*(a)
= a. Since fis a compatible mapping we get that /¥ maps Oy into ©
Thus there exists a homomorphism, denoted by @ f, from #(V U E U
{a})/By to F(W U F U {a})/0Ox such that the following diagram
commutes

f#
F(V'UEU {a}) —» F(W U F U {a})

¢ @ 63?

®f
&(Y) = F(V U E U {a))/Og—»®0F) = F(W U F U {a})/Oy
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Since VU E U {a}/0Oggenerates P(¥) we get that ®:Gra — (B« 1s a
functor.

LEMMA 3.4. If U (or V) is the natural forgetful functor from Gra (or
#(B)x, resp.) to Set then there is a monotransformation from U to Vo @, in
particular ® is faithful. For each graph 9 = (V, E), if x + y = 1 for some x,
Yy € ©(9), x # 1 # ythen therearev € V U {a} and e € E with either v
S xande =S yorv =yande = x.

Proof. For a graph ¢ = (V, E) define

B(G) = (VU {a} UENS)
where
S ={{v.e};ve VuU/la},e € E}.
Obviously #(¥) is a complete bipartite graph. It is easy to see that
1+(#(9) ) fulfils 1), 2) and 3), thus there is
YY) = I«(B(Y))
such that ¢ maps the class of Og containing x € VU E U {a} onto x.

Hence we get the first statement. Proposition 1.4 in [1] immediately
implies the second one.

In what follows, we shall identify a point x € V' U E U {a} with the
class of ®¢ containing x; thus V' U E U {a} C ®(9).

LEMMA 3.5. Let A be a subset of V U E U {a} such that either |A N V|
= lor|A N E| = 1. Then I1 A = 0if and only if one of the following

occurs:
a) there is a triangle ey = {u, v}, e = {u, w}, e3 = {v,w} € E with e,
e, e3 € A;
b) there is a triangle ey = {u, v}, e, = {u,w}, es = {v,w} € Ewitha, u,
vw E A;

c) there is an edge e = {u,v} € E withe, u,v € A.
Proof. Assume |4 N V| = 1 and define
eV UEU {a} = I«(%(9))
as follows:
¢o(v) =v forve (VUEUI{a})— 4,
o(v) =1 forve dn (VU {a}),

choose ¢y € A N E and set ¢(e) = ¢y fore € A N E. If A fails a), b) and
¢) then ¢ can be extended to a homomorphism

¢:™(Y) — 1:(B(9))
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and [T ¢(4) = eg; thus [T (4) # 0.1f [4 N E| = 1, define
oV U EU {a} = I«(#4(9))
as follows:
e(v) =v forve (VUEU{a}) — 4,
ole) =1 fore € 4 N E,
choose vp € 4 N (V' U {a}) and put
o(v) = vy forvedn (VU {a}).

If 4 does not satisfy a), b) and c¢) then ¢ can be extended to a
homomorphism

¢:0(9) = 1«(B(9))

thus ] (4) # 0. On the other hand, if 4 fulfills a) or b) or ¢) then by the
definition of @4 we get [[ 4 = 0.

The following lemmas enable us to distinguish elements of X U R U
{a} amongst those of ®(¥).

LEMMA 3.6. Let 9 = (X, R) be a graph such that for each point x € X an
infinite subset E, of R is given such that:

a) for each e = {u, v} € E, we have either x = u or x = v;

b) if {x,u}, {x,v} € E, then for every vertexy € X — {x} either {y, u}
& Ror{y,v} € R

Then for each x € X and each b € ®(F) with b > x there exists an edge e
={x,u} € E,withb-e-u # 0.

Proof. Assume that b > x € X. Then there is a finite subset 4 € X U R
U {a} such that

A) a, x € A and b lies in the sublattice L of ®(¥) generated by 4;

B) for every edge e = {u,v} € R,e € A if and only u, v € 4;

C) for every triangle e; = {u,v},e; = {u,w}, e3 = {y,w} € Rif | {ey,
€, e3} N A| = 2 then e, ey, 3 € A4;

D) thereis a triangle e; = {u,v},e; = {u,w},e3 = {v,w} € Rwithey,

ey, e3 € A.
Indeed, there is a polynomial p such that
plcr, ¢ay.ooycy) =b and ¢, ¢...,¢, € XU R U {a}.

Then there is a finite subset 4’ of X such that
€L, Cy...,0, €A UR U {a}

for the full subgraph (4’, R’) of (X, R). Choose a triangle e; = {u,v}, e, =
{u,w}, e3 = {v,w} € R and put

A =4 U {x uvw}
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If (A4, R) is the full subgraph of (X, R) determined by 4 then4 = 4 U R
U {a} has the required properties. By Corollary 3.2 there is a finite
complete bipartite graph (V, E) (with a decomposition V', V, of V with E
= {{v,w};v € Vi, w € V>}) such that there is a homomorphism
fiL— IV, E) with  f(b) # f(x).
Since b > x we obtain f(b) > f(x), and thus f(x) # 1. Now for every e €
A N R,
Jx) +fle)y =1,
thus f(e) # 0. If f(v) = O for somev € 4 N (X U {a} ) thenf(e) = 1 for
each e € 4 N R because f(v) + f(e) = 1, but this is a contradiction with
D) because

Ser) - flea) - fle3) = 0.
Thus we conclude:

E) f(x) # 0, 1 and for every ¢ € 4, f(c) > 0.

Assume that f(x) = B, C V. Since f(v) + f(e) = 1 foreveryv € 4 N
(XU {a})ande € A N R, we get that f(e) = B, C V, or = 1 for every e
€ ANRandf(v) =B, C Vyor = 1foreveryv € 4 N (X U {a}).
Furthermore,

F) for every triangle ef = {u/, v}, &) = {¥/, w'}, &5 = {V/, w'} € R
either

u,vi,w e A4 or
[{u, vV, w}NA =1 or
I1f n {a v, v, w}) # 1.
Indeed, assume that v/, v/ € 4, then ¢] € A by B) and
fle) -f@'y - f(v) = 0.
Since f(e}) # 0, we get that f(u') - f(v') # 1. By the hypothesis, there is an

edge ¢g = {x, y} € E, such that {y, ¢} € Rforr € 4 implies t = x.
Define a graph

K=V UXURFE)
where
EE=EvuU {{zr};z€ X,r € R}
U{{zv}ze X, ve T
U {{r,v};r€ R v eV}

Since (V, E) is a complete bipartite graph with the decomposition V, V3,
we get that »#is a complete bipartite graph. By Proposition 3.1 there is a
canonical embedding
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g 1s(V, E) = [+(F)
such that g/ V is the inclusion of (V, E) into 5 Define
@ X U R U {a)} — 1(F)
as follows:
¢(z) = gof(z)forz € A
o(z) =zforz€ XUR — (A4 U {ey,y})
o(eg) = 1,
and choose ¢ € V| U {y} with ¢ & B, and {c¢} < go f(b) (it is possible
because f(b) > f(x)) and put ¢(y) = c.
Clearly ¢(v) + ¢(e) = 1 in I«(¥) for everyv € X U {a}, e € R. The
edge ¢, satisfies
o(x) " @(y) - eleg) = By N {c}.
Fore = {z,t} € R, e # ¢, by B) eithere, z, t € A then
w(e) " o(z) " ¢(t) = gofle) gof(z)-gof(t) =10
or|{e, z,1} N A] = 1 and then
g(e) o(z) - o(t) = 0.

Thus
G) for each edge e = {z, ¢t} € R,

o(e) - 9(z) - (1) = 0.

Ifer = {uw, v}, eh = {u,w} &5 = {/,w'} € Ris a triangle then by C)
either e], ¢35, ¢ € A4 and thus

9(e]) - 9(er) - o(e3) = gof(el) - gof(er) - gof(es) =0
or | {e}, €5, €5} N A] = 1 and then
o(€)) - o(e3) - g(e3) = 0

because ey € {e], €5, €5} implies {e], €3, ¢4} N A = @. Moreover by F) if
u', v, w € A then by A)

o(a) - o) - 9(v') - 9(w)
=gof(a) - gof(W) gof(v) gof(w)=0.
If | {/, v, w} N Al =1 then
o(a) - o(u) - o(v) - @(w) = 0.
If | {o/, v, w} N A| = 2 then
II o4 N {a, w, v, w}) # 1

hence

Il

I
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o(a) o) - ¢(v') - 9(w) = 0
(because if e.g. w & A then by the assumption on y, w’ # y). Thus
H) for each triangle ¢} = {u',v'}, e) = {u', w'}, &5 = {V', w'} € R,
o(el) - ¢(e2) - ¢(e3) = 0 and
o(a) - i) - ¢(v') - g(w') = 0.
Hence ¢ can be extended to a homomorphism
" D(G) = 1(F).
Then ¢*(b -y - ep) = {c} # 0; thusb-y- ey # 0.

LEMMA 3.7. Let (X, R) be a graph such that for each edge e = {x,y} € R
an infinite subset X, of X is given such that for each z € X,, {x,y, z} isa
triangle. Then for each edge e = {x,y} € R and for each b € ®(X, R) with
b > e there is z € X, such that

b-{x,z} {y z} # 0.

Proof. Assume that b > ¢’ = {x’, )’} € R. Analogously as in the proof
of Lemma 3.6 we can choose a finite subset 4 of X U R U {a} satisfying
the four conditions below:

A)a,e¢ € A and b € L where L is the sublattice of ®(X, R) generated

by 4;
B) for every edge e = {u,v} € R,e € A if and only if u, v € 4;
C) for every triangle ey = {u, v}, &2 = {u, w}, e3 = {v, w} € R with

]{el7 €2, 63} N Al =2

we have e}, e, e3 € 4;

D) thereis a triangle e; = {u, v}, e; = {u,w}, e3 = {v,w} € R with ey,
e, e3 € A.

By Corollary 3.2 there are a complete bipartite graph (V, E) (with a
decomposition of V, V, of V'with E = { {v;,v2}; v; € V|, v, € V3})and
a homomorphism f:L — I«(V, E) with f(b) # f(e’). Then f(b) > f(¢’) and
hence 1 # f(e'). Since

S) + f(¢) =1 foreachv € 4 N (X U {a})

we get that f(v) # 0. If f(e) = 0 for some e € A N R then f(v) = 1 for
eachv € X U {a}, but this is a contradiction with D) and thus

E) f(v) # 0 for eachv € 4 and f(¢') # 1.

Assume that f(e’) = B, C Vy, then f(e) = B, C V, or = 1 for each e
€ AN Rand f(v) = B, C V,or = 1foreachv € 4 N (X U {a}).
Clearly,

F) for each triangle e = {u, v}, ¢ = {u, w}, e3 = {v, w} € R
either
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{u,v,w} C A, or
[ {u,v, w} N A =1 or
1/ n {a, uv,w})#1
By the hypothesis, there is z € E, — A, i.e,
{x,z} =¢€, {),z} =€ € R — A
Put ¥ = (VU X U R, E’) where
E=EU{{yv,xsveV,xe X}U{{vwr}iveVl,reR}
U {{x,r};x € X,r € R}.
Obviously s#is a complete bipartite graph and there is a homomorphism
g l«(V, E) = [+(F)

such that g/V is the inclusion mapping. Further there is ¢ € V| U {e}}
such that ¢ € B, and {c} < go f(b). Define a mapping

X U R U {a} — 1«¢)
by
o(z) = gof(z)forz € 4
¢(z) =zforz € X UR — (4 U {e], é2})
o) = a(eh) = c.

It is easy to see that ¢(v) + ¢(e) = 1 foreache € R,v € X U {a}. Fore
= {x, ¥y} € R either

e,x,y €A or |[{e,x,y} N Al =1
in both cases
o(e) " ¢(x) " ¢(y) = 0.

For a trianglee; = {u,v}, ey = {u,w},e3 = {v,w} € Reitherej, e, e3 €
A and

o(er) - glex) “o(e3) = gofle)) - gofler) -gofles) =0
follows, or {e}, e;, e3} = {€’, e}, €5} so that
g(e)) " ¢le2) - 9(e3) = By N {c} =0,
or | {e}, e, €3} N A| = 1 and {ey, e3, e3} # {€, €], €4}; then obviously
o(e)) - 9(ez) - ge3) = 0.
Furthermore, if u, v, w € A then
o(u) - ¢(v) - 9(w) - 9a) = go f(u) - gof(v) gof(w) gof(a)
=0;
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if | {u, v, w} N A| = 1 then again we have

o(a) -~ o(u) - ¢(v) - o(w) = 0.
If [ {u, v, w} N 4| = 2 then

oA N {a,uv,w}) =1lgof(4 N {a uv,w}))+#1
and hence

o(a) - o(u) - o(v) - ¢(w) = 0;

(ifeg.w & A, thenw & [I ¢(4 N{a, u,v,w})). Thus ¢ can be extended
to a homomorphism.

¢*:D(X, R) = [4(5F)
with

¢*(b) - 9*(e}) - 9™(e) = go f(b) - {c} = {c} # O;
thus b- e - €5 # 0.

LEMMA 3.8. Let ¢ = (X, R) be a graph with a given infinite set T of
disjoint triangles in (X, R). Then for every b € ®(9) with b > a there is a
triangle {u, v, w} withb-u-v-w # 0.

Proof. Assume that b > a. Analogously to the proof of Lemma 3.6 there
is a finite subset 4 of X U R U {a} such that

A)a € A and b € L where L is a sublattice of ®(¥) generated by 4;

B) for every edge e = {x,y} € R,e € A if and only if x, y € 4;
C) for triangles e; = {u, v}, e; = {u, w}, e5 = {y,w} € R, if

| {e1, €2, 3} N Al = 2

then e, e,, e3 € 4;

D) there is a triangle e; = {u, v}, e = {u, w}, e3 = {v, w} € R with
{el, €3, 3} C A.

By Corollary 3.2 there are a complete bipartite graph (V, F) (with a
decomposition of V|, V, of Vwith E = { {v|, »,}; vi € V|, v, € V1}),
and a homomorphism f:L — I«(V, E) with f(a) # f(b). By the same
arguments as in Lemma 3.6 we obtain:

E) f(c) # 0 for each ¢ € 4, f(a) # 1;

F) for each triangle {u, v, w} either

u,v,w € A or
[ {u,v, w} N A =1 or
I1f4 n {a,u,v,w}) # 1.

Assume that f(a) = B, C V|, thenf(v) = B, C V,or = 1 foreachv €
AN X, f(e) =B, C Vyor = 1foreache € A N R Put
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K=V UXUR,E)

where
E=EU{{xr};xe X,re R}y U{{nx}velV,xeX)}
U{{v,ry;ve V,r e R}

Obviously »#is a complete bipartite graph and there is a homomorphism
g:x(V, E) = 1.(¢F)

such that g/ V'is the inclusion. Choose ¢ € V) such that ¢ &€ B, and {c¢} <
f(b). Choose a triangle {«’, v/, w'} such that

{(W,v,w}nd4=1=90

(this is possible by the hypothesis). Define a mapping
X U R U {a} = 1«X)

as follows:
#(z) = gof(z) forz e 4
o(z) =z forz€ XUR — (AU {u,v,w})
o(t') = ¢(v') = o(w') = ¢

It is clear that ¢(v) + ¢(e) = 1foreachv € X U {a}, e € R. Similarly to
Lemma 3.6 we conclude thatif e; = {u,v},e; = {u,w}, e3 = {v,w} € R
is a triangle then

9(er) - g(er) - 9(e3) = 0 and
o(a) - o(u) - ¢(v) - @(w) = 0.
Ife={x,y}thenfore & T — { {«',v'}, {v/, w}, {¥', w} } evidently
w(e) - o(x) " o(y) = 0.
Ifee {{«, v}, {«, w}, {/, w}} thene & A and hence
o(e) - g(x) " 9(y) = 0.
Therefore there exists a homomorphism
¢*:O(Y), — [+(F)
extending ¢; thus
¢*(b) - ¢* () - @* (V) - @*(W) = go f(b) - {c} = {c} # O,
butb-u - v - w # 0 now follows.

THEOREM 3.9. Varieties &/(B)« and /(B)* are binding.
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Proof. Let ¢:®(%) — ®(F) be a homomorphism where ¥ = (X, R),
= (Y, §). Then foreachv € X U {4}, e € R,
o(v) + gle) = 1;
thus if g(e) = 0 for some e € R then ¢(v) = 1 foreachv € X U {a}. If ¢
contains a triangle e; = {x,y}, e = {x, 2z}, e3 = {y, z} € R, then
o(a) - o(x) - o(y) - oz) = 0;
this is a contradiction; analogously, if ¢(v) = 0 for some v € X then ¢(e)
= 1 for each e € R but

o(er) - glez) - olez) = 0,

a contradiction. Hence
A) If 9 contains a triangle then

0¢ X URU {a}).

Consider that for each edge e; = {u, v} € R there is a vertex w such that
ey = {u,w}, e3 = {v, w} € R; i.e., each edge is in a triangle. Since

g(er) - gler) “ gles) = oley - ey - e3) = 0
we see that ¢(e;) = 1 for at most one e;. Assume that ¢(e;) = 1. Then ¢(u)
# 1 # ¢(v) because

ole) ~o(u) - ¢(v) = gle; u-v) = ¢0) = 0.

By Lemma 3.4 there are x|, yj, x5, 2 € Y U S U {a} such that
o(er) = x1, o(u) = x), g(e3) = yy, ¢(v) =y, and
X txa=1=py tx»m

(because g(ey) + g(u) = 1 = g(e3) + ¢(v) and g(ey), ¢(e3), p(u), @(v) # 1).
Then

0 =g u-v)=9gle) ou) ¢v) =1 - x2° 3 =x2°y2#0
by Lemma 3.5. Hence ¢(e;) # 1. Thus we get 1 & ¢(R). Since
o(u) “@(v) " gle)) = gu-v-e) =0
we get that either (1) # 1 or ¢(v) # 1. Assume that ¢(u) = 1, then
1 = o(e; +v) = gler) + o(v)

and by Lemma 3.4 thereare x,y € Y U S U {a} with¢(e}) = x, ¢(v) = y
and x + y = 1. This contradicts Lemma 3.5 because

O=9ey-u-vy=1-x-y+#0.

Therefore
B) if % has no isolated vertices and each edge of Zis in a triangle then 1

& ¢o(X U R).
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Now for each edge e = {u,v} € R thereare xj, y;, x3, ) € Y U S U
{a} with
o(u) = x1, gle) = xz, ¢(v) = y1, 9(e) = y» and
xptxy=1=y+tn
(we use Lemma 3.4). Then
0 =gu e v)=q) oe) ov)=x -yl +)y)
= X)X Xy )

From Lemma 3.5 it follows that for each pair x,y € Y U SU {a} there is
atmostonez € Y U S U {a} with x-y-z = 0; hence x, = y;. An
identical argument shows that if ¢(u) = x3 then x| = x3, because

0 = o) o) ole) = (x; + x3) "y X2
=Xy X Ty X
Thus for each z € X U R thereisat mostoneu € Y U S U {a} with ¢(2)
Z u;put(z) = u. If e = {u, v} € R then either Y(e) € S and Y(uy, Y(v)
€ YU {a}ory(e) € Y U {a}, Y(u), Y(v) € S. Since
0=o(u- v e)=dle) Yu) v,

Lemma 3.5 shows that the second case is impossible. Thus y(e) € S and
Y(u), Y(v) € Y U {a}; moreover, by Lemma 3.5,

We) = (W), Y(v) }.
Furthermore, ¢(a) + ¢(e) = 1 for every e € R; hence either
ola) =1 or ¢a) =y € Y U {a}.

If {u, v, w} is a triangle then

0 = o(a) - o(u) - o(v) - @(w) = Ya) - Yu) - Yv) - Yw)

where (a) = 1 or Y(a) = y. Hence, by Lemma 3.5 again ¢(a) # 1 and y
= a. Thus:
C) there is a mapping

YV XURU {a}—>YUSU{a}

such that ¢(x) = Y(x) foreachx € X U R U {a}, (X) € Y, R) C S,
Y(a) = a, Y/ X is a compatible mapping from (X, R) to (Y, S) such that

Y({u,v}) = {$(u), Yy(v)} foreach {u,v} € R.

If (x) = Y(x) foreachx € X U R U {a} then ¢ = Y/ X).

To prove that ¢(x) = Y(x) foreach x € X U R U {a} we restrict ® to
the full subcategory C of Gra given by Theorem 2.6. By b2) each graph in
C has no isolated point and by b3) each edge is in a triangle. Assume that
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¢(x) > Y(x) for some x € X. Then by b2) there is an infinite subset T, of
X with {x, z} € R for each z € T, such that ¢/T, is one-to-one and for
each y € Y — {{(x)}, and for each pair u, v € T\, u # v we have
either

{Y(u),y} &€ S or {Y(v),y} & S.
Thus Lemma 3.6 applies to (7,) for (Y, S) and y(x). Therefore there is z
€ YT) with

o(x)-z-e#0 fore={z,Yy(x)} € S.

Thereist € T, with y(z) = z, then fore’ = {t, x} € R we have y(¢') = e
and hence

0 =9g(x-1-€)=glx) o) o) = glx) z-e#0,

a contradiction. Thus ¢(x) = Y(x) for each x € X. Assume that ¢(e) >
Y(e) for some e € R. Then by b3) there is an infinite subset T of X such
that {u, z}, {v, z} € R for each z € T where ¢ = {u, v} and ¢ is
one-to-one on 7. By Lemma 3.7 there is w € (7T) such that for ¢; =
{(u), w}, es = {(v), w} € S we have

gle) ey ey # 0.

Forz € Twith{(z) = wand fore] = {u,z}, e, = {v.z} € R we have
Y(e]) = ey, Y(ey) = ep. Then

0 = gle-ef-er) = gle) ale]) - aler) = qle) - Yle]) - Y(er)
= ¢(e) e e # 0,

a contradiction. Thus ¢(e) = Y(e) for each ¢ € R. Assume that ¢(a) > a.
Then by bl) there is an infinite set 7" of triangles in (X, R) such that for
each pair of distinct triangles {x, y, z} and {u, v, w} in T,

(¥ W) W) 3 O ), Yv). Yw) } = 6;

thus we can use Lemma 3.8 on y(7') and hence there is a triangle {x. y, z}
in T with

o(a) - $(x) - Yy) - Yz) # 0;

this is a contradiction. Thus ¢(a) = Y(a). The proof is complete.

4. Lattice of subvarieties of 2/(B)x and «/(B)*. We describe the lattice
of subvarieties of &7(B)«; the description of the lattice of subvarieties of
£/(B)* is analogous and we left it for the reader. By [1] we have

PROPOSITION 4.1. /(B)+ is locally finite.

Hence each subvariety of &/(B)« is uniquely determined by its finite
subdirectly irreducible lattices. We use Proposition 3.1 to describe
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finite subdirectly irreducible lattices in 2/(B)«. Observing that every
proper principal ideal in I«(9) is finite for each graph %, by a routine
calculation we obtain the following proposition:

ProrosiTION 4.2. Let G = (V, E) be a complete bipartite graph (with a
decomposition Vi, Vy of V with E = { {v|,v2.}; vi € Vi, va € V1}). Let L
be a sublattice of 1+(%). Put

IL={4A€ L —{1};3ve V(e dand
VBe L(ve B=4C B))}.

Then IL is the set of all join-irreducible elements of L different from 1. L is
non-distributive if and only if |IL| > 2 and there are A, B € IL with A N V)
# 0, B NV, # 0. If L is non-distributive then IL generates L by joins (thus
1 is not a join-irreducible element).

PrROPOSITION 4.3. Let 9 = (V, E) be a complete bipartite graph. Let L be
a sublattice of 1x(9). Then L is subdirectly irreducible if and only if IL = 9
or L is non-distributive and IL contains at most one element which is not an
atom of L.

Proof. Let Vi, V5 be a decomposition of V with
E = {{V], Vz}; v € V], V) € Vz}

Put/L, ={Ae€llL;AC V\},IL, ={A € IL; A C V,}, thenif Lis
non-distributive then /L, # @ # IL, and IL = IL; U IL,. Moreover, if
~ is a congruence on L then if 4 ~ 0 for some A € IL,, then B ~ 1 for
each B € IL, and B ~ 0 for each B € IL,. On the other hand, for each
non-identical congruence ~ on L thereis 4 € ILand B € A, B # A with
B ~ A (indeed, if C ~ D for some C << D € L then thereis 4 € IL with
A < DbutA4 << Celse IL does not generate L by joins, thus 4 ~ A4 N C
<< A); thus if L is non-distributive and /L contains at most one element
which is not an atom of L, then L is subdirectly irreducible. Since each
proper principal ideal is finite, if 4 € IL is not an atom in L then there is
the biggest element B << A. It is easy to verify that ~4 is a congruence
where C ~4 Difandonlyif C=DorB < CandD=CU AorB < D
and C = D U A. If A’ is another non-atomic element of /L then ~ 4 and
~ 4 are disjoint congruences and L is not subdirectly irreducible. The rest
follows from Proposition 4.2 and from the fact that the two-element lattice
is the only distributive subdirectly irreducible lattice.

Let ¢ be a complete bipartite graph, L a non-distributive subdirectly
irreducible sublattice of 1+(¥); denote by alL; the set of all atoms in /L,
which are maximal elements in /L, and by alL, the set of all atoms in /L,
which are maximal elements in /L, (then by Proposition 4.3 either /L, =
alLy or IL, = alL,). It is an easy exercise to verify:

https://doi.org/10.4153/CJM-1984-017-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1984-017-3

VARIETIES OF LATTICES 283

PROPOSITION 4.4. Let 9, i be finite complete bipartite graphs, L (or M) a
non-distributive subdirectly irreducible sublattice of 1+(9) (or 1+(3¢) ). Then
L is isomorphic to M if and only if either |IL|| = |[IM], |alL;| = |aIM],
[IL,| = [IM,] and |alL,| = |aIM,|, or |IL;| = |IM,|, |alL,| = |aIM,|, |IL,|
= |IM,| and |alL,| = |alM,|.

Let L be a finite subdirectly irreducible non-distributive lattice in
(B )x. Combining Propositions 3.1, 4.3 and 4.4 we get that L is uniquely
determined by numbers |IL,|, |aIL,|, |IL,|, |aIL,]. We can assume that
either |IL|| > |IL,| or |ILy| = |IL,| and |alL,;| = l|alL,|. Denote L as
K(|ILy|, laILy|, |IL,|, lalL,| ). Then we have:

ProOPOSITION 4.5. a) K(m, n, p, q) is a sublattice of K(m', n’, p’, ¢') if and
only if m < m’ orm = m’ and n = n’ and at the same timep < p' orp = p’
and g = ¢'.

b) K(m, n, p, q) is simple if and only if m = nandp = q > 1.

¢) If K(m, n, p, q) is not simple and if ~ is the smallest congruence on
K(m, n, p, q) then

Km,n,p,q)/~ =Km—1,m—1,p,q) if m >n
K(m, n,p, q)/~ = Km,n,p—1Lp—1) ifp>q

K(m, n, p, q)/ ~ is the two-element lattice if m = n,p = q = 1.

Proof. Proof of a) is a routine calculation, b) follows from [1] and the
proof of Proposition 4.3, ¢) follows from the proof of Proposition 4.3.

Put C = { (m, n, p, q); m, n, p, q are positive integers withm = n,m = p

= g and either m = n, or p = ¢, and m # n implies m > p} and define an
ordering = on C such that (m, n, p, q) = (', n’, p’, ¢') if either m > m’ or
m = m’ and n = n’ and at the same time eitherp > p’orp = p’and ¢ =
q'. If we identify K(1, 1, 1, 1) with the two-element lattice then we get:

COROLLARY 4.6. a) If a, B € C then the variety of lattices generated by
K(a) contains K(B) if and only if « = B.

b) There is a bijective correspondence  between subvarieties of /(B )« and
order-ideals of C; for a subvariety ¥ of S/(B)«, Y(¥") is the set of all « € C
with K(a) € ¥-

The proof immediately follows from Proposition 4.5 and the Jonsson
Lemma see [8] or [4].

We shall extend C on

C = C U {(00, p, q); p Z q are positive integers} U { (oo, c0) }
and we extend the ordering = such that (oo, p, ¢) = (m’, n’, p’, ¢') or =
(cop’,q)ifp>p orp =p and g = ¢ and (oo, o0) is the largest element
of C.
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LeMMA 4.7. a) There is a bijective correspondence ® between independent
subsets of C and order-ideals of C such that for an independent subset A of
67

OA4)={a€ C;IPBE A a=p}
b) Each independent set in C is finite.
The proof is a routine calculation.

Let p be a positive integer, let (V, E) be a complete bipartite graph with
a decomposition V;, V, of V such that

E = {{Vl, Vz}; V] € V], vy € Vz},
Vil = N,
V2 = {Wo, Wl,...,Wp~|}.

For ¢ < p define a sublattice of L, of I«(V, E) generated by the set
consisting from all singletons in V' except {w,—} and from the set {w,,
Wg+1s - --»Wp—1}. Then by Proposition 4.3 L, is subdirectly irreducible.
Denote L, = K(oo, p, q), further denote I«(V, E) = K(oo, p, p) and
1+«(W, F) = K(co, co) where (W, F) is a complete bipartite graph with a
decomposition W, W, of W with

F = {{Vl, VZ}; vi € Wy, vy € WQ_} and
Wil = W, = K.
Then we get:

THEOREM 4.8. a) For each subvariety ¥ of o(B)« there is (exactly one) a
(finite) independent set Ay-in C such that {K(a); @ € Ay} generates ¥ (in
the sense of Birkhoff theorem). Moreover, for a pair of subvarieties ¥, ¥; of
#(B)x, ¥\ C V3 if and only if for each o € Ay; there is B € Ay; with a =
B,

b) The lattice of subvarieties of s/(B)x is countable.

An analogous theorem holds in /(B)*; we have only to substitute /*(¥)
for I.(%) (for any complete bipartite graph ¢). Hence we get:

COROLLARY 4.9. Z(B)« N A (B)* is the variety generated by N5 = K(2,
0, 1, 1.

Since each non-trivial lattice in the variety ¥ generated by Ns has a
prime ideal, no non-trivial group is an endomorphism monoid of a lattice
in ¥ Thus:

CoRrOLLARY 4.10. The smallest binding variety of lattices does not exist.
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Furthermore, there is no smallest variety ¥ for which every monoid is
isomorphic to an endomorphism monoid of a lattice in ¥.

I wish to acknowledge helpful discussions with P. Goralcik and J.

Sichler.
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