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WEIGHTED SUBSPACES OF HARDY SPACES

HONG OH KIM AND ERN GEUN KWON

1. Introduction. A function f in H? on the unit disc U of the complex
plane has the uniform growth

fz) = o1 — Iz|)”~ "7

We consider in this paper a subspace H’; of H” with better uniform
growth

f@y=001—1z1)" 0<y=1/p.

For the previous results on H’; see [5, 6, 7]. We start with proving an
inequality on H” which is related to the Hardy-Stein identity (Theorem
2.1) in Section 2. This is applied in the subsequent section to prove some
space imbedding theorems related to H’; (Theorems 3.1 and 3.5). These
theorems have some known theorems as their corollaries. Finally we prove
some coefficient relations on H” in the last section.

The authors wish to thank Professor Patrick Ahern for the helpful
conversations during his visit to Korea. Actually he suggested to the first
author the possibility of Theorem 2.1 some years ago. They also express
the sincere thanks to the referee for the suggestion of rewriting the paper
in the context of HY.

1.1. H? and HY. For 0 < p < oo, the Hardy space H” is the class
of those functions f holomorphic in U for which

Ifll, = sup M,(r. f) < oo,
0=r<li

where

My = ([ 170 )"

See [2] for the theory of H”.

For0 < p<ocoand 0 <y = 1/p, H’; is defined as the class of those
f € HP for which

f@)y =00 — |z[).

We note that HY,, = H’. For f € H’, we define
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HARDY SPACES 1075

WL,y = max(lIf1l,, sup (1 — Iz[)"1f(2) ]).

It is routine to check that H’; (p £ 1) is a Banach space and Hﬁ 0 <
p < 1) a Frechet space. See [5, 6, 7] for more on H%. A different nota-
tion is used in [6, 7].

1.2. A and A5 For 0 < p < co and @ > —1, the weighted Bergman
space A”* is the class of functions f holomorphic in U for which
1
,[() (I = r)*M,(r, f)Pdr < oo.

The space 4”* has been extensively studied. See [1, 2, 3, 6, 7, 8, 9] for
example. A function f € A”* has the uniform growth

fle) = 01 = [z])"@T.
For 0 < y < (a + 2)/p, we define
A = {f e AP sup (1 = 1z f(2) | < o0}.

We do not use any linear space theory of 4”*“ or A7* in this paper.

1.3. Fractional integrals. If f(z) = 2 £, z* is holomorphic in U, we define
the fractional integral I‘Bf(z) of order 8 > 0 as

S (108 l)Bﬂf(pz)dp.
rg 70 P
See [3, 5].
1.4. For f holomorphic in U and 0 < r = 1, we define f, as f(z) =
flrz),z € U.

1.5. Constants. Throughout this paper C(...) will denote a positive
constant depending only on the arguments (. . .). The magnitude of C(...)
may vary from occurrence to occurrence even in the proof of the same
theorem.

2. An inequality related to the Hardy-Stein identity. Throughout this

section we assume that f is holomorphic in U with f(0) = 0. The
Hardy-Stein identity says that, for 0 < p < oo,

2 r 27 ) _ ) r
() M, fy =L fo /O f(oe®y 17721/ (pe) I* log ~ pdpdd.
2 p
See [4, 11]. For 0 < p < coand 0 < a < oo, we set

1 27 ) _ . 1 a—1
sy = [y [ e relre I“(log ;) pdpdo.
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1076 H. 0. KIM AND E. G. KWON

By letting r — 1 in (1), we have
P
® 12 = Zap, 2 ).
27
We prove an inequality related to (I) in the following theorem.

2.1. THEOREM. Let 0 < a = 2 and a = p << oo. Then there is a positive
constant C = C(p, a) such that

A0 = CI(p. a: f).

For the proof of Theorem 2.1 we note the following facts whose easy
proofs we omit.

(ID If 0 = « = p and f is holomorphic in U then [f|? % f"|* is
subharmonic in U.

() If0 < a = pthenJ(p,a; f)=J(p,a; f),0 <r=1(byll).

(IV) For a fixed p, log J(p, a; f) is a convex function of a (0 < a < c0).
Thatis,if 0 < a = B8 = y < oo then

J(p, B ) = J(p, o NI (pv: N
where 1 = (y — B)/(y — «a) (by the Holder’s inequality).
We also recall the following results of Littlewood and Paley [9, 12].
(V) If 0 < p = 2, then there is a positive constant C(p) such that
M,(r, [YF = C(p)J(p, p; 1)
(V) If 2 = p < oo, then there is a positive constant C(p) such that
J(p, p; J}) = C(pIM,(r, [).
2.2. Proof of Theorem2.1.Case l.a =2 = p.Sett = (p — 2)/(p — «a).
M,(r, )P = C(p)J(p,2; /) (by D)
= C(p)(p, o ) (p p3 J)'T' (by IV)
= C(p)(p, a; LM, (r, fP 77 (by VD).

Therefore
M,(r, /)Y = C(p, &)J(p, & },)
= C(p, )J(p, a; f) (by III)
so that

Ay = Clp, @)J(p, a; f).
Case2.a=p=2Sett =02 — p)/2 — «a).
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M,(r, fY = C(p)J(p. p; /) (by V)
= C(P)(pr s [)T(p. 2 f)' 7 (by IV)
= C(p)(p, & LYM,(r, /YUY (by D).
Therefore
M,(r, f)? = C(p, )J(p, a; [))
= C(p, o)J(p, a; f) (by III)
so that

1D = C(p, ) (p, a; f).
This completes the proof.

3. Imbedding theorems. For f holomorphic in U, we use the following
notations:

M) = MU/ 6) = sup, (1 = rYIfe

and

M@®) = M(f:6) = sup |ftre?) .

We use a technique of Ahern [5] to prove

3.1. THEOREM. Let 0 < p, ¢, s < 00, ¢ > a > 0,y > 0, p =
(g — a)s and let

u = pas/(p — (9 — a)s).

Then there exists a positive constant C = C(p, q, s, a, y) such that if
S € H? with M, € L*(3U) then

27 1 . s
(1) /0 (/0 If(re'g) Iq(l - r)aYﬁldr) 4o = C”f”I()q*tx)‘s”MY“?:}‘

Proof. Assume f % 0. If f € H” then M(f) < co for almost every 6 by
the complex maximal theorem. For such a 6, we have

0 < M(O)/M@®) = 1.
Setting p = 1 — (M(6)/ M () )Y we have, for almost every 6,

f:) |fre®) 191 = 1 dr

1
= M 6) /z (1 — 97 gr + M) fp (1= lar

= C(g, @ MO M (0)".
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Now, if we apply Hélder’s inequality and the complex maximal
theorem, we have

27 27

A

(q—a)s/p as/u
C(q, a, y)( M(0)”d0) ( MY(0)“d0)

C(p, 4, 5 o VIS M, 5.
This completes the proof.

)]

0

lIA

3.2. COROLLARY. Let 0 < p < 00,g > a > 0andlet0 <y = 1/p. Then
there is a positive constant C = C(p, q, a, y) such that if [ € H’; then

/217 fl 0\ (q ay—1 p/(q=a < pq/(g—a)
o (forreetyea = meaf™ Van = cnpigye.
Proof. We note that
1Ml e = sup (1 = lz])"f(z) |.
zelU

The corollary is now a special case of Theorem 3.1 where s =

p/(q — @).
3.3. CorROLLARY [5, Theorem Bl. If 0 < p < g < ocoand0 <y = 1/p
then

HP c 49"a—p)—1
Y Y :
Proof. Set &« = g — p in Corollary 3.2.
3.4. COROLLARY [5, Theorem 2.1]. If f € HY then
B (y—B)
I’f e H”'Y
where 0 < B <y = 1/p.

Proof. If we set « = B/y and ¢ = 1 in Corollary 3.2, then we get

o : j _ /(Y= B) -
/0 (/0 [frehy 11 = 1) ldr) do = C(p, B, VISIF/ P
If0 < B =1, then

1\8-1
(log —) = - r)B‘l;
r

so that
. ] 1 _ "
1Pfre®) | = — f (1 = o)’ "I f(ore”) ldp.
NI
Therefore

*f e Hz”_/g’_m.
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If > 1 wecanwrite $ = B8, + B, + ... + B, with0 < B, B,, ...,
B, < 1. The successive applications of the above argument with S,
B, ..., B, proves the corollary.

Theorems 2.1 and 3.1 are applied in the proof of the following
theorem.

3.5. THEOREM. Let 0 < s < p < 00, 0 < vy < s/(p — s) and let
Yy = Up. If
f, c A;,i-lv(p—s)-l
then [ € HY.
Proof. We may assume f(0) = 0. We set § = y(p — s) and choose

0 < € < min(l, s). By Holder’s inequality with the conjugate indices
s/(s — €) and s/¢, we have

1 o .
) f o (1= o) 110 1771 £/ [dp
1 _ ) —els/ (5 —¢ _ (s—e€)/s
b ( S @ = ooty o004 ‘pdp)
1 —s 0 1 €/s
X (/0(1 = p) 1S (pe”) (1 — p) pdp) :
If we apply Holder’s inequality again to (2), we get

2m 1 _ B 4
G f 0 f o (1= o)A (oe) P11 (0e”) ['pdpdb
m ! . _ e (s—e€)/s
= (.[0 fo (1 — p)(sc/(s—()*llfr(peto) I(p €)s/ (s )pdde)

- (f ; f <I> SIS R VAT lspdpda)(/s

— (A )(5’()/S(B)€/S.

If weseta = (p — s)e/(s — € > 0and g = (p — €)s/(s — ¢) then
p/(q@ — a) = 1; so by Theorem 3.1

27 1 .
= [ o= 0 itee ot

é C(p9 q’ «, Y)Mp(r7 f)p”M-y“LIX,OO

Since
1 e—1
log 2] == ot
0

we have, by (3) and Theorem 2.1,
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My(r. /) = C(p, g o) My (r /)OI B
Therefore
P
M,(r, /)
= C(py g o VO YIM NGB

. IA

1
C(p, 5 VM, I f o (1= o "7 IM (o, fydp.

Thus

WA = Clp. s, MM, IS f ; (1 = oy " M (p, f)dp.
Note that

f@) =00 —|z|)" "D
implies

f@) =00 —|z[) ™.
This completes the proof.

The special case y = 1/p gives an interesting corollary, which can also
be derived from a result of Flett [3, Theorem 2 (i) ].

3.6. COROLLARY Let 0 < p < coandletp/(1 + p) <s < p. If
f/ = As,s(p+l)/p-2,
then [ € HP.
The following corollary extends a result of Kim [5] for all p > 0.

3.7. COROLLARY. Let 0 < p < oo, a > —1landlet (a + 1)/p < B <
Yy =(a+ 2)/p. Iff € AP, then

e HI 4
where g = (yp — a — 1)/(y — B).

Proof. The case 0 < p = 2 is proved in [5, Corollary 2.3]. Assume
p > 2. By a result of Hardy and Littlewood (see [5] for example),

(Iﬁf)’ = A’}’,’ﬁ/;gﬁfl)p,

since we can check that « — (8 — 1)p > —1. By Theorem 3.5, we have
I3f € HY where

p—@—Bg—p) —1=a—(B— Dp,
ie,q = (yp — a — 1)/(y — B). This completes the proof.
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4. Taylor coefficients. We will prove two theorems on the Taylor
coefficients of H% functions. We use the following theorem of M.
Mateljevic and M. Pavlovic [1, 10]. The same technique was used in [8].

THEOREM A. If s, a > O then there are positive constants A(s, &) and
B(s, &) such that if a, Z 0,k = 1,2,3,...

A(s, ) ? 2_"“( > ak)x /(]) a1 - r)"_'(]‘§] a,\.r"')xdr

kel,

I

= B(s, @) ? 2"’“( > a,‘.)x

kelﬂ

where I, = {k:2" = k < 2""1}.

lIA

4.1. THEOREM. Let 2 = s < p < oo, I/s + 1/t = l and let 0 < vy
1/p. Then there is a positive constant C = C(p, s, y) such that if

fz) = szz" = o — |z])7"

then

bt s/t
M Wl = ¢ (S wres gy

n

Proof. Since
(o0}
f@) = 2t
we have, by the Hausdorff-Young inequality [2, Theorem 6.1},
oo
M. ) = 2 (khrt ™Y

By Theorem A, we get

1 1
o (] _ r)a—lMx(r’ f/)sdr = 0 (l o r)afl(z |kjllrkflir)s/t

B(s, ) § Z*my(z Ikﬁll).\-/r
0 »

A

=B(s, @) ? (12 k'~ e’sf, |’)‘”’.
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If we set a = s — y(p — s), we have (1) for some positive constant
C(p, s, v) by Theorem 3.5.

4.2. THEOREM. Let 0 < p < q, 1 = ¢ < 2, 1/q + 1/s = 1, and let
0 < v = 1/p. Then there is a positive constant C = C(p, q, v) such that

if
fz) = >1:'fk2k € HY

then

[ee]

B ) q/s
E (2 [k Vp l/f/>fk|“) = C“f”ﬁm'
IN

0

Proof. By Corollary 3.3, we have

I
_ (g=p)—1
/ o (L= "M fidr = Cp, g VIS,
By the Hausdorff-Young inequality [2, Theorem 6.1},

(2 mrkP)m = M,(r, /).

By Theorem A again, we have

1
/0 (1 - r)Y(q_p)ﬁqu(r, f)ldr

1 Y P~ " q/s
= |, (= '(2 Ifkrkl)

%

2 B \4/s
C(p, g y) 22 M “(2 lka)
0 I,

v

C(pr g v) 2 (2 Ik”’“/”_”"’fkl"‘)q/s.
0\,

The theorem follows.
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