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Abstract

Using key tools such as It6’s formula for general semimartingales, Kunita’s moment
estimates for Lévy-type stochastic integrals, and the exponential martingale inequality, we
find conditions under which the solutions to the stochastic differential equations (SDEs)
driven by Lévy noise are stable in probability, almost surely and moment exponentially
stable.
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1. Introduction

There has recently been increasing interest in stochastic differential equations (SDEs) driven
by noise that has discontinuous jumps. The case where the noise is obtained from a Lévy process
via its Lévy—It6 decomposition into a Brownian motion (continuous part) and independent
Poisson random measure (jump part) has attracted particular interest; see [1] for a recent
monograph devoted to this topic. Indeed, such SDEs are finding a considerable range of
applications, including financial economics (see, e.g. [5] and the references therein), stochastic
filtering and control [ 18], CARMA time series models [3], and stochastic resonance in nonlinear
signal processing [19].

The long-time asymptotic behaviour of solutions to SDEs is very important. In particular,
we would like to know if a stationary solution exists and to be able to estimate the rate of
convergence to it. In the literature, particular attention has focused on the case where there is
a trivial solution and Lyapunov exponents can be calculated. In the case of SDEs driven by
Brownian motion, the linear case was first investigated by Khasminski [9]. The extension to
nonlinear SDEs driven by continuous semimartingales and also to stochastic delay and more
general stochastic functional differential equations has been extensively studied by Mao in a
series of books and articles (see [13], [14], [16], and the references therein).

The theory is much less well developed in the case where the driving noise has jumps.
Mao and Rodkina [17] studied a class of SDEs driven by semimartingales with jumps, but the
conditions they imposed are not easily applied in the Lévy noise case. An extensive study of
linear SDEs driven by Lévy noise has been carried out by Li et al. [12], while Grigoriu [6] has
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studied some special cases (both linear and nonlinear) for SDEs driven by compound Poisson
processes (see also [7]).

The purpose of this paper is to extend Mao’s techniques to the case of nonlinear SDEs driven
by Lévy noise, i.e. a Brownian motion and an independent (and separately coupled) Poisson
random measure. We focus on the results given in Chapter 4 of [16] and extend these to the
Lévy case. We will omit proofs when these are straightforward generalisations of the Brownian
motion case and concentrate on those results where more careful analysis is needed. We
mainly study two types of stochastic stability in this paper—almost-sure exponential stability
and moment exponential stability. Full definitions of these and related concepts are given
in Section 2. In Section 3 we present our results on almost-sure exponential stability while
moment exponential stability is tackled in Section 4.

In general, there is no obvious relation between exponential and almost-sure stability (see
[10, p. 107]). However, it is possible when moment stability holds to deduce almost-sure
stability under some additional conditions, as shown for the Brownian motion case by Mao
[16]. In the last section we extend this result for SDEs driven by Lévy noise.

Finally, we remark that all our results extend easily to suitable SDEs with time-dependent
coefficients as in Mao [16].

Notation. Throughout this paper, RT := [0, 0o). The open ball of radius ¢ > 0 that is
centred on the origin is denoted by B, and éc := B, — {0}. By Mg, (R) we denote the space
of all real-valued d x m matrices, and if A € Mg, (R) then A := (14_, S 1A A N2,
The Euclidean norm of a vector x is denoted by |x| throughout.

2. Preliminaries

Let (2, &, (#;, t = 0), P) be a filtered probability space that satisfies the usual hypotheses
of completeness and right continuity. Assume that we are given an m-dimensional standard
Fi-adapted Brownian motion B = (B(t), t > 0) with each B(¢) = (BY(?), ..., B"(t)), and
an independent F;-adapted Poisson random measure N defined on R™ x (R4 — {0}) with
compensator N and intensity measure v, where we assume that v is a Lévy measure so that
N(dt, dy) := N(dz,dy) —v(dy) df and fR,,_{O}(|y|2 A Dv(dy) < oco. We call the pair (B, N)
a Lévy noise.

Let0 < 1o < T < oo. Assume that the mappings f: R — R?, g: RY — My, (R),
and H: RY x RY — RY satisfy the usual global Lipschitz and growth conditions (see [1,
Theorem 6.2.3, p. 304]). We consider SDEs driven by Lévy noise of the form

dx(t) = f(x(t—))dt + g(x(z—))dB(t) +/ H(x((t—), y)N(dt,dy) ont >t (2.1)

[yl<e

with initial value x(fg9) = xg, such that xo € R4, Here ¢ € (0, oo] is the maximum allowable
jump size. We remark that all the results in the sequel can alternatively be established under
local Lipschitz conditions and a suitable monotone growth condition, as in [20, p. 52] (see also
[16, Section 2.3]).

We assume that f(0) = 0, g(0) = 0, and H(0, y) = O for all |y| < ¢. Then (2.1) has a
unique solution x(¢) = O for all ¢+ > #¢ corresponding to the initial value x(#p) = 0, which is
called the trivial solution.

We will consider three types of stability, these being stability in probability, almost-sure and
moment exponential stability.
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Definition 2.1. The trivial solution of (2.1) is said to be stable in probability if, for every pair
of ¢ € (0,1) and r > 0, there exists a § = (¢, r, tp) such that

Pllx(1)] <rforallt > 5] >1—¢

whenever |xg| < 8.

Definition 2.2. The trivial solution of (2.1) is said to be almost-surely (a.s.) exponentially
stable if

1
lim sup " log|x(¥)] <0 as. 2.2)

—>00

for all xo € RY. The quantity on the left-hand side of (2.2) is called the sample Lyapunov
exponent.

Definition 2.3. Assume that p > 0. The trivial solution of (2.1) is said to be pth moment
exponentially stable if there is a pair of constants A > 0 and C > 0 such that

E[|x(1)[”] < Clxol” exp(—=A(t —19)) forallt > to

for all xo € R?. In this case we call the quantity lim sup,_, . (1/1) log(E[|x(?)|?]) the pth
moment Lyapunov exponent.

In this paper we will need Kunita’s estimates (see [11]) for the solution of an SDE of the
form (2.1).

Theorem 2.1. (Kunita.) Forall p > 2, there exists C(p, t) > 0 such that, foreacht > ty > 0,

t t
E| sup |X(S)|p]SC(p,t){IXOIP-FE[/ If(x(r—))lpdr}+EU ||g(x<r—)>||ﬁdr}
1o 10

to<s<t
t p/2
+EU (/ |H(x(r—),y>|2v<dy>) dr}
1o \J|yl<c
t
+E[// |H<x(r—),y>|”v<dy>dr“,
to Jyl<c

where x(ty) = xq € R4 js the initial condition.

The proof can be found in [11, pp. 332-335] (see also Corollary 4.2.44 of [2]).

We will also need the following technical exponential martingale inequality for stochastic
integrals involving both Brownian motion and Poisson random measures. In the former case
the integrand lives in the space #,(T'), which is the linear space of all predictable mappings
F:[0,T] x Q — R? for which P[fOT |F(1)|?dr < oo] = 1, and in the latter case we require
integrands that belong to the space # (7T, E) which comprises predictable mappings (in the
sense of [1, Chapter4]) H: [0, T] x E x Q — R4 which satisfy

T
P[/ /|H(s,y)|2v(dy)ds < ooj| =1,
0 E

where E is a given Borel set in R4 — {0).
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Theorem 2.2. (Exponential martingale inequality.) Let T, o, and B be any positive numbers.
Assume that g € P>(T) and H € $»(T, E). Then

t t t
P[ sup {/ g(s)dB(s) — %/ |g(s)|2ds +/ / H(s,y)l\?(ds,dy)
0<t<T \JO 0 0 Jlyl<c

1 1
- —/ / [exp(¢H(s,y)) — 1 —aH(s, y)]v(dy)ds} > ,3]
@ Jo Jiyl<c

< exp (—ap). (2.3)

For the proof, see [2, pp. 287-288] or [20].

In this paper we will mainly be concerned with almost-sure asymptotic stability and moment
exponential stability. However, we will include one result on stability in probability. For this,
we need the linear operator £: C 2(RY) — C(RY) associated to the SDE (2.1):

(LV)X) = FL0@V)(x) + Hg)g) TR @8 V) (x)

+/|| [V + H(x, y) = V(x) — H (x, )(3; V) ()]v(dy), 24
yl<e

where V € C2(R?) and x € R?.

Theorem 2.3. Let ¢ € (0, 00), and let By, be the open ball of radius h > 2c that is centred on
the origin in RY. Assume that there exists a positive definite function V€ C?(By; RY) such
that

LV(x) <0
for all x € By,. Then the trivial solution of (2.1) is stable in probability.

We omit the proof as it is very similar to the Brownian motion case presented in [16,
Theorem 2.2, Chapter 4]. For full details, see [20, Section 3.3]. We will however point out that
there is a slight variation in the statement of Theorem 2.3 from the Brownian motion case which
involves the jump size c. This is because a stopping time argument in [16] needs to be slightly
adapted to take account of the jumps of the solution. We also point out that positive definiteness
here is in the sense of Lyapunov, i.e. we require that V (0) = 0 and that V (x) > «(]x|) for all
x € By, for some continuous nondecreasing function « : R* — RT.

3. Almost-sure asymptotic stability

In order to be able to develop the theory in this section, we need the following technical
inequality.

Lemma 3.1. Ifx,y e RY, x,x +y # 0, then

1 1 Jr(x,y) - 2|y|<|y|+|x|>.

o o N E T B P R FY R N B ]
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Proof. Using the Cauchy—Schwarz inequality, we find that

Ly P = Pyl I+l )
x+yl kP |x[31x + vl
_ P = Pl 4yl (x + yDixlly|
- x[31x + y|
x2 — x|(x| = [yD + [yl(x] + [yD
- |x[2]x + y|
P20yl
C xPlx e+l

_ 2l (|y| - |x|)
TP\ e+l
The main result of this section depends critically on the result of the lemma below, which is
a generalisation of Mao’s work in the Brownian motion case (see [15, pp. 280-281] and [16,

pp- 120-121]). We will prove that, under some conditions, the solution of (2.1) can never reach
the origin provided that xo # 0.

Assumption 3.1. We suppose that H is always such that
v{y € Be, there exists x # 0 such that x + H(x,y) =0} = 0.
We require that Assumption 3.1 holds for the rest of this section.

Lemma 3.2. Assume that, for any 0 > 0, there exists Ky > 0 such that

x|+ [H (x, y)| ,
| FOOT+ gl + 2 |Hx, I ———7——— |v(dy) = Kolx| iflx[ <6. (3.1)
lyl<c lx + H(x, y)l
If xo # O then
Plx(t) #0 forallt > tp] = 1. (3.2)

Proof. Assume that (3.2) is false. This implies that, for some xo 7# 0, there will be a stopping
time T with P[t < oo] > 0 when the solution will be zero for the first time:

T =inf{t > 19: |x(t)| = 0}.

Since the paths of x are almost-surely right continuous with left limits (see, e.g. [1, Theo-
rem 6.2.3, p. 304]), there exist T > ty and 6 > 1 such that P[B] > 0, where

B={weQ:t(w) <Tand|x(t)(w)] <O —1forallty <t < t(w)}.
Let V(x) = |x|~!1. If 0 < |x| < @, it follows from (2.4) and Lemma 3.1 that

If()C)IJr lg o)l 2/ [IH(x,y)|<|H(x,y)|+IXI
|x|2 |x|? <l X1 |x 4+ H(x, y)|

LV () < )]v(dy). (33)

Applying (3.1) to (3.3) then
LV(x) <aV(x) if0< x| <0,

where « is a positive constant.
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Now define the following family of stopping times:
Te = inf{t > 1: |x(1)| < e or [x(#)| > 0}

foreach 0 < ¢ < |xp|. Following exactly the same arguments as in [15, pp. 280-281] and [16,
pp- 120-121] we have

E[e *@A =0y (x(7, A T))] < V(x0).
If w € B then 7.(w) < T and |x(t¢(w))| < &. Then,
E[e T~ 15] < E[e™* 0 |x (1, (w))| "' 15]
= E[e @@ 0V (x(z, A T)) 15]
< Ele A0V (x (7, A T))]
< V(xo).
Hence,
P[B] < eexp(a(T — to))|x0|_1 for all ¢ > 0.

Now let ¢ — 0. Then it follows that P[B] = 0, which contradicts the definition of the set B
and the required result follows.

Remark 3.1. Condition (3.1) in Lemma 3.2 seems quite complicated. We will now show that
there is a natural class of mappings H for which this is satisfied, at least in the case d = 1. To
begin, suppose that we can find a mapping H; for which

/ |Hi(x, y)|v(dy) < Kg|x| forallx € R.
[yl<e

Now let A = {(x,y) € R?: x > 0, Hi(x, y) > 0}U{(x,y) e R? : x <0, Hy(x,y) <0},and
s0 A°={(x,y) e R2: x >0, Hi(x,y) <0}U{(x,y) e R*: x <0, Hi(x,y) > 0}.
Define H(x, y) = (14(x,y) — 14¢(x, y))H(x, y). Hence,

[Hi(x, )| =1H(x,y)| and |[x+ H(x,y)| = |x[+ [Hi(x, y)l|.

Then we find that

|x| + [H (x, y)I _
/lqu |H (x, y)|(m>v(dy) = [y|<c |Hy(x, y)lv(dy) < Kg|x| forall x € R.

To construct specific examples of mappings of the form Hj, we can take, e.g. Hi(x,y) =
H>(x)y?, where H>(x)/x is bounded.

For the next two results, we require that the following local boundedness constraint on the
jumps holds.

Assumption 3.2. For all bounded sets M in R,

sup sup |H(x,y)| < oo.
xeM 0<|y|<c
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In the sequel conditions for almost-sure exponential stability of the trivial solution of (2.1)
will be obtained. First we need a useful technical result.

Let V € C2(R4;R*) be such that V(x) # 0 for every x € R?. Define the processes

=(1(t), t = 19), L = (Ir(t), t > ty),and I = (I(¢), t > ty), where, for each t > 1,

L(t) = /t/ (V(X(S—) + H(x(s—),y) — V(x(s—)))
|<c

Vi(x(s—))
H'(x(s—), ),
— mal V(x (S—)))V(dy) dS, (34)

! V(x(s—)+H(x(s—),y))>
L) = I 1
20 /,O/y|<c<°g< VxGe-)) *

V(x(s—) + Hx(s—), y)
_ Rl )v(dy)ds, (35)
e V=) +Hx(s=), )\ H GG,y
m)_/, /,«(m( Vx(s—)) )_ Vr(s—)) a’v(x(s_)))”(dy)ds'
(3.6)

Note that, for each t > g, [ (¢) = I1(¢) + L (?).

Lemma 3.3. Let I} = (I1(t), t > ty), I = (Ip(t), t > ty), and I = (I1(t), t > ty) be defined
foreacht >ty asin(3.4), (3.5), and (3.6), respectively. Then, for eacht > ty, it holds that

G) |[I1(®)] < o0 a.s.,
(1) |[1()| < oo a.s., and
(iii) |I2(¢)| < o0 a.s.

Proof. (i) Following Kunita’s arguments in [11, p. 317], by using a Taylor’s series expansion
with integral remainder term (see [4, Theorem 7.7]) we obtain, for each y € B and x € RY,

Vx+ H(x, ) — V(x)— H (x, )& V(x)

1
= / 39;V(x +0H(x,y)(1 —0)doH (x, y)H' (x, y).
0

t
|11(t)|5//
to J]yl<c

Hence,

Vx(s—) + H(x(s—), y) = V(x(s—))

Vix(s—))

— H'(x(s—), y)& V (x(s—)]|v(dy) ds

1/’] aiajV(x(S—)‘l‘GH(x(s_)vY))
<= sup
2 Jiy Jiyi<e lo<o<1 V(x(s—))
x [H' (x(s—), ) H’ (x(s—), y)|v(dy) ds. (3.7

For each 7 € RY, y e EC, and 1 <i, j <d, define

0;0;V(z+60H(z,y))
% i0;

.. Z, = Su
Jij @) 05921 V(2)
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By Assumption 3.2, it follows that

4
sup  sup |fi/ (x(s—),y)| <oo a.s.
fp<s<t0<|y|<c

Using the Cauchy—Schwarz inequality, it follows from (3.7) that

1 t . .
()] < 5 sup  sup |fi}/(x(s—),y)|/ /I |H' (x(s—), y)H' (x(s—), y)|v(dy) ds
to J|yl<c

19<s<t 0<|y|<c

d 1/2 pt
1
55(2 sup  sup Iﬁ,V(x(s—),y)I2> //H [H(x(s—), y)[*v(dy) ds
i,j=1 to yl<c

1p=s=<t 0<|y|<c

< o0 a.s.

Part (ii) follows by the same arguments as in (i), and (iii) is then immediate.
The following is a generalisation of Mao’s work [16, Chapter 4, Theorem 3.3].

Theorem 3.1. Let V € C2(Rd; RY), andlet p > 0,c1 > 0,c2 € R, c3 > 0, and ¢4 > 0 be
such that, for all x # 0,

@ cilxl? = V(x),
(i) LV (x) <2V (x),

(i) 1@V () Tg@)? = e3(V(x)?,

. Vi + Hx,y)\ Vi + Hx,y) — Vx)
) y|<c[1°g ( Vo) ) - V) }”(dy )= e
Then
limsup - log |x ()| < — 2 F 242 o (3.8)
t—>oo0 I 2p

and, furthermore, if c3 > 2co — 2c4 then the trivial solution of (2.1) is a.s. exponentially stable
forall xo € RY.

Remark 3.2. Using the logarithmic inequality log(x) < x — 1 for x > 0, then

]v(dy) <0.

/ [lo (V(x+H(x,y))> V& 4+ Hx,y) - V)
peel S\ V) Ve

Hence, condition (iv) of Theorem 3.1 is a reasonable constraint to require.

Proof of Theorem 3.1. For xg = 0, then x = 0; hence, (3.8) holds trivially. For the rest of
the proof, we assume that xo # 0. We first assume that (3.1) holds. Owing to Lemma 3.2,
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x(t) #Oforall r > t9 a.s. Apply Itd’s formula to Z(t) = log(V (x(¢))). Then, for each t > 19,

log(V(x(2))) = log(V (x0))

v N B i B |
—i—/ V(x(s_))E)lV(x(s NI (x(s—)) ds + g7 (x(s—)) dB;(s)]

fo

+1/t[ L0 V(x(s—)Ig(x(s—)gx(s—)) ¥
2 o V=) 8 §

- oveeomT (x(s—»ﬂ ds
(V(x(s—)))? §

t ~
+ / / og(V (x(s—) + H(x(s—), y))) — log(V (x(s—)) 1N (ds, dy)

o Jlyl<c

t
+/ /I [log(V(x(s—) + H(x(s—), ) — log(V (x(s—)))
to J]yl<c

1 .
9V -NH' -), dy)ds. 39
Ve (x(s=)H (x(s—) y)})( y)ds (3.9)
Note that the last integral in (3.9) is a.s. finite by Lemma 3.3.
Now, using the linear operator £ defined in (2.4), we obtain

t —_
log(V (x(1))) < log(V (x0)) + / LVEE) 404
. VaG)

1 t
@V (x(s—))) " glx(s—)I*ds + (1),  (3.10)

2/, VGe)?

where, for each ¢t > 1,

t 1 ..
MO = [ G AV G- (66 dB,6)

fo

! Vix(s—)+ H(x(s—),y))> -
1 N(ds, dy).
+/,0 /y|<c °g< Ve (ds. d)

We now apply the exponential martingale inequality, (2.3), for T = n, « = ¢, and 8 = ¢n,
where ¢ € (0, 1) and n € N. Then, for every integer n > £y, we find that

t

&
P M) — = | —————— @V (x(s—))) Tgx(s—))>d
LZ‘?‘;{ D73}, Waopp Ve sl

1/’/ [ ( (V(X(S—)JrH(X(S—),y)))S)
- - exp( log -1
€Jo Jx|<e V(x(s—))

1% -)+H =)
—glog< (x(s ;(x(sgc)()s ) y)))]v(dy)ds} >8ni|

2
S e—é‘ I‘l.

Since ) 02 e ¢ n 00, an application of the Borel-Cantelli lemma and elementary probability
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calculations yield

.. ! 1
p[lggg%f{ms;;;n(Ma) ; Wuavu(s—»)Tg(x(s—))Fds

_1/ / (V(x(s—)—l—H(x(s—),y)))g_l
€ Jo Jix|<c V(x(s—))

_ 810g<V(x(s—) +HHGG), y))>v(dy) ds) < 8n}j|

Vi(x(s—))
=1.
Hence, for almost all w € €2, there is a random integer ny = no(w) such that, for n > ngy and
o <t=<mn,
! 1
M) <5 [ @V ) g s ds + en
T2/ (Vx(s—)))?

+1/[f [(V(x(s—)+H(x(s—),y)))8_1
& Jio Jlyl<e Vix(s—))

Vx(s—)+ H(x(s—), y))
—¢ log( Va6 >]v(dy) ds. (3.11D

Substituting (3.11) into (3.10) and using conditions (ii) and (iii), it follows immediately that

log(V (x(1))) < log(V (x0)) — 3[(1 — &)c3 — 2c2](1 — 10) + en

! V(x(s—) +H(X(S—),y))>
1 1
+v/[;) /|y<c|:0g( V(x(s_)) +

VGGo) +H(x(s‘)’”)]v<dy) @
Vx(—)

+l/’/ [(V(X(s—)JrH(x(s—),y)))e_1
& Jio Jiyl<e V(x(s—))

el (V(x(s—) + Hx(s—), )
g V(x(s—))

)i|v(dy) ds  (3.12)

forn >npandty <t <n.
Fix x € R?, and define, for y € B,

Vix + H(x, y) V(x+ H(x,y))
he(y) = _ —l—slog —_|.
V(x) V(x)
We eas11y deduce that (V(x + H (x, y))/V(x))S —1—¢clog(V(x+ H(x,y))/V(x)) > 0for
ally € B., by using the elementary inequality e® — 1 — b > 0 for b € R. Since ¢ € (0, 1),
then we can use the 1neqpahty b <1+4+cb—1)for0 <c < landb > 0 (see [8, p. 40]) to
deduce that, for all y € B,

1 Vix+ H(x,y)) Vix+ H(x,y))
he(y) < g[l +E<T — 1) —1- elog(Tﬂ

_ Vix+ H(x,y)) 1.1 (V(x-i—H(x,y)))

Vix) Vi(x) (3-13)
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Now lete — 0. Using (3.13) and Lemma 3.3(iii), we apply the dominated convergence theorem
to deduce that, for all ¢ > 1,

lim /’/ 1|:<V(X(S—)+H(X(S—),)’)))g_1
e—0 o Jlyl<c € V(x(s—))

V(x(s—) + HGG), y)
_Slog( VG- ﬂ”(dy)ds

/[f ( 1[(V(X(S—)+H(X(S—),y)))8 i|
= lim — -1
to Jlyl<c \e>0 ¢ V(x(s—))

Vx(s—)+ Hx(s—),y))
- 1°g< Vo)) ))V(d” »

=0. (3.14)

Hence, by (3.14), forn > ng and typ < t < n, (3.12) becomes
log(V (x(2))) < log(V (x0)) — %(03 —2¢2)(t — 19)

! V(X(S—)+H(X(S—)7y))>
I 1
+/t;) v/|y|<c|:0g< Vix(s—)) *

Vix(s—)+ Hx(s—),y))
— Vo) :|v(dy) ds. (3.15)

Now substituting condition (iv) into (3.15), we see that, for almostallw € Q,fp+n—1 <t <
to +nandn > ng,

t—1t (3 — 262 + log(V(x(10)) 1 — toc4

1
;log(V(X(t))) <- 2 to+n—1 t

Now applying condition (i), the required result follows. In the case where (3.1) fails to hold
we may assume without loss of generality that H 7 0 and that the process x (¢) hits the origin
infinitely many times (with probability 1). Define an increasing sequence of stopping times
(T,, n e N) by T} = inf{t > 1y, x(#) = 0} and, forn > 1,7, = inf{t > T,,_1, x(¢) = 0}.
We now argue as above, but with x(¢) replaced throughout by y(#), where

Y() = x(0) L. 1)) + Y x(0) (7,7, (1)

n=1

4. Moment exponential stability

The main aim of this section is to introduce criteria for the solution of an SDE driven by
Lévy noise to be moment exponentially stable, and to derive a relation between moment and
almost-sure exponential stability.

Theorem 4.1. Let p, o1, an, and a3 be positive constants. If V € C 2(IR‘J; R™) satisfies
() arlx|? < V(x) < az|x|?,

(i) LV (x) = —a3V(x),

https://doi.org/10.1239/jap/1261670692 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1261670692

Asymptotic stability of SDEs driven by Lévy noise 1127

forall x € R4, then

E[1x(1)[7] < ~2|xo|” exp(—as(t — 10)) forallt > to
oy

for all xo € R, As a result, the trivial solution of (2.1) is pth moment exponentially stable
under conditions (i) and (ii), and the pth moment Lyapunov exponent should not be greater
than —a3.

The proof is omitted as it is a straightforward extension of the Brownian motion case that
can be found in [16, Chapter 4, Theorem 4.4]. We will however give a simple (linear) example
to confirm that conditions (i) and (ii) can be verified in the jump case. We take d = 1 and
also ¢ = 1. Let V(x) = x2, so that (i) is automatically satisfied with p = 2. Now choose
f(x) = bx, where b € R, g(x) = x, and H(x,y) = xy. Then (2.4) yields LV (x) =
2b+1+ fly\<l ly[2v(dy))V (x), and so (ii) is satisfied provided that b is chosen to satisfy
b <=3+ [l yPvdy)).

We note that if the hypotheses of Theorem 4.1 hold then the trivial solution of (2.1) is a.s.
exponentially stable, as can be seen by taking ¢c3 = ¢4 = 0 in Theorem 3.1. In the last part of
the paper we will give conditions under which the pth moment exponential stability for p > 2
always implies almost-sure exponential stability for our equation.

Assumption 4.1. Forall2 <g < pand K > 0,
/ [H(x, y)|7v(dy) < K|x|?.
Iyl<e

We require that Assumption 4.1 holds for the remainder of this section.

The following is an extension of Mao’s work [16, Theorem 4.2, Chapter 4] that refers to
SDEs driven by Brownian motion. We will generalise this result and give the relationship
between the pth moment exponential stability and the almost-sure exponential stability for the
trivial solution of (2.1).

Remark 4.1. Recall thatin the context of stability theory we are always assuming that f(0) = 0
and g(0) = 0; hence, from the Lipschitz conditions on f and g we deduce that, for all x € R¢,
there exists L > 0 such that | f (x)| < +/L|x| and ||g(x)||*> < L|x|*>. Hence,

xTFE)VIg@I? < xT )V g < IXIIF@)V Ilg)? < L'|x|?, 4.1)
where L' = max{«/f , L}, and this will be used in the proof of the theorem below.

Theorem 4.2. Assume that Assumption4.1 holds. For p > 2, pthmoment exponential stability,
of the trivial solution to (2.1), implies almost-sure exponential stability.

Proof. Fix any xg # 0 on R?, and letn € N. Apply 1td’s formula to Z(#) = |x(¢)|”. Then
using (4.1) and taking expectations, it follows that

E[ sup |x(t)|p]

to+n—1<t<top+n
to+n

< Ellx(to +n — DI”] + af Eflx(s—)|?]ds

to+n—1

t
—i—E[ sup / plx(s—)|p_2x(s—)Tg(x(s—))dB(s):| +1;, 4.2

to+n—1<t<tg+n Jtop+n—1
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where @ = pL’ + (pL'/2)[1 + (p — 2)] and

t
I =E[ sup {/ 1/| (x(s=) + H(x(s=), I” = 1x(s—)I")N (ds, dy)
to+n yl<e

to+n—1<t<to+n

t
+/ / (x(s=) + Hx(s—), »IF = |x(s—)I”
to+n—1J|y|<c
— plx(s=)P"x(s—) T H(x(s—), y)v(dy) dSH-

For the Brownian motion integral, as in [16, p. 129], we apply the Burkholder—Davis—Gundy
inequality:

t
E[ sup / plx(s—>|P2x(s—)Tg(x(s—)>dB(s)}
to+n—1<t<tg+n Jtg+n—1
1 to+n
< EE[ sup |x(t—)|p] + 16p2L’/ E[|x(s—)|”]ds.

to+n—1<t<to+n fo+n—1

Applying Kunita’s estimates for f = 0 and g = 0, it follows that

fo+n p/2
I sﬂ(m){ U+ 1</| |H(x(s—>,y)|2v(dy>) ds]
to+n— |yl<c

to+n
+E[( ' / |H(x(s—),y>|Pv<dy>ds)“, 43)
to+n—1J|y|<c

where B(p, t) is a positive constant that depends only on 7 and p. Using Assumption 4.1 within

(4.3), we obtain
to+n
L <y(p, t)E[f IX(S—)I”dS],
to+n—1

where y(p, 1) = B(p, t)(KP/?> + K). Then (4.2) becomes

El sp o] <Elxw4n -0+ B[ sp lxeol]

to+n—1<t<to+n to+n—1<t<to+n

fo+n
+ (c1 +16p°L' + v (p, t))(/ E[Ix(S)I”]dS>.
b1

o+n—1
Rearranging, for p > 2,
fo+n
E[ s wOIP] <2Blxto+n— DI +0(pn [ Bllx)IP1ds, (44

to+n—1<t<to+n to+n—1

where 8 (p, t) is a positive constant depending on p and r. Now we argue as in [16, pp. 129—130]
and the required result follows.
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