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1. Introduction. The problem of Josephus is the following. We are given two
positive integers n,q. There are n places arranged around a circle, and numbered
clockwise 1,2, . .., n. Each of n people takes one of the places, then (please excuse this,
but we didn’t invent the problem!) every gth one is executed, until just one remains.
More precisely, the occupant of place g is ‘removed’ first, and in general, if some place j
has just been vacated, then the qth one of the places clockwise around from j that are still
occupied will be vacated next. One question is this: if you would like to be the last
survivor, then into what place should you go initially? We denote the answer to this
question by J,(n). For example, if n =5 and g =2, the order of execution is 2,4,1,5, 3,
and Jy(5) =3. Other questions have been raised about the problem, and it has an
extensive literature (see [1]-[10]). In this paper we deal with the J,(n)’s.

Here we observe that in one of the known algorithms for solving the problem, the
sequence of numbers that is generated is remarkably well approximated by a single term
of its asymptotic series. This result, which essentially is a property of the iterated ‘ceiling’
function, is both of independent interest and also permits us to find an explicit-looking
formula for J5(n) ((5) below).

For a fixed > 1 we study the sequence f,=1, f,,., = [af,] (n =0) (we use ‘[-]” and
‘|-]” for the ceiling and the floor functions, respectively). We show that although these
iterates grow exponentially fast, they are approximable to within O(1) by a single term of
their asymptotic expansions.

2. Results. In [3, Section 3.3], an interesting approach to the Josephus problem is
described, and the authors give the following procedure for finding J,(n).
(a) Define a sequence {D{},., by

DY = [q%l D;:Q,] (k=1; D =1). (1)

(b) Determine the least integer k such that D > (g — )n.

(c) Then the answer is J,(n) =qn +1— D{?.

We study the behavior of the D{. The striking feature that we find is that they are
extremely well approximated by the first term of their asymptotic formulas, for large k&

and fixed q.
THEOREM 1. For each integer q =2 there is a real number K(q) such that
q k
=K@ + e @
q-1
in which €, , =0 for all k and if ¢ =3 then
—(¢-2)<€, =0 (k=0). 3)
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As a trivial consequence, note that since K(2) = 1, the well known formula
Ln)=1+2(n-2%&")y (n=0,1,...)

holds.
CoroLLARY 1. We have the ‘exact formula’
DY = |KB3)(3)] (*k=0,1,...), 4)
and so we have also the ‘exact formula’
J(n)=3n+1— [K3)F) e @+ VK| (,=0,1,...), (5)

where K(3) = 1-62227 05028 84767 31595 69509 82899 32411. . ..

3. Proofs. We will prove a little more than is necessary for Theorem 1 above. Fix
a>1, and let f(x) = [ax]|. We study the iterates f, = f,(«) of f, defined by

fn+\ =f(fn) = {‘xfn] (n = O; fO = 1) (6)
ProrosITION 1. There exists a constant ¢ = c¢(a) such that
f(@)~c(@)a” (n—>).. M
Proof. Define
Un = ful . (8)

We claim that {u,} is increasing and bounded from above. It increases because
“"Hun“ = I'a,n+1un*| > af"“u,,,
and is bounded from above because

M= [0, =1+ o™y,
implies that
U1 <u,+a "' (n=0),

which in turn implies that u, < a/(o¢—1) foralln=0. W

We now study the error term in the asymptotic formula (7). The next proposition
shows that the error is very small in many cases.

ProposITION 2. If @ =2 or if & =2~ 1/m for integer m =2, then
Vn=0:f, = |c(a)a”].
Proof. We define numbers {e,} by
fi=dfuite.=lafii] (n=1), ®)
so 0 <¢, <1. With the u, of (8) above, we have
fi=ua"=ou,_ " 'te,=u,_a" +e,,
from which u, =u,_, +e¢,/a" and

N €k —~ €k
=1+ D, — =1+ ), —.
y kgla’k_)C(a’) glak
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It follows that

€t
fao=c(@)a” ~ g,l ot (10)
]
and that
- e(@arl< 3 ~=——
" ]-Zla‘i a_l

Thus 0 <c(a)a” — f, <1/(a —1) for all n, and the result follows.

Finally, if « is rational we can bound the e,’s away from 1 and extend the result
slightly. Indeed, suppose a=2-1/m for integer m =2. Then (9) shows that all
le,| = (m —1)/m, and (10) yields

m-1 1
- | E— . ——=1
= e(@ar =T ——
However it cannot happen that all e, = (m —1)/m for n > n,, for otherwise we would
have f, =c(a@)(2—1/m)" —1, but the right side cannot be an integer for all n > n,,
completing the proof. W

To finish the proof of Theorem 1 we return to the parameter values that occur in the
Josephus problem. Let o = q/(q — 1) and write K(q) for ¢(a) in (5), to find that

D = K(q)<‘}—z—l)k -3 ekﬂ(q—;—l)k.

j=1

(RN

and so (g — 1)e, is an integer in the range [ — (¢ —2), 0]. The estimate (3) of Theorem 1
now follows, and the proof is complete. M

Now from (9),

4. The function c(«). In this section we study the ‘constant’ c(«), as a function of
a. A brief table of c(«), showing some of its irregular behavior, is in Table 1.
A graph of c(«), for 1-1 <& <2-5 is shown in Figure 1.

TaBLE 1. SOME VALUES OF c(a)

@ c(a)
1-050000 11-8354164 . . .
1-125000 5-1954489 . . .
1-1250 + 5-8448800 . . .
1-166666 4-0371021. ..
1-1666 + 4-7099524 . . .
1-200000 3:2438724 . ..
1-2000 + 3-8926469 . . .
1-250000 2-0763957 . ..
1-500000 1-6222705 . . .
1-900000 1-2701620 . . .
2-000000 1-0000000. . .
2-0000 + 2-0000000 . . .
2-500000 1-3653870. . .
5-500000 11311946 . . .
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Figure 1. c(a) vs. a.

It is easy to see that at the integers the function c(«) has jump discontinuities of the
following kind:

1 1
c(m+)—c(m)+m——_—1—1+m (m=2,3,...).

We are also able to make a quantitative statement about the jumps at the Josephus
points, as the following proposition shows.

ProrosiTion 3. At the Josephus points «,=q/(q — 1), the function c(a) has jump
discontinuities of the form

c(at)=ac(a) (@=2,3/2,4/3,5/4,...). (11)

Proof. We claim that at such a value of « the sequences {f,(«)} and {f,(a+)} are
related by

file)=f_(a+)+1 (n=1). (12)

which would establish the truth of the proposition. To prove (12), it suffices to show that
{f.(@) — 1} satisfies the same recurrence that {f,_;(«+)} does, namely the recurrence

[(a+€)(fi(@) = D] =frsi(0) - 1,

for each n =1 and all small enough e.

https://doi.org/10.1017/50017089500008272 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500008272

THE JOSEPHUS PROBLEM 239

But the left side is
[afu(@) — a+ efu(@) — €] = [af (@) =1+ (1 — a — €) + €f, ()]
- [af,,(a)+ ef,,(a)—~(€+;1—i—1ﬂ -1

- [ p@ et -(e+ )] -1

If (g—1)|f,() then the last member above is (q/(q — 1))f.(a¢)—1, ice., it is
fur1(@) — 1, as required.

Next suppose that f,(a)=(g —1)m +r (1<r=<gq —2). Then the last member above
is

[qm +q—q:—l+ e(f,,(oz)—l)—q—il] -1

=qgm+r+ [;—:—1+6(f,,(a/)—1).‘—1=qm+r=f,,+1(ar)—1. [ |

5. Remarks, and a conjecture. (i) As it stands, our ‘explicit’ formula for J3(n) is
not a dramatic improvement over the algorithm in (1), because the computation of the
universal constant K(3) requires the D,’s of (1). This situation could change if some
independent method were found to calculate K(3) with high precision.

(ii) We would like to know more about the function c(a). In particular, does it
satisfy some functional equation? Can one evaluate it at the Josephus points in some way
that is quite independent of the algorithm (2)? What more can be proved about the sizes
of its discontinuities?

(i) If g >2 then in view of the uncertainty (3) in the formula (2), what we know is
that D{? is one of the ¢ — 2 numbers

[K(q)(q—zl—)kj —i (i=0,...,q4-3).

This means that the correct value of J,(q) is known to be one of ¢ — 2 consecutive places
around the circle (the chance of survival has increased from 1:n to 1:(q — 2)).

(iv) We have a conjecture about the error in the general asymptotic formulas above.
In the Josephus case, where o =¢q/(q —1), we conjecture that the integers (g —1)e,,
which assume only the values 0,1,...,9—2, in fact are asymptotically uniformly
distributed on those g — 1 values, and furthermore that small sets of successive values are
asymptotically independent. This would imply that if ¢ = 2,

lim Prob{Di"’ - {K(q)< 1>k _l ;2)} = t\llczl((gq _23)} =Von L, Y2 dy.

This conjecture is likely to be quite difficult to settle.
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