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On the Simple Inductive Limits of Splitting
Interval Algebras with Dimension Drops

Zhiqiang Li

Abstract. A K-theoretic classification is given of the simple inductive limits of finite direct sums of
the type I C*-algebras known as splitting interval algebras with dimension drops. (These are the
subhomogeneous C*-algebras, each having spectrum a finite union of points and an open interval,
and torsion K; -group.)

Introduction

The Elliott invariant has been used with amazing success to classify simple unital
C*-algebras. By the great work of many people, a number of results concerning
the classification of approximately homogeneous C*-algebras (AH-algebras) were
obtained (see for example [22}[3}[7H9, [11H13}[16H19,23H25]]). It is natural and im-
portant to consider the case of simple approximately subhomogeneous C*-algebras
(ASH-algebras). G. A. Elliott, K. Thomsen, X. Jiang, H. Su, and others have made
a number of contributions in this direction (see for example [10,20,21}32-35]]). In
[20,21] the building blocks used are splitting interval algebras (without dimension
drops) and dimension drop interval algebras (without splitting). This paper con-
siders a mixed version of the two building blocks, namely, splitting interval algebras
with dimension drops, by which is meant a C*-subalgebra of M,,(C[0, 1]) such that
the endpoints 0 and 1 split, and each splitting point has a dimension drop. This is a
special case of the Elliott—-Thomsen building blocks introduced in [[10] (see Defini-
tion 1.1). In this paper, the simple inductive limits built on this building block will
be classified.

In the last few years, because of the important work of Kirchberg, Winter, and
Lin (see for example [22,[261[27,[37,[38]]), it has become more and more important to
investigate what is called tracial approximation by special C*-algebras. G. A. Elliott
and Z. Niu considered TAS-algebras in [15], where TAS means tracial approximation
by splitting interval algebras. In fact, it is not enough to use only splitting interval
algebras to make a tracial approximation. For example, the Jiang—Su algebra is not
TAS.

So the building block considered here might be one starting point towards choos-
ing a more general model for tracial approximation. In any case, classifying the in-
ductive limits based on this special building block will be useful for classifying the
inductive limits built on general Elliott-Thomsen building blocks. The K;-group of
a splitting interval algebra with dimension drops is finite, whereas the K;-group of
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a general Elliott—-Thomsen building block is an arbitrary finitely generated abelian
group, but the case that the spectrum is a circle in which the K;-group is torsion free
of rank one is well understood (see [829]).

The proof follows the lines of Elliott’s intertwining argument used to verify the El-
liott conjecture earlier for simpler kinds of ASH-algebras. The intertwining used here
is a KK-intertwining, as used in [[12], since the homotopy types of homomorphisms
between the building blocks are not completely determined by the induced maps on
K-theory but by the induced KK-elements. In this paper, the K-homology version
of the universal coefficient theorem (UCT) will be used, as in [21]); this technique
goes back to [[6]]. This is for the following reason: for this kind of building block, the
usual UCT has a non trivial extension group (Ext) part, and on calculation, it is easily
seen that the odd K-homology group of this building block vanishes, so for the UCT
in terms of K-homology, the Ext part vanishes, and it has only the homomorphism
group (Hom) part. This is very helpful in analyzing the homomorphisms between
the building blocks.

The paper is organized as follows. In Section 1, the K-theory data, including the
K-group, the K-homology group, and the KK-group of the building block are cal-
culated. In Section 2, the trace data of the building block are given; because of the
singularity of the endpoints 0 and 1, besides the usual trace data corresponding to
[0,1], there are also some traces corresponding to the singular points. In Section 3,
the local existence theorem will be proved. To establish this, there are two main in-
gredients: an approximation theorem due to [24}[33]] and a reduction similar to that
in [20]]. Since the splitting points have dimension drops, the reduction process needs
more work than [20]], and becomes rather more complicated. In Section 4, the local
uniqueness theorem will be established. As mentioned above, the crucial point is the
role played by the KK-element in the K-homology version of the UCT. In Section 5,
the two theorems above and Elliott’s intertwining argument are combined to get the
main classification theorem.

1 K-theoretical Data of Building Block

Definition 1.1 (Elliott—-Thomsen Building Blocks) Let F; be a finite dimensional
C*-algebra, let ¢y and ¢; be two unital homomorphisms from F; to some matrix
algebra M,,,(C), and associate with this set of data the following subhomogeneous
C*-algebra:

(o, 1) = {(a, ) € FL ® C([0,1],M,(C)) : f(0) = @o(a), f(1) = ¢1(a)} .

Some important subhomogeneous algebras are included among these building
blocks.

Example 1.2 The splitting interval algebra
S(itg, 1) = { f € Mu(C[0,1]) : f(x) € DM, (C) C M, (C),x=0o0r1},
i=1

where iy, = (ny,, ..., 1y, ), x = 0 or 1, is a partition of m.
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In this case, we take
Fi=0OM,, (O)edM, (O, ¢lasb)=a, ¢iladb)=0>,
i=1 i=1

where both @2, M,, (€) and ®:, M,, (C) are regarded as unital subalgebras of
M,,(C).

Example 1.3 The dimension drop interval algebra

I[mo, m,m;] = {f € Mp(C[0,1]) : f(0) = ap ®idn, f(1) =idx @ ar},

where gy and a; belong to M,,,,(C) and M,,, (C) respectively.
In this case, we take

Fy = My, (C) @ M,,,, (€),  o(ag ® a1) = ag ®id%, pi1(ag ® ar) = id% ® ay.

In Definition [[LT} there are two homomorphisms, and it is well known that, up
to unitary equivalence, each of them involves various repetitions on the diagonal of
each direct summand of F;. In this paper, an additional assumption will be put on
each of the two homomorphisms; namely, with

o n
Fi = @ My, (C) & @ M, (0),
i=1 j=1

let us assume that

<P0(éMl,((C)) =0, <,01(ié:091Mki((C)) =0.

j=1

Then the Elliott-Thomsen building blocks become splitting interval algebras with
dimension drops, and their K;-groups are finite (see Theorem[L3]).
One can see that

sp(UA(wo, 1)) = {01,...,0, U {1y,...,1,}U(0,1),

let us call the first two parts the fractional spectra and call the times of repetition

the multiplicity of the corresponding fractional spectrum. Denote these multiplici-

ties by s1,...,58,,t ,-..,t, and continue this notation throughout the paper. The

non-Hausdorff topology on the sp(U(wy, ¢1)) and the multiplicities (each of them is

greater than or equal to 1) cause the main difficulties in this paper. The result and

techniques developed in this paper will be useful when one considers the general case.
Let

J={(0, f) € Weo, 1) : £(0) = @o(0) =0, f(1) = 1(0) =0} .

Obviously, J is an ideal of the basic building block, and it is isomorphic to SM,,(C),
the suspension of M,,,(C).
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Lemma 1.4 There is a short exact sequence, 0 — I — (o, 1) — F; — 0.

Theorem 1.5

Ko(Ulpo, 1)) =

{(kl,...,km,ll,...,lrl) el X1 | o, (kiy. .. ky) = cpl*(ll,...,lrl)}.
Ky (Alepo, 1)) =

/{1y ) = okt ko) | Gkt sy By 1) €20 X 201}

Proof The short exact sequence of Lemmal[l.4]induces a six-term exact sequence of
the K-groups:

Ko(J) ———— Ko(Ulpo, 1)) — Ko(F1)

0 T l 1%}
Ki(F) @ K (F) =— K (W, 1)) =— K (D).

Note that

Ko(J) = Ko(SM,,(€)) = Ki(M;(C)) = 0, and
Ki(J) = Ki(SM,(€)) = Ko(M;n(C)) = Z.
From the diagram above, one obtains K; (U(py, ¢1)) = Ki(J)/Im0 = Z/Im0,
and Ko (W(pg, 1)) = Kerd. So it suffices to know the map 0.
Compare the short exact sequence in Lemma 1.2 with the classical suspension
short exact sequence:

0 — SM,,(C) — C[0,1] ® M,,,(C) — M,,,(C) & M,,,(C) — 0.

By the naturality of 0, one has the following commutative diagram

Ko(F1)0 Ki(J)

P0s l Pl l id
’
a

KoM (€)) & Ko(Mpu(€)) —— Ki(SM(C)).

It is well known that ' (a,b) = b —a,and so

a(kl,...,km,ll,...,lrl) = @1*(117"'7171) *(,00*(k1,...7kr0).

The conclusion follows. [ ]
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Remark (1) Because g, and ¢;, map (essentially) from 7’ and 7" to Z, using
the multiplicities sy, .. ., s, t1, . . . , s, One has that

QOQ*(k],...,kro) = k151 +"'+kr05r07 (pl*(ll,...,lrl) = Z]f] +"'+lr1tr1-

(2) Ki(U(wo, 1)) is a torsion group.

Notice that this argument also works even we remove the restriction on the two
homomorphisms.

In what follows, the K-homology and KK-groups of the building block will be
calculated. The following notation will be used throughout the paper.

Define

Vo, : Wpo, p1) — My, (C) by Vo, (a, f) = a;,
Vit Wepo, 1) — My, (C) by Vi (a, f) = bj,
where g; is the direct sum decomposition of a in EB:"ZI My, (€), and b; is the direct

sum decomposition of a in @;‘:1 M;;(C€), and these are the irreducible decomposi-
tions of the building block.

Theorem 1.6 K°(U(py, 1)) is generated by (Vo] and [Vy,] fori =1,...,r0, j =
1,...,r, with the relation

[poo Vo, l+---+[pooVo l=TlproVy]+-+[pr1oVy ]
More explicitly, the relation is
silVo I+ -+, [Vo, I =t1[Vi, ]+ +1,[Vy, |

Note that g o Vy, is still a representation of W(py, 1), and so [y o Vo] is still in
K°(A(qo, 1)), and similarly for ;. K*(U(wo, 1)) = 0.

Proof Denote by (o, 1)0,1/2) the restriction of the building block to [0, 1/2], by
A(po, P1)[1/2,1] the restriction to [1/2,1], and let Ay, 1)1/, be the evaluation of
the building block at 1/2.

Then one has the pull-back diagram

Ry
Ao, p1) ——— o, P11

R

A(po, p1)pr 1) — Alpo, 1)1 = Mu(C),

o=

where Ry, R; are the corresponding restrictions, and V /, is the evaluation at 1/2.
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Applying the Mayer—Vietoris sequence (cf. [1, Theorem 21.5.1]) to the diagram
above, we obtain a six term exact sequence:

(—vivi)
1:%1
i 2 R +RY

K° (M () ——= K°(Alpo, 01)j0,1) ® KW, 1)1 ) —= K(Alipo, 1)

|

K (Ao, 1) <—— Ko, 9)17) & K Ao, 1)1 1)) =—— K (M(C)

1
3

Define
Vo: Wpo, o1)j0.1) — DMy, (C) by Vo(a, f) = a,
i=1
ro ’ !
Po: PM(C) — Ao, p1)10,1) by Pola ) = (a , f),
i=1
where , ) N
f(t) =pola), Vte [0,%], a=a ®a .
Then - B , ,
V00¢o:id; ¢OOV0(a,f):(a ;QDO(a ))
Define

ez Wzo, 001 = Wpo, 1) (0.1 by hula, ) = (', £(19)),

then @, o V is homotopic to id. So Ay, ©1)[0,1/2) and @:":1 My, (C) are homotopy
equivalent, similarly for (g, ¢1)(1/2,1) and EB;;I M;,(C). Hence

KO(‘H(%,%)[O,%]) =17", Ko(m(ﬁﬂov%)[%,l]) =17",
K' (U0, p1)p,1) = K' (A(gpo, e yy) = 0.
Therefore
K'UW(po, 1)) = 2" & 27 [Im(=V}, V),

K! (o, 1)) = Ker(=V}, V),

Let us now make the necessary computations concerning V1*/z-
Define

ViK' (M (©) = K (Ao, ¢1)j0,1)) by VIClp)) = [po V1],

where p is a representation of M,,(C). Hence V /2(1) = [id o Vy)], where
1 € K°(M,,(Q)) is represented by id: M,,(C) — M,,(C). The generators of
K°(A( o, ©1)[0,1/2]) are given by [V, ], ..., [VOYO J; because V , is homotopic to Vy,

V;(l) = [poo Vo ]+ - +lpoo Vo I =s1lVo ]+ +5,[Vo,]
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* *

Similarly for V; 12 in the second component of (—V/] /2> VI*/Z)’ because V /, is homo-
topic to V1, and so

Vi) =lproVil+- -+ lp oV ] = Vi ]+ +1,[Vy, ]

The theorem follows. [ |

Let A, = W(wo, 1), By = B(ty, 11); in the local uniqueness theorem later, one
needs to investigate KK (¢) € KK (A, B,) for a homomorphism ¢: A,, — B,. Let
us introduce some notation: let J be the ideal as before of the algebra B, then

B, B

ry" "
Bn/j = @ Mnoy. ((C) D @ Mnlj ((C)a
i=1 i=1

By rfn
KK (A, B,/J) = EB KK (A, My, (€)) ® KK (Am,M,ﬁj (©).
i=1 j=1

For any p € KK (A, B,/J), then
P = (pof"w"apofnﬂvpl?ﬂv"wplﬁ")v

each component map belongs to KK (A, My, (€C)) = K°(A,,). In the following the-
orem, all the fractional spectra and their multiplicities will be put with a superscript
denoted the algebra, and any homomorphism ¢ € Hom(Z, K(B,,/J)) can be written
as

6= Dypos- s Bys by ).
Theorem 1.7
KK (Am7Bn) - Ijl @ F27
0]

1
I = {peKK(Am,Bn/fJ) ’ ST pm () = oS Py () = 0,9(+) EKO(Am)}7
j:l J* 1 Tk

i=

r, = { [¢] € Hom(Z, Ko(B,/9))/ Im "

] 0]
S t?” O (1) = 305" g (1) € pZ},
= i i=1 !

where (- ) is the abbreviation of (K, . . ., kibm, B 12) € Ko(Am).

Proof From the short exact sequence
0—J—B,—B,/J—=0

one obtains a six-term exact sequence for KK-groups:

KK (Amvj) —— KK (AmaBn) — KK (AmuBn/j)

J |

KKI(Aszn/j) <~ KKl(Am;Bn) <~ KKI(Amaj)
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We know that KK (A,,,J) = K'(A,,) = 0. For our purpose we only need
KK (A, B,) (KK (A, B,) can also be calculated), so it suffices to know the map
d. By the UCT, we have

KK (Am7 Bn/j) = Hom(KO(Am)a KO(Bn/j)) @ EXt(Kl(Am)7 KO(Bn/:]))
i ;
KK '(As,J) = Hom(Ko(A,), K1 (7)) @ Ext(K, (An), K (7).

So § is decomposed into two parts dp and §;, on Hom and Ext part respectively.
This is because there are C*-algebras B and C, such that

Ko(B) = Ko(Am), Ki(B) =Ko(C) =0, K;(C)=Ki(An).
Then B & C is KK-equivalent to A,,. Therefore

KK (A, B,/J) = KK (B, B,/J) ® KK (C, B, /7),
KK YA, ) = KK (B,J) @ KK 1(C,J),

while we have

KK (B, B,/J) = Hom(Ko(A), Ko(B, /7)),

KK (C, B,/J) = Ext(K,(A,,), Ko(B,/9)),
KK '(B,J) = Hom(Ky(A,,), K (9)),
KK'(C,J) = Ext(K,(A,,), K (9)).

Recall Theorem[L.5] we have the index map 9: Ko(B,,/J) — K;(J), both dy and ¢, are
induced by 0. We know that

r(l)in an
Bn/j = @ M?’loi ((C) 2] @ Mnlj ((C)a

i=1 j=1

SO
Bn Bn
Ty n

KK (A, By /) = @ KK (A, My, (C)) @ B KK (AWM,“] (©).
i=1 j=1
For any
p= (p()fm et 700%1 ) pllfﬂ v 7plflﬂ) € KK (Am,Bn/j),

it induces a p, € Hom(K, (A,,), Ko(B,,/J)) by

Px = (p()B" 7/)03" 7p18" ot 7p18" )
L 705 L M
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Then

5O(P*) =0o Px = 7»[11*(,01?1 yree aplflﬂ ) - dJO* (/001]3” yrrt poﬁ;' )7
n o
B, B, —
Ker(d) = { p € KK (An, B/9) | Z;t,- ~p1§:('>lejsi (1) =0},
j= i=

where ( -) is the abbreviation of(k‘?’", N O l’f"‘, ceey lfl"’) € Ko(A).

s Brg
For 6, on Ext part, assume K, (A,,) = Z,. Then we find a projective resolution of

Ki(Am): N .
0—7Z—7— KA, —0,

where « is the map of multiplication by p. Then by definition,

Ext(K; (An), Ko(B, /7)) = Hom(Z, Ko (B,/9)) /Ima”,
Ext(K; (A,), Ky (9)) = Hom(Z, K, (9))/Ima* = Z,.

For any ¢ € Hom(Z, Ko(B,,/J)), we know that

A P)(y) = d(p(a(y)) = a* (Do ¢)(7), Yy € Z.

So 0 induces a map from Ext(K;(A,,), Ko(B,/J)) to Ext(K;(A,,), K;(J)). Recalling
the isomorphism between Ext(K;(A,,), K;(J)) and Z,, we know that

’

[¢ ] € Ext(Ki(Am),Ki(J)) =0

if and only if(b, (1) is a multiple of p. For a homomorphism ¢ € Hom(Z, Ky(B, /7)),
it can be written as

¢: (('ZSO?"""’QSO%”’QSI?"""’QSI?I”)’

then

al o
dodp(1)= 8. ¢4 (1) — Br . ¢ 5,(1), and
o ¢(1) ]ZJ G (1) Zs Gy (1), an

Ker(d1) = { [¢] € Hom(Z, Ko(B,/7))/ Ima” | 3¢ o) - isfn By (1) € p7}.

j=1
The theorem follows. [ |

Remark  From the calculation above, one can see that for any homomorphism
¢: Ay — B, the induced element KK (¢) is determined by several K-homology
classes [Vo,00], [V1,00],i = 1,...,1r9, j = 1,...,r1. Note that the odd K-homology
of the building block vanishes. From the K-homology version of the UCT, one ob-
tains an isomorphism 7: KK (A,,, B,) — Hom(K°(B,,),K°(A,,)). This will be used
later in the local uniqueness part.
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Lemma 1.8 Suppose that p: (py, 1) — M, (C) is a unital homomorphism. Then
there exists a unitary U, an increasing sequence (\y, ..., \,) of numbers in [0, 1], and
two sequences of nonnegative integers (fio,)"", and (/’Llj);'l:p where at least one L, is
strictly less than s;, and at least one pu, is strictly less than t; such that

diag(a; @ id,,, ) 0 . 0 0
0 fr) ... 0 0
pla, f) =U" : : :
0 0 o fW) 0
0 0 e 0 diag(b; ® idmj)

Let us call this the compressed diagonalization form of p. Then (A1,..., A,
uniquely determined by p up to a permutation. We assume A\; < A, < -+ <
and the sequence

) 1s
>\/t)

L(p) = (MOH s 7/’[’0r07>\1’ .. 'a)‘,unulm' <. aIU/l,l)
is called the eigenvalue list of p.
Proof Every representation is a finite direct sum of irreducible representations up
to unitary equivalence, the only thing we need to do is, whenever all the irreducible
representations at 0 appear enough times (namely, reach all the corresponding mul-

tiplicities), replace them by an f(0). Whenever all the irreducible representations at
1 appear enough times, we replace them by an f(1). Then the lemma follows. ]

Following the lemma above, define

C(p) = (,LL()”. . 'auoyoa/-l/7/’(‘11? ree 7M1r1)'
This form above is frequently used in this paper; it is stable in the following sense.

Lemma 1.9 Let p;: (pg, p1) = M,(C), i = 0,1, be two unital homomorphisms.
Then the following statements are equivalent:

(i)  po and p; are homotopic;
(ii) [pol = [p1] € K* (Ao, 01));
(iii) ¢(po) = C(p1)-

Proof (i) = (ii) is obvious. By Theorem[L.6] (ii) = (iii) is also obvious. So we only
need to prove (iii) = (i). Suppose

C(Po) = C(Pl) = (/”‘Ola cee 7/’[/0,07/’6””117 .. '7,“11,1),

then for k = 0, 1, there are unitaries uy € M,(C), and numbers A;(k), ..., A, (k) in
[0, 1] such that
diag(a; ® iduoi) 0 .. 0 0
0 f(k) ... 0 0
p(a, f) = uf : : : : U
0 0 o fOuR) 0
0 0 . 0 diag(b; ® idulj)
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Let u(s) be a continuous unitary path in M,,(C) connecting uy and u;, and let A;(s)
be a continuous path connecting A;(0) and A;(1). Define a homotopy by

ps(a, f) =
diag(a; ® iduo,-) 0 . 0 0
0 f(A(s) ... 0 0
u(s)* : : u(s).
0 0 s fOWG) 0
0 0 . 0 diag(b; ® idm}_)
This completes the proof. ]

Corollary 1.10 Let py: Ulpo, p1) — M,(C) (x € [0,1]) be a continuous family of
morphisms. For each x, let

L(px) = (po, (%), - - - 5 pro,, (), Ar(x), .o, Ay (%), pur, (%), -+ paa,, (X))

be the eigenvalue list of py. Then the following statements hold:

(i)  Each of i, (x), p1,(x), pix is a constant function.
(ii) For each i, \i(x) is continuous.

2 Trace Data and Compatible Pairs

Lemma 2.1 There are two kinds of tracial states on U(py, ©1):
(i)  Any probability measure . on [0, 1] defines a tracial state on the building block

i, f) = / Tr( f)dp,

where Tr is the normalized trace on M,,,(C).
(ii) At endpoints 0 and 1, there are fractional tracial states

60,'(a7f) = Tr(ai)ai = 17...,7'()7 61](07]() = Tr(b])7] = 1,...77'1,

where Tr is the normalized trace on the corresponding matrix. Moreover,

o s

do = Z ”:’3;50” o = Z HZ: 51j,

i=1 j=1

where my, is the size of o(a;), and my; is the size of 1(b;).
The following result is less trivial but still standard.

Lemma 2.2 Any f € AffTW(py, 1) determines a real-valued function §*(f) on
sp(Alo, 1)) by 67 (f)(x) = f(dx).

So this map identifies Af f TU (o, 1) with the space of all real-valued functions f
on sp(A(wo, 1)) satisfying
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(i)  f is continuous on (0, 1),
(ii) forx=0,1, limyz_, f(X) = 3, 2 f(x).

Recall that [ - ]: sp(-) — [0, 1] is the canonical quotient map.

Remark  Let B(1)o, 1)1) be another building block. Then, by Lemma 2.1} to de-
fine a morphism 6: TB(1)o, ¥1) — TU(po, ¢1), it suffices to define §(6,) for y €
sp(B(thy, 11)) in a way that is continuous on (0, 1) and satisfies the right boundary
condition as in the lemma above. This will be used later.

In what follows, we are going to investigate compatible pairs for the building
blocks.

Let A, B be two C*-algebras; recall that two homomorphisms «: K¢(A) — Ko (B)
and 0: T(B) — T(A) are compatible if (e, 0(t)) = (k(e),t) for any e € Ky(A) and
anyt € TB.

By choosing proper sub-projections of B and standard a “cut-down” argument, we
can focus on compatible pairs for the basic building blocks (without worrying about
direct sums).

Definition 2.3 Let A, = W(wo, 1), B, = B(1y, 1) be two building blocks (m
and n refer to the size of generic fibre), & € KK (A,,, B,), and let 8: TB, — TA,, be
a continuous affine map. Then («, 6) is compatible if (ag, #) is compatible, where
is the induced map of « on K¢ -group.

In the proof of the local existence theorem, one of the crucial techniques is the
decomposition of a compatible pair.

Definition 2.4 Let A, B be C*-algebras, o € KK (A,B), and §: TB — TA be a
continuous affine map. Let («, 0) be a compatible pair for A, B. A decomposition of
(a, 0), denoted by (o, 0) = Zj(aj, 6;), consists of

(i) mutually orthogonal C*-subalgebras By, ..., B, of Bsuchthat 13 € By+---+B,;

(ii) a compatible pair (cj,8;) for each (A, Bj), o; € KK (A, Bj), such that @ =
Zj((aj) ®@p; [tj]), where [¢;] is the KK-element induced by the inclusion
tj: Bj = B,and 0(t) = Zj 0;(t|B;j), t € TBj, where 6 is naturally extended.

For the building block, there are three kinds of basic compatible pairs.
Definition 2.5 Let
A = Wlpo, 1)
={(a, ) e L &C([0,1],M,(C)) : £(0) = po(a), f(1) = ¢1(a) },
recall that
Ko(Am) = { ki, .o ko by 1) €20 X2 [ o (ks k) = o1 (B, 1) )
(i) Let

B:Mm((c)v QEKK(AmaB)a aO(k17~" k ll "'alrl):wo*(kla"'akm)v

s Mgy b1
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and let 0(Tr) = p, then («v, 0) is compatible for (A,,, B) and it is called a generic
pair.

(ii) Let

B = A,,(0) gMnol((c)EB"'@M”O]((C)@M%Z((C)EB"'EBMnOZ((C)@.--

S1 $2

...@MH%((C)@...@M%’O((C).

Sro

Let

a €KK (Am,B), aolky, - ke by b)) = (kty ok ki),

S1 Sro

and 6(Tr;) = do, (Tr; is the normalized trace on M,,,, (C)), then («, #) is com-
patible and it is called a broken pair at 0. Similarly there are also broken pairs
at 1.

(iii) Let

B:M‘rloi((c)7 OéeKK(Am,B)7 a()(kl7"'7k707117'-'7lrl):ki?

and 0(Tr) = dy,, then («, 0) is compatible and it is called a fractional pair at 0;,
i =1,...,r. Similarly we have fractional pairat 1;, j = 1,..., 1.

Lemma 2.6 Let A, = U(po, 1) be a building block, B = M,(C), and (k, ) is
compatible fOf Am and B. Then 0(Tr) € TU(py, p1) uniquely determines a vector
AO(Tr)) = (Mo, A1, A) € R? x R} x Ry such that

0(Tr) = > Z)\ Oy A g,

xe{0,1} i=1

where A- v is the maximum of all possible values that can be realized by a homomorphism
from Ay, to B, Ax = (Mg, - - -, Ay, ) satisfies that at least one ), is strictly less than %si
and at least one Ay, is strictly less than %tj, w is a Radon probability measure on [0, 1].
This is called the standard form of (Tr), A - p is called the principal part, and the rest is
called the residual part.

Proof Anyt € TA,, has a decomposition. For the uniqueness of the coefficient, we
n}}lake the following simplification: recall that 6y = >, “:8y,, 61 = > j %'”517;
then

m ng, - Si m ny, - tj
—dy = E do,, —O01 = E ——=4p,.
n n n n

i j

If every fractional spectrum appears enough times, namely, reaches its multiplicity,
then we can replace the fractional trace by a %'y or a 74;. Otherwise we just leave
it there, which means that at least one of the fractional spectra does not reach its
multiplicity, then the lemma follows. [ ]
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The following lemma is basic for the proof of the local existence theorem.

Lemma 2.7 Let A, = W(po, ©1) be a building block, let

B={diag(al,...,al,...,as,...,as,...)|a5€Mn5((C)}, n:st~n5,
ki ks s

and a € KK (A, B), andlet0: TB — TA,, be a continuous affine map. Then («, ) =

E:j(aj7 0;) such that

(i)  each (o, 0;) is either generic, broken or fractional;

(ii) fO(Tr) = > eqony S0 Ay, - Ox, + A - s the standard form of O(Tr), then the
number of fractional pairs at x; is n - \,, /ny,, where Tr is the normalized trace on
M, (C).

Proof First we deal with the special case where B = M,,(C). In this case, because B
has only one block, there is no broken pair in the decomposition. By choosing an or-
thogonal projection with rank equal to #1,, (the size of corresponding fractional part),
x = 0 or 1, then cutting B by this projection, we get a subalgebra of B and a fractional
pair at x;. Similarly we also have generic pairs. To calculate the number of fractional
pairs at x; we use a counting argument. Assume this number is k. From the definition
of decomposition of a compatible pair, we know that 0(Tr) = > j 0;(Tr|B;), where
{Bj}; are all the subalgebras. From the definition, there is no contribution to the
residual part from generic pairs. Suppose that B; corresponds to a fractional pair at

x;, then
n

ocriBy) = o "oy ) = 25,

n
where T7,, is the normalized trace on M, (C). So
Ny A

k-—=MX\,, k=n-—.

n My,

i

The general case follows by applying the special case to each block of B. But in
the general case, some fractional pairs arising from different blocks may add up to
a broken pair; namely, if all the fractional pairs reach their multiplicities, then we
will take direct sums of them and replace them by a single broken pair. Again only
fractional pairs contribute to the residual part of 8(Tr), so the same argument works
in the general case. u

Remark  The fractions n - A, /n,, above are integers under the assumption of com-

patibility. This is not true without this assumption.

3 Local Existence Theorem

In this section, a local existence theorem will be established, and this theorem will
be used in the main classification theorem of Section 5. The proof has two crucial
ingredients: a modified version of an approximation theorem by [33], as improved
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in [24]), and a reduction process of compatible pairs for the building blocks based on
Lemma[2.7

Let A,y = (o, 1), Bn = B(1hy, 1) be the building blocks. For the local exis-
tence theorem, one needs to realize (approximately) the homomorphisms between
the Elliott’s invariants by a homomorphism between the C*-algebras. Let us look at
the homomorphisms between the building blocks. As proved in [32, Theorem 3.1],
a similar theorem holds:

Theorem 3.1 Let A, B, be the building blocks above. For any homomorphism

¢: Am — By, any € > 0, and any finite subset F C A, there is a unital homomorphism

(bl : A, — B, such that

() llo(a, ) — ' (a, )| < e forall (a, f) € F;

(ii) there exist continuous maps {)\j(s)}ﬁ’:l: [0,1] — sp(An), and a unitary W €
M, (C[0, 1]) such that

fouls) 0 L. 0 0
0 () ... 0 0

¢ (a, f)s) = W*(s) : : : W (s)
0 0 c fOp_i(s) 0
0 0 . 0 FOW(9)

forall(a, f) € Ay and all s € [0, 1].

Any homomorphism of the form above is called a standard homomorphism, and
{A j(5)}§:1 are called the eigenvalue maps.
The following result appears in [20], and it is essentially due to [24,[33]].

Theorem 3.2 For any finite set F C C[0, 1] and any € > 0, there is a constant N such
that for any homomorphism 0: T(C[0,1]) — T(C[0,1]) and any q > N, there are
exactly q endomorphisms ¢y of C[0, 1] satisfying

[0 -2 S eions] <
k

forall f € Fandallt € T(C[0,1]). Moreover, if 0(dy) = %Z';zl Ox(j) for some
x(j) € [0,1] and 6(6,) = + Z?:1 dy(j) for some y(j) € [0, 1], and n|q, then those q
endomorphisms can be chosen such that

q q
060 = =3 610, 060 = = 5 61(6)).
1 k=1 9 k=1

Theorem 3.3 (Local Existence) Let A,, = (o, ¢1) be a basic building block. Then
for any € > 0 and any finite subset F C TA,,, thereisa N € N, such that if

(1) B, = B(tg, 1), where the size of each direct summand of F; (of B,) is greater
than or equal to N,
(ii) 6: TB, — TA,, is a continuous affine map,
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(iii) « € KK (A, B,) and («, 0) is compatible,

then it follows that there is a unital homomorphism ¢: A,, — By, such that KK (¢) = «

and

Pt s, ey, 2
n

6% (7)(a, £) — O(r)(a, f)]| < e+ NIf]

forall (a, f) € FandallT € TB,,.

Proof The proof is inspired by the local existence theorem in [20], but it is more
complicated, and at some crucial steps new techniques are needed. For any ¢ > 0,
any finite subset F of A,,, set

F={Tr(f) € C[0,1]|(a, ) € An},

where Tr(f) is given by taking trace at each point. So by Theorem there is a
natural number N such that for any morphism #: TC[0,1] — TC[0, 1], any q > N,
there are exactly g endomorphisms ¢, of C[0, 1] (corresponding to g continuous
paths Sx: [0, 1] — [0, 1]) such that

[0 -2 S eions] <
k

forall f € Fandallt € TC[0, 1].

In what follows, it will be shown that the compatible pair («, §) has a decompo-
sition Zj(aj, 6;), and after doing some grouping of the pairs («;, ;) we can then
apply Theorem[3.2]to the main part of (c, #) (discarding the fractional pairs («j, 6;)).
First, one can decompose the compatible pair at the endpoints 0 and 1. Define Ry and
R; to be the restrictions of B, onto B,,(0) and B, (1). Because

B,(0) C {diag(al,...,al,...,ak,...,ak,...) | akGMnk((C)},
—— ——

S1 Sk

B,(1) C {diag(bl,...,bl,...,bl,...,bl,...) | bzeM,,l((C)},

t 2]

Y

and (o', 0") = 3 (a},0}) atx = 1. While o’ = a®3, [Ro, a' = a®p, [Ri], where
[Ro], [Ry] are the KK-elements induced by [R], [R;], 8° = §oR}, ' = oR},and a°
and a! are homotopic, so by compatibility, one obtains that #°(Tr) and ' (Tr) have
the same standard form (Tr is the normalized trace on M,,(C)). By Lemma 2.7 the
number of fractional pairs at x; (x = 0, 1) are the same for (o, #°) and (', '), and
by compatibility, the total number of summand pairs are the same. Let us assume
that (a(}7 9?) is fractional at x; if and only if (a}-, 0}) is fractional at the same x;.

Second, the interior should be filled in such a way that one can get a decomposi-
tion of («, ). Recall that

we can apply Lemma[Z7]to get the decompositions (a’,6°) = 3= (a9, 69) at x = 0,

Fi = @M, (Q) & D M,, (O
i=1 j=1
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(this F; is of B,,).

i) If (oz(}, 9?) is fractional at x;, then so is (a}, 0}). We shall treat all the fractional
pairs at x; together, and this is one of the main differences from [20]. As in the proof
of Lemmal[2.7] at x = 0, M, (€) may come from several direct summands of F; (of
B,,). Assume that these are the p;-th, p,-th, ..., p,-th direct summands of F; (of B,,),
where 1 < py, p2,..., pu < 79, and assume that at x = 1, mel (C) comes from the
q1-th, qo-th, . . ., g,-th direct summands of F; (of B,), where 1 < q1,¢2,...,q, < 11.
In this case, define B; in the following way. Let I, denote the identity of M, (C),

and put

Ly, ©

) Liny; 0
0 0 "Umxnopl

P?=wo(0@~--eeoea( DOD--@0D (), . @0@‘@0),
Pu Pu

Ly, O

) ImX,‘ 0
0 0 nuqlxnuql

1
pj:¢1(o@...@0@( GO®- B0 ( " 0)“0%”0%@0@”'®0)'

Because the number of fractional pairs at x; are the same for x = 0 and 1, one gets
that the ranks of P? and P} are the same, and so there is a continuous path P;(t) of
projections in M, (C) such that P;(0) = P?, P;i(1) = P}. Define B; = P;jB,Pj, and
(aj)o: Ko(A) — Ko(Bj) is given by

(O‘j)O(kl,-"akrn,lla"'vlrl):(07"-,kaiaoa'"a0>ki307"'30)7

where all the k; are in the corresponding position.
(i) If (oz‘])-7 9?) is not fractional, then (a(}, 9?) is either broken or generic. In this
case, if B‘} is generic and comes from the p;-th direct summand of F; (of B,), then

Bj(0) =1 (0®0®--- ®0BBI®0---®0D 0@ 0®---30).
N————
p=l

If B‘; is broken (recall that a broken pair may come from several (actually more) direct
summands of F (of B,)), then we can also define B;(0) but involving more matrix
algebras, and similarly for x = 1. Then connect B;(0) and B;(1), whose total ranks
are the same by a similar method to that used above to get B;, and

(aj)O(klv e 7k707117 . '7lrl) = (OZ?')() D (a})o,

To define 0;: TB; — TA,,, by the remark after Lemma 2.2} it suffices to define
8;(d,) for y € sp(B;) in such a way that it is continuous on (0,1) and satisfies the
right boundary condition. Let

06,)= > Z)\ SO+ A pu(y)

x€{0,1} i=1
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be the standard form as in Lemma[2.6] In case (i), define §; = 9‘]?. In case (ii), define
it as follows:

6(5,) [yl =0,

(1= $)69() + u(y) [y] € (0,0),
0;(0,) = 4 u(y) [yl € (6,1 —0),

(5 — %)u(y)+(%+%)9}(51) [yl € (1-4,1),

61(5,) [yl = 1.

This completes the decomposition.

In the next paragraph, we need to do some grouping of the compatible pairs
(kj,0;). For the number N above (at the beginning), in each block of B,(0), if we
group the resulting generic pairs into batches of N pairs, then there are at most N — 1
pairs that remain ungrouped in each block. Also if we group the broken pairs into
batches of N pairs, then there are at most 2(N — 1) broken pairs ungrouped. Overall,
there are at most (2+s;+- - - +s,, ) (N — 1) principal pairs ungrouped for B, (0). We can
do similar grouping for B, (1). Note that the fractional pairs can be realized by the
evaluation maps. For the batches above, apply Theorem 3.2, we obtain N continuous
paths ax (), and define a homomorphism ¢y from A,, by

flan@®) 0 ... 0

0 .. 0

ov@pn=| ° @0 ;
0 0 ... flan(®)

Then at x = 0, for a given element of a direct summand F; of B,, because the size
of each direct summand is greater than or equal to N, if we pick up as many paths
{ax(t)} as we need to realize the form of this element then repeat it by the corre-
sponding multiplicity, we will have the required form of B, (0). Similarly, we can do
this at x = 1. In other words, we obtain a homomorphism from A,, to the grouped
principal pairs; for the fractional pairs, each of them can be realized by an evalu-
ation map. For the ungrouped pairs, choose any homomorphism that induces the
right KK-element and also induces the right morphism between tracial state space
at boundaries (this can be done since the fibre of B; at boundary is a fibre of A,,).
Then put all the homomorphisms together, and the ungrouped pairs give the tail in
the theorem. ]

This theorem extends naturally to the case where both A, B are finite direct sums
of the building blocks.

Corollary 3.4 Let A be a finite direct sums of the building blocks, F C A a finite subset,
and € > 0 a constant. Then there exists a number N > 0 such that if

(1)  Bis a finite direct sums of the building blocks,

(ii) @: TB — TA is a continuous affine map,

(iii) a € KK (A, B) induces a scaled ordered group homomorphism og: Ko(A) —
Ko(B) and o is compatible with 6, and p,(cg(e)) > N forallclass0 < e € Ky(A)
and for all nonzero irreducible representations p of B,
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then it follows that there is a unital homomorphism ¢: A — B such that KK (¢) = «,
and

Zsl+-~+s,o+t1+«~+t,l+2

() = 0] < e+ max,{ NiIfI}

n
P

forall f € Fandall T € TB, where p, q are the number of direct summands of A and
B.

Remark Under the simplicity assumption, as the inductive sequence goes further,
the size of each component of F (in the definition of the building blocks) of any
summand will explode, hence the tail in Theorem 3.3 will be as small as possible, as
will the tail in Corollary[3.4l

4 Local Uniqueness Theorem

Let A, B be two unital C*-algebras, and let ¢,1: A — B be two homomorphisms.
Recall from [8] that ¢, 1) are said to be approximately unitarily equivalent, denoted
by ¢ ~aue ¢ if for any € > 0, and any finite subset F C A, there is a unitary u € B
such that ||¢(f) — u*(f)u|| < e for all f € F. In this section, this equivalence
relation among morphisms between two finite direct sums of the building blocks will
be discussed.

The same notation will be used as before: A,, = W(wy, 1), B, = B(tg, 1),
where m, n refer to the size of generic fibres.

Lemma 4.1 Let¢: A,, — B, be a unital homomorphism. Then there exists

(1) a unitary u, € M,(C) for each x € [0, 1],
(i) two sequences of nonnegative numbers (pu,):", and (1, );1:1, where at least one of

the puo, is strictly less than s;, i = 1, ..., ro, and at least one of the ju,  is strictly less
thant;, j=1,...,1,
(iii) a sequence A = (A1, ..., \,) of continuous paths in [0, 1] with A\j(x) < --- <

Au(x) for all x € [0, 1], such that

diag(a; ® id/m,-) 0 .. 0 0
0 fn) ... 0 0
Px(a, f) = u : : : : Uy.
0 0 ... f\ 0
0 0 0 diag(b; ® idmj)
Proof Apply Corollary[L.I0Ito the family of ¢.(a, f) = ¢(a, f)(x). ]

Moreover, from Corollary [LT0} the sequence A = (Ay,...,A,) is uniquely de-
termined by ¢. So given ¢, we can define canonically a morphism A?: A, —
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M,,(CI0,1]) by

diag(a; ® id,,,oi) 0 . 0 0
0 fO) ... 0 0
A%a, f) = : : : :
0 0 o fO) 0
0 0 ... 0 diag(b; ® idmj)

Theorem 4.2 Let ¢,v: Ay, — B, be two unital homomorphisms. If KK (¢) =
KK (¢) and A® = AY, then ¢ ~que V.

Proof By Theorem [B.I] ¢, can be approximated by standard homomorphisms
¢ ,1 ; with a little bit more work, one can also guarantee that

KK (¢') = KK (¢) = KK () = KK (1), A®=A?, A¥ =AY

So at the beginning, we can assume that each of ¢ and v already has the standard
form.
Set

Bn = %(?ﬁoﬂ/}l)
= { (b, f) € L@ C([0,1],M,(C)) : £(0) = o(b), f(1) = ¢ (D)},

10 5
F, = @Mn,((c) (o) @ Mnj((C), and QSQM#QZ Am/jm — Bn/jn7
i=1 =1
where J,,,, J,, are the canonical ideals of the building blocks.
Given any € > 0 and any finite subset F C A,,, we are going to find a unitary U €
B, satisfying the requirement. Since KK (¢) = KK (), we have K¢(¢q) = Ko(¥q).

By a standard argument as in the AF-algebra case, there exists a unitary v € Fy, such
that

Yo(v)g(a, £)(0)o(v)™ = 1(a, £)(0),
Vi(W)d(a, (DY (V)" = Y(a, )(1),Y(a, f) € Ap.

So we need to extend vy(v), 11 (v) to a unitary U € B, such that

U(0) = tho(v), U) =v1(v).

Because A? = AY, there is a unitary V() € M,,(CJ0, 1]) such that

V(t)p(a, V() = P(a, f)(1),t € [0,1].

Fort = 1, we have

V()p(a, HV*(1) = pla, /)A),  bi(Wla, )1 (v)* = pla, (1),
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SO
V(W) (la, )1 (v) V(1) = $(a, (1;

namely, ¢(a, f)(1) commutes with V*(1)¢); (v).

Let o be a small number to be specified later. Connect the identity I, and
V*(1)¢(v) on [1 — o,1] in the unitary group of the commutant of {¢(a, f)(1) |
(a, f) € A, }. Extend this unitary path to [o, 1] by the constant I,, and denote it by
X(t). Let o be small enough such that for any (g, f) € F, the following inequalities
hold:

é(a, (&) — d(a, )| < <, lib(a, () — a, )| < <,

4 4
[éta. )(5) = éla, HO < 5, [[bla, (&) = bla, HO)] < 2.

forallt € [1 —o,1]andalls € [0,0].
On [0, 1], denote V (#)X(¢) by U(¢); then on [0, 1 — o], we have

U =VE), U1 =V1)X1)=VOV (D) = (v).
It follows that
IU®)p(a, HHIOU* () — p(a, ()]
< U@la, HEOU* () — dla, YD) + [[¢b(a, £(1) = ¥(a, )|
< [VOX(B)(a, HOX* OV (£) — VOOX()(a, /DX (V)]
+HIVOla, HOT ) = va HD| + 5

< [V(OX (@) (dla, )E) = dla, HUNX* 0V (1))
+[[V(#)(@(a, £)(1) = dla, V()]
+ IV (06, HOV*(0) = bia, A +5

< [l¢(a, 1)) = ¢a, ]| +[|(a, £)(1) = éla, £)(@))]|
+ vta, (6 = wla, N+ 5

€ € € ¢
—+-+-+-=F¢,
4 4 4 4
forallt € [1 —o,1] and all (a, f) € F.
Similarly, one can define U(¢) on [0, o] and U(0) = 1)y(v), then it is done. [ |

<

Lemma 4.3 Let (p, Y: A, — B, be two unital homomorphisms, assume KK (¢) =
KK (v)), then for A® and AV defined above, there exist two unitaries Uy, U; € M,,(C)
such that

UoA%(a, /)(0)UG = o(by), UoA¥(a, 1)(O0)U; = o(by),
UL A% (a, (DU = 1 (by), U1 A% (a, /)()UF = 4y (by),
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for some by, b; € @;1:1 Mm}_ (C), for some by, b(; edr, My, (C), and for all (a, f) €

A

Proof Since KK (¢) = KK (7)), from Lemma [£.] there are two unitaries ug, vy €

M,,(C), such that

A%(a, £)(0) = uio(a, £)(0)u
diag(a; ® iduo,») 0

0 FO0)

0 0

0 0
A%(a, £)(0) = viip(a, £)(0)v

diag(a; ® idﬂo,») 0

0 FOT(0))

0 0

0 0
Consider

0 0
0 0
FO0) 0

0 diag(b; ® idm] )

0 0
0 0
RO 0

0 diag(b; ® idm] )

¢: Ay — B V%M (Q),[VE o g] = B,
: Ay — B, n, (€), [V 0 @] = nl@]([Vy']),

where 7 is the isomorphism between KK (A,,, B,,) and Hom(K°(B,,),K°(A,,)). Let

(Vo 0 @D = (P, s Db s i+t )

where (31, ...
quence.
Define p;: A, — M, (C) by

1 2 2 T
aydhyl?'")yd27"'ay10a"'

. ¥) € (0,1) is a strictly increasing se-

diag(ax ® idp{] ) 0 0 0
0 o) 0 0
pila, f) = : : 3 :
0 0 f(y;r) 0
0 0 0 diag(b; ® idP‘L )
Assume
o(a, £)(0) = to(c)
(Vo' 0 ¢)(a, f) @ id,, 0 0
B 0 (Vor o ¢)(a, f) ®id,, 0
6 o (vgz o qs)(é, feid,
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for some c € P, M, (C), where {si} is associated with 1)y. Then define a homo-
morphism pg’: Ay — M,(C) by

p1 @ idy, 0 - 0
& 0 P2 ® idsz . 0
Po = : : : ’
0 0 e PR ® idsr0

then pg(Am) C B, (0). Because [pg] = [¢(a, £)(0)] € K°(A,,), there exists a unitary
Uy € M,,(C) such that

diag(a; ® iduo,-) 0 ... 0 0
0 )y ..o 0
UspgUo = : : : : ,
0 0 S fY) 0
0 0 e 0 diag(b; ® id#lj)

where Y < Y) < ... < Y7 come from {0}, {1}, and {)/;}, and U, represents
the procedure of exchanging elements on the diagonal. Then UyA®(a, f)(0)U; has
the special form of B, (0); namely, there is a by € @:":1 M, (C) such that 1y(by) =
UoA®(a, /)(0)Ug.

This is because

[UsA?(a, £)O)U;] = [¢(a, )(0)] = [pj] € K*(A),

so [UgA?(a, £)(0)Ug] — [nggfuo] = 0. By Lemma[L.9] we have the conclusion that
ile-'D = 0, then )\?(0) = 0. Define (a,g) € A, as follows:

g(0) = f(0), g(1)=f(1), g(¥})=fA(0)),
For all Y,-d’ # 0, connect these points to get g. Then one obtains

UpA®(a, )(0)Ug

diag(a; ® iduo‘) 0 . 0 0
0 FO20) ... 0 0
= U Uy
0 0 o fON(0)) 0
0 0 e 0 diag(b; ® idm]_)
diag(a; ® iduo,-) 0 ... 0 0
0 g¥Y?y ... 0 0
= U : : : : Ug
0 0 ... g¥) 0
0 0 . 0 diag(b; ® idﬂlj)
= pj(a,g),
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which has the special form of B, (0).
Since KK (¢) = KK (¥),

C(IVE 0 1) = C(nlgl(VED) = ¢(nlw](VE)) = ¢([VE 0 ¢]).

So we can define

p1 ® id, 0 .. 0

" 0 pr®ids, ... 0

Po = : : :
0 0 cee o pr ®@ids

We also want to write it in the compressed diagonalization form. Note that
1 12 2
(ylv""ydlvyh'"7yd27"'7y;0""7y:120)

is strictly increasing, and [ pg)] = [v(a, f)(0)]. Hence by a method similar to that

used above, one can prove that UyA¥(a, f )(0)Ug has the special form of B,(0);

namely, there is a by € @[, M, (C) such that ¢4(by) = UpA" (a, £)(0)Ug.
Similarly, one can prove the lemma for the endpoint 1. ]

Before the statement of the main theorem in this section, let us recall some pre-
liminaries. First, define the test functions hy, € C[0,1]. For any integer r > 0 and
0 < d < r,let hy,(x) be the function on [0, 1] thatis 0 on [0,d/r], 1 on [(d+1)/1,1]
and linear on [d/r, (d+1)/r]. These functions are due to Elliott, who developed a fun-
damental technique for comparing the eigenvalues of two homomorphisms within
small distance. It involves the spectral distribution property, denoted by sdp(r, §) for
some ¢ > 0. Recall that a homomorphism ¢: C[0,1] — M, (C[0, 1]) is said to have
sdp(r,d) if | sp , N T| > 6| sp ¢, | forany y € [0, 1] and any open interval T C [0, 1]
with length % In the present case, the KK-condition indicates the part of the frac-
tional spectra, and by a standard argument of Elliott, one can prove the following
result.

Lemma 4.4 Let ¢,v: A,, — B, C M,(C[0,1]) be two standard unital homomor-
phisms with KK (¢) = KK (). If both ¢ and 1) have sdp(r,§) for some integer r > 0
and some § > 0, and the maps ¢*,*: TB, — TA,, agree to strictly within 6 on all
the central elements corresponding to the test functions hy,,d = 0,...,r — 1, then the
fractional parts of the eigenvalues of ¢ and 1), are the same for any x € (0, 1), and the
principal parts of the eigenvalues of ¢, and 1), can be paired within %

Proof It suffices to prove that the fractional spectra of the two homomorphisms are
the same. The other statement follows by Elliott’s standard argument. Recall the
remark after Theorem[I.7} Lemmal[l.8 and Lemmal[L.9] the index

(,U()], ... 7.U’0,07.u“nu‘117' LR /u‘lrl) = C([st]) = C(T’(KK (QS))([V)?H]))

Now since KK (¢) = KK (1)), so the associated indices of the two homomorphisms
are the same. u
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Theorem 4.5 (Local Uniqueness) Let ¢,1: A, — B, be two unital homomor-

phisms. Given any finite subset F C A, and any € > 0, if there is an integer r > 0 such
that

(i) KK(¢) = KK (¢),

(ii) both ¢ and 1) have sdp(r, 0) for some & > 0,

(iii) the maps ¢*,¢¥*: TB, — TA,, agree to strictly within § on all the central elements
corresponding to the test functions hg,,d =0,...,r — 1,

(iv) If@—fW)| < €/3forall(a, f) € Fandforanyy,z € [0,1] with |z—y| < 3/r,

then it follows that there is a unitary u € B, such that ||1)(a, f) — uw*$(a, fu|| < € for

all (a, f) € F.

Proof Since KK (¢) = KK (v), from Lemma 4.4 we have

diag(a; ® iduo,-) 0 ... 0 0
| 0 Q9 ..o 0
A%a, f) = : : : :
0 0 ... fOD) 0

0 0 e 0 diag(b; ® id,“])
diag(a; ® iduoi) 0 . 0 0
| 0 foy) ... 0 0

A¥(a, f) = : : : : ;

0 0 ... fOU) 0

0 0 .. 0 diag(b; ® idmj)

where A? = (\],..., A0, AV = G Al,) are the continuous sequences for ¢, 1.

Moreover, from conditions (ii) and (iii), by Lemma[4.4] we get ||/\§D -\ < 3/n,
then by (iv), we have ||A%(a, f) — A¥(a, f)|| < ¢/3 forall (a, f) € F.
By Lemma 4.3, there are unitaries Uy, U; € M,,(C) such that

UoA%(a, [)(O)U; = to(b),  UsA"(a, FO)U; = to(by),

for some by, b, € ®r, M,,, (©),

U1A(a, ) (UT =i(by),  UiA%(a, ) (1UT = 1 (by),

for some by, b{ € @;‘:1 Mm] (©).
Seth = by @ by, b’ = by & b, then

UoA%(a, £)(0)Us = (D), UL A% (a, (DU = (b)),
UoA¥(a, £)(0)U; = (b)), ULAY (a, f)(UF = i (b).
Choose a continuous unitary path U(¢) € M,,(C) that connects Uy and U; and define

dla, ))(t) = U®)A%a, HOU*(), Pla, ) = U@R)AY(a, ))E)U*(1).

https://doi.org/10.4153/CJM-2011-060-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-060-1

Splitting Interval Algebras with Dimension Drops 569

Then ¢ and 1) are two homomorphisms from A,, to B,. By Theorem there are
unitaries v, w € B, such that

H(b([h f) - V*(;B(a, f)V” < 6/37 H¢(av f) - W*iz)(aﬂ f)W” < 6/37 V(av f) €F

Let u = v*w, then

[v(a, f) —u*p(a, full
< |[¥(a, f) — w*(a, ]|
+[|[w*(a, Hiw — w*d(a, HHw| + |[w*p(a, Hiw — w*vé(a, v w||

<-x3=¢ Va,f)eFE [ |

W[ m

The theorem above extends naturally to the case where A = @, A;,B = @ iBj
are two finite direct sums of the basic building blocks. To state the result, let us
introduce some notation: TA = €, TA;, for each i, define the test function h; 4, =
(0,...,0,h4,,0,...,0), where hy, is on the i-th position.

Corollary 4.6 Let A = P, Ai,B = B, B; be two finite direct sums of the basic
building blocks, and let ¢,1: A — B be two unital homomorphisms. For any finite
subset F C A, any € > 0, if there is an integer r > 0, such that

(i) KK (¢) = KK (),

(ii) both ¢ and 1) have sdp(r, d) for some 6 > 0,

(iil) the maps ¢*,1*: TB — TA agree to strictly within 6 /2 on all the central elements
of each direct summand of A corresponding to the test functions h; 4, for all i and
0<d<r,

(iv) [[f(2)—f)| < €/3forall(a, f) € Fandforany y,z € [0,1] with |z—y| < 3/r,

then it follows that there is a unitary u € B, such that ||1(a, ) — u*¢(a, flu|| < € for

all (a, f) € F.

5 Main Classification Theorem

In this section, the main classification theorem will be proved.
First, a basic fact about the connecting homomorphisms can be proved in a stan-
dard way as in [[14]; see also [23] Section 2.2].

Lemma 5.1 Let A be a unital and simple inductive limit of finite direct sums of the
basic building blocks, then there exists another inductive limit sequence (A, ¢,), where
each A, is a finite direct sums of the basic building blocks and each ¢, is unital and
injective, such that A = hgi(An, On).

The main classification theorem is as follows:

Theorem 5.2 Let A and B be two unital simple inductive limits of finite direct sums
of the basic building blocks. If ciy: Ko(A) — Ko(B) is a scaled ordered group homo-
morphism, o : Ki(A) — Ki(B) is a group homomorphism, and §: TB — TA is a
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continuous affine map that is compatible with «, then it follows that there is a homo-
morphism p: A — B that induces oy, a and 6.

If a, aq, 0 are isomorphisms, then p can be chosen to be an isomorphism between
the algebras.

Proof The proof uses the standard (approximate) intertwining argument of Elliott,
and follows closely the same strategy as in [[8]]. Therefore it is only sketched for the
homomorphism part, and the reader is referred to [8] for detail.

Assume A = lig(An, ¢n), B = lig(Bn, 1,,), by Lemma 5.0l one can assume the
connecting map is unital and injective. In the proof below, it is often necessary to
replace an inductive sequence by a proper subsequence; this process is called a com-
pression.

First, the morphisms on the invariant level can be lifted. From the UCT, there is
a KK-element x that induces o and «;. With the help of [31}, Proposition 7.13 and
Theorem 1.14], and also after necessary compressions, there is a k, € KK (A, B,)
for each n such that

\Pn* ("in) - (D:(Hn) € KK (An7B)> wn* (Hn) = ¢:(HH+1) € KK (An7Bn+1)7

where ¥,,: B, — B, ®,,: A, — A are the canonical homomorphisms. Hence one
obtains a lift of the KK-element «.

The continuous affine map 6 can also be lifted approximately by approximating
the spectrum of A, with finitely many points (as in [8]]); namely, after another com-
pression, one gets continuous affine maps 6,: TB, — TA,, which make the diagram

[ % [

P12 P23
TA] TA2 TA3 ~—— - TA
T 0 T () T 05 T 0
¥ia ¥3s
TB] TBZ TB3 ~— -.-TB

almost commute in the sense that there are finite subsets F, C A, such that U,¢,(F,)
is dense in A and

|<¢n,n+l(a7f)70n+l(t)> - <(a7f)79n o ¢:,n+1(t)> | < i

2’
for all (a, f) € F, and all t € TB,4;. Moreover, each 6, is compatible with the
induced map k,,0: KoA,, — KoB,,.

Second, for each n, we need to realize the k., 6, by a homomorphism p,: A, —
B,.. Let e € B, be a nonzero projection. By the simplicity of B, it follows that for any
given N > 0, there is an integer m > N such that o, [, ,(e)] > N for any nonzero
irreducible representation o of B,,. So, given any A,, and any N > 0, there exists
an integer m > n such that k, ®p, [¥nm] € KK (A,, B,,) satisfies the condition of
Corollary[3.4} and hence by a compression, for any finite subset F,, C TB,,, there is a
homomorphism p,: A, — B, such that [p,] = k, and

(@ 10,0000) = (oula, 1) | < o1
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forall (a, f) € F,and forallt € TB,.
In other words, one gets the following diagram:

12 923
A A, A3 e — A
l P1 i P2 \L P3
P12 V23
B, B, B3 -+« — B

However, the diagram above may fail to commute approximately, and this can be
fixed closely as in [8]]: by the injectivity of the connecting homomorphisms and sim-
plicity of the algebras. After necessary compressions, the condition of Corollary 4.6
can be satisfied for any n > 0 and for any pair of maps p,+1 © @y n+1 and Yy, 11 © Py,
then one could modify each p, by an inner automorphism of B,, to make the diagram
above to be approximately commutative. So by Elliott’s intertwining argument, there
is a homomorphism p: A — B that satisfies the requirement. ]
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