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Abstract

Matsumoto [10] remarked that some locally projectively flat Finsler spaces of non-zero constant curvature
may be Riemannian spaces of non-zero constant curvature. The Riemannian connection, however, must
be metric compatible, and this requirement places restrictions on the geodesic coefficients for the Finsler
space in the form of a system of partial differential equations. In this paper, we derive this system of
equations for the case where the geodesic coefficients are quadratic in the tangent space variables y‘, and
determine the solutions. We recover two standard Riemannian metrics of non-zero constant curvature
from this class of solutions.

2000 Mathematics subject classification: primary 53B40; secondary 58J60.

1. Introduction

This paper is concerned with conditions under which a locally projectively fiat Finsler
space of non-zero constant curvature is also a Riemannian space of non-zero constant
curvature. The requirement that the Riemannian connection be metric compatible
leads to a system of partial differential equations. We present this result in Section 2
along with a proof. In Section 3 we derive the solutions to the system of partial
differential equations, and use them to obtain some Riemannian metrics for spaces of
non-zero constant curvature. The remainder of this section is devoted to a review of
certain basic definitions and results in Finsler geometry relevant to the study.

Let F be a Finsler metric on an n-dimensional manifold M. The corresponding
Finsler space is denoted by F". Let x = (x‘) denote the coordinates of p € M,
y= (") eT,M,and

1 32F?
i =3 dyiayi
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The inverse of (g;;) is denoted by (g"), that is, using the Einstein summation conven-
tion, g/*g;; = 8%, where

s [0 i kAL
Tl it k=i

is the Kronecker delta. The metric F is called Riemannian if the g depend only on
x € M; it is called locally Minkowskian if the g;, depend only on y € T,M. For a
non-zero vector y € T,M, and any vectors u = u'3/3x', v = v'3/3x’ € T, M, the
inner product on T, M is given by g, (u, v) = g;;(x, y)u'v/. The definition of a Finsler
metric implies that g,(y, y) = F?. Letl; = 3F/dy' and hij(x,y) = gij — lil;. The
angular form h, on T,M associated with the non-zero vector y is defined by

hy(u, v) = hij(x, y)u'v’.

Let h* = g’/*h;;. The definitions of g/* and h;; give h* = §* — I;I*, where I' = y'/F.
The geodesics of F are characterized locally by the condition

2
—d—+26‘( dx):o,

dr? dt
where
(LD Gix.y) | 32 F? i dF?
. X, y)=-— .
YI=38 dxJay* Y dxt

The G* are positively homogeneous functions of degree two in y and are called the
geodesic coefficients of F. Let

,_ 3G . 36,
Gj:a_yi and ij:a—y"'

The G‘ are called the coefficients of the Berwald connection, which was introduced
by Berwald in 1926 ([2, 3D). If G, = =G 7 (x), then F is called a Berwald metric.
Riemannian metrics are thus a specxal class of Berwald metrics. The classification of
Berwald metrics was conducted by Szabo in 1981 (see {14]).

If F is a Riemannian metric, then g;; = g;;(x) so that

) 1. .
G'=3Ty'y" and Gj =T}
Here, the I'}, denote the Christoffel symbols of the Riemannian connection

1 agr agrk ag 14
ri =- j | 08k _ O8ik )
w=28 (axk T T aw
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The Riemannian connection must be compatible with the metric, that is,

3 , ,
(1.2) 5ot~ 8T~ gnT) =0.
Let A yi yi ' ‘
g =20 9C o BG 3G 56

x* sxiayr T2 ayiay Byl oyt
The Riemann curvature R, is a family of linear maps on tangent spaces defined by
ik 9|
Ryszdx W TpM—) TpM

p
For a tangent plane I1 = span{y, u} C T, M, let

8y(Ry(u), u)

K(Il,y)= .
(.5 gy(y’ y)gy(u1 u)_gy(ysu)gy(yau)

The quantity K (I, y) is called the flag curvature of {I1, y}. If F is a Riemannian
metric, then X is independent of y € IT and corresponds to the sectional curvature of
tangent planes I € T,M. The flag curvature in Finsler geometry is thus an extension
of the sectional curvature in Riemannian geometry (see [3] and [4] for more details).

If, for every fixed point y € T,M, the flag curvature is independent of the tangent
plane I1 = span{y, u} C T,M, then F is said to be of scalar curvature at the point p.
If F has scalar curvature at all points in M, then F” is called a Finsler space of
scalar curvature. In this case, K is independent of the plane, but it depends on the
point, where the flagpole starts; thus, K = K (x, y), and the scalar curvature of F
is R. = KF?h.

We summarize some well-known formula for a Finsler space F*. The proofs of
these formule along with further comments can be found in [10]. We consider first
the case when n > 2. It can be shown that

i i i aGl aG’ r i r
(1.3) Rjk = K;h, — Kkhj = ook ™ G + G, G
where
K = F?3K LK
T3 gy Yie

Note that R!,y/ = R} and y; = g;;y’. Let H,,

= 3R’ /3y', H; = H,, and

ijre

(nHj; + Hij)yj

(1.4) H; =
n—1
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The following relations can be established:

(1.5) Ky’ = KF?,
oK; 3Kl
H;; = (n - 2)_3_)171 + —F—j + K (hij = 2,1)),
(1.6) H =+ 1)K,.

We now consider the case when n = 2. It is known that every two-dimensional
Finsler space is of scalar curvature. The scalar curvature of F? can be expressed
succinctly in terms of the orthonormal Berwald frame (I, m‘), namely,

(1.7) R, = FKm' (I;m, —m;l),

where m; = g;;m’. In this case X is called the Gauss curvature.

A Finsler space is said to be of constant flag curvature if there is a constant A such
that K(IT,y) = Aforallye ICT,M,pe M.

Let F and F be Finsler metrics on the n-dimensional manifold M, and let F* =
(M, F) and Fr = M, F ) be the corresponding Finsler spaces. A projective change
is a difffeomorphism from F* to F* that maps geodesics of F” to geodesics of F». If
any geodesic of F” is a geodesic of F" and the converse is also true, then the change
F — F of the metric is called a projective change, and F* is said to be projective to F".
A Finsler metric F is said to be locally projectively flar if there exists a projective
change F — F such that F” is a locally Minkowski space.

THEOREM 1.1 ([11]). The change F — F of the metric is projective if and only if

(1.8) Fu ——y =0,
ay’
where Fy, denotes the horizontal covariant derivative of F on F*, that is,

- OF 3G’ oF

Here, the G” denote the geodesic coefficients of F. We say that F* is projective to F*
with the projective factor given by P = Fy*/2F .

THEOREM 1.2 ([1]). A Finslef space F* = (M, F) is a projectively flat Berwald
space if and only if it belongs to one of the following classes:

(a) locally Minkowski spaces;
(b) Riemannian spaces of constant curvature;
(c) spaces F? with a metric of the form F = B%/y, where 8 and y are one-forms.
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LEMMA 1.3 ([14]). Let M be a two-dimensional manifold and F be a positive
definite Berwald metric on M. Then F is either locally Minkowskian or Riemannian.

THEOREM 1.4 ([9]). A Finsler space of scalar curvature is a space of constant
curvature if and only if one of the following conditions hold:

(1) Hij = Hji;
() H;y' = Hy;y’;
(i) H; is proportional to y;.

2. Properties of projectively flat Finsler spaces

This section is devoted to a proof of the following result.

THEOREM 2.1. Let F* = (M, F) be a Finsler space that has geodesic coefficients
of the form G* = p,y"y* with p;p; — pi; non-degenerate, where p is a smooth scalar
Sfunction on M and p, = dp/9x". Then

(a) F"islocally projectively flat,
(b) F" is of constant curvature;
(c) F"is a Riemannian space of non-zero constant sectional curvature given by

1 .
2.1 K = 2 (pipj - pi) Y'Y

(d) p satisfies the the system of partial differential equations
(2.2) pije — 2 (pijpx + pjxpi + pixp;) +4pipjpx =0,
where p;; = 3p;/3x’ and p;jx = 3p;;/dx*.

PROOF. (a) We use Theorem 1.1 to show that F” is locally projectively flat. Let
F" = (M, F) be a locally Minkowski space. It is thus required to show that equation
(1.8) is satisfied. Since F does not depend on x, I:’,,- = —Gf-‘BF /0y*, and equation
(1.8) can be written

23 e
( ) i ayk ay:

Now, G* = p,y"y*, and differentiating with respect to y’ gives

2.4) G = piy* + oy’ 8}
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hence,

_ aF dF LOF
2.5 Fi=—,'k———'—rr_.=—1F ry )
(2.5) | piy Byt pry By piF —pry 3y
where we have used the homogeneity property of F. Differentiating this equation
with respect to y* and contracting with y* yields

3Fu oF oF *F
Frade pka,y p,aky Y Y

and the homogeneity of F gives

F,
(2.6) o) = Py —pF.

Equations (2.4) and (2.6) imply that equation (2.3) is satisfied and hence, by Theo-
rem 1.1, F* is locally projectively flat.
(b) We show here that F" is of constant curvature for the case n > 2. The case
n = 2 is discussed in the proof of part (c). It is known that locally projectively flat
Finsler metrics are of scalar curvature (see [6] and [5]). Part (a) thus shows that F" is
of scalar curvature. To establish that F”* is of constant curvature it is thus sufficient to
show that H;; = Hj;.

Now, H/, = BR’k/ay where R7, is given by (1.3), and equation (2.4) can be used
to calculate G’,,. Differentiation of equation (2.4) with respect to y™ and change of
indices leads to

2.7 G, = pjb, + pmé;.

Consequently (1.3) becomes

(2.3) R, = (pik‘s; — piid) ¥ + (08 — Pk5;) oy,

where we have used p;; = p;;. Differentiating equation (2.8) with respect to y* gives
R,
ayt

= HJ, = pud — pi;8; + (0;8; — 0u87) o1»

which, using k = r and noting that §] = n and H;; = H, yields

2.9 Hij = (n—D(oip; — pij) = H

Theorem (1.4) thus shows that F” is of constant curvature.
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(c) To establish equation (2.1) we consider two cases.

Case (i) n > 2. Equations (1.4) and (2.9) imply H; = (n + D(pip; — pij)y’,
and equation (1.6) thus shows that K; = (p;p; — pi;)y’. Contracting the above
expression with y* and using equation (1.5) gives equation (2.1). Since p; pj — pij 18
non-degenerate, K # 0, and

. . »
F? = < (oip; = py)y'y = 8 (0)Y'y's

hence, the metric tensor is given by

1
(2.10) 8ij = E(Piﬁj = Pij)

Since the metric tensor depends only on x, F is Riemannian and hence F” is a
Riemannian space of non-zero sectional curvature given by equation (2.1).
Case (ii) n = 2. It is known that any two-dimensional Finsler space is of scalar
curvature. Contracting equation (1.7) with m;, I and m* gives KF = Riym,l/m*,
and equation (2.8) yields

KF = {(0n8; — pi8) Y + (0;8; — pu8) pry } millm* = —p Uy + p;l p,y".

Now, I' = y'/F and hence K = (o;p; — pi;)y'y’/F?, where i, j = 1,2.

We show now that F? is a Riemannian space of non-zero constant sectional cur-
vature. Since F is a Berwald metric, Lemma 1.3 shows that F is either locally
Minkowskian or Riemannian, Recall that if F is locally Minkowskian then G' = 0,
which contradicts a hypothesis of the theorem; hence, F is Riemannian. Part (a)
shows that F is a locally projectively flat Berwald metric. Theorem 1.2 thus indicates
that F is a Riemannian metric of non-zero constant sectional curvature.

(d) Since F" is a Riemannian space, the metric must be compatible with the Rie-
mannian connection. In other words, the metric must satisfy equation (1.2) and the
coefficients of the Berwald connection coincide with the Christoffel symbols of the
Riemannian connection. Equation (2.7) thus implies I}, = G’ = o8} + p;6;.
Equation (1.2) can thus be written

(2.11) % = 8, (0:8; + £u8]) + &ir (048] + P;87) = 2811 + 8ujPi + 8uk ;-
Equation (2.10) can be used to write the above equation in terms of the derivatives
of p. In particular, K is constant and therefore differentiating equation (2.10) with
respect to x* gives

08 1 .

Ik = —K'(pikpj + Pk 0i — Diji)s
moreover, equation (2.10) can be used directly to eliminate the metric tensor compo-
nents from equation (2.11). This elimination leads to equation (2.2). O
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A partial converse to the above theorem is available in the following form.

THEOREM 2.2. Let F" = (M, F) be a Riemannian space defined on an underlying
manifold of dimension n, and let

(2.12) F> = p(pip; — pij) Y'Y’

with p;p; — p;; non-degenerate, where | is a non-zero constant, and p; = p;(x) is a
scalar field defined on M that satisfies equation (2.2). Then

(2.13) G' = p,y'y',
and the curvature of F" is 1/u.

PROOF. Differentiating equation (2.12) and substituting into (1.1) leads to

G = %Ngik (2pjr = Prij) YY"
The functions p,; can be eliminated from this expression using equation (2.2). Thus,
(2.14) G' = ug™ (p.oepj — Pixpr) Y'Y .
We know from the second derivative of (2.12) that the metric tensor of F" is
8kr = W(OkPr = Pir)-
Contracting this expression with g'* and substituting in (2.14) gives G' = p,y"y'. The

conditions of Theorem 2.1 are now satisfied, and from equations (2.1) and (2.12) we
have K = 1/u. O

3. Solutions to the system of partial differential equations

Equation (2.2) forms an overdetermined system of partial differential equations for
the function p. Typically, if such systems have solutions, then these solutions depend
on arbitrary constants rather than arbitrary functions (see [13]). In this section we
present a general family of solutions to system (2.2) and then specialize to radially
symmetric solutions.

For the special choice i = k = j, the partial differential equation is

(3.1 Piii — 60 i + 4,0,-3 =0.
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For fixed values of x™, m # i, the above equation can be regarded as an ordinary
differential equation. This observation leads to the study of the second order nonlinear
ordinary differential equation

(3.2) u'(€) — 6u' (E)u(€) +4u’(€) = 0.

A solution u = u(, ¢y, ¢,) to equation (3.2) depends on two integration constants,
say ¢; and c,. A solution to the partial differential equation (3.1) can then be obtained
by integration, namely,

i

(3.3) p(x) =/i u(,ci,c)dé + k.

(1]

Here, & is a constant, and the ¢; can be regarded as functions that depend on x™, m # i.
The functional dependence of the c; on the x™ is constrained by the other equations
in system (2.2).

Let &j, uo and u; be given real numbers. We can exploit the theory of ordinary
differential equations to glean qualitative information about the initial-value problem,
which consists of finding solutions to equation (3.2) such that

(3.4) u(ko) =up, and u'(§) = u,.

Specifically, the Picard-Lindel6f Theorem (see [8]) can be invoked to show that there
is a local solution to the initial-value problem and that the solution is unique among
functions that are twice continuously differentiable. In fact, the solution can be found
explicitly.

LEMMA 3.1. For any choice of initial values &, uy and ug there exists a local
solution to equation (3.2) that satisfies equations (3.4). This solution is unique among
functions that have continuous second derivatives in a neighbourhood of &,.

(@) If 2ul — upy # 0, then

___§+ta
(3.5) u) = Erorta’
where ¢; = —(uo/ (Qud — uy) + &) and ¢ = (u} — up)/ (2ud — up)*.
(b) If2ul — uy =0and ug # 0, then
(3.6) &) :
. u _-_——
26 +c1)

where ¢c; = —(1/(2ug) + &)-
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(¢) If 2u? — uy = 0 and ug = O, then the local solution is the trivial solution

u)=0.

PROOF. The uniqueness of the solution to the initial-value problem follows from
the Picard-Lindelof Theorem for ordinary differential equations. In particular, the
differential equation (3.2) can be recast as the system with y, = u,

)’1(5) = y(&) = fi€, », y2),
Y5(§) = 61 (§)y2(8) — 4y, () = fo(&, 31, y).

The f; are analytic for all values of &, y, and y-; a fortiori, these functions satisfy the
requisite Lipschitz condition in a suitably small neighbourhood of the initial values
for any choice of &, uy and u,.

It can be verified by direct calculation that the functions defined by equations (3.5)
and (3.6), along with the trivial solution, satisfy equation (3.2). It is straightforward
algebra to show that the integration constants satisfy the initial conditions (3.4). The
solution defined by equation (3.6) contains only a single integration constant owing
to the condition 2uj — uy = 0. 0O

THEOREM 3.2. Let Q C R" be a region and p : @ — R be a function with
continuous third-order derivatives. The function p is a real solution to system (2.2) if
and only if there exists a quadratic polynomial Q : R* — R such that, for all x € €,
Q) >0, and

1
3.7) px) = -3 In Q(x).

PROOF. Suppose that p is a function of the form defined by equation (3.7) and let
Qi = 3Q/3xi, Qij = 3Q,~/3xj and Qijk = aQ,‘j/axk. Then, for i, _],k € {1, . .,n},

10 U9, 90
Pi=—z—=, Pi=—31" " [
20 210 Q?
1 Q0,0 Qi
Pijk = 2_Q2 {Qiij + QuQ; + ijQi} - ——Q3— - -26
These expressions for the derivatives of p show that
Qijk

(3.8) Pijk — 2 (pijpk + pupj + ijpi) +4pipjp = —?Q— .

However, Q is a quadratic polynomial and therefore Q,x = O for all i, j, k €
{1, ..., n}. Equation (2.2) is thus satisfied forall i, j, k € {1, ..., n}.
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Suppose that p is a solution to system (2.2). Then p must satisfy equation (3.1) for
i=1,...,n. Ifi =1, then p can be expressed in the form (3.3), where ¢, and ¢, are
functions of x?, ..., x". The uniqueness of the solutions to equation (3.2) shows that
u must be one of the solutions given in Lemma 3.1. Integrating any of the solution
forms of Lemma 3.1 gives a solution of the form

(3.9) p(x) = —%ln Vx),

The calculation leading to equation (3.8) is still valid with Q replaced by V, and
since p is a solution to system (2.2) we have that V;;, = Oforall i, j, k € {1,...,n}.
Therefore, V must be of the form V (x) = A j,x/x* + B;x/ + C, where A, B; and C
are constants, that is, ¥V must be a quadratic polynomial. O

Theorem 3.2 shows that any quadratic function Q that is positive in a neighbourhood
of a point x, € R” leads to a real solution p of the system (2.2). Not all such Q,
however, generate a Riemannian metric and specifically a matrix (g ;) that is positive
definite. We now consider the types of quadratic functions that lead to Riemannian
metrics.

LEMMA 3.3. Suppose that Q is a polynomial of degree d < 2 such that Q(xy) > 0
and the matrix (g;;) is positive definite in some neighbourhood N (xo) of xo. Then
there exists an affine transformation in R”, x — w, such that Q(x) = Q(w) can be
reduced to one of the following forms:

(3.10) Ow) =C+ W)+ + WP — w2 — ... — (w")?,
Gl QW) =C+w'+ W+ 4+ W2 — WP — ... — (w"?,

where C is a constant. Here, p denotes the number of quadratic terms with positive
coefficients: p = Q corresponds to no quadratic terms with positive coefficients; p = n
corresponds to all quadratic terms having positive coefficients in (3.10); p =n — 1
corresponds to all quadratic terms having positive coefficients in (3.11).

PROOF. The above result follows from a standard result about the canonical forms
for quadratic functions (see [7], Chapter 11) once it is verified that Q must depend on
all the w* and that d = 2. ]

Since the matrix (g;) is positive definite, the transformed matrix (g;x) generated
by Q is also positive definite. Equation (2.10) implies that

L~ 1 5 __lQAij
(3.12) gjk——zKQ (Q_,k 20 )
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Evidently, if Q is independent of w/, then g;; = 0 for all k = 1, ... n; consequently,
the corresponding matrix (g ;x) has a row of zeros and cannot be positive definite. We
thus conclude that Q must depend on all of the w/.

The Sylvester criteria for positive definiteness requires that

. 1 A 1 Q?

(3.13) gu = K0 (Qn - —%‘) > 0,

and

(3.14) ugn—28h = 1 [Q11Q22— —(QIIQ +Q22Q )}
2= 1K2 07 20 2

(along with similar conditions for the other pnnmpal minors). Inequality (3.14) shows
that Q cannot be a linear function. Hence, Q must contain some quadratic terms, so
that d = 2. O

We now assume that Q has been reduced to one of the forms given in Lemma 3.3
and that @(0) = C > 0. The circumflexes for the transformed quantities will be
dropped and we use the variables x*. The condition that the (g;) matrix generated
by Q be positive definite further limits the possible forms for Q.

THEOREM 3.4. Suppose that the quadratic function Q generates a Riemannian
metric in a neighbourhood of 0 € R" by use of equations (3.7) and (2.10).

(@) IfK <0, then Q is either of the form

(3.15) Q(x)=C—1x|* or
(3.16) Q) =C+x'— (& +--+ "))

(b) IfK > 0, then Q is of the form
(3.17) Q(x) = C + |x|*.

PROOF. (a) Let K < 0. The quadratic function Q is either of the form (3.10)
or (3.11). It suffices to show that in either case p = 0.

Suppose Q is of the form (3.10) with p > 0. Since the corresponding matrix (g;x)
must be positive definite, (3.13) implies that g,, = (Q — (x")?)/(KQ? > 0; hence,
Q — (x")? < 0. However, Q(0) = c > 0, so that Q — (x')? > 0 for all x’ sufficiently
small. We thus conclude that p = 0 and that Q is of the form (3.15).

Suppose now that Q is of the form (3.11) with p > 0. Then g,, = —1/(4KQ?) > 0,
so that inequality (3.13) is satisfied; however,

1

2
8118n — 8= —W <0,

https://doi.org/10.1017/51446788700016062 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700016062

[13] A system of PDEs for Riemannian spaces 261

so that inequality (3.14) is not satisfied. We thus have the contradiction that (g ;) is
not positive definite; consequently, p = 0 and Q is of the form (3.16).

(b) Let K > 0. If Q is of the form (3.11) then g,, = —1/(4KQ?) < 0, and hence
(g;x) is not positive definite. Therefore, Q must be of the form (3.10). Suppose that
p < n. Without loss of generality we can relabel variables so that

0(x)=C—(x") +q,

where ¢ represents the remaining quadratic terms. Now, for x' sufficiently small,
gu = —(0 + (x"H?/(KQ? < 0, so that (g;;) is not positive definite. We thus have
that p = n and that Q is of the form (3.17). O

If O is of the form (3.15) or (3.17), then we recover known Riemannian metrics of
constant curvature (see [12]). Now,

. 1 100\ .
2= . /.k= L _xJ j k.
gixy'y K0 (ij 20 )y y

If Q is of the form (3.15), then

F? = _L (MZ + (i’y_>2> .

KQ o
For the case K = —1, C = 1, the above expression is
P lyl? (x, y)?

T l—x]2 = xP)?

which corresponds to the Klein metric on the unit ball. If @ is of the form (3.16), then
we discover a new Riemannian metric of the form

Fl—_ _1_ (]y|2_+_M>

KQ Y
1, YA+ 2k, o) +2x1)2)
+ X0 ((y) + ) 0 ,

If Q is of the form (3.17), then F2 = (|y|*> — (x, y)*/ Q) /(KQ), which is a Riemannian
metric given in [12].
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