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Abstract

Some geometric properties of L? spaces are studied which shed light on the prediction of infinite variance
processes. In particular, a Pythagorean theorem for L? is derived. Improved growth rates for the moving
average parameters are obtained.
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1. Introduction

A discrete-time process {X,} with X,eL?P (2, &, P) is said to be p-stationary if for
all integersn > 1, 1,... ,t,, handscalars ¢y, ... , Cp,

n n P
E Can,+h E CkX.',, .
k=1 k=1

Thus, 2-stationary processes are, indeed, the familiar and well-developed second-
order stationary processes. However, when 1 < p < 2, p-stationary processes do
not even have a well-defined notion of covariance or spectrum, so that neither the
spectral-domain nor the time-domain techniques are as effective as they have been
for 2-stationary processes [1,2,5,6]. The innovation process {€,} of {X,} is defined
by €, = X, — Py_ X, where Py_ X, stands for the metric projection of X, onto
H,_, =5p{X,.1, X,—2, ...} in the norm of L? (2, &, P).

P

E =F

© 2003 Australian Mathematical Society 1446-7887/03 $A2.00 + 0.00
35

https://doi.org/10.1017/51446788700003104 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700003104

36 R. Cheng, A. G. Miamee and M. Pourahmadi [2]

It is known, [5], that any nondeterministic p-stationary process can be written as

(L.D) Xi=e+) aXii+En=6+) béi+ Vim
k=1 k=1

for any n > 1, where {a;} and {b,} are unique sequences of scalars called the autore-
gressive (AR) and moving average (MA) parameters of {X,}, and V,,, E, € H,_,_;.
The second representation in (1.1) is called a finite Wold decomposition of {X,}. If
the success of characterization of regularity of 2-stationary processes is any clue, then
the norm-convergence of Z:=1 b€, as n — 00, should play a central role in the
study of regularity of p-stationary processes. This question of convergence is, in turn,
related to the growth of the MA coefficients {b}; it is known, [5], that b, = O(2%).
An improved bound is obtained in the present work for the p-stationary case, using
geometric properties specific to L? (1) spaces. Among these is a Pythagorean theorem
for L, derived using elementary means.

2. The geometry of L?(u)

The notion of Birkhoff orthogonality in a normed linear space is central to this work.
Let x and y be elements of a Banach space 2. We write x L oy if ||x + ay| > {|x||
for all scalars «. Note that the relation L o is generally not symmetric or linear. If
Z = LP(u), we will write x L,y forx L o-y.

A Banach space 2 is said to be uniformly convex if for any € € (0, 2] there exists
a 8, > O such that the conditions {|lx|| < 1, ||y|| < 1, and |lx — y| > € together imply
that ||x + y||/2 < 1 — §.. Here is a useful criterion for uniform convexity.

PROPOSITION 2.1. A Banach space Z is uniformly convex if and only if the con-
ditions ||x,|| < L, lyxll < 1 and lim,_ o ||(x, + y2)/2|| = 1 together imply that
lim,_, o {|xn — yn” = 0.

It is known that for 1 < p < 00, the spaces L” (u) are uniformly convex. For these
results and additional information on Banach spaces see [3, page 353].

Suppose that M is a closed subspace of a Banach space 2°. For x € 2 consider
the problem of minimizing [|x — y|| over y € M. When £ is uniformly convex, then
the extremal vector y is uniquely determined by x and M. In that situation the metric
projection mapping y = Pyx is characterized by

2.1) PyxeM and x — PyxlasM.
If Py, is the metric projection mapping, then

(2.2) | Puxll < 2lx|l
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forall x € Z . This is because
| Puxil = | Pux —x + x|l < [lx — Pyux|l + llxll < 2{lx|l.

We shall see that this bound, derived from general norm properties, can be sharpened
when & = L?(u). Furthermore, from (1.1) and repeated application of (2.2) it
follows that

X
23) b < 2n 1Kl

ll€oll
for all m. This bound will also be sharpened when using properties special to L? (i)
spaces.

Uniform convexity interacts with metric projection in the following way.

LEMMA 2.2. Suppose that the Banach space Z is uniformly convex, M is a closed
subspace of ', andx Lo M. Ify,, € M, andlim ||x +y,,|| = |ix||, thenlim ||y,| = 0.

PROOF. The assertion is trivial if x = 0. Otherwise, put X,, = x/||x + y.| and
Y = (x + ym)/llx + ynl. Note that | X,|| < I, since x L gy, and ||¥,| = L
Furthermore,

et _ I+ ym/2l
lx + ymll = Ix + yall

By assumption, lim {|x||/[lx + y.|| = 1, which then forces lim 1(Xm+ Ya)/2] = 1.
Now Proposition 2.1 gives

= [[(Xm + Yn)/2ll = 1.

lim (| ymll = x| Tim(lym | /112 1) :
= [x | im (| ym I /11X + yml) = llx | im(]| X, — ¥all) = 0. a

It is known that the metric projection onto a subspace is norm continuous in a
strictly convex, locally compact Banach space [3, page 344]. Here is the result for a
uniformly convex space.

PROPOSITION 2.3. Let M be a closed subspace of a uniformly convex Banach space
X Ifxe X, xpe X, and lim|x,, — x|} =0, then lim || Pyx,, — Pux| = 0.

PROOF. Observe that

lx = Pyx|l < llx — Pyxmll < lIx — Xmll + IXm — Prxmll
S x = xmll + llxm = Pux|l < llx — xmll + [lxm — x|l + llx — Pyx ||

=2llx = xmll + lIx — Pyx|].

It follows that lim ||x — Ppyx,|| = ||lx — Pyx||. Applying Lemma 2.2, and using the
orthogonality condition (x — Pyx)L oM, we get lim || Pyx,, — Pyx| = 0. O

https://doi.org/10.1017/51446788700003104 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700003104

38 R. Cheng, A. G. Miamee and M. Pourahmadi {4}

The following inequalities constitute a parallelogram law for L? (u).
PROPOSITION 2.4. [f 2 < p < 00, then for any f and g in L? (1)

(2.4) 230£07 + 1gh”y = I + P +IF — I°
(2.5) <2Z7NUF 1P + llgl?).

If 1 <p <2, then forany f and g in LP (i)

(2.6) 27NN+ 1gl?) < I + 21 + 1 — 17
2.7) < 2(IF 1I” + llglht?).

Equality holds in (2.4) and (2.7), if and only if f g = 0 a.e.; equality holds in (2.5)
and (2.6) ifand only if f = g a.e.

PROOF. For p > 2, see [3, page 55ff]. For 1 < p < 2, consider the parameter
r = 4/p, and apply the previous result. O

Note that as p tends to 2 in either direction the Hilbert space case results; the
inequalities are sharp in this limited sense. From the parallelogram law, we get a
Pythagorean theorem for L? (u). Again, there are two cases.

PROPOSITION 2.5. Suppose that X, Y € LP(u), XL1,Y, and A = (2°7! — 1)71/7,

Then,
(2.8) IXHE +A2UYIP < IX + YIP, if 2<p <o,
(2.9) X + YIIP < XIIP + A7) YIIP, ifl<p =<2

PROOF. We apply (2.4) in the form
(2.10) 3¢ + I + 3¢ =" < 33517+ 1817).
Now taking f = X and g = X + Y in (2.10) we get
IX +3YIP + U5 YIP < HIXIP + 31X + Y2,

Apply (2.10) repeatedly, taking f = X and g =X + (1/2")Y,n=1,2,3,... ,N,
will result in

2YIX + 2% Y2 2V (128 YR - 2N A2 PP+ 20 (/2% vy
<@g 42N 2 2D IX)P 4 X + Y|P /2.
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Simplifying, taking N to infinity, and using || X + (1/2¥) Y] > || X ||, we finally get

2.11) 1X 017 + TP <X +xj.

w1 _
Note that the condition X L, Y implies that the quantity || X + a Y|l is critical when
a = 0. It follows that limy_, . 2¥ (| X + (1/2V)Y||? — || X]|?) = 0, and the estimate
leading to (2.8) is asymptotically sharp.

Inthecase 1 < p <2, weturnto (2.7), with f = X and g = X + Y. This yields

(2.12) FIXUP + 31X + YIP < IX + 5YIP + 13 YIIP.

Repeating this argument with f = X and g = X + (1/2")Y, n = 1,2,3,... ,N
results in

1
QY - DIXIP + 11X + YIP <2YIX + 1/2Y) Y|P + 2,,_—1_—1—IIYII”-
Rearranging, we find that

X+ e < 1x* + I +2YUX + 2N YIP = 1 X11P).

2p-1
As N tends to infinity, the last term vanishes, because X L, Y. a

Note that (2.9) can be sharper than the triangle inequality. There is a pleasing
symmetry in Proposition 2.5; also, it yields the familiar Hilbert space case as p tends
to 2 in either direction.

The constant A = (27~! — 1)~!/? appearing in (2.8) and (2.9) might not be optimal,
however, since the estimates in the proof are generally not sharp. One might wonder
whether the value A = 1 is always possible. The following example shows that it is
not.

Let 2" = ({1, 2}), and consider f = (1/4,1) and g = (~1, 1/16) in Z . Then
fLlsig, and || |I® = 65/64, ||g|® = 4097/4096, |If + g|*> = 6641/4096. In order
that [[f 1> + A3llgll® < IIf + glI®, it is necessary that A3 < 2481/4097.

The Pythagorean inequalities give rise to improved bounds on the coefficient growth
in the finite Wold decomposition (1.1). As before, we write A = (27~1 — 1)~1/7,

3. Application

The geometric results of Section 2 are applied to prediction of a L? stationary
process {X,}. We obtain norm convergence of the finite prediction, improved bounds
on the MA coefficients and improved bounds on the norm of the metric projection.

Let X be the projection of X, based on the infinite past {... , X_3, X_», X_;}, and
f(m) be the projection of X, based on the finite past {X _,, ... , X3, X5, X_}.
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THEOREM 3.1. If {X,}°__ is a p-stationary process, then the finite predictors
p A~

==
X (m) of X converge in norm to its infinite predictor X.

PROOF. Let {Y,,}5°__ be asequence such that ¥, € sp{X_p,, ..., X_3, X5, X_;}

and lim| Y, — )2” = 0; such a sequence exists since X e spl... . X3, X5, X}
With the above definitions we have

IXo — X|| < 1Xo — X(m)|| < 1 Xo — Yull < X0 — X|| + |X = Yull.

From this we see that lim || X, — )2(m)|| = ||Xo — )2||. Applying Lemma 2.2, we get
lim{|X(m) -~ X)] =0. 0

THEOREM 3.2. Suppose that {X,}° . is a p-stationary process with nontrivial
innovation process {€,}% and finite Wold decomposition (1.1). If2 < p < 0o,

t=-00’

then ||(L, Aby, A2by, .. )i < 1 Xoll/ll€oll-

PROOF. By applying (2.8) repeatedly to the finite Wold decomposition (1.1), we
get the bound

loll? + IABP lerl? + - - - + MV by [P llew 1P + A | VonlI? < 1 Xoll?

for all N. Now drop the nonnegative term A" | V, v|I7, and let N increase without
bound. 0

Observe that this improves on the bound (2.2). The case 1 < p < 2 is more

delicate, since the estimate (2.9) is not similarly useful. However, the following can
be said.

PROPOSITION 3.3. Let 1 < p < 2, and suppose that X 1, Y. If k is a constant
satisfying 0 < x < (277! — 1), then for any positive integer N satisfying

[K(zp-‘ —1) - 1]
10g2 _—,

-1 271 -2

we have k| X ||P + (1 = 27M)IY|P < |X + Y7

N<—2
p

PROOF. We start with (2.7), using f = X and g = X + Y to get
7NX + LYIP + 20571 < IX + YIP 4 I1X]P.

Repeat this estimate using f = X and g = X 4+ (1/2")Y, 1 <n < N, with the result
1 1 1
20X + (12N YIP + s+ =+ 4+ = ) IYIP
X+ a1/ WP+ s+t + i
SIX+ Y12+ @ +277 - 207D x e,
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Rearranging, and using X L, ¥, we deduce that

w-on 297N 1 » N
2 ———— | IXIP+ A =27D)YI? < |IX + Y|?°.

201 — ]
The constant enclosed in the square brackets is at most the value (2°~! — 1). For «
satisfying 0 < « < (2! — 1), we have
2@-bN _1 1 27-1-1)—1
K< [2(1’—1)"’_?—_1-], whenever N < P log, [K( 2p_1_; ] O

The values k = (2! — 1) and N = 1 can always be used, corresponding to the
crude bound (2°~! — D X || + %” Y < ||X + Y||P. The coefficient growth estimate
that results from Proposition 3.3 is the following.

COROLLARY 3.4. Suppose that {X,}%_., is a p-stationary process with nontrivial

innovation process {€,)°_ ., and finite Wold decomposition (1.1). If 1 < p < 2, then

with the notation of Proposition 3.3,
L+ =25 + Q=275 + - < Xl /xll€ol)?.

When p 1s close to 2 (greater than about 1.695), then N is greater than 1, and this
is a sharper bound on the coefficient growth than (2.3).

These Pythagorean inequalities also give improved bounds on the norm of the
metric projection, compared with the crude result (2.2).

COROLLARY 3.5. Let M be a closed subspace of LP (). Then
I1Pufll < @' =D'"Pifll, if2<p<oco
IPuf Il < A =2"M)7"P)f ), ifl<p<2
where N is any positive integer satisfying N < —(p — 1)7'log,(2 — 2°71).
Again, note that when 1 < p < 2 we can always choose N = 1, which gives

I Puf It < 2201 1,

still an improvement over (2.2). Furthermore, Corollary 3.5 is sharp in the limiting
sense that as p tends to 2 in either direction, we get || Pyf || < |If ||, which is the
correct statement when p = 2.

Seeing Corollary 3.5, one might wonder whether || Pyx |} can actually exceed ||x|].
The following example shows that it can. Here, let 2 = I ({1, 2}) with p = L.1.
Consider f = (2, 1)and g = (—2,2°). Thenf 1 ,g. Takex = f +gand M = sp{g}.
Clearly, Pyx = g. We now compute

IxlP = (1427 =~ 3.52..., |Puyxl|=2F +2°9 ~445.. ..

For more information on the norm of metric projections, see [4].
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