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1. Introduction

Let A be a commutative Banach algebra with identity 1 over the complex field C,
and let dy be a character on A. We recall that a (higher) point derivation of order g on

A at d, is a sequence d,, ..., d, of linear functionals on A such that the identities
k
di(fe) = . di(fdi—(g) (1.1)
i=0
hold for each choice of f and g in A and k in {1, ..., q}. A point derivation of infinite

order is an infinite sequence {d,} of linear functionals such that (1.1) holds for all k. A
point derivation is continuous if each d, is continuous, totally discontinuous if d, is
discontinuous for each k=1, and degenerate if d, =0.

Some of the terminology given in the previous paragraph was introduced in our
earlier paper (3), where we began a study of the continuity properties of point
derivations on commutative Banach algebras. In particular, we asked whether, for a
given algebra A, there is a function q— p(gq) on the set N of natural numbers such
that, whenever d,, . . ., d,(, is a point derivation on A, the “initial segment” d,, ..., d,
of order q is necessarily continuous. By algebraic methods, we obtained partial results
for a number of algebras (see Theorem 2.3 and Examples 2.5 to 2.8 of (3)), and found
for the algebra C™ of n-times continuously differentiable functions on a compact
interval a complete description of the point derivations, including a determination of
the function p(q). In a second paper (4), we continued the study by giving a construction
which showed that, in general, the function p(q) need not exist: a consequence of the
existence of p(q) is that every point derivation of infinite order is continuous, and we
constructed algebras of various types with totally discontinuous point derivations of
infinite order.

The aim of the present note is to improve the partial results given in (3) for some
particular algebras. In Section 2, we complete the description of the point derivations
on the algebra Lip X of bounded Lipschitz functions on a metric space X. In Example
2.8 of (3) we showed that a nondegenerate point derivation at a point t, of X has order
at most two. In the present article, we show that there are nondegenerate point
derivations of order two on Lip X, and that, if d,, d, is such a derivation, then d, is
necessarily continuous. These facts follow from a precise characterisation of those point
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derivations d; which can belong to higher order point derivations. The study of the
continuous point derivations on Lipschitz algebras was begun by Sherbert in (8), and
further results concerning continuous point derivations on Lip X when X is a compact
plane set are given by O’Farrell in (7).

In Section 3, we consider algebras D" (X) of functions n-times continuously differen-
tiable on a compact set X < C. In Example 2.6 of (3), we showed that, with X the
closed unit disc, a nondegenerate point derivation on D"(X) at a boundary point of X
has order at most 2n. It was observed that the result for the closed unit disc would hold
for a wider class of sets, the restrictions having to do with the smoothness of the
boundary of X. In Section 3 of this paper, we show that for such sets X, there are
analogues for D"(X) of the various technical results proved for C*™ in Section 3 of (3).
Thus, the structure of point derivations on D"(X) at a boundary point of X is formally
identical with the corresponding structure for C™.

2. Lipschitz algebras

Let X be a metric space with metric m, and let Lip X denote the algebra of bounded
functions f such that ||f]|,. <o, where |f||,. =sup {|f(t)—f(s)/m(t, s):t, s € X, t# s}. With
pointwise operations and norm ||f|| = ||fll.+||fll.., Lip X is a regular commutative Banach
algebra. Lip X was studied by Sherbert (8), who gave several characterisations of the
bounded point derivations of order one at points of X. Motivated by one of those
characterisations and by the known facts for algebras of continuously differentiable
functions, we shall give a description of those point derivations d; of order one at a
point t, of X for which there exists a linear functional d, such that d,, d, is a point
derivation of order two at t,. (Recall that when such a d, exists, we say that d, belongs
to a point derivation of order two.) As a consequence, we shall find that any d, which
belongs to a higher order point derivation is necessarily continuous. Again using
Sherbert’s observations, we shall also show that for some metric spaces X (including
[0, 1]), not every continuous point derivation d, belongs to a point derivation of order
two. '

For t,se€ X with t#s, write §(t, s) for the difference quotient which assigns to a
complex-valued function f on X the value (¢, s)(f) = (f(¢) — f(s))/m(t, s), and write ¥
for the set of all such difference quotients. Observe that fe Lip X if and only if f is
bounded and {Y(f): ¢y eV} is bounded. Each ¢(t, s) determines a continuous linear
functional on Lip X, with || (¢, s)||= 1, and any weak-* limit point (in the dual of Lip X)
of ¥ is again continuous, with norm at most 1. Sherbert (8, Theorem 9.3) showed that,
if toe X and if {t,} and {s,} are sequences in X, each converging to t, with respect to the
metric m, and with ¢, #s, for all n, then any weak-* limit point of the sequence
{Y(t,, s,)} is a bounded point derivation at t,. Moreover, the linear span of all such
point derivations is weak-* dense in the space of all bounded point derivations of order
one on Lip X at t,. Our first result in this section is related to that description of point
derivations.

Lemma 2.1. Let tye X, and let {Y(t,, s,)} be a net of difference quotients converging

weak-* to a non-zero linear functional 8. Then § is a point derivation at t, if and only if
each of the nets {t,} and {s,} converges to t, with respect to the metric on X.
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Proof. The sufficiency of the condition is proved in (8, Lemma 9.1). To prove the
necessity, observe that an argument of Détraz (5, page 81) shows that {t,} and {s,}
converge to t, with respect to the weak-* topology on X. Since the weak-* and metric
topologies agree on X (8, Proposition 2.1), the lemma follows.

Now, let ¢, be a fixed point of X, and let d,, d, be a point derivation of order two on
Lip X at t;,. We are going to show that d, is continuous by showing that d, is a weak-*
limit of difference quotients of a special type. It will be convenient to write W(t,) for the
subset of ¥ consisting of difference quotients (1, tp), with t€ X and t# .

Theorem 2.2. Let d, be a point derivation of order one on Lip X at to, and suppose d, # 0.
Then d, belongs to a point derivation of order two if and only if some non-zero scalar
multiple of d, is a weak-* limit point of ¥(t,).

We shall isolate a number of the steps in the proof as lemmas. The methods are
based on the known facts for the algebra C'® of continuously differentiable functions
on [0, 1]. It will be convenient to use the symbol x for the function defined on X by
x(t) = m(t, t;). If the diameter of X is not finite, then we “truncate” x at one, as in (8,
page 243) to ensure that x is bounded. Then x e Lip X. For feLip X, f/x denotes the
function defined on X by

o= {70 7

If f(t;)=0, then f/x is bounded on X. Finally, we write M for the maximal ideal
{feLip X :f(t,)=0}.

Lemma 2.3. M?=xM.

Proof. Since x € M, we have M?>>xM. To establish the reverse inclusion, suppose
that fe M and g € M. Then it is easy to see that fg/x is bounded and continuous on X,
and we have to show that fg/x is Lipschitz. If t#¢t, then |¢(t, to)(fg/x)|=
If(g(/x(@)?|=llfllgll. Also, if t#s, t#1,, and s#t,, then

_x(s)f () g(t) = x()f(s)g(s)I
(s, )(fe/x)l = x()x(ym(s, s)

_ Izl fO—f(s)
T x( m@,s)

N e@] x(s)—x(0]  |f(s)] ()~ g(s)]

x(s) x(t) m(t,s) x(s) m(ts)
=3Il llgll-

Thus, {¢(fg/x): ¢ € ¥} is a bounded set of numbers, and the lemma is proved.

Lemma 2.4. Suppose f<Lip X and f vanishes in a metric neighbourhood of t,. Then
fex"M for every positive integer n. In particular, f € x>M < M?>.
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Proof. There exists r>0 such that f vanishes off E={t:x(t)=r}. Let h(t)=
dist (¢, E). Then x+h eLip X and x + h is invertible, so that f/x = (x + h)™'f belongs to
Lip X. By induction, f/x" € Lip X,(n € N), and the result follows.

Lemma 2.5. Suppose that fe M, and that {f(t)/x(t): t# to} is bounded away from 0.
Then there exists g in M such that x>=fg.

Proof. Define g=x?/f on X by g(t)=x(t)*/f(t) if t#to, and g(ty) =0. The hypoth-
eses imply that g is bounded and continuous. The proof that g is Lipschitz is similar to
the argument in Lemma 2.3. For example, if t#s, t#t, and s# o, then

_ x(0)*f(s) — x(s)*f(1)
) = O Om, )
_ x(s) x(t) x(6)*f(s) — x(s)*f (1)
f(s) f()  x(s)x(t)m(t, s)

and the required boundedness follows from the hypotheses and estimates similar to
those in the proof of Lemma 2.3.

For each of the following three lemmas, we suppose that d,, d, is a point derivation
at t, with d; #0.

Lemma 2.6. d,(x)#0.

Proof. By assumption, there is f in M with d,(f) #0. By Lemma 2.3, f?/x belongs to
M. Then, 0# d,(f)*>=d,(f?) = d,(x)d(f*/x).

Because of Lemma 2.6, we can suppose that d,(x) = 1. Also, whenever f satisfies the
hypotheses of Lemma 2.5, we can conclude that d,(f) #0.

Lemma 2.7. If feker (d,) N M, then |f|e ker (d,).

Proof. d,(f)>= d,(IfP) = d,()d:(F) = 0.

Lemma 2.8. Suppose feker (d,) N\ M. Then there is a non-zero point derivation 8 at
to such that & is a weak-* limit point of ¥(t,) and f eker (8).

Proof. Suppose there is no point derivation satisfying the assertions of the lemma.
Then Lemma 2.1 implies that there is no sequence {t,} converging to ¢, in X, and such
that (t,, to)(f) =f(t,)/x(t,) — 0 as n — . Thus, there are a neighbourhood U of ¢, in
X and a number r>0 such that |f()l/x(t)=r for each te U\{t}. Let y(t)=
min {m(t, U), 1} for each t in X, and let g=|f|+y. Then y eLip X, and y vanishes on
U, so that d,(y)=0, by Lemma 2.4. Therefore d,(g)=d,(|f|)=0, by Lemma 2.7 and
the assumption that feker (d,) N M. Also, it is clear that g(t) #0 if t#t,. Finally, we
claim that {g(t)/x(t):t#1t,} is bounded away from zero. To see this, let U, =
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{te X:|f(Ol/x(©)<r/2}, and let r,=m(U, U,). Then, for t#t,,

g(0)/x(t) = (If(D+y(0))/x(t)
= |fOlx @)+ yONxll
= min (72, ri/llx|k),

so that the claim will be established if we can show that r; > 0. If that is not so, there
are sequences {t,} in U and {s,} in U, such that m(t,, s,) > 0 as n — . Then

eI =1f (sl (e, — (1/2)x(s,)

m(t,s,) —  mt,s,)
=1[ x(t,) +(x(t..)—x(S..))]
2lm(t,s,)  mt,s) 1
Therefore x(t,)/m(t., s.)=2||fl/r +|x|. Since m(t,, s,)— 0, it follows that t, — t,, and
then that s, — t,. This contradicts the properties of U and U,, and so r, >0.
Now we can apply Lemma 2.5 to g, and conclude that there is A in M such that
x?=gh. But then, using Lemma 2.6, 0# d,(x)*=d,(x?) =d,(g)d,(h). Therefore
d,(g) #0. That is a contradiction, so the lemma is proved.

Proof of Theorem 2.2. First we prove the sufficiency. Thus, suppose that & is a
non-zero point derivation at t,, and that 8 is the weak-* limit of a net {¢(t,, t,)} from
W(t,). From Lemma 2.1, we conclude that the net {t,} converges in X to t,. It follows
from this that &(x)=1lim, x(z,)/m(t,, t;)=1. To prove that & belongs to a point
derivation of order two, it is sufficient to find a linear functional A on M such that
A{fg)=8(f)d(g) whenever f and g belong to M (see (3)). By Lemma 2.3, f— f/x
defines a mapping from M? to M. This mapping is clearly linear, and therefore there is
a linear functional A on M such that A(f)=8(f/x) whenever fe M?. Given f and g
belonging to M, we can write f =8(f)x + F and g = §(g)x + G, where F and G belong to
ker (8)NM. So fg/x=8()d(g)x+86()G+8(g)F+FG/x, and therefore A(fg)=
8(fg/x) = 8(f)8(g), provided that §(FG/x)=0. But, since {t,} converges to ¢, in X, we
have x(t,) = m(t,, t,) for “large” v, and therefore 8§(FG/x)=lim, F(t,)G(t,)/x(t,)*=0,
since 0= 8(F)=1lim, F(t,)/x(t,), and similarly for G.

Now we prove the converse. Let d,, d, be a point derivation of order two at t,, with
d, #0. By Lemma 2.6, we can suppose that d,(x)= 1. It will be sufficient to show that
each weak-* neighbourhood of d, contains a weak-* limit point of ¥(t,). Suppose that
finitely many functions f,, ..., f, from Lip X are given. For i=1, ..., n, we can write
fi=f.(t)1+d,(f)x + F,, where F,eker(d,)NM. By Lemma 2.7, 3, |F)|eker(d,)NM.
By Lemma 2.8, there is §, a non-zero point derivation at t, and a weak-* limit point of
W¥(t,), such that 8(Z; |[F|)=0. It is clear that for such a §, fe M and f=0 imply that
8(f) = 0. Therefore, 8§(|F;]) =0, and hence 86(F,)=0for i=1, ..., n. From the definition
of & and the fact that m(t, t,) =x(t,) for large y, we have 8(1)=0 and &(x)=1.
Therefore 6(f;)=d,(f;) for i=1,..., n. So, & belongs to the weak-* neighbourhood of
d, determined by f,, ..., f, and any positive constant, and that proves the theorem.

Since ¥(t,) is norm-bounded in (Lip X)', the following corollary is an immediate
consequence of Theorem 2.2.
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Corollary 2.9. If d,, d, is a point derivation of order two on Lip X at a point t; of X,
then d, is continuous.

As we remarked earlier, there are metric spaces X and continuous point derivations
of order one on Lip X which belong to no point derivation of order two. For X the
closed unit interval [0, 1], that is implied by our Theorem 2.2 and the remark on page
266 of (8) that the weak-* limit points of ¥(0) do not generate all the bounded point
derivations at 0. In fact, in the general setting, there will exist continuous point
derivations of order one belonging to no point derivation of order two as long as the
range of the function t~—> x(t) contains an interval [0, r] for some r>0, for then
examination of the function t — x(t)? sin (1/x(t)) shows that there are continuous point
derivations at t, which are not (multiples of) weak-* limit points of ¥(t,). Recall that
the situation is different for the algebra CV: by (3), Theorem 3.4, a point derivation of
order one on C¥ belongs to a point derivation of order two if and only if it is
continuous. ‘

3. Differentiable functions on plane sets

In this section, we discuss an algebra, D"(X), of differentiable functions introduced
in (2).

Let X be a perfect, compact plane set. A complex-valued function f on X is
differentiable at a point £, of X if

exists, and f is differentiable on X if it is differentiable at each point of X. If ne N, let
D"(X) denote the set of functions with continuous nth derivative on X,

The set X is regular if it is connected by rectifiable arcs and if the geodesic metric on
X is equivalent to the Euclidean metric on C. In this case, for each ¢, in X, there exists
a constant C,, such that each point ¢ of X can be joined to {, by an arc lying in X of
length at most C | — £,|. The proof of Theorem 1.6 of (2) shows that, if X is regular,
then D"(X) is a Banach algebra with respect to pointwise algebraic operations and the
norm

—>§0,{EX}

= ¥ 9L (FeD"X)).

K=o k!

We wish to investigate for more general sets X the questions which were answered in
(3) in the special case X =[0,1]. Thus, we take X to be a regular plane set. In
particular, we have in mind the case when X = A, the closed unit disc.

Clearly, everything is straightforward at interior points of X: functions of D"(X) are
analytic on the interior of X, and so it is easy to see that all point derivations are
continuous and are, up to certain algebraic transformations, ordinary derivatives at the
point in question. Thus, we now assume that we are investigating point derivations at a
point, say 0, of the boundary of X.
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Using an analogous notation to that of (3), we set, for k=0,...,n,

8=/ 0) (feD™(X)
and
Mn.kz{fED"(X):f(j)(O):O (j=0,...,k)}.

Also, we write z for the coordinate functional on X.

An examination of §3 of (3) shows that, in addition to general algebraic facts about
point derivations, the technicalities required for the proofs can be arranged in four
groups:

(i) the use of 'Hopital’s rule and Taylor expansions in Lemma 3.2 and the easy
parts of Theorem 3.1 of (3);

(ii) the density of polynomials in the algebra, so that, in Theorems 3.3 and 3.4, a

continuous linear functional is determined by its values on polynomials;

(iii) the ability, in Theorem 3.3, to replace a given function f by another function,

say h, so that h vanishes only at O and so that certain point derivations take the
same values at f and h;

(iv) the harder part of Theorem 3.1(i), namely, the inclusion z"M,,, < MZ,.

We shall now consider hypotheses on the set X which will guarantee that the analogous
computations can be carried out in D"(X).

First, we observe that the proof of Lemma 1.5 in (2) shows that, if X is regular, then
each f in D"(X) has an n-Taylor expansion at 0, so that f=Y7_, 8, (f)z* + R.f, where
Rf(O)=0(&l*) as £—0, {eX. This, in turn, guarantees that all the necessary
analogues of ’Hopital’s rule are valid. Thus, the technicalities of group (i) will still
apply because of our assumption that X is regular.

Secondly, to ensure that polynomials are dense in D" (X), we assume that X does not
separate the plane. Then, given f in D"(X), Mergelyan’s theorem shows that f™ can be
uniformly approximated on X by polynomials, and it follows from Lemma 1.5(i) of (2)
that suitably chosen nth antiderivatives of the polynomials approximating ™ will
approximate f in D"(X).

A specific problem of the type referred to in (iii) was solved in Example 2.6 of (3).
There, we showed that, if fe D™(A) and f'(1)#0, then f=gh, where g, he D"(4),
g(1)#0, and h(¢) # 0 if e A\{1}. In the proof, we used Theorem 20 of (6). To be able
to invoke Nagel’s theorem in our present discussion, we make the following assump-
tion:

(A) X = U, where U is an open set in C and the boundary of U is a finite union of
simple rectifiable arcs, each of which is (n+1)-times continuously differentiable with
respect to arc length.

It is not difficult to see that, if X satisfies condition (A), then X is regular. Using this
assumption, we can prove the following result, which can be used whenever a
manipulation of type (iti) is required.

Lemma 3.1. Let X be a compact plane set satisfying (A), and let 0 be a boundary
point of X. Take k{0, 1, ..., n—1} and f in M, with 8,.,(f) # 0. Then there are g and
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h in D"(X) with f = gh, where g(0)#0, he M,,,, h() #0 if {€ X\{0}, and &, ,(h) #0.
Moreover, if d is any first order point derivation at 0 on D*(X), then d(h) =0 if and only
if d(f)=0.

Proof. Since fe M, , and X is regular, we have f= 8§ ,,(Hz**"+o(z[**"), and so f
does not vanish on some deleted neighbourhood of 0 in X. As in Example 2.6 of (3),
there exist g, he D*(X) such that f=gh, g(0)#0, and h({)#0 (£eX\{0}). Since
f(0)=0, h(0)=0. The remaining assertions follow from the Leibnitz identities.

Note that assumption (A), together with the assumption that X does not separate the
plane, implies that a non-degenerate point derivation at 0 on D"(X) has order at most
2n: compare (3), Example 2.6.

Finally, we consider the problem of showing that z"M,, < M2, The constructive
proof given in the case of the unit interval cannot be adapted to the plane sets satisfying
(A) that we are now considering. However, a modification of an argument originally
due to P. C. Curtis does give the result. Set X,=X\{0}, and write A, for the set
{flz":fe M, .} of functions on X,. Calculations given in (1), Theorem 2.1, show that
fe A, if and only if f has n continuous derivatives on X, and Z*f*(¢) >0 as { — 0 in
Xo (k=0,...,n). Moreover, A, is a commutative Banach algebra with respect to the
norm

in=3 -

K=o k!

sup {0 : L e Xo}.

The algebra A, cannot have an identity, but, if it has a bounded approximate identity,
then we can conclude as in (1) and (3) that, given fe M, ,, there exist g, he M, ,, such
that f/z" =(g/z")(h/z"), whence z"f=gh. Thus, if A, has a bounded approximate
identity, we obtain the inclusion z"M, , < MZ , and so the following lemma provides
the result that we require.

Lemma 3.2. Let X be a compact plane set satisfying condition (A) which does not
separate the plane. Then the algebra A, has a bounded approximate identity.

Proof. The point 0 lies on either one or two arcs, each continuously differentiable
with respect to arc length. Thus, there is a continuous function h:[0, ) — C with
h(0)=0, h([0,)NX={0}, |h(t)]— = as t — =, and such that the argument of h(t),
measured continuously from 0, is bounded-say |0(t)| =4Nw for some NeN, where
8(t) = arg h(t). Write H for the cut of the plane from O to « defined by h.

We define ¢+ (YN as an analytic function on C\H taking values in the sector
S={¢:larg Z|=3n}, and we set w(Z)=¢""N for e C\H. Note that we have w'({)=
—w(ON*Y/N. For m=1,2,...,define

fu(W) =T (1=7m) (w#0),

and define F,, by
F () =fa(w({) (£ Xo).
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It is straightforward to show by induction on k that
FOO=Cov[fum-p (L) | k=12, cex), @)

where C, is a constant and p, is a polynomial of degree k —1 with p (0)=1.
Now define functions u, by

w(D) = (1=e™) = (e (1€ C\(OD.

Then, from (3.1) it follows that

F(0) = G (%) (k=1,2,...,LeXo). 3.2)

In fact, (3.2) also holds for k=0 if we set p,=0 and Cy=1. Note that w.(t) =0 as
t—»in S and that (1) >0ast—>0inS(k=1,2,...), while ys(t)—>1ast—0in S.

We claim that (F,,:m=1,2,...) is a bounded approximate identity for the algebra
A,. First observe that w/m —> in § as {—0 in X, and so (3.2) implies that
C*F() — 0 as £ — 0 for each k and m. Thus (F,,)< A,. Also, using (3.2) again, the
sequence (F, ) is bounded in A,. Now take Ge A, and ke{0,1,...,n}. Then, for
{ € Xo,

k
{*(GF,, — G)*({) = (*GO(D(F (D) - D)+ L LFRQTG (), (3.3)
r=1

the sum in the above expression being taken to be 0 when k =0. Given € >0, we can
choose 8>0 so that |£*G®(¢)|<e€ for k=0,...,n provided that {e X, and |¢|<8é.
Also if |{|=6 and (e X,, then |w({)|=6"VN, and so for all sufficiently large m,
|Frn (0) — 1] = |ug(w/m) — up(0)| <€ and, for k=1,...,n,

aluf2)-wo)

<e.

ICFRO) =

Thus, using (3.3) in the two cases that || <8 and that |{| = §, we see that ||GF,, — G||—
0 as m — =, as required.
This completes the proof.

The above lemma concludes the discussion of the four groups of technicalities, and
the proof of Theorem 3.3 of (3) now gives the following result.

Theorem 3.3. Let X be a compact plane set which does not separate the plane. Suppose
that X satisfies condition (A) and that 0 is a boundary point of X. If d,,...,d, is a
nondegenerate point derivation at 0 on D"(X), and if p=2q, then the point derivation
d,, ..., d, is continuous.

In fact, each of the other results of (3) concerning point derivations on C*™([0, 1])
has a formally equivalent counterpart for algebras D"(X), where X satisfies the
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conditions of the above theorem. It would perhaps be interesting to find a more
complicated regular set X for which the above results were not true.
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