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Spectral Properties of the Commutator of
Bergman’s Projection and the Operator of
Multiplication by an Analytic Function

Milutin R. Dostanié

Abstract. It is shown that the singular values of the operator aP — Pa, where P is Bergman’s projection
over a bounded domain €2 and a is a function analytic on ), detect the length of the boundary of a({2).
Also we point out the relation of that operator and the spectral asymptotics of a Hankel operator with
an anti-analytic symbol.

1 Introduction

Let Q be a bounded domain in €. Denote by L?(€2) the space of complex-valued
functions on €2 such that the norm

11 = ([ 17c@r aace))

is finite. Here dA denotes the Lebesgue measure on ().
Let L2(£2) denote the space of analytic functions on 2 such that

/Qlf(S)IZdA(E) < 0.

Note that L2(2) is a Hilbert subspace of L?({2) and is called the Bergman space. Let P
denote the orthogonal projector of L*(€2) on L2(£2) (Bergman’s projection).

Let A be a compact operator on a separable Hilbert space J{. Denote by
51(A), s2(A), . . . the sequence of eigenvalues of the positive operator (A*A)% arranged
in nondecreasing order taking account of multiplicity. We call s,(A), s,(A), ... the
singular values of A. A detailed exposition of the properties of the singular values of
compact operators can be found in [6].

Denote by c,the set of all compact operators A on H such that

Al 25 (Yo sha) " < oo,

n>1

I
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It is known that ¢, (p > 1) are Banach spaces. In particular, ¢| is the trace class
(nuclear operator).

In a series of papers N. L. Vasilevski (see [7]) studied the Banach algebra R gen-
erated by all the operators (acting on L*(2)) of the form al + bP + T, where Q is a
bounded domain in € whose boundary consists of a finite number of closed smooth
Jordan curves, a and b are continuous functions on ), T is compact operator and P
is the Bergman projection.

The Bergman projection is a singular integral operator which has many properties
similar to the singular operator of Cauchy,

Co(t) = i/&ds.
r

i t—s

In particular, P is not compact (because Lﬁ(Q) is not finite dimensional), P> = P
and for every function a € C(2) the operator aP — Pa is compact. This enables
us to consider the algebra R as a two-dimensional analogue of the algebra of one-
dimensional singular operators.

In this paper we study the spectral properties of aP — Pa, i.e., the asymptotic be-
havior of its singular values and the connection with the geometric properties of
the domain ). The spectral properties of Cauchy’s operator and its product with
Bergman’s projection are studied in details in [5].

The notation a, ~ b, will mean lim,_,, a,/b, = 1. Also, we will denote by
Jo T(2,€) - dA(s) the integral operator acting on L*(2) with kernel T(-,-).

2 Main result

Theorem 1 If ) is a bounded, simply connected domain with the analytic boundary
and z — a(z) an analytic (or anti-analytic) function in some neighborhood of (2, then
aP — Pa is a Volterra operator and there holds the following asymptotic formula:

1
sy(aP — Pa) ~ —/ la’(z)||dz|, n — co.
2mn o0

Corollaries

1. Ifais an analytic (or anti-analytic) function on a neighborhood of (), then aP — Pa
is a nuclear operator if and only if a = const. Also aP — Pa € c,, for every p > 1.

2. The singular values of the operator aP — Pa detect the length of the boundary of the
domain a(QY). In particular, if a(z) = z, then

Q
$y(zP — Pz) ~ m,
21n

(|09 is the length of O92).

For the proof of our result a few lemmas will be needed.
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If K is a compact operator on a separable Hilbert space 3, then by

NK)= Y1 (>0

su(K) >t
we denote the singular value distribution function of K.

Lemma 2 ([5]) Let T be a compact operator and suppose that for every € > 0 there
exists a decomposition T = T! + T!' where T., T!' are compact operators such that:

(I) There exists lim;_,q+ tYN,(T!) = C(T!), and C(T!) is a bounded function in the
neighborhood of € = 0.
(1) Tim,_oons,(T!) < e.

Then there exists lim. .o+ C(T!) = C(T) and

lirgl tTNA(T) = C(T). [ ]
t—0*

Lemma3 Let {s,}2, be a non-increasing sequence (s, > 0) and let the series Y | ay,
(a, > 0) be convergent. If for some k € N and every n € N the inequality

Skn < A, +ES,

holds, where 0 < € < %, then Ziil sy, < 400 and hence lim,,_, o, ns, = 0. [ |

Since s < a; + €51, we have
Sp1 oo+ s < ks < kag + eks;
From s;; < a, + €s,, we get
Sake1 + o+ sk < ksox < kap + gk,
Continuing this procedure we get
Stn—Dk+1 + -+ Sk < kap—y + ks, 1.
By summation, we get

nk n—1 n—1
Z s, < kZay +6st,,
v=1 v=1

v=k+1

which implies

nk [eS) nk
Zsy SkZal,+€sty+sl + oo+
v=1 v=1 v=1
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and, since 1 — ¢k > 0, we have

nk

Z < k i +51+"'+Sk
S a E—————
Y 1 —ck Y 1—ck

v=1 v=1

The last inequality implies the assertion of the Lemma 2. ]

Let F: Q — D (D is the unit disc) be a conformal mapping and ¢ = F~!(: D —
Q). Since 0f2 is an analytic curve, the mappings F and ¢ have analytic continuation
to some neighborhood of { and D respectively.

Denote by T: L*(D) — L*(D) the linear operator defined by

1 [ a(e@) —a(e©)
e =+ [ I o daco

(a is an analytic function on some neighborhood of (2).

Remark 1 Theorem 1 can be first proved for the unit disc (then ¢(z) = z), but this
proof is not simpler than the proof of the general case (both are based on Lemmata 4
and 6).

Thus, we have formulated and proved the statement for the arbitrary bounded
simply connected domain with an analytic boundary.

Lemma4 The operators A = aP — Pa: L*(Q) — L[*(Q) and T: [*(D) — L*(D)
have the same singular values. ]

Since the Bergman reproducing kernel for 2 is given by (see [12])

1 F'(t)F'(€)

Kolt,) = = T raRe)

the operator A is given by

Af(z) = /Q Koz, €)(alz) — al€)) £(€) dACE).

Denote by V: L*(Q2) — L*(D) the operator defined by V f(2) = f(¢(2)) - ¢'(2).

It is verified directly that V is an isometry and that VA = TV, which implies that

Sn(A) = Sn(T)- n
Since z — a((z)) is a function analytic on a neighborhood of €2, we have

a(p(2)) —a(p(©) =a'(9©) - ")z = &) + (z = ©)*G(z,€)

where G(-,-) is a function analytic on D; x D; and D; neighborhood of D.
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Lemma 5 For the operator S: L*(D) — L*(D) defined by

57 = [ (F=) 6= 056 da©

1—2z¢
there holds
(1) lim ns,(S) = 0.

Proof Note first that the singular values of the operator

= [(E5)" o

can be calculated directly, and then we get

) 51(S0) = O(n™?).

Since G(-,-) is analytic on D; x D, we have

=GR (z,0
Gz )=y T80
k=0 )

where the series converges uniformly on D x D. We obtain

GP(z,00 1 / G(z,€) g,
ODg

K 2w gkl
where Dp = {z: |z| < R} C D; and Ris number > 1. If

M= max_ |G(z,)|
(z,£)€Dx Dg

then

(k)
690 _ M

(3) k! =~ Rk

e (k) .
so for R, (z, £) Lot Y & k(lz,o) & there holds the estimate

M _
4 Rn ) < o 1\’ ’ D).
@ Rz < =gy @E€D)
Let Ay and By be the operators of multiplication by the function % and & (k =
0,1,...,n) respectively, and
z—E\?2
C,= ——) R,(z,&) - dA(E).
L (5=5) ®teo-anco
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From (3) and (4) it follows that

Mn

M
5 Al £ = By|| <1 Cill < ——.
5) 1441 < 2o 1B <1, G < s

k Y

Since G(z, &) = S0, Dk 4 R (2, ¢), we obtain

S= ZAkSOBk +C,,

k=0

so by using (5) and the properties of the singular values of the sum of operators, we

obtain
Sor2m(S) <D su(ArSoBi) + 5(C)
k=0
"M
(6) S Zﬁsm(so)"_ HCnH
k=0
M
< w(So) +
S ST R
From (2) it follows that
do
(7) sm(So) < — (dy does not depend on m)
m

so from (6) it follows

MRd, 1 Mnm 1
— + —.
R—1m? (R—1)R"

5(n+2)m(s) é

Let 0 < o < 1 be a fixed number. Putting n = [m“] — 2 (where [x] is the integer
part of x) we obtain [m®]m ~ m®*! (m — o), so from (7) we get (because R > 1)

5u(S) = O(nfﬁ), n— oo.

Since 0 < a < 1, then I < -2 < 2, so from the previous asymptotic formula we

obtain (1). [ |

LetK, ={z: —a<Rez< 0,0 <Imz < a} fora > 0.
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Lemma 6 There hold the following asymptotic formulae:

(e#F — ef)ez+§
(a) Sn( . m . dA(f)) o
ez —_ e£ .
(b) sn(/ _ .dA(g)) —0o(n?)
Ko 1 —e#¢
ez — ef B .
(C) Sn (/Kz7r m . dA(S)) = O(T’l )
€ — ™
. K (/KZ (z+ g)z ' (§)> -
z—¢& a
(e) Sn(/Kﬂ (z+§)2 . (f)) E .

Proof (a) Since the operator Hy = + fD i zg - dA(€) can be expressed in the form

1
= _;('7§)L2(D) D) fu1

> 1
’ z::l N R

where f,41(2z) = \/”“Z ) = ,/”ﬂﬁz"(n-i- 1-— (n+2)|z|2) (n=1,2,...)are

orthonormal system of functions in L?(D) we have
1
su(Ho) ~ = (n — 00).
7r
Let Dy = {z : |z| < e*"},D; = {z: e * < |z| < 1} and P;: L*(D) — L*(D),

i = 1,2, be the operators defined by P; f(z) = Xp,(z) f(z) (where Xg(-) is the char-
acteristic function of S). Then Py + P; = I, hence

H, = PyHyPy + PiHyPy, + PyH,P, + P HyP;.

By the Birman-Solomjak theorem [3] the singular values of PoHy Py, PyHy Py, PoHoP)
have exponential decrease, so by the Ky-Fan theorem [6]

1
sp(P1HoPy) ~ =, (n — 00),
n

ie.,
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Since the operator fD] ﬁ - dA(&) is unitarily equivalent with the operator
b : .
Je.. Ty e*s - dA(€), we get the assertion (a).

(b) It suffices to prove that

_ £ R
sn( / Linl il ~dA(§)) — o),
Kor

1 — e*t

because the operators of multiplication by e™* and ¢~¢ are bounded on L*(Ky;).

Since .
s(/K Lt an) NS”(/D 12__55 dA©)

(the proof is similar to (a)), and since sn(fD 1Z—_z££ . dA(f)) = O(n_%) we obtain (b).

(c) It suffices to prove that

& —é B »
Sn(/Kzﬂ m 'dA(f)) =o(n ).

Since the function z — €* is bounded on K, it suffices to prove that

(/ ez*5+2ﬂ'i_1 dA(ﬁ)) o ( 71)
5 K, (z+&+2mi)? o

ie.,

(8) sn( / Zogham -dA(é)) — o(n ).
K

C(z+ & +2mi)?
(We are taking only the first term in the expansion et ] = g E+2mi+---.)

Lete > 0, < 2m, Ql = K, Q2 = K. + Q2r — €)i, Q3 = Ky, \ (Ql UQz),
P/ f(z) = Xq,(2) f(2): L*(Kyr) — L*(Kpz) (n = 1,2,3) and

z—E+2mi
C = — = . dA(&).
/Kz ©

(z+ &+ 2mi)?
Then C = (Z? P{)C(Z? P/). Since sn(P[CP]f) = O(e_d(s)ﬁ) (Birman-Solomjak
theorem [3]) for all 4, j exceptfori =1, j = 2andi = 2, j = 1, we obtain, using the
properties of the singular values of the sum of operators,
9) 5u(Co) = O(e™ OV (dj(e) > 0),

where

Co = P{CP| + P;CP| + P,CP; + P;CP; + P,CP; + P,CP; + P,CPj.
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The singular values of P{CPj are equal to the singular values of the operator

z—E+ei
/K (z+ & +ci)? (A

(because the mapping f — f(&+(2m —¢)i) is an isometry L*(€;) to L*(€,). Taking
into account that

s (/ ﬂ dA(§)> — is (C)

"\Jk (z+E+ei)? Y

s,(PICP}) = 5=5,(C),
T

we get

and similarly
sx(PLCP)) = %sn(C).

Since C = Cy + P{CP; + P,CPy, from the last relation and (9) it follows that
5u(€) < Do OV 1 Z5,(C)
™

(Do is independent of 1), so by Lemma 3, choosing ¢ > 0 so that = < %, we find that
C is a nuclear operator, which proves (8). In a similar way one proves that

¢ — e o
5”</Khm-dA(£)> =o(n™ ).

(d) Since the function z — ﬁ -7~ e m is analytic in the
disc {z : |z| < 47}, then according to the Birman-Solomjak theorem of the singular
values of integral operator with analytic kernels [3], the Ky-Fan theorem, and the
assertions (a), (b), (c) we obtain the assertion (d).

(e) Itis enough to prove the assertion in the case a = 2, i.e.,

z—¢& T
Sn(/Kzﬂ (2—1—5)2 dA(f)) ~ ;

First prove that for the operator W : L?(K,,) — L*(K,,) defined by

wie = [ (27) foame

there holds

(10) lim ns,(W) = 0.
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Let r be a fixed positive integer and
1 =27
Q, = {z: —2m <Rez < T,O <Imz< 27r}

(23:{2:_727r <Rez<0,0<Imz<27r}
Qf: L*(Kyr) — L*(Kor), Qi f(2) = Xy(2)f(2) i=1,2.

Then
W =QWQ| + QWQ| + QIWQ] + QW Qj.

From the Birman-Solomjak theorem [3] it follows that the operator
Wi = QWQ] + Q;WQ[ + QW Q;

is nuclear. Let
. =27 2T 2T
K] = {z: —— <Rez<0,(j—1)— <Imz< —]}
r r r

and Qjf(z) = X,(2)f(2) j = 1,2,...,r. Then

UWQ =Y QAWQQ =Y QWQ;.

ij=1 ij=1

By the Birman-Solomjak theorem (3], for [i — j| > 2, all the operators QW Q; are
nuclear. In the case [i — j| = 1 all the operators QW Q! are also nuclear (which is
proved as in Lemma 5(c).

Thus the operator W can be written as W = W’ + F' where F" = Y QW Q!
and W is a nuclear operator for every positive integer r. Since s,(QW Q) = rizs,, w)
and QWQ; - QWQ; =0 fori # j, we have

1
Snr(Fr) = r_zsn(w)
for everyn = 1,2,..., and therefore
1
52nr(W) S Snr(Wr) + Snr(Fr) S Sn(Wr) + _zsn(w)
T

Since the operator W' is nuclear, we conclude by choosing r so that ,iz < 4 and,

2r
using Lemma 3, that W is nuclear which proves (10).

Since the function s — hy(s) = 6575175 is entire, it follows from (10) that
. z—¢&
11 1 Y ———hy(z—§&)-dA =0.
a tim o [ G ghote-0-an0)

https://doi.org/10.4153/CJM-2004-013-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-013-8

Commutator of Bergman’s Projection and Multiplication by an Analytic Function 287

Having in mind that

e—e¢  ,z—¢ e 2—=¢
crer  Ceror e

from (11), Lemma 6(d) and Ky-Fan’s theorem it follows that

v i)

Since

(the proof is the copy of the procedure of proving that s,(W) = o(n™!)), we get from
(12) by Ky-Fan’s theorem the formula

z—¢& T
s(/K (z+8)2 'dA(f)) T -

Let N be a positive integer,

Dy ={z:lzl e ¥},
. 2 2
DY = {z:e_zﬁ <l <1, — l)ﬁ7T <argz < Nﬂ-z}

and RY: L*(DN) — L*(DY),i = 1,2,..., N, the linear operators defined by

¢
N
RY f(2) = /D (O,

Now we prove the main lemma.

Lemma 7

(a) For every positive integer N andi = 1,2, ..., N there holds

1
Sn(Rf\]) ~ m7 n— o0

(b) If m € C(D), then

2w
Sn(H) ~ L ‘m(ei6)| dgv n— 00
2mn J,

where

_1 z—¢
-5 e GRIG) .
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Proof (a) Since

Ny (] A
(B =i | e )

~ (the same reasoning as in Lemma 6(a))
z—¢ 1 21 1
~ = . dA AN — ¢ — e —
5n</KZW (z+ &) (6)) 2n N N

1
=N (using the methods from the proof of Lemma 6(d), (e)).

(b) Leté&, = €, (v — l)zﬁﬂ <40, < %V, v =1,2,...,N. By the assertion (a),
for the operators

R = L / 786 - dAe)

™ Jpy (1 — z)?
we have
sn(Rf\I)NM, i=1,2,...,N, n — co.
n-N
Whence
(13) N,NM, t—0% i=12,...N.
Nt

Let T;: L*(D) — L*(D) (i = 0,1,2, ..., N), be the linear operators defined by

Tif(2) = Xpy (D) f (2).

Then
N N
H = T,HT, + Z T;HT; + Z T;HT;.
i i=1

Since s,(ToHT,) = O(e=%V1) (dy > 0) by the Birman-Solomjak theorem [3] and
since s,(T;HT;) = o(n~1) (i # j) which is consequence of lemma, we have

(14) lim ns,(Ey) =0,

where Ey = ToHT, + zj; ;THT), Fy = SN T;HT; and H = Ey + Fy. Let GV,
i=1,2,...,N,be the operators on L?(D) defined by

6o = Xopory [ I

| (MO =€) Xy (OF(©) dAE),

and let

11 2 1 Z—f
Fy = ;:X:D,N(Z); /ng mm(&)xw({) - dA().
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Then Fy = Fj + F{, where F, = YN GN. Since m € C(D) for every given
e > 0 there exists N large enough so that|m(§) — m(&;)| < e for £ € DY and every
i=1,2,...,N,sobyLemma 7(a) we obtain

i
sn(Gf»V) < ac (¢{ does not depend on ¢, 1, N)
ie.,
cle .
(15) Nt(GN)_ﬁ t>0,i=1,2,...,N.

Having in mind that GYY - G = 0 (for i # j) we obtain N, (F{,) = SN N(GN), so
from (15) it follows that

Nt(FN) S t> 07

N‘H\

ie.,

/
W(FL) < ac
s N) =7,
The previous inequality and (14) show that if N is large enough then

(16) lim ns,(Ex + FY) < ¢; - €
n—oo

where ¢j is independent of e.

Since
1 z—§ . Ny |m(§,)|
sn(xDiN(@; /D 0@ dA(&)) = 5, (®Y) ~ L

we have
1 z—¢ |m(&)] +
Nt<xD;5’(Z)7r/D T 5)27”(51)36#’(5) dA(f)) ~ TN t— 07,

and having in mind that

N,(F)) = EN:N, (xDV(Z)l/ Lﬁ-m(fi)xw(f) : dA(f)) )
P o Jpy (1 —28)? i

we obtain

N

1
(17) tlij)ﬂth(Fll\’I) = NZW(&)L

i=1
From (16) and (17) we get, by Lemma 1,

N 1

2T
Tim ¢, (H) = lim iZ\m(f,)\ = —/ ()] df.
0
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In particular, for t = s,(H) we get

1 2T )
su(H) ~ %/ lm(e)| do. ]
0

Proof of Theorem 1 The operator aP — Pa is Volterra, because, under the conditions
of Theorem 1 we have
(aP —Pa)* =0

and therefore by the Dunford Theorem on mapping of the spectrum it follows that
its spectrum reduces to the point A = 0.
Since

SR ey . 1
= ™ A (]_ —Zé_“)za (90(5))90 (f) dA(£)+ ﬂ-s7

by using Lemma 7(b) (taking m(§) = a’(¢(£))¢’(£)), Lemma 5, and the Ky-Fan
theorem, we find that

1 o / i0 (10 _ 1 /
D)~ o [ (o) @0 = [ (@)l

Since s,(T) = s,(A), by Lemma 4 we obtain

sy(aP — Pa) ~ ﬁ/ la’(2)| |dz|. [
20

Remark 2 If the function a is anti-analytic, then
aP — Pa = H,P.

Here H,: [%(Q) — L*(Q2) is the Hankel operator with an anti-analytic symbol. It
follows from Theorem 1 that for singular values of the operator H,,,

1
sp(Hy) ~ —/ la’(2)| |dz], n— oo.
27mn a0

From this asymptotic relation it follows that

1
Tr, |Hy| = — la’(2)| |dz],
2 o0

where Tr,, is Dixmier trace (see [4], p. 303) and |H,| = /HFH,. Another interesting
formula,

1
HmM:f/m%WM@,
T JQ

where || - ||, is the Hilbert-Schmidt norm, is proved in [1].
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Many papers (see e.g. [2], [8], [10], [14]) consider some other properties of Han-
kel: operator boundedness, compactness, the property of belonging to Schatten ideal,
but not the precise spectral asymptotics.

Remark 3 The assumptions about the boundary 0f) and the analytic function a
could be weakened. We chose the stronger assumptions in order to simplify the proof
of Lemma 4 and to make clear the dependence of the spectral asymptotics on the
geometry of domain €2. In order for Theorem 1 to be true, it is enough that Lemma 4
holds. From the theorem of Paraska (see [11] p. 625) it follows that Lemma 4 will

hold if
0 z—§\? 2
8_5((1——52) G(%f)) € L*(D x D),
0 z—&§\? 2

This will be true if, for example, (a o )""" € C(D). The last condition is fulfilled
if a’’ € C(D) and if domain € is such that the function s — z(s) (where z(s) is
the natural parametrization of J€2) has the third derivative that belongs to Lip «
(0 <a<1)(see[13]).

Note that the condition (aop)’"" € C(D) implies that the function (ao(p)’ belongs
to the Besov space B! (see [14]).

The following related although less precise result is proved in [9]. In the case of
the half plane holds the estimate:

b
$p(b - Pya — Pga - b) < const I ||Bl_
n

Here U® is the Bergman wavelet and b belongs to the Besov space B! (in the half
plane).
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