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1. Introduction. In 1948 Gabor Szegd [9] gave four proofs
of a remarkable inequality communicated to him by Paul Turdn,
who later published an original proof [10]. The Turdn theorem
states that if Pn(x) is the Legendre polynomial, then

(1.1) Pi(x) - Pn+1(x)Pn_1(x)2 0, for n>1, [x| <1,

with equality holding only when lx' =1.

Since then many similar inequalities have been found for
various special functions, particularly for the Legendre and
Hermite polynomials. Reference may be had to the recent work
of Danese [2] and Chatterjea [1]. Danese gives an extensive
bibliography. .

Not only have inequalities been found, but also explicit
forms and transformations of Turan expressions have been
given.

Let us define a general Turdn functional operator T by

(1.2) T (f) = T f(x) = f{xta)f{xtb) - f(x)f(xt+ta+b) .
X,a,b X

The writer [3,4, 5] has found that this general operator enjoys
a number of remarkable properties, and we might mention a
few simple examples:
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T(x) = ab,

T(sin x) = T(cos x) = sina sin b,
(1. 3)
T(sinh x) = -T{cosh x}) = sinh a sinh b,

T(exp(ctdx)) = 0 (c,d constants),

and in a problem in the American Mathematical Monthly [12]
it was shown that for the Fibonacci numbers

n
(1. 4) T (E) = (-0 ff

= =f d { =f + f .
where fi ! 2 an n+2 n+1 n

The writer [3] found that the relation for the hyperbolic
trigonometric sine and cosine can be generalized to give

x+cC x+C x+cC a a ., b b
(1. 5) Tx(pu +tgv ) = - pq {uv) (u -v u -v ),

where p,q,u,v,c are constants. This also generalizes (1. 4).

In view of the elegance of the various explicit relations
which may be found for the Turdn operator T, it may be of
interest to show what may be done for the Zeta function, which
we shall define by

48

(1.6) L(x) =

n =1

There is no difficulty in extending the results to complex X, so
that we shall suppose x to be real. Our results depend on
some very simple number-~theoretic calculations.

o~ . ” o .
2. General Turan expression for the Zeta function.
To transform the general Turdn expression

(2.1) Tt(x) = {(xta) {(x+b) - L(x) {(xta+b) ,
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we shall need the fact [6, p.250] that

® ¢ (n)
=
n=1 n

x>1, x-a>1,

3

(2.2) t(x) L{x - a) =

and where
s (n) = £ d°, o (n) = T 1 =7(n).
@ d|n d|n

Then

THEOREM 1. Let x> 2.
2
b0 = rlxrt) tlx-1) - L)

2.
(2. 3) Tx,1,
)
= Z 1 = (B - d)z .
x+1 d
n=1 n d[n
d< \n
Proof. From {2.2) it is readily verified that
® ¢ (n) - o7 (n)
. - s )
Tx,i,-i t0) x+1
n=1 n
and
2
o (n)-nT(n) = T (d° - n)
2
dln
2 2
= = (d -n)+ = (d” - n)
dln dln
d>nn d <~Nn
2 2
S > _((g) -n) + = (@ -n)
dln dln
d <~Nn d <~Nn
= = (—2 - d)z
dln
d <A~Nn
361

https://doi.org/10.4153/CMB-1963-030-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1963-030-2

Since the coefficients are all positive we have the corollary

t(x) >0 for x> 2.

T
that ¥ 1,1
THEOREM 2. Iet x> 1, xta>1, xtb>1, xtatb > 1.
Then
0 [ b - a
. 1 n b‘{n a}
; " x) = - X — = —) -d —) -d |.
(2.4) I‘x,a,b £l xta+b l_d) d (d
n=1n d ln
d<~n
Proof. Let a>Db. Then it follows again from (2.2) that
0
(2.5) T ((x) = Z — nb' T (n) - o (n)],
x,a, b xt+a+b a-b a+b
n=1 n
and
b
b al| n b
. - = X d —) - d
noe -b(n) Ua+b(n) N [(d) :]
d{n
b y b
b b
= p da [(E) - d + Z da [(E) -d ]
d,n - d!n
d < «n d >+~n
b a b
b b
= = da[<§>—d]+ =G [d-(—d-)}
dln din
d <~n d < ~n
a " b
a n n b
= = 4 - (= 2y
d}n
d < ~Nn

It is interesting to

from which the desired result follows.
The theorem also

compare this with the relation (1.5) above.
provides a number of inequalities depending on the values of

a and b.
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It is also interesting to compare (2.4) with the correspond-
ing result for binomial coefficients

(2.6) T

which is developed in [5] along with expressions for Hermite
polynomials, the Bessel function, and various others. There
the operator T as defined by (1.2) is considered as merely
one special case of the more general operator

(2.7) T f(x) = f(xva) nf(x Ub) * f(x) ~f(x Ua Ub).
x,a,b

>

This general operator is suggested by (1.2) if we replace
+ by wand - by ~. The abstract operations U, mcould be
defined in various ways: set union and intersection, I.u.b. and
g-l.b., I.c.m. and g.c.d., etc. This general operator
suggested the present application to the Zeta function, and by
taking * to be ordinary division instead of subtraction we shall
define an operator R which is related to some work of
Ramanujan.

Four other operators considered in [5] and which are
special cases of (2.7) are

(2.8) S(f) = f(x+ a)+ f(x+ b) - f(x) - f(x+ a+b),
(2.9) A(f) = f(x+ a)+ f(x+ b) + f(x) + f(x+ a + b),
(2.10) P(f) = f(xta)f(x+b)f(x)f(x+a+b) ,

(2.1} R(f) - Hxtax+b)

f(x){(x+ a + b)

It may be of interest to point out that the two linear
operators S and A may be extended in a natural way, using
the Bernoulli and Euler polynomials of higher order as developed
by No6rlund [7]. Indeed we could define (following Norlund)

1 X,a

n
(2.12) S (f) = I a. A j f(x)
1= A/
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and

n \
(2.43) An‘a . NG I VN T
X, 1: 2;-..: n \1:1 X,ai/
where
A flx) = f(x+h)h- €9 e T fa - f(x+h)2+ fx)
%, h %, h ‘

which are studied by Ndrlund using generalized Bernoulli and
Euler polynomials of higher order; he develops inverse
operators and solves functional equations involving these
operators.

The five operators T, S, A, P, R are related by various
formulas developed in [5], and we wish to mention in particular
the fact that

. T(f)
2. 14 P({ e
( ) (f) T /D)
This relation suggests that having found T({) it might be of
values to determine T{1/{) and P({) .

Ramanujan [8] has found what is equivalent to a Turdn
expression for P({), and we may state his result in the form
of the

THEOREM 3 (Ramanujan). let x> 1, xta> 1, xtb> 1,
xt+a+b > 1. Then

(2.15) P(L) = t(x) L{x+ a) {(x+ b) L{x+ a+ b)
© o _(n)o (n)
= {{2x + a + b) z T

This relation is also given in Hardy and Wright [6, p.256],

as well as in many standard references on the Zeta function.
We may readily establish a formula for T(1/8}) by
recalling a formula for the reciprocal of the Zeta function,
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using the Mébius function p(n). We have

1 p(n)
2.16 —_ = Z , x>1,
10 Tt PN
n=1 n
which yields
1 ! b
a-
(2.17) —_—— = = Z d w(d) p(n/d) ,

t(x+a) {(x+b) -1 nx+a d]n

and we then find

1 a nb b
T(1/t) = Z ——— I p(d) p(n/d)d [(5) - d ]
n

Thus we find

THEOREM 4. Let x>1, xta> 1, xtb> 1, xt+a+b > 1.
Then

1

© a
(2.18) T/L) = - 2 — 2 p(d) “‘%’[‘E) 'daJﬁE

x+a+b d

n=1n d[n

d <~n

Ramanujan [8] remarked that he had found the various
relations (among them the one equivalent to (2. 15) above)
incidentally in the course of his other investigations. He said
that "'none of them seem to be of particular importance, nor
does their proof involve the use of any new ideas, but some of
them are so curious that they seem to be worth printing. ' It
is in the same spirit that we offer the relations developed here.
It is interesting to note that Ramanujan also gave an elegant
formula for P(n) where

0 ( 1)n
no = oz
n=0 (2n+1)

The relation is very similar to (2.15) and involves alternating
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signs.

The Turin expressions for mn(x) could be developed in

much the same way as we have found them for [ (x).

10.

12.
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