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1. Introduction. In 1948 Gabor Szego [9] gave four proofs 
of a remarkable inequality communicated to him by Paul Turan, 
who later published an original proof [10]. The Turan theorem 
states that if P (x) is the Le gendre polynomial, then 

(1 .1 ) P 2 (x ) - P fx)P (x) > 0, for n > l , | x | < l , 
n n+ 1 n - 1 — — — 

wi th equal i ty holding only when jxj = 1 . 

Since then many s i m i l a r i n e q u a l i t i e s have been found for 
v a r i o u s s p e c i a l func t ions , p a r t i c u l a r l y for the L e g e n d r e and 
H e r m i t e p o l y n o m i a l s . R e f e r e n c e m a y be had to the r e c e n t w o r k 
of D a n e s e [2] and C h a t t e r j e a [ l ] . Danese g ives an e x t e n s i v e 
b i b l i o g r a p h y . 

Not only have i n e q u a l i t i e s b e e n found, but a l s o exp l i c i t 
f o r m s and t r a n s f o r m a t i o n s of T u r a n e x p r e s s i o n s have been 
given. 

Let us define a g e n e r a l T u r a n funct ional o p e r a t o r T by 

(1.2) T ff) = T f(x) = f{x+a)f{x+b) - f(x)f(x+a+b) . 
x, a, b x 

The wr i te r [3 ,4 ,5 ] has found that this general operator enjoys 
a number of remarkable proper t ies , and we might mention a 
few simple examples: 
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T(x) = a b , 

T(s in x) = T ( c o s x) = s in a s in b , 

(1-3) 
T ( s inh x) = - T ( c o s h x ) = sinh a sinh b , 

T(exp(c+dx)) = 0 (c , d c o n s t a n t s ) , 

and in a p r o b l e m in the A m e r i c a n M a t h e m a t i c a l Monthly [12] 
it w a s shown tha t for the F i b o n a c c i n u m b e r s 

(1 .4 ) T (f ) = ( - l ) n f f , 
n n a b 

w h e r e f = 1 =f and f o =f + f . 
1 2 n+2 n+1 n 

The w r i t e r [3] found tha t the r e l a t i o n for the h y p e r b o l i c 
t r i g o n o m e t r i c s ine and c o s i n e can be g e n e r a l i z e d to give 

x+c x+c , x+c , a a , b b 
(1 .5 ) T (p u -f q v ) = - pq (uv) (u » v )(u - v ) 

w h e r e p , q 5 u , v } c a r e c o n s t a n t s . T h i s a l s o g e n e r a l i z e s ( 1 . 4 ) . 

In v iew of the e l e g a n c e of the v a r i o u s exp l i c i t r e l a t i o n s 
which m a y be found for the T u r a n o p e r a t o r T, it m a y be of 
i n t e r e s t to show what m a y be done for the Z e t a funct ion, which 
we sha l l define by 

CO 

(1 .6 ) £(x) = 2 — , x > 1 . 
x 

n = 1 n 

T h e r e is no difficulty in ex tend ing the r e s u l t s to c o m p l e x x, so 
tha t we sha l l suppose x to be r e a l . Our r e s u l t s depend on 
s o m e v e r y s i m p l e n u m b e r - t h e o r e t i c c a l c u l a t i o n s , 

2 . G e n e r a l T u r a n e x p r e s s i o n for the Z e t a funct ion. 
To t r a n s f o r m the g e n e r a l T u r a n e x p r e s s i o n 

(2 .1 ) T£(x) = £(x+a) £(x+b) - £(x) £(x+a+b) , 
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we sha l l need the fact [6 , p. 250] tha t 

oo <r (n) 
(2. 2) £(x) Ç(x - a) = 2 — , x > 1, x - a > 1 , 

n = 1 n 

and w h e r e 

o- (n) = 2 d a , <r (n) = 2 1 = T (n) 
a
 A I ° A\ 

a n a n 

T H E O R E M 1. JLet x > 2 . Then 

(2 .3 ) T £(x) = £(x+l) ; ( x - l ) - ^ 2 (x) 
x, 1, - 1 

x+1 „ , Vd ' 
n = 1 n a |n 

d < \/n 

Proof . F r o m (2. 2) it is r e a d i l y ve r i f i ed tha t 
oo a- (n) - nT (n) 

T * , 1 . - 1 « X ) = 2 , Ï M 
n = 1 n 

and 

o- (n) - nT(n) = S {d - n) 
1 d j n 

S (d 2 - n) + S (d 2 - n) 
d | n d | n 

d > \Tn d < \fn 

= 2 fe2-n) + S (d2-n) 
d | n " U ' d | n 

d < \ /n d < N/TI 

= s £ - d)2 . 
d |n d 

d < 4n 
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Since the coef f ic ien t s a r e a l l pos i t ive we have the c o r o l l a r y 
tha t T t À Ç,(x) > 0 for x > 2 . 

x, 1, - 1 

T H E O R E M 2. Let x > 1, x+a > 1, x+b > 1, x+a+b > 1. 

Then 

( 2 . 4 ) T , ; (x ) = 
x, a , b 

00 

_J s [(-)b-db|[(-)a-da 

~ x+a+b , L V J I M ' 
n = 1 n d I n 

d < •sTn 

Proof . Let a > b . Then it fol lows aga in f r o m (2. 2) tha t 

( 2 . 5 ) 
x, a, b 

oo 

ax) = s 
n = 1 n 

x+a+b 
n • a- (n) - cr (n) 

a - b a-f- b 

a n d 

n . cr (n) - <r (n) 
a - b a+b 

" b 

s dc 

d | n 
d < \Tn 

d |n 
d > \Tn 

' b K 

0 -d 

S d 
d jn 

à < \fn 

' b
 K 

d n 
a" - ft 

d < \Tn 

d j n 
d < \/~n 

a* - ft à - <> 

f r o m which the d e s i r e d r e s u l t fo l lows . It i s i n t e r e s t i n g to 
c o m p a r e t h i s wi th the r e l a t i o n ( 1 . 5) above . The t h e o r e m a l s o 
p r o v i d e s a n u m b e r of i n e q u a l i t i e s depend ing on the v a l u e s of 
a and b . 
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It is also interesting to compare (2. 4) with the correspond­

ing result for binomial coefficients 

(2 6) T (Xl = (x + a + b) s / x j'jsijk' 
x , a , b l n / \ n I t ln-k//x+a+b\ ' 

k = 1 I k ) 

which is developed in [5] along with expressions for Hermite 

polynomials, the Bessel function, and various others. There 

the operator T as defined by (1. 2) is considered as merely 

one special case of the more general operator 

(2.7) T f(x) = f ( x U a ) n f ( x u b ) * f ( x ) A f ( x U a u b ) . 
x, a, b 

This general operator is suggested by (1. 2) if we replace 

+ by vjand • by n . The abstract operations KJ , r~\ could be 

defined in various ways: set union and intersection, I. u.b. and 

g. 1. b. , 1. c. m. and g. c. d. , etc. This general operator 

suggested the present application to the Zeta function, and by 

taking * to be ordinary division instead of subtraction we shall 

define an operator R which is related to some work of 

Ramanujan. 

Four other operators considered in [5] and which are 

special cases of (2. 7) are 

(2. 8) S(f) = f(x + a) + f(x + b) - f(x) - f(x + a + b) f 

(2. 9) A(f) = f(x + a) + f(x + b) + f(x) + f(x + a + b) , 

(2.10) P(f) = f(x+a)f(x+b)f(x)f(x+a+b) , 

f(x+ a)f(x+ b) 
(2.11) R(f) = 

f(x)f(x + a + b) 

It may be of interest to point out that the two linear 

operators S and A may be extended in a natural way, using 

the Bernoulli and Euler polynomials of higher order as developed 

by Norland [7]. Indeed we could define (following Norland) 

(2.12) Sn 

1 2 
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a n d 

n 
A x ; a i ' V " 

(f) : 

. , a 
n 

/ n 

= 2n ( n 
\ i = i 

\ 
v ) f(x) 

x, a. / 
(2 .13) 

w h e r e 

f(x+h) - £(x) „ f(x+h) Hh f(x) 
A f(x) = — and \/ f(x) = — , 

x, h x, h 

which a r e s tudied by Nor lund us ing g e n e r a l i z e d B e r n o u l l i and 
E u l e r po lynomia l s of h i g h e r o r d e r ; he deve lops i n v e r s e 
o p e r a t o r s and s o l v e s funct ional e q u a t i o n s involving t h e s e 
o p e r a t o r s . 

The five o p e r a t o r s T, 3 , A, P , R a r e r e l a t e d by v a r i o u s 
f o r m u l a s deve loped in [5] , and we w i s h to m e n t i o n in p a r t i c u l a r 
the fact tha t 

T(f) 
(2-14) P W - ^ -

Th i s r e l a t i o n s u g g e s t s tha t having found T(£) it m i g h t be of 
v a l u e s to d e t e r m i n e T(l /£ , ) and P(£>) . 

R a m a n u j a n [8] h a s found what is equ iva l en t to a T u r a n 
e x p r e s s i o n for P(£>), and we m a y s t a t e h i s r e s u l t in the form 
of the 

T H E O R E M 3 (Ramanu jan ) , _Let x > 1, x-j-a > 1, x+b > 1, 
x+a-fb > 1. Then 

(2. 15) P ( U = £(x) U x + a) £(x + b) £(x + a + b) 

co cr (n)o- (n) 
„ , -, , * ^ a "° 

= uC^x -f a 4- b) >̂ ——™—:—- * 
x-t-a+b 

n = 1 n 
T h i s r e l a t i o n is a l s o given in H a r d y and Wr igh t [6, p. 2 56], 

a s we l l a s in m a n y s t a n d a r d r e f e r e n c e s on the Ze t a funct ion. 

We m a y r e a d i l y e s t a b l i s h a f o r m u l a for T( l /£ , ) by 
r e c a l l i n g a formula, for the r e c i p r o c a l of the Ze ta function., 

364 
https://doi.org/10.4153/CMB-1963-030-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-030-2


using the Mobius function |JL(n). We have 

(2.16) 
00 IV 

;(x) x 
n = 1 n 

which yields 

(2.17) 
^(x+a) ^(x+b) 

00 

A X + 3 L A I 

n = 1 n a n 

2 d a " b u(d) u(n/d) 

and we then find 

oo 

T ( l / U = S * 2 u(d) u(n/d) d a 

x+a+D i 
n = 1 n d n 

Thus we find 

THEOREM 4. Let x > 1, x-fa > 1, x+b > 1, x+a-fb > 1. 
Then 

(2.18) T ( l / U 
00 

2 
xfa+b d|n 

d < Vxi 

K(d) HL(^) 
L # - d 

r b 
0-a 

Ramanujan [8] remarked that he had found the various 
relat ions (among them the one equivalent to (2. 15) above) 
incidentally in the course of his other investigations. He said 
that "none of them seem to be of part icular importance, nor 
does their proof involve the use of any new ideas, but some of 
them are so curious that they seem to be worth printing. u It 
is in the same spirit that we offer the relations developed here . 
It is interesting to note that Ramanujan also gave an elegant 
formula for P(t)) where 

T](> 

00 

2 (-ir 

n = 0 (2n+l) 

The relat ion is very similar to (2. 15) and involves alternating 
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s i g n s . The T u r a n e x p r e s s i o n s for n(x) could be deve loped in 

m u c h the s a m e way a s we have found t h e m for £, (x). 
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