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COMMON FIXED POINT THEOREMS FOR
TWO MAPPINGS SATISFYING SOME CONDITIONS

JEONG SHEOK UME AND JONG KYU KIM

In this paper, using the concept of to-distance, we first prove common fixed point
theorems in a complete metric space. Then these theorems are used to improve
Kannan's fixed point theorem, Cirid's fixed point theorem, Kada, Suzuki and Taka-
hashi's fixed point theorem and Ume's fixed point theorem.

1. INTRODUCTION

In 1996, Kada, Suzuki and Takahashi [2] introduced the concept of tu-distance on
a metric space as follows: Let X be a metric space with metric d. Then a function
p : X x X —t [0, oo) is called a w-distance on X if the following are satisfied:

(1) p(x,z) ^ p(x,y) + p(y,z) for any x,y,z€X,
(2) for any x 6 X, p(x, •) : X —> [0, oo) is lower semicontinuous,
(3) for any e > 0, there exists S > 0 such that p(z,x) ^ S and p{z,y) ^ 6

imply d(x, y) ^ e.

Recently, Ume [4] proved the following fixed point theorem: Let X be a complete
metric space with metric d and let p be a w -distance on X. Let T be a mapping of
X into itself satisfying

p(Tx,Ty) ^ q • max{p{x,y),p(x,Tx),p(y,Ty),p(x,Ty),p(y,Tx)}

for all x, y € X and some } e [0,1) and

inf{p(x,u) + p(x,Tx) : x € X} > 0

for every u £ X with u ^ Tu. Then

(1) limTnx = y,
n

(2) p(Tnx, y) ^ [qn-l/(l - qf] • 0(1) for every xeX,

(3) T has a unique fixed point y in X and p(y, y) = 0,

where a(x) = p(x, x) + p(x, Tx) + p(Tx, x).

In this paper, using the concept of w -distance, we first prove common fixed point
theorems in a complete metric space. Then these theorems are used to improve Kan-
nan's fixed point theorem [3], Ciric's fixed point theorem [1], Kada, Suzuki and Taka-
hashi's fixed point theorem [2] and Ume's fixed point theorem [4].
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2. PRELIMINARIES

Throughout this paper we denote by N the set of all positive integers and by R
the set of all real numbers.

DEFINITION 2.1: Let {X, d) be a metric space, let p be a w-distance on X and
let 5 and T be two mappings of X into itself. For A C X, let 8{A) — sup{p(x, y) :
x, y € A} and for each x € X , let

Os,r(a;,n) = {x, 5x, 52x, • • • ,Snx,Tx,T2x, • • • ,Tnx}, n = l ,2 , - - - ,

OS,T(X, OO) = {S'x : t e TV U {0}} U {Tjx : j € TV}.

The following lemmas are fundamental.

LEMMA 2 . 2 . [2] Let X be a metric space with metric d and let p be a w -
distance on X. Let {xn} and {yn} be sequences in X, let {an} and {/?„} be sequences
in [0, oo) converging to 0, and let x,y,z 6 X. Then the following hold:

(i) If p{xn,y) ^ a n and p{xn,z) ^ /?„ for any n € N, then y = z. In
particular, if p{x, y) = 0 and p{x, z) = 0, then y = z;

(ii) ifp{xn,yn) ^ <*„ and p(a;n)z) ^ /3n for any n&N, then {yn} converges

to z;
(Hi) ifp{xn,xm) < an for any n,m € N with m> n, then {xn} is a Cauchy

sequence;
{ iv) if p{y,xn) ^ an for any n 6 N, then {xn} is a Cauchy sequence.

LEMMA 2 . 3 . Let {X, d) be a metric space and let p be a w -distance on X. Let
S and T be two mappings of X into itself such that

(2.1) max{p(Sx, Ty), p{Ty, Sx)} < q • max {p(x, y), p{y, x), p(x, Sx),

p{Sx,x), p{y,Ty), p{Ty,y), p(y,Sx), p{Sx,y), p{x,Ty), p{Ty,x)},

(2.2) p{Sx, Sy)^q- max {p(x, y), p{y, x), p{x, Sx),

p{Sx, x), p{y, Sy), p{Sy,y), p(x, Sy), p{Sy,x), p{y, Sx), p{Sx, y)},

and

(2.3) p{Tx, Ty)^q- max {p(x, y), p{y, x), p(x, Tx),

p{Tx, x), p{y, Ty), p{Ty, y), p(x, Ty), p{Ty, x), p{y, Tx), p{Tx, y)}

for all x, y € X and some q € [0,1). Then

(1) For each x 6 X, n G N and i,j € N with i,j^n,

max{p(Six, Tjx) ,p{Tjx, S{x),p(Six, Sjx),p^x, Tjx)} ^ q • 6{OS,T{X, n)).
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(2) For each x € X and n € N, there exist ki,k2,h,l2 G N with ki,k2,li,h
^ n such that

(3) For each x e X,

S(OS,T(X,OO)) ^ y^{p(x,x) + p(x,Sx) + p(Sx,x) + p(x,Tx) + p(Tx,x)}.

(4) For each xeX, {Snx}%>
=1 and {Tnx}^=1 are Cauchy sequences.

PROOF: Let x € X, n & N and let i and j be natural numbers with i, j ^ n.
Then S ^ z , 5*1, S''1!, Sjx, T{~lx, T*x, T^~lx, T*x G OS,T(X,TI), where it is
understood that S°x = x and T°x = x. From (2.1), (2.2) and (2.3), we have

p{Six,Tjx) < max|p{Six,Tix),p{Tix,Six)\

Similarly, we have p(T^x,S{x) ^ qS(Os,T(x,n)), p^x^x) ^ q-6(Os,T{x,n)) , and

p(S1x,S^x) < g • 5(Os,r(2;,ra)), which proves (1) of Lemma 2.3. From (1), it follows

that for each x e X and n € N, there exist ki,k2ji,l2 € N with k\,k2,li,h ^ n

such that

6(Os,T(x,n))=max{p(x,x),p(x,Skix),p{Sk*x,x),p(x,Tlix),p(Tl*x,x)},

which proves (2) of Lemma 2.3. From (1) and (2) of Lemma 2.3, we obtain

p(Sk2x, x) ^ p(Sk2x, Sx) + p{Sx, x)^q- 6{0S,T{X, n)) + p(Sx, x),

p(x, T'ix) ^ p(x, Tx) + p(Tx, T'lx) ^ p(x, Tx) + q • 6{0S,T(X, n))

and

p{Tl*x, x) ^ p(Tl*x, Tx) + p{Tx, x)^q- 5{0S,T{X, n)) + p(Tx, x).
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Therefore,

S(Os,T{x,n)) ^ —-{p(x,x) +p(x,Sx) + p{Sx,x) + p(x,Tx) + p(Tx,x)}.

This implies that
I

o{Os T\X) oo)) ^ iPyX) x) -\~p(x, Sx) -|- p(Sxj x) -I- p(x,Tx) -f- p(Tx, x) \.

Therefore, the proof of (3) is complete.
To prove (4), let x be a given point of X and let xn = S"x and yn = Tnx for

every n € N U {0}.
By using (1) and (3) of Lemma 2.3 and from (2.1), (2.2) and (2.3), we obtain

(2.4) p{xn,yn) ^ q2 • max{p(xi,Xj),p(t/fc,j//),p(xs,7/t),p(j/u,xw) :

n — 2 ^ i,j,k,l,s,t,u,v ^ n }

^ q3 •max{p(xi,xJ),p(yfe,yj),p(x8,j/t),p(2/u,xv) :

n — 3 < i, j , k, I, s, t,u,v < n }

g n - l

n-1

(2.5) p(xn, Xn+i) < :J—~ ' °(x)

and

(2.6) p(yn, yn+i) < : J - — • a(x),

where

a(x) =p(x,x)+p(x, 5x)+p(Sx,x)+p(x,Tx) +p(Tx,x).

By (2.5) and (2.6), we have

(2.7) p(xn,xm) <p(xn,xn+1)H hp(xm_i,xm)
m—n — l

fc=0

- " - 1 _n+fc-l
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Similaxy, we have

n - l

(2-8) p(2/n,2/mK-7 rj •<«(*).
(1-9)

From (2.7), (2.8) and Lemma 2.2, {Snx} and {Tnx} are Cauchy sequences. Thus the
proof of (4) is complete. D

LEMMA 2 . 4 . Let {X, d) be a metric space and let S and T be two mappings of
X into itself such that

(2.9) d{Sx,Ty) < q • mzx{d{x,y),d{x,Sx),d{y,Ty),d{y,Sx),d{x,Ty)},

(2.10) d{Sx, Sy)^q- max{d(z, y), d{x, Sx), d{y, Sy), d{y, Sx), d{x, Sy)}

and

(2.11) d{Tx, Ty)^q- max{d(x, y), d{x, Tx),d{y, Ty), d{y, Tx), d{x, Ty)}

for all x, y € X and some q € [0,1). Then,

inf{d{x, u) + d{x, Sx) + d{y, Ty) + d{Sx, Ty) : x, y € X} > 0

for every u G X with u^ Su or u^Tu.

PROOF: Suppose that there exists z £ X with z ^ Sz or z ^Tz such that

inf{d{x,z) + d{x, Sx) + d{y, Ty) + d{Sx,Ty) : x, y 6 X} = 0.

Then there exist sequences {xn} and {yn} in X such that

\imo{d{xn,z) + d{xn,Sxn) + d{yn,Tyn) + d{Sxn,Tyn)} = 0.

Since d{xn,z) -> 0, d{xn,Sxn) -> 0, d{yn,Tyn) -> 0, and d{Sxn,Tyn) -)• 0, we have
{Sxn}, {Tyn} and {yn} converge to z. By (2.9), we obtain

d{Sxn,Tz) ^ q • max{d{xn,z),d{xn,Sxn),d{z,Tz),d{z,Sxn),d{xn,Tz)}

and

d{Sz, Tyn) ^ q • mzx{d{z, yn), d{z, Sz), d{yn, Tyn), d{yn, Sz), d{z, Tyn)}.

Hence we have
d{z,Tz) < qd{z,Tz) < d{z,Tz)

and
d{z, Sz) < qd{z, Sz) < d{z, Sz).

These are contradictions. Therefore, for every u € X with u ^ Su or u / Tu,

inf{d{x, u) + d{x, Sx) + d{y, Ty) + d{Sx,Ty) : x,y e X} > 0.
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3. MAIN RESULTS

THEOREM 3 . 1 . Let X be a complete metric space with a metric d and let p be
aw- distance on X. Let S and T be two mappings of X into itself satisfying (2.1),
(2.2), (2.3) and

inf{p{x, u) + p{x, Sx) + p(y,Ty) + p{Sx, Ty) : x, y <= X) > 0

for every u € X with u^ Su or uj^Tu. Then

(1) lim Snx- lim Tnx = y.
n—•oo n—foo

(2) p{Snx,y) < [g"~7(l - q)2} • a(x) for every x€X,

p{Tnx,y) < [g n ~7( l - 9)2] • a(x) for everY x£ X, and
p(Snx,Tnx) < [g"~7(l - q)] • a{x) for every xeX.

(3) 5 and T have a unique common fixed point y in X and p(y, y) = 0,

where
a(x) = p{x, x) + p{x, Sx) + p{Sx, x) + p{x, Tx) + p(Tx, x).

P R O O F : Let x € X and let xn = Snx and yn - Tnx for every n € NU {0}.
Then, by (4) of Lemma 2.3, {xn} and {yn} are Cauchy sequences. Since X is complete,
there exist v, z € X such that lim xn = v and lim yn = z. By (2.7), (2.8) and the

n-nx) n-K»

definition of a to-distance p , we obtain

(3.1) p{xn,v)^-f—fa{x)

a{x).

and

(3.2)

From

(3.3)

(3. 1), (3.2)

p(yn, z)

and Lemma 2.2, we

qn-\

" (i - q)2

have

v = z.

From (2.4), (3.1), (3.2) and (3.3), we obtain (1) and (2). To prove (3), assume that
v # Sv or v ^ Tv. Then, by (2.4), (2.5), (2.6) and (3.1), we have

0 < inf{p{x, v) + p{x, Sx) + p(y, Ty) + p(Sx, Ty) : x,y € X}

^ inf{p(xn, v) + p(xn, xn+i) +p{yn, yn+i) + p(xn+i,yn+i) : n € N}

= 0.
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This is contradiction. Therefore we have v = Sv = Tv.

To prove uniqueness, let u = Su = Tu and v — Sv = Tv. Then, by (2.3), we have
p{v, v) = p{Tv, Tv) ^ qp{v, v),

p{u, v) = p{Tu, Tv)^q- max{p(u, v),p{v, u)}

and
p{v,u) =p{Tv,Tu) ^ q-max{p{u,v),p(v,u)}.

Thus we obtain p{v, v) — p{u, v) = p{v, u) — 0. By Lemma 2.2, we have u = v. D

In Theorem 3.1, letting S — T, we have the following corollaries.

COROLLARY 3 . 2 . Let {X,d) be a complete metric space and let p be a w-

distance on X. Let T be a mapping of X into itself satisfying (2.3) and

inf {p{x, u) + p{x, Tx) + p{y, Ty) + p{Tx, Ty) : x, y £ X} > 0

for every u € X with u ^ Tu. Then

(1) \\m Tnx = y,
n-+oo

(2) p(Tnx, y) ^ {qn~l/{l - qf] • a(x) for every xeX,
(3) T has a unique fixed point y in X and p(y, y) — 0,

where
a(x) = p(x, x) + 2 [p(x, Tx) + p{Tx, x)].

COROLLARY 3 . 4 . [4] Let X be a complete metric space with metric d and

let p be a tu- distance on X. Let T be a mapping of X into itself satisfying

p{Tx, Ty)^q- max{p(x, y), p(x, Tx),p{y, Ty),p{x, Ty), p{y, Tx)}

for all x,y e X and some q € [0,1). and

mf{p{x,u)+p(x,Tx) : x € X] > 0

for every u e X with u^Tu. Then

(1) UmTnx = y,and
n

(2) T has a unique fixed point y in X and p{y, y) = 0.

COROLLARY 3 . 4 . Let X be a complete metric space with metric d and let p
be a w -distance on X. Let T be a mapping of X into itself satisfying

p{Tx,Ty)^a- {p(x,Tx) + p(y,Ty)}
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for all x, y G X and some a 6 [0,1/2). For every u € X with u^Tu, suppose

inf {p(x, u) + p(x, Tx):x€X}>0.

Then T has a unique fixed point. Moreover, if v = Tv, then p(v,v) — 0.

Since a metric d is a to-distance, in Theorem 3.1, letting S = T and from Lemma
2.4, we have the following corollaries.

COROLLARY 3 . 5 . [1] Let X be a complete metric space with metric d and
let T be a mapping from X into itself. Suppose T is a quasi-contraction, that is, there
exists q € [0,1) such that

d{Tx,Ty) ^ q • max{d(x>y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)}

for every x, y 6 X. Then T has a unique fixed point.

COROLLAR 3 . 6 . [3] Let X be a complete metric space with metric d, and let
T be a mapping from X into itself. Suppose T is Kannan mapping, that is, there exists
a € [0,1/2) such that

d(Tx,Ty) ^ a{d(x,Tx)+d{y,Ty)}

for all x,y e X. Then T has a unique fixed point.

THEOREM 3 . 7 . Let (X, d) be a complete metric space and let p beaw- distance
on X. Let S and T be two mappings of X into itself and let ip : X -> [0, oo) be a
mapping such that

(i) max|p(Sx, S2x),p(Tx, T2x) j s$ q • tp{x)

for every x € X and some q € [0,1),

(ii) sup( . , ffi , ^ ̂  : x € X\ < i,
V ' y\mm[p(x,Sx),p(x,Tx)] J q'

and

(iii) inf {p(x,u) + p(x, Sx) + p{y,Ty) : x,y € X} >0

for every u 6 X with u / Su or u ^ Tu. Then S and T have a common fixed point

in X.

PROOF: Let

, , }} , rr
mm[p{x,Sx),p(x,Tx)]

=xe x\J
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and k = (3q. By (i) and (ii), we obtain

(3.4) p(Sx, S2x) ^ kp(x, Sx)

and

(3.5) p(Tx,T2x) ^ kp(x,Tx)

for all x € X and some k 6 [0,1). Let x, y 6 X and define xn — Snx and yn = T"j/
for all n e N. Then, from (3.4) and (3.5) we have

(3.6) p(xn,xn+i) < kp(xn-i,xn) ^ ••• ^ kn~1p(xi,x2)

and

(3.7) P{yn,yn+i) < kp(yn_i,yn) ^ ••• ^ kn~1p{yi,y2),

for all n € N. Let n and m be any natural numbers such that n < m. Then, from
(3.6), (3.7) we get

(3.8) p{xn, xm) ^ p(xn, xn+i) H h p(xm_i, xm)
m—n—1

= X ] P(xn+i,Xn+i+l)
i=0

m—n—1

^ J2 kn+i-1p(xux2)
t=0

" ( 1 - * )

and similarly

(3-9) p(yn,ym) ^ j 3 ^

By Lemma 2.2, {xn} is a Cauchy sequence. Since X is complete, {xn} converges to
some point u € X. Then since {xn} converges to u and p(xn, •) is lower semicontinu-
ous, from (3.8) we have

(3.10) p{xn,u)^ lim infp(xn,xm) ^ T- 1-rp(xi,x2).
m—*co ^1 — K)
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Assume that u / S u o r u ^ Tu. Then, by (iii) of Theorem 3.7, (3.8), (3.9) and (3.10),
we have

0 < inf {p(x, u) + p(x, Sx) + p(y, Ty) : x,y e X}

< inf{p(xn,u) + p(xn,xn+i) + p(yn,j/n+1) :n€iV}

^ inf j p(xux2) + kn-1p(xi,x2) + kn-lp{yx,y2):n£N\

{ 2 — k )

,1_kMxi,x2)+p(y1,y2)\ inf {A;""1 :neJV}= 0.

This is a contradiction. Therefore we have u = Su = Tu. D

From Theorem 3.7, we have the following corollaries

COROLLARY 3 . 8 . Let (X,d) be a complete metric space and let p be a w-
distance on X. Let S and T be two mappings of X into itself satisfying (iii) of
Theorem 3.7,

(iv) max/ p(Sx,S2x),p(Tx,T2x)\

for all x € X and some q € [0,1),

fmax[p(x,5x),p(x,52x),p(x,Tx),p(x,r2x)]
S U P l min[p(x,Sx),p(x,Tx)] ''%

Then S and T have a fixed point in X.

PROOF: Put

ip{x) = max[p(x,Sx),p(x,52x),p(x,Ta;),p(xIT
2x)]

for all x € X. The result follows by Theorem 3.7. D

COROLLARY 3 . 9 . [4] Let X be a metric space with metric d and let p be a
w -distance on X. Let T be a mapping of X into itself satisfying

p(Tx,T2x) < q • max{p(x,rx),p(x,7l2x)}

for all x € X and some q € [0,1),

fP(x,r2x)i I
sup i —^———.f > < -
x65f I p(x,Tx) J q
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and
inf{p(x,u) + p(x,Tx) : x e X) > 0

for every u £ X with u ^ Tu. Then T has a unique fixed point. Moreover, if v = Tv,

then p(v,v) = 0.

COROLLARY 3 . 1 0 . [2] Let X be a complete metric space, let p be a w-

distance on X and let T be a mapping from X into itself. Suppose that there exists

r € [0,1) such that
p(Tx,T2x) ^r-p{x,Tx)

for every x € X and that

inf{p(x, y) + p(x,Tx) : x e X) > 0

for every y € X with y ^Ty. Then T has a unique fixed point. Moreover, if v ~Tv,

then p(v,v) — 0.
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