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THE HEIGHT OF TWO-DIMENSIONAL COHOMOLOGY
CLASSES OF COMPLEX FLAG MANIFOLDS

BY

S. ALLEN BROUGHTON, MICHAEL HOFFMAN AND WILLIAM HOMER

ABSTRACT. For a parabolic subgroup H of the general lincar
group G = Gl(n, C), we characterize the Kihler classes of G/H and
give a formula for the height of any two-dimensional cohomology
class. As an application, we classify the automorphisms of the
cohomology ring of G/H when this ring is generated by two-
dimensional classes.

1. The flag manifolds. For any sequence ny, n,, ..., n, of positive integers
with n,+n,+---+mn=n, let F(n,, ns, ..., n) be the space of flags 0= po<
pi<---<p=C" in C" with dim p; —dim p; ., =n;. Then F(n,, n,, ..., n) can
be considered as the quotient of Gl(n, C) by a parabolic subgroup, and thereby
has the structure of a complex manifold of complex dimension Y., n.n,.
In this paper we determine the heights of all elements of
H*(F(ny, no, ..., n); Z)

Lets;=n,+- -+ +n. Then for 1 =j=I, we have canonical s;-plane bundles &
over F(ny, n,, ...,m). We put x,=c,(§), x;=c(§)—c(§_)) for 2=j=I
Then H*(F(ny, n,, ..., n);Z) is generated by x,, x,,...,x, with the single
relation X, +x,+---+x=0. (For a complete description of
H*(F(ny, no, ..., n); Z), see [1].)

If ¢}, 15, ..., 4 1s a subsequence of 1,2, ..., [ with ¢, = [, then there is a map

v:F(ny,ny, . ..,n)—>Fm,m,, ..., m), m=s_—s

t N

sending p;<p,<-:-p to p,<p,<---<p,. Let &,..., & be the canonical

bundles over F(m,, m,, ..., m), x},...,x; the corresponding generators of
2

H(F(my, my, ..., my); Z).

ProposITION 1.1. The map ¢ is holomorphic. Further, * is injective and sends
xjtox, . +-- X,

Proof. Since both F(n, n,,...,n) and F(m,, m,, ..., my) are quotients of
Gl(n,C) and the map ¢:F(n, n,, ..., n)— F(m,, m,, ..., m) is induced by
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the identity on Gl(n, C), we see ¢ is holomorphic. In fact ¢ is a fibration, and
since its Serre spectral sequence collapses (for degree reasons), ¢* is an
injection. Finally, we note that the bundle &} pulls back by ¢ to the bundle &,
and hence
b*(xf) = L*Cl(ff)_ L*Cn(ff--x)
=c(§) -l )

= xni +1 +xL|,|+2+ T +xl,,
by naturality of Chern classes.

2. Kihler classes. Let M be a complex manifold. We call a cohomology
class ue H*(M;Z) Kihler if it projects to a Kihler class in H*(M:C). We
summarize some facts about Kihler classes in the next result.

PrROPOSITION 2.1. Let M be a Kdhler manifold of complex dimension d, and
suppose u € H*(M; Z) is Kdhler.

1. The cohomology class u has height d in H*(M;Z).

2. If f:N— M is a holomorphic embedding, then f*u is Kdhler.

3. If ve HX(M;Z) is also Kdhler, then u + v is Kdhler.

Proof. For (1) and (2), see [4] or [7]. For (3), note that if M has Kahler
classes u and v, then M x M has Kahler class u®1+1Qwv; this goes to u+uv
under the map induced by the diagonal embedding M — M XM, so u+v is
Kihler by (2).

We shall obtain a formula for the height of elements of
H*(F(n,, n,, . ..,n);Z) by showing certain elements of H*(F(n, n,, ..., n);
Z) are Kihler.

The flag manifold F(n,, n,) is the Grassmannian of n;-planes in C""", The
next result describes the Kahler classes in H*(F(ny, n,); Z).

PROPOSITION 2.2. If a>0, then ax,=—ax, € H*(F(n,, n,); Z) is Kdhler.

Proof. The flag manifold F(1, N) is just the N-dimensional complex projec-
tive space. Let &; be the canonical line bundle over F(1, N), and x} the
corresponding generator of H*(F(1, N);Z). Then F(1, N) is known to have
Kihler class —x} (in fact —x/ projects to the class in H*(F(1, N); C) induced by
the Fubini-Study metric on F(1, N): see [7, p. 218]). Now the Pliicker embed-
ding

F(n, ny) —F(I,N), N= (”‘: "2)— 1
1
pulls back the line bundle &) to the line bundle A™¢&, over F(n,, n,): thus, x}
pulls back to x, e H*(F(n,, n,); Z) by naturality of Chern classes. By (2) of 2.1,
—x, is Kihler; so —ax, is Kahler for any a>0 by (3) of 2.1.
Now we can show certain classes in H*(F(n,, n,, . . ., ny); Z) are Kahler: this
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will in fact turn out to be a complete description of Kihler classes of
F(nl? n27 L] nl)'

THEOREM 2.3. A cohomology class a;x,+- - -+ ax,€ H(F(ny, ny, ..., n); Z)
is Kdhler if a,<a,<---<a,

Proof. For each 1=j=1[~-1, there is a map
F(ny, ny, ..., m)— F(s, n—s;)

given by picking out the jth subspacc in the flag. We denote the generators of
H?(F(s,n—s,);Z) by x{’,x¥. (Of course x{"=—x%.) Then thc product of
these maps,

-1
F(nlv nZa"';”l)_—’H F(Sj7n’7si)’

j=1

is a holomorphic embedding. By 1.1, x¥’ pulls back to x;,;+ .o+ -+ x. It

follows that a,x, +- - -+ aux is Kahler, since it is the pullback of
-1 . [—-1
Y (a —aj)xg)eHz(H F(s, n— 3,-);Z>.
j=1 j—1

(We use the relation x; +x,+---+x=0.)

3. Height formula and applications. We use Theorem 2.3 to prove the follow-
ing formula for the height of elements of H*(F(n,, n,, ..., n);Z).

Tueorem 3.1. For
a Xyt axx, +- -t ax eHz(F(nl, Mo, ..., ) Z),
let {b; < b,<<---<b.} be the set of distinct values taken on the by the a,, and let

m= . n, l=j=k.
a,=b;

Then the height of a,x,+- - -+ ax; is

S mm,

P<q
Proof. For any permutation ¢ of 1,2,..., [ there is a homeomorphism
F(n, ), Hy2)s -+ - s nu(t))—‘)F(nh Hay ..., 1)

which permutes the x; in cohomology. Thus, we can assume a;=da, =<' =a,.
If we put t, =order of {t|a,<b,}, then the map

v:F(ny,ng, oo m) — F(my, mo, oo, my)
of 1.1 has the property

Hbyxh 4 b)) =axg -+ ax,
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Now b;x}+---+bx} is Kidhler by 2.3, hence of height
dimc F(my, m,, ..., m)= Z m,m,
p<q
in HY(F(m,, ms, ..., m);Z): since «* is an injection, a,;x,~+- - -+ ax must
have the same height in H*(F(ny, n,, ..., n);Z).

COROLLARY 3.2. Any Kiihler class in H*(F(ny, n,, . .., n); Z) must be of the
form given in Theorem 2.3.

Proof. Any Kihler class
u=a;x,++axeHF(n, n,, ..., n);2Z)

must have maximal height in H*(F(n,, n,,...,n);Z), so by the previous
result the coeflicients a; must all be distinct. Suppose now that the coeflicients
are not in ascending order: let a; > a;,,. Choose a strictly increasing sequence
b, <b,<-:-<b with b;=a;,, and b;,, = q;. Then

v=bx,+ - +bx e H(F(n,, n,,....n);7Z)

is Kahler by 2.3. If u is Kahler, then u+v is Kiahler by 2.1: but this is
impossible, since the coefficients of x; and x;,; in u+v are the same.

Let F(1"™™ m) denote F(n,, n,,...,n) with n,=n,=---=n_;=1 and
n; = m. Then 3.1 gives us the following result.

COROLLARY 3.3. Let
A Xgyt+ - Faxo€ HH(F(A" ™ m); Z), t=n—m.

where o is a permutation of 1,2,...,n (if m=1) or of 1,2,...,n—m (if
m=2) and a,,...,a#0. Then

: t
th—1)=< height( D aix(,<j)> =tn—1t)+ <2>
=1
with the lower bound attained if and only if all the a; are equal, and the upper
bound attained if and only if all the a; are distinct.

Proof. Let by, by, ..., b, be as in 3.1: one of the b; is zero (since t=n—m),
say b,. Then
mitmy+--+m_+tm + o tm =t

and m, = n—1t. Applying 3.1,

height(Z ajxrr(i)>: Z my,mg = M, Z my, + Z My
=1

p<q p#r p<da
p.a#*r

=(n—-0t+ ), mym,
p=<dq
p.a¥#r

https://doi.org/10.4153/CMB-1983-080-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1983-080-3

502 S. A. BROUGHTON, M. HOFFMAN AND W. HOMER [ December

Since

t
0= Z m,m, = <2)

p=<q
p.qFr

with the minimum attained precisely when there are no terms in the sum (i.e.,
all the g; are equal) and the maximum attained precisely when m, = 1 for p#r,
the conclusion follows.

From the preceding result it follows that any ue H*(F(1" ™, m);Z) with
u" =0 is of the form ax;. This fact is proved in [5] for the case m =n—m, and
in [6] and [2] for the case m = 1. It is used in [5] to classify automorphisms of
H*(F(1" ™, m);Z) for m =n— m. Since 3.3 removes the restriction m =n —m,
the argument of [S5] gives immediately the following.

COROLLARY 3.4. Any automorphism of H*(F(1" ™™, m): Z) has the form
X = €Xp(, l=j=n—m.

where ¢ = x1 and o is a permutation of 1,2,...,n (if m=1) orof 1,2,...,
n—m (if m=2).

REMARK. The same result holds for rational coefficients, provided ‘e = £1"
is replaced by “e#0”. It then follows that the manifolds F(1™ ™", m) are all
generically rigid, by the main result of [3].
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