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Poisson Brackets with Prescribed Casimirs
Dedicated to Giuseppe Marmo, on the occasion of his 65-th birthday.

Pantelis A. Damianou and Fani Petalidou

Abstract. 'We consider the problem of constructing Poisson brackets on smooth manifolds M with
prescribed Casimir functions. If M is of even dimension, we achieve our construction by considering a
suitable almost symplectic structure on M, while, in the case where M is of odd dimension, our objec-
tive is achieved using a convenient almost cosymplectic structure. Several examples and applications
are presented.

1 Introduction

A Poisson bracket on the space C*°(M) of smooth functions on a smooth manifold
M is a skew-symmetric, bilinear map,

{-, - }: C¥(M) x C®(M) — CZ(M),

that verifies the Jacobi identity and is a biderivation. Thus, (C*° (M), { -, - }) has the
structure of a Lie algebra. This notion has been introduced in the framework of clas-
sical mechanics by S. D. Poisson, who discovered the natural symplectic bracket on
R2" [27], a notion that was later generalized to manifolds of arbitrary dimension by S.
Lie [23]. The increased interest in this subject during the 19th century was originally
motivated by the important role of Poisson structures in Hamiltonian dynamics. It
has been revived in the last 35 years, after the publication of the fundamental works
of A. Lichnérowicz [21]], A. Kirillov [14], and A. Weinstein [31]], and Poisson ge-
ometry has emerged as a major branch of modern differential geometry. The pair
(M,{-, -}) is called a Poisson manifold and is foliated by symplectic immersed sub-
manifolds, the symplectic leaves. The functions in the center of (C*°(M),{-, - }),
i.e., the elements f € C>°(M) such that {f, -} = 0, are called the Casimirs of the
Poisson bracket { -, - }, and they define the space of first integrals of the symplectic
leaves. For this reason, Casimir invariants have acquired a dominant role in the study
of integrable systems defined on a manifold M and in the theory of the local structure
of Poisson manifolds [31]].

To introduce the problem we remark that, for an arbitrary smooth function f on
IR?, the bracket

9 B
(1.1) {x,y} = a%; {x,z} = —a—y, and {y,z} = 879]2
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is Poisson and admits f as Casimir. Clearly, if 2 = dx A dy A dz is the standard
volume element on R?, then the bracket (I.I)) can be written as

{x,y}Q=dxndy Ndf, {x,z2}Q=dxANdzNdf, {y,z2}Q=dyANdzNdf.

More generally, let fi, f2,..., fi be functionally independent smooth functions on
R™*2 and let Q be a non-vanishing (I + 2)-smooth form on R™2. Then the formula

(1.2) {g,W}Q = fdgndh Ndfy A---Ndf,, g heCOR"™?),

defines a Poisson bracket on R'*? with f;, ..., f; as Casimir invariants. In addition,
the symplectic leaves of (I.2)) have dimension at most 2. The Jacobian Poisson struc-
ture (T2)) (the bracket {g, h} is equal, up to a coefficient function f, with the usual
Jacobian determinant of (g, h, fi, ..., fi)) appeared in [4] in 1989 where it was at-
tributed to H. Flaschka and T. Ratiu. The first explicit proof of this result was given
in [[12], while the first application of formula was presented in [4,[5] in con-
junction with transverse Poisson structures to subregular nilpotent orbits of gl(#, C),
n < 7. It was shown that these transverse Poisson structures, which are usually com-
puted using Dirac’s constraint formula, can be calculated much more easily using the
Jacobian Poisson structure (I.2). This fact was extended to any semisimple Lie alge-
bra in [8]]. In the same paper it was also proved that, after a suitable change of coordi-
nates, the above referred transverse Poisson structures is reduced to a 3-dimensional
structure of type (I.I)). We believe that for the other type of orbits, e.g., the minimal
orbit and all the other intermediate orbits, one can compute the transverse Poisson
structures using the results of this paper. However, this study will be the subject of a
future work. Another interesting application of formula (L.2) appears in [26], where
the polynomial Poisson algebras with some regularity conditions are studied. We also
mention the study of a family of rank 2 Poisson structures in [1]].

The purpose of this paper is to extend the formula of type (I2)) in the more general
case of higher rank Poisson brackets. The problem can be formulated as follows:

Given (m — 2k) smooth functions fi,..., fu—ok on an m-dimensional smooth
manifold M, functionally independent almost everywhere, describe the Poisson
brackets{ - , - } on C°° (M) of rank at most 2k that have fi, ..., fin—ak as Casimirs.

First, we investigate this problem in the case where m = 2n, i.e., M is of even di-
mension. We assume that M is endowed with a suitable almost symplectic structure
wyp, and we prove that (Theorem B3] a Poisson bracket { -, - } on C*°(M) with the
required properties is defined, for any h;, h, € C>°(M), by the formula

k—2

“o
—2)!

(k

1
{02 = by A i (a+ kf 1w0> A ANAfi A A dfona,
where Q = w{j/n! is a volume element on M, f satisfies f> = det ({f;, fj},) # 0
({-, - }, being the bracket defined by wy on C*°(M)), o is a 2-form on M satisfying

certain special requirements (see Proposition 2.7)), and ¢ = i AUO’ We proceed by

! A being the bivector field on M associated to wp.
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considering the case where M is an odd-dimensional manifold, i.e., m = 2n + 1,
and we establish a similar formula for the Poisson brackets on C°°(M) with the
prescribed properties. For this construction, we assume that M is equipped with

a suitable almost cosymplectic structure (9, ©p) and with the volume form Q =
=

Yo A ~¢. Then we show that (Theorem [3.7) a Poisson bracket { -, - } on C>(M)
with fi, ..., fans1—2k as Casimir functions is defined, for any h;, h, € C*°(M), by the
formula
(I, 1)Q = —dhy A diy A (mL@ ) /\ﬂ/\df Ao Adf

1, Ml = 7 1 2 10 k- 2)] 1 2n+1—2k>

where f is given by (B.11)), o is a 2-form on M satisfying certain particular conditions
(see, Proposition[3.6]), and g = iAooH.

The proofs of the main results are given in Section 3. Section 2 consists of prelim-
inaries and fixing the notation, while in Section 4 we present several applications of
our formule on Dirac brackets, on brackets associated with nonholonomic systems,
and on Toda and Volterra lattices.

2 Preliminaries

We start by fixing our notation and recalling the most important notions and for-
mule needed in this paper. Let M be a real, smooth, m-dimensional manifold, let
TM and T*M be its tangent and cotangent bundles resepctively, and C*°(M) the
space of smooth functions on M. For each p € Z, we denote by V*(M) and 2 (M)
the spaces of smooth sections, respectively, of A’ TM and A’ T*M. By convention,
we set VP(M) = QP (M) = {0}, for p < 0, V'(M) = Q°(M) = C>°(M), and, tak-
ing into account the skew-symmetry, we have VP (M) = QP(M) = {0}, for p > m.

Finally, we set V(M) = @, ., V(M) and QM) = P, ., QP (M).

pEL peEL

2.1 From Multivector Fields to Differential Forms and Back

There is a natural pairing between the elements of (M) and V(M), i.e., a C* (M)-bi-
linear map (-, - ): QM) x V(M) — C*(M), (n, P) — (n, P), defined as follows.

For any n € QM) and P € VP(M) with p # q, (n,P) = 0; for any f,g €
QUM), (f,g) = fg; whileifn =g Am A=A np € (M) is a decomposable
p-form (n; € Q' (M) and P=X; AXa A--- A X, is a decomposable p-vector field
(X; € VI(M)),

MP)y=(mAmA- A1y, Xi AXp A+ AX,p) = det((n;, X;)).

The above definition is extended to the nondecomposable forms and multivector
fields by bilinearity in a unique way. Precisely, for any € QP (M) and X,...,X, €
VM),

<77,X1 /\X2 JANEER /\Xp) = ?’](Xl,Xz, e 7)(p).

2 Ao being the bivector field on M associated to (1, Oy).
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Similarly, for P € V?(M) and 1,1, ..., 1, € Q' (M),

(M A A Anp, Py =P, M2, -, 1p)-

We adopt the following convention for the interior product ip: QM) — Q(M)
of differential forms by a p-vector field P, viewed as a C*°(M)-linear endomorphism
of Q(M) of degree —p. If P = X € V!(P) and ) is a g-form, ix7 is the element of
Q171(M) defined, for any X, ..., X,—; € V'(M), by

(iXT])(Xh s an—l) = n(X7X15 s an—l)-
IfP=X; AX; A---AX,isadecomposable p-vector field, we set
ipT] = in/\X2/\.../\XP77 = inin e iXPT].

More generally, recalling that each P € V?(M) can be locally written as the sum of
decomposable p-vector fields, we define as ipn), with n € Q9(M) and g > p, to be the
unique element of Q97?(M) such that, for any Q € VI~?(M),

(2.1) (ipn, Q) = (=1)P=VP/2( P A Q).

While, if p > g, we define ipn = 0.

Similarly, we define the interior product j,: V(M) — V(M) of multivector fields by
ag-formn. Ifn = a € QY(M) and P € V?(M), then j,P is the unique (p — 1)-vector
field on M given, for any oy, ..., a1, by

(jap)(ah o 704[)71) = P(alv ey apfh Oé)
Moreover, if n = a; A ay A -+ - A o is a decomposable g-form, we set

]',]P = jal/\az/\---/\aqp = o Joy - - - jaqR

Hence, using the fact that any € Q4(M) can be locally written as the sum of de-
composable g-forms, we define j, to be the C*°(M)-linear endomorphism of V(M)
of degree —q that associates, with each P € V(M) (p > q), the unique (p—g)-vector
field j,P defined, for any { € QP~1(M), by

<C7jnP> = <CA7LP>'

If the degrees of i) and P are equal, i.e., ¢ = p, the interior products j,P and ip7 are,
up to sign, equal:
jnP = (=) VP ipy = (n, P).
The Schouten bracket [ -, - ]: V(M) x V(M) — V(M), which is a natural extension
of the usual Lie bracket of vector fields on the space V(M) [10}[16], is related to

the operator i through the following useful formula due to Koszul [16]. For any
P e VP(M)and Q € VI(M),

(2.2) ipq = | lir,dl,iq),
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where the brackets on the right-hand side of (2.2)) denote the graded commutator
of graded endomorphisms of {2(M), i.e., for any two endomorphisms E; and E, of
Q(M) of degrees e; and e, respectively, [Ei, E;] = E; o E; — (—1)9“E, o E;. Hence,
we have

(2.3) ipqg =ipodoig—(—1)!doipoiq
— (=) Mjg0ipod+ (—1)P VI Pisodoip.

Furthermore, given a smooth volume form {2 on M, i.e., a nowhere vanishing ele-
ment of 2" (M), the interior product of p-vector fieldson M with 2, p = 0,1,...,m,
yields a C*>°(M)-linear isomorphism ¥ of V(M) onto (2(M) such that, for each de-
gree p,0 < p < m,

U: VE(M) — Q" P(M)
P s U(P) = Up = (—1)PVP25,0.

Its inverse map U—1: Q"~F(M) — VP(M) is defined, for any n € Q™ ?(M), by
U1 = jn§~2, where € denotes the dual m-vector field of Q, ie, (Q, S~2> = 1.
By composing ¥ with the exterior derivative d on (M) and ¥~!, we obtain the
operator D = —U~! o d o ¥ which was introduced by Koszul [16]. One should
notice that D does not depend on the volume form chosen. It is of degree —1 and of
square 0 and it generates the Schouten bracket. For any P € V?(M) and Q € V(M),

(2.4) [P,Ql = (=1)*(D(PAQ) = D(P) AQ — (=1)’P A D(Q)).

2.2 Poisson Manifolds

We recall the notion of Poisson manifold and some of its properties whose proofs may
be found, for example, in [[10,20,28].

A Poisson structure on a smooth manifold M is a Lie algebra structure on C*°(M)
whose the bracket { -, - }: C*°(M) x C*®°(M) — C°°(M) verifies the Leibniz’s rule:

{f.gh} ={f.gth+g{f,h}, Vf,gheCT(M).

In [21]], Lichnérowicz remarks that { - , - } gives rise to a contravariant antisymmet-
ric tensor field A of order 2 such that A(df,dg) = {f, g}, for f,g € C>(M). Con-
versely, each such bivector field A on M gives rise to a bilinear and antisymmetric
bracket { -, -} on C*(M), {f,g} = A(df,dg), f,g € C>°(M). This bracket sat-
isfies the Jacobi identity, i.e., for any f,g,h € C*(M), {f,{g, h}} + {g, {h, f}} +
{h,{f,g}} = Oifand onlyif [A, A] = 0, where [ -, - ] denotes the Schouten bracket
on V(M). In this case A is called a Poisson tensor and the manifold (M, A) a Poisson
manifold.

As was proved in [12]], a consequence of expression (2.3)) of the Schouten bracket
is that an element A € V2(M) defines a Poisson structure on M if and only if

2ipy0dWy +dWUy, =08

3Since we have adopted a different convention of sign for the interior product i, condition differs up to
a sign from the one in [12].
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Equivalently, using formula (2.4) and the fact that, for any P € V#(M),
Ul oip=(—1)PIP2p AT,
the last condition can be written as
(2.5) 2AAND(A) = D(A A A).

Given a bivector field A on M, we can associate it with a natural homomorphism
A*: QY (M) — VI(M), which maps each element o of Q! (M) to a unique vector field
A*() such that, for any 3 € Q'(M),

{a A B,A) = (B,A(a)) = A, B).

If « = df, for some f € C®°(M), the vector field A*(df) is called the hamiltonian
vector field of f with respect to A and is denoted by X;. If A is a Poisson tensor,
the image ImA* of A* is a completely integrable distribution on M and defines the
symplectic foliation of (M, A) whose space of first integrals is the space of Casimir
functions of A, i.e., the space of the functions f € C® (M) such that A*(df) = 0.

Moreover, A* can be extended to a homomorphism, also denoted by A*, from
QF (M) to V?(M), p € N, by setting, for any f € C®°(M), A*(f) = f, and, for any
(€ Q’(M)and ay,..., o, € Q' (M),

(2.6) A (O(ary. o ap) = (FDPC(A (@), Aey) -

Thus, A*(¢ An) = A*(C) A A*(n), for all n € Q(M). When Q(M) is equipped with
the Koszul bracket { -, - } defined, for any ¢ € Q(M) and ) € Q(M), by

(2.7) {¢n} = EDP(AC AN — A An— (1P A A®),

where A = iy od — d o iy, A" becomes a graded Lie algebra homomorphism. Ex-
plicitly,
A (f¢n}) = [AYO. A ()],

where the bracket on the right-hand side is the Schouten bracket.

Example 2.1 Any symplectic manifold (M, wy), where wy is a nondegenerate closed
smooth 2-form on M, is equipped with a Poisson structure A defined by wy as fol-
lows. Define the tensor field A, to be the image of wy by the extension of the iso-
morphism A§: Q'(M) — V'(M), (inverse of wy: V(M) — Q'(M), X — wg(X) =
—wo(X, +)), to Q*(M), given by [2.6).

2.3 Decomposition Theorem for Exterior Differential Forms

In this subsection, we begin by reviewing some important results concerning the de-
composition theorem for exterior differential forms on almost symplectic manifolds.
The complete study of these results can be found in [[18}20].
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Let (M, wp) be a 2n-dimensional almost symplectic manifold, i.e., wy is a nonde-
generate smooth 2-form on M, Ay the bivector field on M associated with wy (see
Example2.T), Q = < the corresponding volume form on M, and Q = % the dual
2n-vector field of Q. We consider the isomorphism x = WoA}: QP (M) — Q*"~P(M)
given, for any ¢ € QF(M), by

# (p—1)p/2 : wy
(2.8) *p = (Wo A (@) = (=1 VPP igs ).
Remark 2.2 In order to be in agreement with the convention of sign adopted in
(2.0 for the interior product, we make a sign convention for * different from the one
given in [20].

The (2n — p)-form * is called the adjoint of ¢ relative to wy. The isomorphism *
has the following properties:

(i) ** = Id, which implies that
(2.9) UoAj :Ag_l o UL,
(ii) Forany ¢ € QP(M) and ¢ € QI(M),

_ . wy
(2.10) *(p Ap) = (—1)ra-Dierd/2 lAg@)/\Ag(w)nf?

_ (_1)(p—1)P/2 iAé(q:)(* ) = (—1)Pq+(‘1_1)‘1/2iA3(¢)(*<p).

(iii) Forany k < n,
wk wgfk

K -k

Definition 2.3 A smooth form 1) € (M) such that ix,9) = 0 everywhere on M is
said to be effective. On the other hand, a smooth form ¢ on M is said to be simple if
it can be written as

k
_ “o
where 1) is effective.
Proposition 2.4 The adjoint of an effective differential form 1) of degree p < n is
n—p

s — (—1)P(P+D/2 “o
Y= Oy A

The adjoint x @ of a smooth (p + 2k)-simple form ¢ = 1 A %‘? is

n—p—k
“o

_(_ (p+1)/2
(2.11) o= (CDIRY A L
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Theorem 2.5 (Lepage’s Decomposition Theorem) Every differential form ¢ €
Q(M) of degree p < n may be uniquely decomposed as the sum

q
“o

80:¢p+¢p—2/\w0+"'+¢p—2q/\?7

with q < [p/2] ([p/2] being the largest integer less than or equal to p/2), where, for
s=0,...,q, the differential forms 1), _, are effective and may be calculated from o by
means of iteration of the operator i,,. Then its adjoint xp may be uniquely written as

the sum
— (_1\P(p+D)/2 _ “o
O e e s
(n—p)! wgfp
1\ r’ q
+(=1) (n_pw)!%_wwo) N

We continue by indicating the effect of operator * on Poisson structures. Since
A QP(M) — VP(M), p € N, defined by (2.6), is an isomorphism, any bivector
field A on (M, wp) can be viewed as the image A} (o) of a 2-form o on M by A§. We
want to establish the condition on o under which A = Af(o) is a Poisson tensor. For
this reason, we consider the codifferential operator 6 = *dx introduced in [18], which
is of degree —1 and satisfies the relation 2 = 0. We remark that

S GoA odoWo! B A ol odoWoA! = A} oDo Al
whence we obtain
(2.12) Ajo§=—DoAj.
Lemma 2.6 For any differential form ¢ on (M, wy) of degree p < n,
(2.13) Q) = A+ Q).
Proof We have
MO B A o wo (O B A oA 0w 1(0) = T1(0). n

Proposition 2.7 Using the same notation, A = A} (o) defines a Poisson structure on
(M, wy) if and only if

(2.14) 20 N6(o) = 6(o A o).

Proof We have seen that A is a Poisson tensor if and only if (2.5)) holds. But, in our
case A = Aj(0),s0 A A A = Aj(o A o), and A} is an isomorphism. Therefore,

2AAD(A) = D(AAA) < 205 (0) A(Do A)) (o) = (Do A} (o Ao)

CD 2At0) A AL(G0) = —AL(S(0 A o))
<20 ANd(o) =0(o ANo),

and we are done. [ ]
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Remark 2.8 Brylinski [2] observed that when the manifold is symplectic, i.e.,
dwy = 0, § is equal up to sign to A = ip, od — d o ip,. Then, in this frame-
work, Z14) is equivalent to {o,0}, = 0, ({ -, - }, being the Koszul bracket (Z.7)
associated with Ag), which means that o is a complementary 2-form on (M, A¢) in
the sense of Vaisman [29]].

3 Poisson Structures with Prescribed Casimir Functions

Let M be a m-dimensional smooth manifold and let fi,. .., f,,—2 be smooth func-
tions on M that are functionally independent almost everywhere. We want to con-
struct Poisson structures A on M having symplectic leaves of dimension at most 2k
that have as Casimirs the given functions fi, f5, ..., fu—2k We start by discussing
the problem on even-dimensional manifolds. In the next subsection we extend the
results to odd-dimensional manifolds.

3.1 On Even-dimensional Manifolds
We suppose that dim M = 2n and begin our study with the following lemma.

Lemma 3.1 Given (M, fi,..., fan—ok) With fi, ..., fan_ok functionally independent
almost everywhere on M, then there exists, at least locally, Ay € V?(M) with rank A, =
2n such that

(dfi A~ Ndfon—ak, AyF) # 0.
Proof In fact, let p € M and let U be an open neighborhood of p such that

fis- .-, fan—2k are functionally independent at each point x € U. That means that
dfi N+ Ndfay—ok(x) # 0 on U. We select 1-forms f,..., Sy on U so that
(dfi,...,dfon—2k, 51, .., Bax) become a basis of the cotangent space at each point

of U. Let (Yy,...,Y24—2k,Z1,...,Z) be a family of vector fields on U dual to
(dfl, - 7df2n72k7 517 ey sz). That is, they satisfy dﬁ(Y]) = (51']', Bi(Zj) = 6ij) and
all other pairings are zero. We consider the bivector field

n—k k
Ay = ZYZi—l AYyi + ZZZj—l N Zyj,
i-1 =1

which is of maximal rank on U. It is clear that

n—k

Ag
<dfl/\/\df2n_2k,m>—l¢0 .
Now consider (M, fi,..., fan—2k) and a nondegenerate bivector field Ay on M
such that
(3.1) f= <df A Ad ok A > :< B AAX > #0
. 1 2n—2k; (n—k)! (n— k)l fi Jon—2k

on an open and dense subset U of M. In (B.I)), wy denotes the almost symplectic
form on M defined by Ay, and Xj; = Aj(df;) are the hamiltonian vector fields of f;,
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i=1,...,2n— 2k, with respect to Ag. Let D = (Xy,..., X, ,,) be the distribution
on M generated by X, i = 1,...,2n — 2k, D° its annihilator, and orth,, D the
symplectic orthogonal of D with respect to wy. Since det({f;, f;},) = f* # 0on U,
D, = DN T:M is a symplectic subspace of T,,M with respect to wy_ at each point
x € U. Thus, T;M = D, @ orth,, Dy = D, & A{ (D), where Dy = D° N Ty M and
TiM = DY @ (A] (Dg))° = Dy @ (dfi,...,dfan—2x)x Finally, we denote by o the
smooth 2-form on M that corresponds, via the isomorphism Af, to an element A of
Vi(M).

Proposition 3.2 Under the above assumptions, a bivector field A on (M, wy) of rank
at most 2k on M admits as unique Casimirs the functions fi, ..., fan—2k if and only if
its corresponding 2-form o is a smooth section of \* D° of maximal rank on .

Proof Effectively, forany f;,i =1,...,2n — 2k,

(3.2) Adfi, -) =0 & Aj(0)(dfi, -) = 06 o(X;, Aj(+)) =0,
Thus, fi,..., fan—2k are the unique Casimir functions of A on U if and only if the
vector fields Xy, ..., Xy, _,, with functionally independent hamiltonians on U gen-

erate ker 0, i.e,, for any x € U, D, = ker UZ. The last relation means that o is a section
of A* D° of maximal rank on U. [ |

Still using the same notation, we can formulate the following main theorem.

Theorem 3.3 Let fi,..., fan_ak be smooth functions on a 2n-dimensional differen-
tiable manifold M that are functionally independent almost everywhere, let wy be an
almost symplectic structure on M such that (3.1 holds on an open and dense subset U
of M, Q = wl /n! the corresponding volume form on M, and let o be a section of/\2 D°
of maximal rank on U that satisfies @14). Then the (2n — 2)-form

k—2

1
(33 @= —?<a+ To0) A gy AR A A dfaa

where f is given by B1) and g = ij,0, corresponds, via the isomorphism W™, to
a Poisson tensor A with orbits of dimension at most 2k for which fi,..., fru_ox are
Casimirs. Precisely, A = A} (o) and the associated bracket of A on C>°(M) is given, for
any hy, hy € C*(M), by

k—2

1
(3.4) {h, )0 = —?dhl/\dhz/\(cr+k§ 1wo) A (]:"i 35 AR Adfor

Conversely, if A € V*(M) is a Poisson tensor of rank 2k on an open and dense subset U
of M, then there are 2n — 2k functionally independent smooth functions fi, ..., fan—ak
on U and a section o of \> D° of maximal rank on U satisfying I4A) such that U,
and { -, - } are given, respectively, by and (BA4).
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Proof We denote by Q= % the dual 2n-vector field of Q2 on M, and we set A =
joS). Forany f;,i =1,...,2n — 2k, we have

N (df) = —japh = —jap joQ = —japraQ = —jof2 = 0,

which means that fi, ..., fo,—y are Casimir functions of A. We shall see that A =
A}(0). Thus, A will define a Poisson structure on M having the required properties.
We calculate the adjoint form * ® of ® relative to wy:

wkfz
(,d()) AN

g
k— (k—2)!

*@:—%*((o+ Adfi - A d o)

k—2

lefl/\ AX |:*((O’+k§ WO)/\(ZJ 2)')}

But, from Lepage’s decomposition theorem, o can be written as o = 1, + Yowo,
where 1), is an effective 2-form on M with respect to Ag and 1y = 807 —%. Itis

IAO Wo

@_( 1)2n 2k—1)(2n—2k) /2

easy to check that

Tr(w) o AY) Tr(Ipn)

iAnwo = *<(U0,A0> = — B = — ) = —n.
Hence,
k—2 k—2
g Wo _ & g Wo
(U+k—1w0> STET (1/’2 T wO) (k—2)!
21/1/\w§2 n—k+1 wh!
20 k= 2)! n Sk—1)!
and
k—2
8 “o
(3.5) *(<a+k_ wo) T 2)'>
w2 n—k+1 wi!
(wz k- 2)!) R g( (k—l)')
@ID N wgf(kfz)fz N n—k+1 wgf(kfl)
Y P Ay W3 n Sn—(k—1)
wn—k wg k
=—(1 — wO)/\ TR (n—k)'
Consequently,
n—k
(3.6) «® = —(—1)2n—2k=DEr=20/2 lzx A {_ W }
: f h on 2k (n_k)|
coe 1/ wy 1
= ?<(n0 k)!,Xﬁ/\-u/\szn_zk>a Z?faza.

https://doi.org/10.4153/CJM-2011-082-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-082-2

1002 P. A. Damianou and F. Petalidou

By applying (Z.13) to the above relation, we obtain
Ai(0) = Ni(x @) = U~1(®) = jp2 = A.

Thus, according to Proposition 271 A defines a Poisson structure on M with orbits
of dimension at most 2k for which fi, ..., fau—2k are Casimir functions. Obviously,
the associated bracket of A on C*°(M) is given by (3.4). For any h;, h, € C>°(M),

{h, )} = jamndieh = janndi jo2 = jan adigaa§ <=
W

(k—2)!

A df1 <A den—Zk-

__ 1 g
{(hy, 1} = fdhl/\dhz/\(cﬂ— _1w)/\

Conversely, if A is a Poisson tensor on M with symplectic leaves of dimension
at most 2k, then in a neighborhood U of a nonsingular point there are coordinates
(z1,- -y 20k fiy - fan—2k) such that the symplectic leaves of A are defined by f; =
const, | = 1,...,2n — 2k. Let A be a nondegenerate bivector field on U such that

n—k

f:<dﬁA~~Adﬁn_2k:ﬁ>¢o

on U and let o be the 2-form on U that corresponds, via the isomorphism Ag, to
A. As we did earlier, we construct the distribution D on U and its annihilator D°.
According to PropositionsB.2land[2.7] o is a section of /\2 D° of maximal rank on U
satisfying (Z14). We will prove that the (2n — 2)-form Uy = —i A2(0)§2 = * o, where

2 = -2 is the volume element on U defined by the almost symplectic form wy, the
1nverse of Ay, can be written in the form (3.3).
Since (B.1]) holds on U, Q can be written on U as

1 wk
=7 UNAfi A A dfa
and
. 1 wk
(3.7) Uy = —inQ = 7( I ) ANAfi A Adfona

nk

k
We now proceed to calculate the (2k — 2)-form —i, 7}. We remark that ° = %L (n o

So, from (2.10) we get that

wk wg_k
(3.8) —iA— m —*(0/\ (n—k)!>'

Repeating the calculation of (3.35]) in the inverse direction, we have

nfk k72

_ g
PR **((0+k7 wo) N G 2)!)
k 2

:_(‘”kf “’) TEET

(3.9) (o A
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Therefore, by replacing (3.9) in (3.8)) and the obtained relation in (3.7), we prove that
W, is given by the expression (33). Then it is clear that { -, - } is given by (3.4). W

Remark 3.4 Theorem B3] can be generalized by replacing the exact 1-forms
dfi,...,dfan—2k with 1-forms ay, .. ., ay,— that are linearly independent at each
point of an open and dense subset of M. It suffices to consider a nondegenerate
bivector Ay on M such that

Anfk
={(a; A AQoysp, —2— > 0
f < 1 2n—2k» (I’l—k)' 7é
holds on an open and dense subset U of M and to construct the distribution D =
(Xayy - X )> Xo, = Af(c), and its annihilator D°. Then to each section o of

) “H00n—2k
/\2 D° of maximal rank on U corresponds a bivector A € V*(M) of rank at most 2k
whose kernel coincides with the space («, . . ., @2, 2) almost everywhere on M and
its associated bracket on C*°(M) is given by
k—2

1 w,
(3.10) {h1, 1 }Q = f?dhl/\dhz/\(cﬂrkf 1w0) A (kiz)! Ay A Aoy,

wh

wy being the almost symplectic structure on M defined by Ag, g = ip,0,and 2 = n—‘,’

3.2 On Odd-dimensional Manifolds

Let M be a (2n+1)-dimensional manifold. We remark that any Poisson tensor A on M
admitting fi, . .., fant1—2k € C°°(M) as Casimir functions can be viewed as a Poisson
tensor on M’ = M X R admitting fi, ..., frn+1—2k and frp2—2k(x,s) = s (s being the
canonical coordinate on the factor R) as Casimir functions, and conversely. Thus, the
problem of construction of Poisson brackets on C*°(M) having as center the space
of functions generated by (fi, ..., fanr1—2x) is equivalent to that of construction of
Poisson brackets on C°°(M’) having as center the space of functions generated by
(fi,-- -5 fant1—2k, S), @ setting that was completely studied in Subsection 3.1l In what
follows, using the results of Subsection 3.1., we establish a formula analogous to (3.4)
for Poisson brackets on odd-dimensional manifolds. But before we proceed, let us
recall the notion of almost cosymplectic structures on M and some of their properties
[19,1221].

An almost cosymplectic structure on a smooth manifold M, with dimM = 2n + 1,
is defined by a pair (9, ©p) € Q'(M) x Q*(M) such that 9y A Off # 0 everywhere
on M. The last condition means that ¥y A ©f is a volume form on M and that O is
of constant rank 21 on M. Thus, ker ¥y and ker O, are complementary subbundles
of TM called, respectively, the horizontal bundle and the vertical bundle. Of course,
their annihilators are complementery subbundles of T* M. Moreover, it is well known
[22] that (9g, ©p) gives rise to a transitive almost Jacobi structure (Ag, Eg) € V(M) x
V(M) on M such that

i50190 =1 and iE()@O = 0,
Aj(99) =0 and in)©0 = —(C = ((, Eo)Wy), for all (€ Q'(M).
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We have, ker g = ImAj and ker ©g = (E;). So, TM = ImAj & (Eo) and T*M =
(Ep)° @ (). The sections of (Ey)° are called semi-basic forms and A} is an iso-
morphism from the C*°(M)-module of semi-basic 1-forms to the C°°(M)-module
of horizontal vector fields. This isomorphism can be extended, as in (2.6)), to an iso-
morphism, also denoted by Ag, from the C°°(M)-module of semi-basic p-forms on
the C°>°(M)-module of horizontal p-vector fields. Finally, we note that (¢, ©) de-
termines on M’ = M x R an almost symplectic structure wj = O + ds A ¥y whose
corresponding nondegenerate bivector field is Aj = Ag + % A Ey.

Now, we consider (M, fi, ..., fant1—2k)> With fi, ..., faur1—2x functionally inde-
pendent almost everywhere on M, and an almost cosymplectic structure (¢, ©g)
on M whose associated nondegenerate almost Jacobi structure (Ao, Ey) verifies the

condition
Anfk

3.11 :<d A Adferak, Eo A —2 > 0
(3.11) f={df foraks B A o) #
on an openanddensesubsetUOfMH Let wy = O¢ +ds Ay andAé:AoJr%/\Eo
be the associated tensors on M’ = M x R. Since, foranym = 1,...,n+1,

wlhm m @m—l ALm A b Am—l
312) 24— = =% 4 dsAdg A —2 d X =% 4 _AE,A—2—
(3.12) m! ml Ao (m—1) an m! m - 0s 0 (m— 1)

it is clear that

! n+l—k

0
(3.13) <df1 Ao Ndfpar—o A ds, (n+1—k)!>
Agﬂ—k o Ag—k
— <df1/\-~'/\df2n+1—2k/\d5a m‘i’a/\Eo/\ (n—k)'>
i) Ap*
= <df1/\"'/\df2n+l—2k/\d5a &/\EOA (n—k)'> :7f?é0

on the open and dense subset U = U x R of M’. Furthermore, we view any bivector
field A on (M, dy, O©p), having as Casimirs the given functions, as a bivector field
on (M’,w{), having fi,..., fans1—2k and frp42—2k(x,s) = s as Casimirs. Let D’° be
the annihilator of the distribution D" = (X7,...,X; ) on M’ generated by the
hamiltonian vector fields

0
X}i = AJ(df,) = Nj(df;) — (dﬁ,E()}&, i=1,...,2n+1— 2k,
X, = M) = By
of fi,..., fnr1—2k and frpsa—2k(x,s) = s with respect to Aj. Then, from Proposition

we get that there exists a unique 2-form ¢’ on M’ that is a section of A*D’°

4As in the case of even-dimensional manifolds, such a structure (Ao, Ep) always exists at least locally.
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of maximal rank 2k on U’ = U x R, such that A = Aj*(c’). Moreover, since A is
independent of s and without a term of type X A %, o’ must be of type

(3.14) o' =o0+T1Ads,

where o and 7 are, respectively, a 2-form and a 1-form on M having the following
additional properties:

(i) o is a section \*(Ep)°, i.e., o is a semi-basic 2-form on M with respect to
(Ao, Eo)s

(i) 7 is a section of D° = (Xj,...,Xp, . .., Eo)°, where X; = A}(df)), ie, T
is a semi-basic 1-form on (M, Ay, Ey) which is also semi-basic with respect to
Xf17 e ’XonH—Zk;

(iii) forany fi,i=1,...,2n+1— 2k, o(Xg, -) + (dfi, E)T = 0.

Consequently, A is written, in an unique way, as A = A} (o) + A§(7) A Eo.

Summarizing, we may formulate the next proposition.

Proposition 3.5 Under the above notations and assumptions, a bivector field A on
(M, 9y, Oy), of rank at most 2k, has as unique Casimirs the functions fi, ..., fanr1—2k
if and only if its corresponding pair of forms (o, 7T) has the properties (i)—(iii) and
(rank o, rank 7) = (2k,0) or (2k, 1) or 2k — 2,1) on U.

On the other hand, it follows from Theorem [3.3] that the bracket { -, - } of A on
C°(M) is calculated, for any h;, h, € C°°(M), viewed as elements of C>°(M’), by
the formula

’ 1 k—2

1
(h, b} &2 ?dhl/\dhz/\<a’+kg_ lwé) /\(;:O_ 35 A Adfaa s,

where Q' = (nH), andg = iyyo’. But, Q' G oA ds, @ = 9y A 20 bemga

volume form on M, and ¢’ = AU’O' = ingra)asng, (0 + T A ds) = ip0 = g Thus,
taking into account (3.12) and (B.14)), we have

)rie

Gy AN Ao s,

1
(B, b yQUNds = _?dhl/\dhz/\(0+kf l@o

which is equivalent to

@kZ

1
(oo }92 = = Ay (a + Leo) e

f—1 /\ dfl A dfz,ﬁ_l_zk.

However, according to Proposition 2.7 { -, - } is a Poisson bracket on C*°(M) C
C>°(M’) if and only if

(3.15) 20 NS (0") =6 (6’ No'),

where 8 = x'dx’ is the codifferential on Q(M') of (M’,w}) defined by the iso-
morphism *": QP (M) — Q*"2=P(M’) of (Z.8). We want to translate (3.13) to a
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condition on (o, 7). Let be(M) be the space of semi-basic p-forms on (M, Ay, Ey),
let x be the isomorphism between be(M ) and be" “P(M) given, for any € be(M ),
by

o6

nl’

* Q= (_1)(P*1)P/21'A8(w

let dyp: be(M) — beﬂ(M) be the operator that corresponds to each semi-basic
form ¢ the semi-basic part of its differential di, and let § = * dg, * be the associated
“codifferential” operator on Q4 (M) = P ez th(M ). By a straightforward, but
long, computation, we show that (B.13]) is equivalent to the system

(3.16) 20 N0(o) =6(o No)
' (oNT)+0(O)ANT—0 N6(T) = (iAg(dﬁo)O—)o' - %iAg(dqyn)(U Ao).

Hence, we deduce the following proposition.

Proposition 3.6 Under the above assumptions and notations, A = A} (o) +Aj(T)AEy
defines a Poisson structure on (M, Yy, ©y) if and only if (o, T) satisfies (3.16)).

Concluding, we can announce the following theorem.

Theorem 3.7 Let fi,..., fans1—2k be smooth functions on a (2n + 1)-dimensional
smooth manifold M that are functionally independent almost everywhere, let (99, ©g)
be an almost cosymplectic structure on M such that (3.11)) holds on an open and dense
subset U of M, let = 9 A % be the corresponding volume form on M, and let
(0,7) be an element of Q% (M) x Q1 (M), with (rank o, rank 7) = (2k, 0) or (2k, 1) or
(2k —2,1) on U, that has the properties (ii)—(iii) and satisfies (3.16)). Then the bracket
{-, -} on C>°(M) given, for any hy, h, € C*(M), by

1 g oF2
3.17) {hy,h Q:—fdh/\dh/\( + @)/\ O AdfA-Adfars1 ok,
( ){1 2} f 1 2 g k—1 0 (k—2)! fl f2n+l 2k
where f is that of B.I1) and g = iy, 0, defines a Poisson structure A on M, A = Ajj(o)+
A} (T) A Eo, with symplectic leaves of dimension at most 2k for which fi, ..., fune1—2k
are Casimirs. The converse is also true.

Remark 3.8 We remark that, in both cases (of even dimension m = 2n and of odd
dimension m = 2n + 1), when k = 1, the brackets (3.4) and (38.17)) are reduced to a
bracket of type (L.2)). Precisely,

{hy, 1} = —%dhl Ndhy Adfy A+ A dfp_s.

4 Some Examples
4.1 Dirac Brackets

Let (M, wy) be a symplectic manifold of dimension 2, let A be its associated Poisson
structure, andlet fi, . .., f,,—2k be smooth functions on M whose the differentials are
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linearly independent at each point of the submanifold M, of M defined by the equa-
tions fi(x) =0, ..., fru—2x(x) = 0. We assume that the matrix ({ﬁ, f}}o) is invert-
ible on an open neighborhood W of M, in M and we denote by ;; the coefficients of
its inverse matrix which are smooth functions on W such that 2322]‘{ fis fitocik =
d;x. We consider on W the 2-form

(4.1) o=w+ Y cijdf Adf;.
i<j

We will prove that it is a section of /\2 D° of maximal rank on W that verifies (2.14).
As in Subsection BT} D denotes the subbundle of TM generated by the hamiltonian
vector fields Xy of f;, i = 1,...,2n — 2k, with respect to Ay and D° its annihilator.
Forany Xg,l=1,...,2n — 2k, we have

o(Xj5, ) = wo(Xp, -) + Zcij<dfiaxﬁ>dfj - Zcij<dfjvxfz>dﬁ
i<j i<j
—dfi+ Y ailfi fikdf; = Y il fis fiodS

i<j i<j

—dfi+Y 6ydf; = —dfi+dfi =0,
j

which means that o is a section of A>D° — W. The assumption that ({£- fit,)
is invertible ensures that D is a symplectic subbundle of TywM. So, for any x € ‘W,
T:M =D ®{dfi,...,dfan—2k)x and

2 2 2
NTiM = \D;+ N(@dfi,....dfam—a)e+ Dy Adfi, .. dfon i)

But, wy is a nondegenerate section of A> T*M and the part Echijdﬁ Ndfiofoisa
smooth section of /\2 (dfi,...,dfn—2k) of maximal rank on W, because det(c;;) # 0
on W. Thus, o is of maximal rank on W. Also, we have

g = iAOU = 7<w0 +ZC,‘jdﬁ /\df:,‘,A0> = —n— Zcij{fi’fj}o

i<j i<j
=-n+(n—k)=—k,
and
(4.2)
@D 1, s
x o BAE f(a+k_1w0>/\(k_2)!/\df1/\ A dfona
1 k 62
:—?(wo-l—;cijdﬁ/\dfj—k_lwo)/\ TR ARAT
1 wg_l
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Consequently,
_ _ﬂ 10 _l.
do = (xdx*x)o = *( 7 /\(*0)) = fleU
and
2 . 1.
(4.3) 20 Nd(o) = —?0‘ A (ix,0) = —?1X/(a Ao).
On the other hand,
cm . @ 1/  w!
(44) *x(cNo) = —1A3(0)(*0) = —?(zAg(g)ﬁ) ANdfi N+ ANdfon—ax
@ ! I
- f{*<a/\(nfk+1)!” R
s Yon B ek wp
D f(w0+;jcudf,/\df] kfz“O) N
ANdfi N Ndfan—ok
2 w§_3
:?/\(k_s)!/\df]/\---/\dfzn_zk
and

af

(4.5) (5(0’/\0‘):*61*(0'/\0')@*(—7/\*(0'/\0')> @—lixf(a/\a).

f

From (4.3) and we conclude that o verifies (214). Thus, according to Theo-
rem[3.3] the bivector field

AZA@(O’) :A0+Zcinﬁ /\ij

i<j

defines a Poisson structure on W whose corresponding bracket { - , - } on C** (W, R)
is given, for any h;, h, € C*°(W, R), by

k—1

1 Wy
(4.6) {hi1,h,}Q = ?dhl A dhy N *k— 1!

ANdfi A Ad ok

In the above expression of A we recognize the Poisson structure defined by Dirac [9]
on an open neighborhood W of the constrained submanifold My of M, and in (£.8]),
we see the expression of the Dirac bracket given in [13]].
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4.2 Nonholonomic Systems

Let Q be the configuration space of a Lagrangian system with Lagrangian function
L: TQ — R, subjected to nonholonomic homogeneous constraints defined by a
distribution C C TQ on Q. In a local coordinate system (q',...,q",¢',...,4") of
TQ, C is described by the independent equations

(4.7) Cg=08 i=1,....n—k

where §5i ,s = 1,...,n, are smooth functions on Q, and the equations of motion of
the nonholonomic system are given by

d(aL)_aL

4. -
(48) dt \ 0g° og°

— i —
—)\iCS, 5—1,...711,

(A being the Lagrangian multipliers) together with the constraint equations (4.7).
We now turn to the Hamiltonian formulation of our system on the cotangent bun-

dle T*Q of Q. We suppose that T*Q is equipped with the standard, nondegenerate,

Poisson structure Ay = 0%5 A 0?1” associated with the symplectic form wy = dp; Adq’.

Let

L:TQ—T'Q, (q,4) (qips = 3;),

be the Legendre transformation associated with L. Assuming that L is regular, we have
that £ is a diffefomorphism that maps the equations of motion (4.8)) to the system

. 0H
. OH -

s — — i 17 :17"'a )
p 8q5+>\<5 s n

where H: T*Q — R is the Hamiltonian given by H = (qsg’—; —L)o L7, and the
constraint distribution C to the constraint submanifold M of T*Q, which is defined
by the equations

OH

8ps—0, i=1,...,n—k

fi(q,p) = C(q)

Also, the regularity assumption on L implies that, at each point (g, p) € M, T(g ) T*Q
splits into a direct sum of symplectic subspace and that the matrix

e = @) = (Audf.a'¢)) = (45 5-).

which is symmetric, is invertible on M. Precisely,

T(qvp) T"Q= T(q-,p)M ® Z,

°In this subsection, the Einstein convention of sum over repeated indices holds.
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where Z C TT*Q is the distribution on T*Q spanned by the vector fields
i i 0 i
zZ' = CsaT)S = Aj(—q*¢),

where ¢ = (/(q)dq’,i = 1,...,n—k, are the constraint I-formson Qand q: T*Q —
Q is the canonical projection. Hence, in view of (4.9), the Hamiltonian vector field
Xg = Aj(dH) admits,‘along M, the decomposition Xy = X, — A;Z'. The part X, is
tangent to M and \;Z’ lies on Z, along M. According to the results of [3}24,30], the
dynamical equations of X,;; on M are expressed in Hamiltonian form with respect to
the restriction { -, - }2¥ on C°°(M) of the bracket { -, - },;; given, for any H;, H, €
C>(T*Q), by

(4.10)  {Hy,Hy}u = {Hy, o}, + Con{f', H1},(dH,, Z")

- elm{fla HZ}n <dHlvzm> + eij{fjv fl}oelm<dHl,Zi><dH23 Zm>v

where { -, - }, is the bracket of Ag on C*°(T*Q) and ( Gl-j) is the inverse matrix of C.
In other words, for functions h;, h, € C*°(M), the value of {h;, hz}zl\,/f is equal to the
value of {H;, H, },, along M, where H; and H, are, respectively, arbitrary smooth
extensions of /; and h; on T*Q. We will show that (£10]) holds, and so { -, - }% can

be calculated by (3.10).
We remark that

A = Do+ ConXp NZ™ + %e,-]-{ 1Y, ComZi N Z™,
where X, = Aj(d 1) is the bivector field on T*Q associated with whose the
kernel along M coincides with the space (df',...,df" % q*¢',...,q"*¢" ") |n. In
fact,
An(df?) = Xp+ Con{ f', f}, 2" — Con(df*, Z") X
+ SC AP 202" = SC P ) ndf, 272
= Xp + Con{f F 12" — Con€"Xpn
# 3 ), Ene 2" = Se{f, 1) Enem
= Xp+ Cunl 1 P12 = Xp + S0P MG = S€3i LS, 71,7
=0
and

Aun(@*¢°) = A§(Q*C) + Con(Q*C, Xp) 27 = —Z° + €2 = -2+ 2° = 0,
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while rank A,;, = 2k everywhere on M [30]. On the other hand, A, can be viewed
as the image, via the isomorphism Aj, of the 2-form

1 . .
o = wo = Cindf AQ'C" + 2C{f, f},Cma’ ¢ A q'C"

on T*Q with rank o = 2k on M. Also,

n—k

A
— .« n—k * o e * n—k
f=(df ne PTG A A T ) 0

on M, because % = det ] = det €2 # 0 on M, where

Ao(q™¢',df7)  Mo(q¢h,q7¢) ¢ 0

and

. * ~m 1 i * 1 * M
g:1A002_<w0_elmdfl/\q C +§eij{f]7fl}oelmq C /\q C 7AO>
=—(n—Cpe™ =—n+n—k =—*k

Hence, we can apply (B.10) for the calculation of { -, - },; on C*(T*Q) and, by
restriction, on C*°(M). For any H;, H, € C*(T*Q),

k—1

1
{H],Hz}nhQ = ?dHl AN dH, A (:i 1 /\df1 /\.../\dfnfk/\q*Cl /\,../\q*gnfk’

where = =% is the corresponding volume element on T*Q.

Remark 4.1 Without doubt, A, is Poisson if and only if o satisfies (2.14). But,
Van der Schaft and Maschke [30] proved that { -, - },; satisfies the Jacobi identity if
and only if the constraints (4.7)) are holonomic. Hence, we conclude that o satisfies
(2.14) if and only if the constraint distribution C is completely integrable. These facts
have an interesting geometric interpretation observed by Koon and Marsden [15]]; the
vanishing of the Schouten bracket [A,;, A,;;] is equivalent with the vanishing of the
curvature of an Ehresmann connection associated with the constraint distribution C.

4.3 Periodic Toda and Volterra Lattices

In this paragraph we study the linear Poisson structure A, associated with the peri-
odic Toda lattice of n particles. This Poisson structure has two well-known Casimir
functions. Using Theorem [3.3] we construct another Poisson structure having the
same Casimir invariants as A,. It turns out that this structure decomposes as a direct
sum of two Poisson tensors one of which (involving only the a variables in Flaschka’s
coordinates) is the quadratic Poisson bracket of the Volterra lattice (also known as
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the KM-system). It agrees with the general philosophy (see [6]) that one obtains the
Volterra lattice from the Toda lattice by restricting to the a variables.

The periodic Toda lattice of # particles (n > 2) is the system of ordinary differen-

tial equations on R*" that in Flaschka’s [11] coordinate system (ay, . . ., a,, by, . . ., b,)
takes the form

4 =a;(bipn — b)) and b =2(a} —al_)) (G €Z and (Gisn,bisn) = (a;, b;)).

This system is hamiltonian with respect to the nonstandard Lie-Poisson structure

AT_Z”’ - (ab azfﬂ)

on R, and it has as hamiltonian the function H = }_"_ (a? + 1b?). The structure
Arisofrank 2n — 2 on

U= {(ah...,ambh...,bn) e R

n
E ay...ai—14i+1...04y 750}7
i=1

and it admits two Casimir functions:
Ci=b+by+---+b, and C,=may...a,.

We consider on R?" the standard symplectic form wy = Z? L da; A db;, its asso-
ciated Poisson tensor Ay = Z:’ . B‘Z A a -, and the corresponding volume element
Q = wi/nl = day Adby A --- Ada, A db The hamiltonian vector fields of C; and

C, with respect to A, are

n 8 n a
_Zaal and XCZ :;al"'ai—lai+]-~-an87bi.

So, D = (X, , X, ) and

={ S auda; + B € (R | S o= 0
i=1 i=1
and Xn:al ceeqi_1Biaiy1 ... a, = 0}.

The family of 1-forms (o1, ...,0,-1,0],...,0._1),

crj:daj—dajﬂ and JJ{:ajdbjfadeij, jil,...,l’l*l,
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provides, at every point (a,b) € U, a basis of D(, ;. The section of maximal rank

o, of /\ D° — U, which corresponds to A7, via the isomorphism AO, and verifies
, 1s written in this basis as

n—1 n—1
o, = Zaj/\ (Zal)
j=1 I=j

Now, we consider on R?" the 2-form

n—2 n—1
UZZUM(Z o) + ZU /\(Z /)
j=1 I=j+1 I=j+1
S nijz [(daj — daj+1) N (daj+1 — day,)

=1
+ (ajdb; — ajp1dbji) A (ajdbjer — andby)]

n

= Z (daj AN daj+1 + ajaj+1dbj AN db]q.l) .
=1

It is a section of A\’ D° whose rank depends on the parity of #; if n is odd, its rank is
2n — 2 on U, while, if n is even, its rank is 2n — 4 almost everywhere on R2". Also,
after a long computation, we can confirm that it satisfies (2.14). Thus, its image via
A}, i.e., the bivector field

0 0 0
(4.11) A= Z(ajam 8%1 * o, Aabm)’

defines a Poisson structure on R%" with symplectic leaves of dimension at most 2n—2,
when 7 is odd, that has C; and C, as Casimir functions. (When 7 is even, A has two
more Casimir functions.) We remark that (R?", A) can be viewed as the product of
Poisson manifolds (R", A,) x (R", A’), where

0 , 0
Za]aﬁ] 8a1+1 and A= ZaTzAab,H

The Poisson tensor A, is the quadratic bracket of the periodic Volterra lattice on R”,
and it has C; as unique Casimir function when # is odd.

In the following, using (3.4]), we illustrate the explicit formule of the brackets of
A, and A in the special casen = 3. Wehave C; = b, + by + b3, C; = ayapas, k = 2,
Ao =0, 2 A, and Q = day A dby A day A dby A das A dbs. Consequently,
f = (dC, A dCy, Ay) = —(a1a, + axas + ajas), which is a nonvanishing function
on U.
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For the periodic Toda lattice of 3 particles, we have o, = (da; — day) A (adb; —
azdbz) + (da, — dasz) A (a,dby — a3dbs), g, = ir,0, = —(a) + ay + az) and

1
f
= —aydb; Nday Ndas N dbs + ayday A\ dby A das A dbs
+ arda; N dby A das N dbs
— ayday; A dby A\ dby A das + asda, N day A db, N db;

(I)T = — (O'T +gTw0) A dCy N\ dC,

+ a3da1 AN dbl A daz A dbz
Thus,
{al, b]}TQ = da1 A db1 A (I)T = alfl, {al, bz}TQ = da1 A db2 A (I)T = *QIQ,
{az, bz}TQ = dﬂz AN dbz A\ CI)T = (129, {a27 bg,}TQ = daz AN db3 A\ (I)T = —azQ,

{613, bg}TQ = da3 N db3 A ‘I)T = a3Q, {613, b]}TQ = d&lg, AN dbl A (I)T = —6139,

and all other brackets are zero.
For the Poisson structure (@11)) on R®, we have o = (da; — da,) A (da, — das) +

(a1dby — apdby) A (apdb, — asdbs), g = iy,0 = 0 and

P = —%JAdcl/\dCE

= —ayaydby A\ dby A das N\ dbs + ajasdby A day N dby A dbs
— apaszda, N\ db; A db, A db;
—day ANdby A\ day N\ das — day N\ day N das A dbs
+da; Nday N\ dby A das.
Thus,
{a1,a}Q =day Aday AN ® = a1a,Q), {ay,a3}Q =da; ANdaz AN D = —aja59,
{a2,a3}Q = day Adaz AN ® = aa5Q), {by,0,}Q=dby Ndby NP = Q,

(b, b5} =dby Adbs AN® = —Q,  {by,bs}Q = dby Adbs A D = Q,

and all other brackets are zero.

4.4 A Lie-Poisson Bracket on gl(3,R)

On the 9-dimensional space gl(3, R) of 3 x 3 matrices

X1 22 )3
Y1 X2 Z3 |,
21 Y2 X3
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which is isomorphic to R?, we consider the functions
Cix,p,2) =x1 +x3+x3, Calx,y,2) = y1za + yaz3 + y3z1,  Cs(x,y,2) = z1225.

Using Theorem[3.7] we are able to construct a linear Poisson structure A on gl(3, R),
with sysmplectic leaves of dimension at most 6, having C;, C,, and C5 as Casimir
functions. For this, we consider on gl(3,R) = R® the cosymplectic structure
(190a 80):

?90 = dZ3 and @0 =dx; N\ d)/l + dx; N\ dyz + dX3 AN d)/3 +dz; A de,

whose corresponding transitive Jacobi structure (Ay, Ep) is

0 0 0 0 0 0 0 0 0
+—A-— and Ey=_-—

Rl AT PR Sl PR Tl PR A = Dz

Clearly,
f = <dC1 N dCz N dC3, E() A A()> = —212§ — Z%Zz — 212223

is nonzero on the open and dense subset
U={(x,y2) € R® | 2122 + 222y + 212,23 # 0}
of gl(3,R) = R’ and
Q:ﬁo/\(%g =dx; Ndyy Ndxy Ndy, Ndxs Ndys \Ndzy Adzy A\ dzs

is a volume form of gl(3, R). Furthermore, we consider on gl(3, R) the pair of semi-
basic forms (o, 7),

0 = —zidx) N dxy — zdxy N dxs + z3dxy; A dxs — yidxg Adyy + yidxy) A dy,
— ydeQ A dyz + )/zde A d}/3 — }/3dX3 A dy3 + )/3dJC3 A d}/l
— Z2dy1 AN d21 — Zld}/l AN /\de + ng}/Q A dZ] + Zld}/3 AN d22

and

T = —z3dy; + z3dys,

which has the properties (ii)—(iii) and verifies the system (B16). Thus, the bracket
{+, -} on C*>(gl(3,R)) given by (B.17) defines a Poisson structure A on gl(3, R). We
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haveg = ipj0 = y1 + y2 + y3 and

_1
f
= zldxl N d)/l N dXQ A\ dyz A d)/3 N de A dZ3

d = (a+§@0)A@0Adc1AdczAdc3

—zidyy Ndxy Ndys Ndxs ANdys ANdzy A dzs
— zydx) AN dxy Adxs N dys Adzy N\ dzy A dz;
— zpdxy Adyy Ndxy Adxs Adzy A\ dzy A dz;
— zpdyy Ndxy Ndys Ndxs N dys ANdz A dzs
+ zdyy Ndzy Adxs A\ dys Adzs A dy, A dx
— y1dxs Ndys Ndzy Adzy N dzs A dy, N dx,
— y3dy1 Ndzy Adxy ANdy, AN dzs A\ dzy N dxs
— yrdxy ANdy, Ndzy ANdzy A dzs A dys A dxs
— zzdy, Ndzy Ndxy Ndyy ANdzy A dys A dx;,
— y2dxy Ndys Ndzy Adzy A\ dzs A\ dyy N dxy
+ zzdx) A dxy Adzy Ndzy Adzs A\ dy, A dxs
— y3dyy Ndzy Ndxy Ady, N\ dzz N\ dzy A dx,
— zzdyy ANdzy Ndxs N dys Ndz A\ dy; A dxy
— y2dys Ndzy ANdxy Adyy N\ dzy A dzz N dxs.

So,
{1, Q=dxy ANdyy AN® = —y1Q, {x1,y3}Q =dx; Adys AP = y3Q,
{x1,21}Q =dxy Ndzy; N® = —21Q, {x1,2}Q =dx; ANdzy N ® = 2,Q,
{0, I =doy ANdyy NP =919, {x,7}Q=dx Ady, NP = —y,Q,
{0,210 =dx; Ndz; NP = —2,Q,  {x2,23}Q = dxy; ANdzz A P = z3Q,
{6,710 =dxs Ndy, N® = 9,0, {x3,y3}Q =dxs Ady; AN ® = —y3Q,
{%3,21}Q = dxs Ndzy AP = 2, {%3,23}Q = dxs Ndzs AP = —2z30),
{1, 7230 =dyi ANdy, N = —21Q, {y1,73}Q =dy1 ANdy; AP = z3Q,
{y2, v3}Q=dy, Ndy; N ® = —5Q,

and all other brackets are zero.
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The Lie—Poisson bracket in this example coincides with the one of the bi-Hamil-
tonian pair formulated by Meucci [25] for Todas system, a dynamical system studied
by Kupershmidt in [[17] as a reduction of the KP hierarchy. Meucci derives this struc-
ture by a suitable restriction of a related pair of Lie algebroids on the set of maps
from the cyclic group 75 to GL(3,R). Explicit formule for the above bracket can
also be found in [[7] where the Toda; system is reduced to the phase space of the full
Kostant—Toda lattice.
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