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Abstract We construct an fpqc gerbe EV̇ over a global function field F such that for a connected reductive
group G over F with finite central subgroup Z, the set of GE

V̇
-torsors contains a subset H1(EV̇ ,Z →

G) which allows one to define a global notion of (Z -)rigid inner forms. There is a localization map
H1(EV̇ ,Z →G)→H1(Ev,Z →G), where the latter parametrizes local rigid inner forms (cf. [8, 6]) which
allows us to organize local rigid inner forms across all places v into coherent families. Doing so enables
a construction of (conjectural) global L-packets and a conjectural formula for the multiplicity of an
automorphic representation π in the discrete spectrum of G in terms of these L-packets. We also show
that, for a connected reductive group G over a global function field F, the adelic transfer factor ΔA for
the ring of adeles A of F serving an endoscopic datum for G decomposes as the product of the normalized
local transfer factors from [6].

Contents

1 Introduction 2

1.1. Motivation 2
1.2. Overview 5
1.3. Notation and terminology 5

2 Preliminaries 6
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1. Introduction

1.1. Motivation

The goal of this paper is to develop a notion of rigid inner forms over a global

function field F in order to relate the local constructions in [6] to the global Langlands

correspondence for a connected reductive group G over F. This global construction allows
one to relate the adelic transfer factor ΔA serving an endoscopic datum for G to the

normalized transfer factors serving the localizations of this datum constructed in [6]

and formulate precise conjectures concerning the global L-packet Πϕ for an admissible
tempered discrete homomorphism ϕ : LF → LG, where LF is the conjectural Langlands

dual group of F. Previously, such descriptions were only possible in the case when G is

quasi-split.
We first summarize the local situation discussed in [6]: Let Fv be the completion of F

at a place v with absolute Galois group Γv (Γ denotes the absolute Galois group of F ),

and fix Z → G a finite central Fv-subgroup. Recall that, given an inner twist G
ψ−→ G′,

a local Z-rigid inner twist enriching it is a pair (T ,h̄), where T is a(n) (fpqc) G-torsor
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Rigid inner forms over global function fields 3

on a canonically-defined local gerbe Ev → Schemes/Fv which descends to a torsor over

Fv after modding out by Z and h̄ identifies this descent with the Gad-torsor canonically

associated to ψ.
A (tempered) irreducible representation of (G′,T ,h̄) is a 4-tuple (G′,(T ,h̄),π), where

π is an (tempered) irreducible representation of G′(Fv). The set of all equivalence classes

of (tempered) irreducible representations of rigid inner forms of G is denoted by Πrig(G)
(Πrig

temp(G)), where this equivalence relation is defined on set of the 4-tuples (G′,(T ,h̄),π)

giving the data of such representations, not just on the representations π. We then predict

the following picture:

Conjecture 1.1 ([6], Conjecture 7.14). Given a tempered L-parameter ϕv : W
′
Fv

→ LG,

there is a finite subset Πϕv
⊂Πrig

temp(G) and a commutative diagram

Πϕv
Irr(π0(S

+
ϕv

))

H1(Ev,Z →G∗) π0(Z(Ĝ)+,v)∗,

ιϕv,wv

(1)

where G∗ is a quasi-split Z -rigid inner twist of G, H1(Ev,Z → G∗) denotes the set of

isomorphism classes of all the torsors T described above, wv is a choice of Whittaker
datum for G∗, the bottom map a generalization of the local Kottwitz pairing (and

Tate-Nakayama duality), both horizontal maps are bijective, and S+
ϕv

, Z(Ĝ)+,v are the

preimages of ZĜ(ϕv) and Z(Ĝ)Γv (respectively) in Ĝ := Ĝ/Z. Note that one may have to

enlarge Z to find G∗ as above.

It should be possible to conjecturally describe the global L-packet Πϕ for an admissible
tempered discrete homomorphism ϕ : LF → LG using the L-packets for its localizations

ϕv and then study it using (1) for each v. The key to this approach is organizing

families of representations of local rigid inner twists of GFv
into coherent families, which

is to say, finding a notion of a global rigid inner twist coming from a global gerbe EV̇
which localizes in an appropriate way to such a family. In order for the corresponding

family of homomorphisms {H1(Ev,Z →G)→ π0(Z(Ĝ)+,v)∗}v to behave in a reasonable
manner (such as having a well-defined product over all places), one would like a

homomorphism

H1(EV̇ ,Z →G)→ [π0(Z(Ĝ)+)]∗

that equals the product of all of its local analogues (note that if Z(Ĝ)+ is the preimage

of Z(Ĝ)Γ, then we have maps π0(Z(Ĝ)+)→ π0(Z(Ĝ)+,v) for all v).

The combination of the construction of the local gerbe in [6] and the global Galois

gerbe EV̇ for number fields in [9] gives a blueprint for the aforementioned global gerbe for
function fields (and thus for global rigid inner forms). As in the local case, the gerbe

EV̇ will be banded by a canonically-defined profinite group PV̇ , and we will extract

the gerbe by proving the existence of a canonical class in H2
fppf(F,PV̇ ); unlike in the
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local case, producing this class requires significant work – in particular, we must study
gerbes over Spec(A) and generalize the notion of complexes of tori, as in [13], to function

fields.

After producing the gerbe EV̇ , we define the cohomology set H1(EV̇ ,Z → G), a

global analogue of H1(Ev,Z → G); as one would hope, there are morphisms Ev → EV̇
which give us localization maps between these two sets and a global duality result for

H1(EV̇ ,Z → G) which, among other properties, gives the homomorphism H1(EV̇ ,Z →
G) → [π0(Z(Ĝ)+)]∗ described above. This construction lets us call a family of rigid

inner twists {(GFv
,(Tv,hv))}v coherent if each torsor Tv is the localization of the same

global torsor T , [T ] ∈H1(EV̇ ,Z →G∗) (for G∗ the quasi-split inner form of G and some

appropriate choice of Z ). Given such a family, we can then define the (conjectural) global

L-packet Πϕ for a fixed ϕ (picking a global Whittaker datum w):

Πϕ := {π =⊗′
vπv | (GFv

,(Tv,h̄v),πv) ∈Πϕv,ιϕv,wv ((GFv
,(Tv,h̄v),πv)) = 1 for almost all v}.

We show (Lemma 5.8) that Πϕ consists of irreducible tempered admissible represen-

tations of G(A) using a torsor-theoretic analogue of [25, Prop. 6.1.1]. Moreover, given

π ∈Πϕ, we give a conjectural description of the multiplicity of π in the discrete spectrum
of G by defining a pairing

〈−,−〉 : Sϕ×Πϕ → C,

where Sϕ is a finite group closely related to the centralizer of ϕ in Ĝ; the pairing is defined
as a product over all places of two factors involving both rows of (1). This product

formula is well defined because our representation π arises from a coherent family of

representations of local rigid inner twists. Given this pairing, we have for each π and

L-packet Πϕ containing π an integer

m(ϕ,π) := |Sϕ|−1
∑
x∈Sϕ

〈x,π〉,

and, furthermore, we conjecture the following:

Conjecture 1.2 (Kottwitz, [11]). The multiplicity of π in the discrete spectrum of G is
given by the sum ∑

ϕ

m(ϕ,π),

where the sum is over all ϕ such that π ∈Πϕ.

Recall that local rigid inner forms were used in [6, §7] to construct a normalized transfer
factor (depending on a quasi-split rigid inner twist (Tv,h̄v)) of GFv

with Whittaker

datum wv)

Δv =Δ[wv, ėv,zv,ψ,(Tv,h̄v)]

serving a fixed endoscopic datum ev for GFv
. As such, global rigid inner forms give us a

method of relating the global adelic transfer factor ΔA defined in [16] (for number fields,
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but which is easily translated to a global function field) serving a global endoscopic datum

to the transfer factors Δv serving the localizations of that datum. Using the relationship

between the local and global pairings, one obtains (Proposition 5.7) a product formula
(after fixing a coherent family of rigid inner twists and a global Whittaker datum w with

localizations wv)

ΔA(γ1,δ) =
∏
v∈V

〈locv(Tsc),ẏ
′
v〉 ·Δ[wv, ėv,zv,ψ,(Tv,h̄v)](γ1,v,δv),

which expresses the value of ΔA at a pair of adelic elements (γ1,δ) as a product of each

Δv at the localizations of these elements, along with some auxiliary factors 〈locv(Tsc),ẏ
′
v〉

which are harmless and only necessary for technical reasons.

1.2. Overview

In §2, we prove some preliminary results that allow us to make computations using Čech
cohomology, both with respect to the covers OE,S/OF,S , where S is a finite subset of

places of F and E/F is a finite (not necessarily Galois) field extension, and the covers

AE/A, where AE = E⊗F A. We also review some basic result about projective systems
of abstract gerbes and their Čech cohomology (which comes from [6, §2]).
In §3, we prove an analogue of global Tate duality for the groups H2

fppf(F,Z), where

Z is a finite multiplicative F -group scheme. After that, we define a projective system of
multiplicative group schemes {PE,ṠE,n} whose limit gives the pro-algebraic group PV̇ that

will band our global gerbe. Once PV̇ is defined, we show that its first fppf cohomology

group over F vanishes using local and global class field theory and that its second fppf

cohomology group contains a canonical class.
After the canonical class is constructed, we can define the global gerbe EV̇ , whose

cohomology is studied in §4, building towards proving a duality result for the cohomology

sets H1(EV̇ ,Z → G), where Z is a finite central subgroup of G. We also prove a result
concerning the localizations of torsor on EV̇ which will be used in §5 to prove that global

L-packets consist of irreducible, tempered, admissible representations.

In §5, we develop endoscopy, defining the adelic transfer factor for function fields,
coherent families of rigid inner forms. We relate the local constructions of [6] to global

endoscopy, including the adelic transfer factor and the multiplicity formula. In Appendix

A, we establish complexes of tori in the setting of Čech cohomology and prove several

results analogous to those in the appendices of [13] (that used Galois cohomology) which
are used in the proof of the existence of a canonical class in §3.

1.3. Notation and terminology

We will always assume that F is a global field of characteristic p > 0. For an arbitrary

algebraic group G over F, G◦ denotes the identity component. For a connected reductive

group G over F, Z(G) denotes the center of G, and for H a subgroup of G, NG(H),ZG(H)
denote the normalizer and centralizer group schemes of H in G, respectively. We will

denote by D(G) the derived subgroup of G, by Gad the quotient G/Z(G), and if G is

semisimple, we denote by Gsc the simply-connected cover of G ; if G is not semisimple,

https://doi.org/10.1017/S1474748025100972 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748025100972


6 P. E. Dillery

Gsc denotes D(G)sc. If T is a maximal torus of G, denote by Tsc its preimage in Gsc. We

fix an algebraic closure F̄ of F, which contains a separable closure of F, denoted by F s.

For E/F a Galois extension, we denote the Galois group of E over F by ΓE/F , and we
set ΓF s/F =: Γ.

We denote by V the set of all places of F, and for E/F a finite extension and S ⊆ V , we

denote by SE the preimage of S in VE , the set of all places of E. We call a subset of V full if
it equals SF for some subset S of places of Fp(t) (after choosing an embedding Fp(t)→F ).

For a finite subset S ⊂ V , we set AS :=
∏

v∈S Fv ×
∏

v/∈SOFv
, and set AE,S := AE,SE

.

We call an affine, commutative algebraic group over a ring R multiplicative if it is
Cartier dual to an étale R-group scheme. For Z a multiplicative group over F, we denote

by X∗(Z),X∗(Z)(= X∗(Z
◦)) the character and co-character modules of Z, respectively,

viewed as Γ-modules. For H an algebraic group over C, we will frequently denote H(C)
by H. For two F -schemes X,Y and F -algebra R, we set X×Spec(F ) Y =:X×F Y , or by
X×Y if F is understood, and set X×F Spec(R) =:XR. We define X(Spec(R)) =:X(R),

the set of F -morphisms Spec(R)→X.

2. Preliminaries

2.1. Čech cohomology over OF,S

Fix a global function field F of characteristic p > 0, a finite nonempty set S of places of

F, and an F -torus T which is unramified outside S. Let OF,S denote the elements of F

whose valuation is nonnegative at all places outside S, and for a finite Galois extension
K/F , denote by OK,S the elements of K whose valuation is nonnegative at all places

outside SK , the set of all places of K lying above S. We set OS := lim−→K/F
OK,S , where

K/F ranges over all finite Galois extensions which are unramified outside of S. Denote
by FS the maximal field extension of F which is unramified outside S, and denote its

Galois group over F by ΓS ; note that FS =Frac(OS). The torus T has a canonical model

defined over OF,S , and we ease notation by denoting the corresponding OF,S-scheme also
by T.

For all q > 0, it is a basic fact of fppf cohomology ([1, Lem. 2.1]) that for a commutative

group scheme G on OF,S which is locally of finite presentation, we have Hq
fppf(OS,G ) =

lim−→K/F
Hq

fppf(OK,S,G ), with the transition maps induced by pullback of fppf sheaves (the

same is true if we replace ‘fppf’ by ‘étale’). We begin with the following commutative-

algebraic lemma:

Lemma 2.1. For K/F a finite Galois extension unramified outside S and n ≥ 2, the

natural injection O

⊗
OF,S

n

K,S →
∏

Γn−1
K/F

OK,S is an isomorphism.

Proof. By induction, it is enough to prove the result for n=2. First, note that OK,S/OF,S

is finite étale by assumption (since K/F is unramified outside of S ). In particular, OK,S

is finitely-generated and torsion-free as an OF,S-module, and both rings are Dedekind

domains integrally closed in their fields of fractions. By base-change, we get a finite

étale extension OK,S ⊗OF,S
OK,S/OK,S , which is still finitely-generated, locally free, and
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torsion-free as an OK,S-module (this last fact follows from using the injection OK,S⊗OF,S

OK,S ↪→
∏

ΓK/F
OK,S , under which OK,S maps into the diagonally-embedded copy, which

clearly acts on the product without torsion).

We are thus in the setting of [2, Thm. 1.3], which says that the composition

OK,S ⊗OF,S
OK,S ↪→K⊗OF,S

OK,S
∼−→

∏
i

Ki

maps OK,S ⊗OF,S
OK,S isomorphically onto the product of integral closures of OK,S in

each Ki, where Ki is some finite separable extension of K and the last isomorphism comes

from the fact that K ⊗OF,S
OK,S is finite étale over K a field. It thus suffices to show

that each Ki is actually K.
The desired result follows from the series of elementary manipulations

K⊗OF,S
OK,S

∼−→K⊗F F ⊗OF,S
OK,S

∼−→K⊗F K
∼−→

∏
ΓK/F

K.

We leave it to the reader to check that the isomorphism OK,S⊗OF,S
OK,S

∼−→
∏

ΓK/F
OK,S

constructed above agrees with the map in the statement of the Lemma.

Recall from [6, §2.2] that if we fix a ring homomorphism R→ S and abelian sheaf F
on R (with the fpqc topology), then Ȟi(S/R,F ) denotes the ith cohomology group of

the complex

F (S)→ F (S⊗R S)→ F (S⊗R S⊗R S)→ . . . ,

with differentials the alternating sums of the n + 1 natural maps F (S
⊗

Rn) →
F (S

⊗
R(n+1)).

Corollary 2.2. We have a canonical isomorphism Ȟi(OK,S/OF,S,G)
∼−→

Hi(ΓK/F ,G(OK,S)) for any commutative OF,S-group G. Taking the direct limit also

gives a canonical isomorphism Ȟi(OS/OF,S,G)
∼−→Hi(ΓS,G(OS)).

Proof. All that one must check is that the isomorphism of Lemma 2.1 preserves cocycles

and coboundaries, which is straightforward.

In order to compare the Čech cohomology groups Ȟi(OS/OF,S,T ) with Hi
fppf(OF,S,T ),

we need to prove some cohomological vanishing results. The first result involves étale

cohomology:

Lemma 2.3. We have that Hi
et(OS,TOS

) = 0 for all i > 0.

Proof. Since T splits over OS , it suffices to prove the result for T = Gm. For i = 1, we
have

H1
et(OS,TOS ) = lim−→

F⊂K⊂FS finite Galois

H1
et(OK,S,Gm) = lim−→Pic(Spec(OK,S)) = lim−→Cl(OK,S) = 0,

where the second equality comes from [17, Prop. II.2.1]) and the third from the proof of

[19, Prop. 8.3.6].
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For i=2, identifying H2
et(OK,S,Gm) =Br(OK,S) gives (by [20, 6.9.2]) an exact sequence

0→ Br(OK,S)→
⊕
v∈SK

Br(Kv)
∑

invv−−−−→Q/Z,

where Kv denotes the completion of K at v. Taking the direct limit of the first two terms

shows that we have an injective map Br(OS) ↪→
⊕

v∈SFS
Br(FS ·Fv). Note that the field

extension FS ·Fv contains F nr
v , the maximal unramified extension of Fv, using the fact

that FS/F contains all finite extensions of the constant field of F. Moreover, the valuation
ring OFS ·Fv

of this field is Henselian, as it is the direct limit of the Henselian rings OKv
([7,

p. 56]), and the previous sentence implies that it has algebraically closed residue field.

We may then deduce from the proof of [17, Prop. I.A.1] that Br(FS ·Fv) = 0, giving the

desired result.
Finally, for i ≥ 2, we have that for any K/F a finite Galois extension, we have

Hi
et(OK,S,Gm) = 0, by [17], Remark II.2.2. Taking the direct limit gives the desired

result.

By combining Lemma 2.3 with the spectral sequence from [20, Thm. 6.7.5] we obtain

the following:

Corollary 2.4. We have canonical isomorphisms Hi(ΓS,T (OS))
∼−→Hi

et(OF,S,T ) for all

i≥ 1.

Lemma 2.5. We have Hi
fppf(O

⊗
OF,S

n

S ,T ) = 0 for all n,i≥ 1.

Proof. Since T is unramified outside S, it is enough to show that

Hi
fppf(O

⊗
OF,S

n

S ,Gm) = lim−→
F⊂K⊂FS finite Galois

Hi
fppf(O

⊗
OF,S

n

K,S ,Gm) = 0.

By Lemma 2.1, we have a canonical identification Spec(O

⊗
OF,S

n

K,S )=
∐

σ∈Γn−1
K/F

Spec(OK,S)

and isomorphism Hi
fppf(

∐
σ Spec(OK,S),Gm)

∼−→
∏

σH
i
fppf(OK,S,Gm). Also, if K ′/K is

finite and contained in FS , then the map Hi
fppf(O

⊗
OF,S

n

K,S ,Gm) → Hi
fppf(O

⊗
OF,S

n

K′,S ,Gm)

corresponds via this isomorphism to diagonally embedding each factor of
∏

σ∈Γn−1
K/F

Hi
fppf

(OK,S,Gm) into some subset of the factors of
∏

σ∈Γn−1

K′/F
Hi

fppf(OK′,S,Gm) (by means of

the pullback map Hi
fppf(OK,S,Gm)→Hi

fppf(OK′,S,Gm)).

Hence, for any α ∈ Hi
fppf(O

⊗
OF,S

n

K,S ,Gm), to show that α vanishes in some

Hi
fppf(O

⊗
OF,S

n

K′,S ,Gm) for large K ′, it is enough to show that lim−→K/F
Hi

fppf(OK,S,Gm) = 0

for all i, thus reducing the result to the case n= 1, which follows from Lemma 2.3.

For any abelian fppf group scheme A over OF,S with pro-fppf cover R/OF,S , the

Grothendieck spectral sequence gives us a spectral sequence
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Ep,q
2 = Ȟp(R/OF,S,H

q(A))⇒Hp+q
fppf (OF,S,A),

whereHq(A)) denotes the presheaf on Sch/OF,S sending U toHq(U,AU ) (see [24, 03AV]).

Proposition 2.6 [24, 03AV]. If Hi
fppf(R

⊗
OF,S

n
,A) = 0 for all n,i ≥ 1, then the above

spectral sequence induces a canonical isomorphism Ȟi(R/OF,S,A)
∼−→Hi

fppf(OF,S,A) for

all i.

Remark 2.7. Strictly speaking, [24, Lems. 03AZ, 03F7] are stated in the setting of an
fppf cover R/OF,S , but taking the direct limit of spectral sequences gives us the result

for pro-fppf covers (rings R which are direct limits of fppf covers, such as OS).

Corollary 2.8. We have a canonical isomorphism Ȟi(OS/OF,S,T )
∼−→ Hi

fppf(OF,S,T )
for all i.

Proof. Combine Lemma 2.5 with Proposition 2.6.

We now consider possibly non-étale extensions in order to handle the cohomology of

non-smooth finite F -groups. For R an Fp-algebra, let Rperf := lim−→R, where the direct

limit is over all powers of the Frobenius homomorphism. For R=OF,S , the ring Operf
F,S is

obtained by adjoining all p-power roots of elements of OF,S (in a fixed algebraic closure

F/F ). We begin by recalling an elementary lemma on the splitting of primes in rings of
integers of purely inseparable extensions:

Lemma 2.9. Let F ′/F be a purely inseparable extension and p⊂OF a prime ideal. Then

p ·OF ′ = (p′)[F
′:F ] for some prime p′ of OF ′ .

Proof. It is evidently enough to prove this in the case when [F ′ : F ] = p, which we now

assume. We claim that OF ′ =O
(p)
F , the extension of OF obtained by adjoining all p-power

roots. There is an obvious inclusion of OF -algebras OF ′ ↪→ O
(p)
F because F ′ = F (p). The

morphism of smooth projective curves X ′ → X corresponding to the inclusion F → F ′

is purely inseparable of degree p, so by [24, 0CCV], we obtain an isomorphism of OF -

algebras OF ′
∼−→O

(p)
F , giving the claim. The claim implies that, at the level of local rings,

a uniformizer 	 ∈ OF,p has a pth root in OF ′,p′ for any prime p′ above p, giving the
desired result.

Denote by Fm the field extension of F obtained by adjoining all pm-power roots; this

is a finite, purely inseparable extension. We have the following characterization of the
perfect closure Operf

S :

Lemma 2.10. The canonical map lim−→m
OSm

→ Operf
S is an isomorphism, where Sm

denotes the preimage of S in Spec(OFm
).

Proof. For the inclusion of the right-hand side into the left-hand side, note that if x ∈ F

is such that xpm ∈ OE,S for some finite (Galois) E ⊂ FS , then x ∈ E′ := E ·Fm, which

is unramified over Fm outside of Sm, and so x ∈OE′,Sm
⊂OSm

. For the other inclusion,
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consider a finite Galois extensionK ′ of the finite purely inseparable extension F ′ :=Fm/F

with S′ := Sm. We may factor K ′/F as a tower K ′/K/F , where K/F is the separable

(Galois) closure of F in K ′ and K ′/K is purely inseparable. Note that K ·F ′ =K ′; one
containment is clear, and the other follows from the fact that K and F ′ are linearly

disjoint and [K ′ : F ′] = [K : F ].

We want to show that K/F is unramified outside S ; this follows because for any prime
p of OF , we know from Lemma 2.9 that p splits as (p′)[F

′:F ] in OF ′ , and if p′ is a prime

of OF ′,S′ , then it factors in OK′ as P′
1 · · · · ·P′

r, which means that p splits in OK′ as

(P′
1 · · · · ·P′

r)
[F ′:F ]. Since [F ′ : F ] = [K ′ : K], we know that p must not ramify in OK ,

or else the ramification degree would be too large. Now for any element x ∈ OK′,S′ ,

we have that xpm ∈ K and is integral over OF,S , and hence lies in OK,S , showing that

OK′,S′ ⊆O
(pm)
K,S ⊂Operf

S , giving the other inclusion.

We are ready to prove that the cover Operf
S computes the cohomology of multiplicative

OF,S-groups.

Lemma 2.11. For A a multiplicative F-group split over OS, the groups

Hi
fppf((O

perf
S )

⊗
OF,S

n
,A) vanish for all i,n≥ 0.

Proof. It is enough to prove the result for A = Gm and A = μm. We focus on the

former first: Since Gm is smooth, we can use [22, Lem. 2.2.9] to replace (Operf
S )

⊗
OF,S

n

by [(Operf
S )

⊗
OF,S

n
]red = (Operf

S )

⊗
O

perf
F,S

n
and reduce the claim to showing that each

Hj
fppf((O

perf
S )

⊗
O

perf
F,S

n
,Gm) vanishes. By Lemma 2.10, we have

(Operf
S )

⊗
O

perf
F,S

n
= lim−→

m

O

⊗
OFm,Sm

n

Sm
,

and hence, it is enough to show that lim−→m
Hj

fppf(O

⊗
OFm,Sm

n

Sm
,Gm) = 0 for all j,n ≥ 1,

which folllows from Lemma 2.5.

We now prove the μm-case. For i > 1, we immediately deduce that

Hi
fppf((O

perf
S )

⊗
OF,S

n
,μm) vanishes from the long exact sequence in fppf coho-

mology (induced by the Kummer sequence) and the Gm-case. For i = 1, since

H1
fppf((O

perf
S )

⊗
OF,S

n
,Gm) = 0, we have from the long exact sequence in fppf cohomology

that H1
fppf((O

perf
S )

⊗
OF,S

n
,μm) is the quotient

((Operf
S )

⊗
OF,S

n
)∗/(((Operf

S )
⊗

OF,S
n
)∗)m.

Since O∗
S is n′-divisible for n′ coprime to p by [19, Prop. 8.3.4], so is (O

⊗
OF,S

n

S )∗

(using Lemma 2.1). Now Operf,∗
S is N-divisible since it is obtained from OS by adjoining

all p-power roots, and once again, this implies that ((Operf
S )

⊗
OF,S

n
)∗ = (O

⊗
OF,S

n

S )perf,∗

is as well.

https://doi.org/10.1017/S1474748025100972 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748025100972


Rigid inner forms over global function fields 11

Corollary 2.12. For A as above, we have a canonical isomorphism

Ȟi(Operf
S /OF,S,A)

∼−→Hi
fppf(OF,S,A)

for all i. Moreover, for an F-torus T unramified outside S, the natural map

Ȟi(OS/OF,S,T )→ Ȟi(Operf
S /OF,S,T )

induced by the inclusion OS →Operf
S is an isomorphism.

The ring Operf
S will have the role globally that F played in the local case; see [6]. We

conclude with a useful result concerning the finite-level Čech cohomology of an OF,S-torus

T split over OE,S . We first recall the following result from [18]:

Proposition 2.13 [18, Thm. 3.2]. Let S/R/OF,S be two fppf covers of OF,S; set

Σ := [
⋃
i

R
⊗

OF,S
i
]∪ [

⋃
i

S
⊗

OF,S
i
]∪ [

⋃
i

S
⊗

R i].

For F a sheaf on (Sch/OF,S)fppf with H1
fppf(A,F ) = 0 for all A ∈ Σ, there is an exact

sequence

0→ Ȟ2(R/OF,S,F )→ Ȟ2(S/OF,S,F )→ Ȟ2(S/R,F ).

Corollary 2.14. Let E/F be a finite Galois extension, E′/E a finite purely inseparable

extension, and S ⊂ V a finite set of places such that Cl(OE,S) is trivial. Then if T is an

OF,S-torus split over OE,S, the natural map Ȟ2(OE,S/OF,S,T )→ Ȟ2(OE′,S/OF,S,T ) is
an isomorphism.

Proof. We leave it to the reader to check that the Σ-condition of Proposition 2.13 is

satisfied (since everything in Σ is an OE,S-algebra, we may replace T with Gm for this
condition and use the fact that OE,S and OE′,S are principal ideal domains, along with

[22, Lem. 2.2.9]). It thus suffices to show that Ȟ2(OE′,S/OE,S,Gm) vanishes. For any

n, Gm(O

⊗
OE,S

n

E′,S ) = Gm([O

⊗
OE,S

n

E′,S ]red), and now [O

⊗
OE,S

n

E′,S ]red = O

⊗
O

E′,S
n

E′,S = OE,S , so

our Čech cohomology computations on this cover reduce to that of the trivial cover
OE′,S/OE′,S , giving the desired vanishing.

2.2. Čech cohomology over A

In this subsection, we prove some basic results that allow us to do Čech cohomology on

(covers of) the adele ring A of our global function field F. Let G be a multiplicative
F -group scheme with fixed OF,Σ0

-model G for a finite subset of places Σ0 ⊂ V . We begin

with some basic results about local fields:

Lemma 2.15. Let F ′ = Fm/F be a finite, purely inseparable extension. Then F ′ and

Fv are linearly disjoint over F inside Fv (recall that we have fixed such an algebraic

closure).
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Proof. Suppose that we know the result for F ′ = F1. Then, proceeding by induction,

Fm−1 and Fv are linearly disjoint, the valuation v extends uniquely to a valuation v′ on
Fm−1, and Fm−1 ·Fv is the completion of Fm−1 with respect to v′. Thus, Fm/Fm−1 is
of degree p, and we may replace Fv by (Fm−1)v′ and use the m= 1 case to deduce that

(Fm−1)v′ = Fm−1 ·Fv and Fm are linearly disjoint over Fm−1, which implies the desired

result.
Setting F ′ = F1, note that the extension F ′ ·Fv/Fv is either degree 1 or degree p since

[F ′ ·Fv : Fv] = [F ′ : Fv ∩F ′] | p, and F ′ and Fv are linearly disjoint if and only if this

degree equals p. Hence, it is enough to show that F ′∩Fv = F . Thus, suppose that x ∈ Fv

is such that xp ∈ F . If F (x) 
= F , then F (x) = F ′, so that Fv contains all pth roots of

F ; in particular, 	1/p ∈ Fv, where 	 ∈ OF,v (the localization of OF at v) is a v -adic

uniformizer, which is clearly false.

Now let K/F be a finite (not necessarily separable) field extension with completion Kw

for w | v. The following result is important for our adelic Čech cohomology:

Lemma 2.16. For any n, the natural map O

⊗
OFv

n

Kw
→K

⊗
Fv

n
w is injective.

Proof. The ring OKw
is finite and torsion-free over the principal ideal domain OFv

and

is thus free as an OFv
-module. We may thus pick a basis (which is also an Fv-basis for

Kw) which allows us to view the map in question as the natural map (O
⊕

m
Fv

)
⊗

OFv
n →

(F
⊕

m
v )

⊗
Fv

n, which may be rewritten as the obvious inclusion O
⊕

mn
Fv

↪→ F
⊕

mn
v , giving

the result.

We can now prove our first adelic result. Note that if AK := K ⊗F A, then A
⊗

A
n

K =

(K
⊗

F n)⊗F A. Let AK,v denote the Fv-algebra K⊗F Fv, and let OK,v denote the OFv
-

algebra OK ⊗OF
OFv

.

Proposition 2.17. For any finite extension K/F , we have a canonical identification

A
⊗

A
n

K

∏′
v∈V A

⊗
Fv

n

K,v ,∼

where the restriction is with respect to the image of the map O

⊗
OFv

n

K,v →A
⊗

Fv
n

K,v (in fact,

the proof will imply that this map is an inclusion).

Proof. It is enough to show that A
⊗

A
n

K = (K
⊗

F n)⊗F A is isomorphic to the restricted
product

∏′
v∈V (K

⊗
F n ⊗F Fv), where the restriction is with respect to the image of

O

⊗
OF

n

K ⊗OF
OFv

→K
⊗

F n⊗F Fv; the claimed isomorphism is defined on simple tensors

by sending x⊗(av)v to (x⊗av)v. To prove that this map gives a well-defined isomorphism,
it suffices to show that we have an isomorphism

OK ⊗OF
OFv

∼−→
∏
w|v

OKw
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for any v ∈ V . Letting K ′ be the maximal separable subextension of K, we already know

that OK′ ⊗OF
OFv

is isomorphic to
∏

w′|vOK′
w′ , and so we are left with the ring OK ⊗OK′

[
∏

w′|vOK′
w′ ].

We claim that the natural map OK⊗OK′ OK′
w′ →OKw

(for w the unique extension of w′

to K ) is an isomorphism. For surjectivity, note that by the proof of Lemma 2.9, we have

OK =O
(1/pm)
K′ , where pm is [K : K ′]. We know that OK′

w′ spans OKw
over O

(1/pm)
K′ since

the ring OK′
w′ ·O

(1/pm)
K′ is finitely-generated over the complete discrete valuation ring

OK′
w′ , using that O

(1/pm)
K′ is finite over OK′ by the finiteness of the relative Frobenius

morphism (by [24], OCC6, using that OK′ is of finite type over Fq, being the coordinate

ring of an affine open subscheme of a smooth curve over Fq), and hence is complete as a

topological ring, contains OK , and thus must be the w -adic completion OKw
. Injectivity

follows from the linear disjointness given by Lemma 2.15.

Corollary 2.18. For K/F a finite extension, we have the following canonical identifica-
tions, where all limits are over a cofinal system of finite subsets Σ of V:

(1) A
⊗

A
n

K = lim−→Σ
[
∏

v∈ΣA
⊗

Fv
n

K,v ×
∏

v/∈ΣO

⊗
OFv

n

K,v ];

(2) G(A
⊗

A
n

K ) = lim−→Σ0⊂Σ
[
∏

v∈ΣG(A
⊗

Fv
n

K,v )×
∏

v/∈ΣG(O
⊗

OFv
n

K,v )],

and (2) induces a canonical identification (where each restriction is with respect to

G(O
⊗

OFv
n

K,v )):

G(A
⊗

A
n
) lim−→

K/F finite

∏′
v∈V G(A

⊗
Fv

n

K,v ).∼

Proof. (1) is immediate and (2) follows from (1) and [1, Lem. 2.4]. Note that it makes

sense to view G(O
⊗

OFv
n

K,v ) as a subgroup of G(A
⊗

Fv
n

K,v ) by Proposition 2.17.

We give one more result which will be useful for Čech-cohomological computations:

Proposition 2.19. For K/F a finite extension, the above restricted product decomposi-

tion of G(A
⊗

A
n

K ) identifies the subgroup of Čech n-cocycles in G(A
⊗

A
n

K ) with the kernel

of

∏′
v∈V G(A

⊗
Fv

n

K,v )
∏′

v∈V G(A
⊗

Fv
n+1

K,v )

given by the Čech differentials with respect to the cover AK,v/Fv on the G(A
⊗

Fv
n

K,v )-factors

and the Čech differentials with respect to the cover OK,v/OFv
on the G(O

⊗
OFv

n

K,v )-factors

(note that these differentials land in the desired restricting subgroups, so this is well

defined).

https://doi.org/10.1017/S1474748025100972 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748025100972


14 P. E. Dillery

Proof. It is enough to check that the restricted product identifications are compatible

with the three inclusion maps pi : A
⊗

A
n

K → A
⊗

A
n+1

K , pvi : A
⊗

Fv
n

K,v → A
⊗

Fv
n+1

K,v and

pv,◦i : O

⊗
OFv

n

K,v →O

⊗
OFv

n+1

K,v for 1≤ i≤ n+1, which is straightforward.

We develop some cohomological results concerning covers of A, analogous to the results

of §2.1 for covers of OF,S . Set Av := F ⊗F Fv. For notational convenience, we use Hi to
denote Hi

fppf.

Lemma 2.20. For M a multiplicative F-group, we have Hn(A
⊗

Fv
k

v ,M) = 0 for all
n,k ≥ 1.

Proof. For E′/F a finite algebraic extension with maximal separable and purely

inseparable subextensions E,F ′, respectively, note that by Lemma 2.15, we have a
sequence of isomorphisms

(E′⊗F Fv)
⊗

Fv
k ∼−→ [F ′⊗F (E⊗F Fv)]

⊗
Fv

k ∼−→ [
∏
w|v

E′
w′ ]

⊗
Fv

k ∼−→
∏

w1,...,wk|v

i=1,...,k⊗
Fv

E′
w′

i
,

where E′
w′ is the completion of E′ with respect to the unique extension w′ of the valuation

w on E to the purely inseparable extension E′, for all w | v in VE , and in the third
term above, Fv is embedded into the direct product diagonally. and so we obtain an

identification

Hn((E′⊗F Fv)
⊗

Fv
k,M)

∼−→
∏

w1,...,wk|vF

Hn((E′
w′

i
)
⊗

Fv
k,M).

Moreover, for K ′/E′ two such extensions, the inductive map (E′⊗F Fv)
⊗

Fv
k → (K ′⊗F

Fv)
⊗

Fv
k gets translated to the map on the corresponding products defined by the product

over all k -tuples (w1, . . . ,wk) of the maps

j=1,...,k⊗
Fv

E′
w′

j
→

∏
w̃1,...w̃k;w̃j |wj∀j

j=1,...,k⊗
Fv

K ′
w̃′

j

given in the obvious way. The upshot is that it suffices to show that each

lim−→K′/F
Hn(K ′

(wK)′/Fv,M) vanishes, where {wK} is a coherent system of places lifting

v (equivalent to fixing a place v̇ on F sep lifting v). But each direct limit of this form is
isomorphic to Hn(Fv,M), which we know vanishes.

Fix an embedding F → Fv, which is equivalent to picking a place v̇ ∈ VF sep lying

above v. Then v̇ and a choice of section ΓF /Γ
v̇
F

s−→ ΓF induce a homomorphism of Fv-
algebras h : Fv → Av defined as follows: Let E′/F be a finite algebraic extension with

E′ = E(x1/pm

) = F (x1/pm

)⊗F E for x ∈ F and E/F a finite Galois subextension. There

is a homomorphism

E ·Fv →
∏
w|v

Ew
∼−→ E⊗F Fv,
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where the first map is the ‘diagonal’ embedding induced by the fixed embedding E ·Fv →
Fv and the section s. Applying F (x1/pm

)⊗F − (and Lemma 2.15) extends this to a

homomorphism E′ ·Fv →E′⊗F Fv, and taking the direct limit over all finite E′/F gives

the map h.

Corollary 2.21. For any k ∈ N and multiplicative F-group M, the map h induces an

isomorphism, called the ‘Shapiro isomorphism’,

Sk
v : Ȟ

k(Fv/Fv,M)→ Ȟk(Av/Fv,M).

Proof. For any finite algebraic field extension E′/F , the extension of rings Fv →Fv⊗F E′

is fppf. Thus, we get a natural map

Ȟk(Av/Fv,M)
∼−→ lim−→

E′/F

Ȟk((E′⊗F Fv)/Fv,M)→ Ȟk
fppf(Fv,M)

∼−→Hk(Fv,M)

via the natural comparison homomorphism Ȟk
fppf(Fv,M) → Hk(Fv,M) (from [24, Lem.

03AX]). By taking the direct limit of the spectral sequence from [24, Lem. 03AZ], we

deduce that the above map Ȟk(Av/Fv,M) → Hk(Fv,M) is an isomorphism since the

cohomology groups Hj(A
⊗

Fv
m

v ,M) vanish for all j,m ≥ 1 by Lemma 2.20. Now the
commutative diagram

Ȟk(Fv/Fv,M) Ȟk(Av/Fv,M)

Ȟk
fppf(Fv,M)

Sk
v

∼
∼

implies that Sk
v is an isomorphism.

We conclude this subsection by discussing the independence of S2
v on the section

ΓF /Γ
v̇
F → ΓF used to construct h.

Lemma 2.22. Let sv and s′v be two choices of sections, M a multiplicative F-group, and

Ṡ2
v , Ṡ

′2
v the corresponding Shapiro homomorphisms M(Fv

⊗
Fv

3
)→M(A

⊗
Fv

3

v ). Then the

induced maps on Čech cohomology from Ȟ2(Fv/Fv,M) to Ȟ2(Av/Fv,M) are the same.

Proof. Since the Shapiro homomorphisms are constructed via the direct limit over finite

algebraic extensions, it is enough to prove that for any fixed 2-cocycle x∈M((E′
v̇E′ )

⊗
Fv

3),

E′/F a finite extension of fields, there is a 1-cochain c ∈M((E′⊗F Fv)
⊗

Fv
2) such that

dc= Ṡ2
v(x) · Ṡ

′2
v (x)−1, and that if we have a inductive system {xE′}E′ of such 2-cocycles,

as E′/F ranges over an exhaustive tower of finite extensions, then the system {cE′}E′

is also inductive. We will construct each cE′ explicitly using x (it will be useful later to

have an explicit cochain to work with).
Assume that E′/F is of the form on p.12, let E/F (resp. F ′/F ) denote a maximal

separable (resp. purely inseparable) subextension of E′/F , set Ev := Ev̇E
, and denote

the extension of v̇E to E′ by v′. For w | v in VE , denote by rw,r̄w the corresponding
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isomorphisms E′
v′

∼−→ E′
w′ (induced by applying F ′⊗F − to the isomorphisms Ev

∼−→ Ew

defined by our sections). We define

c ∈
∏

wi1
,wi2

|vF

M(E′
w′

i1

⊗Fv
E′

w′
i2

)

to be given on the (wi1,wi2)-factor by

(rwi1,1
· r̄wi1,3

⊗ rwi2,2
)(x) · (r̄wi1,2

⊗ rwi2,1
· r̄wi2,3

)(x)−1,

where rwij
,k denotes that the source is the kth tensor factor of (E′

v′)
⊗

Fv
3, 1≤ k ≤ 3. It

is clear that such a system of 1-cochains {cE′} is inductive if the system {xE′} is. Recall

that Ṡ2
v , Ṡ

′2
v are group homomorphisms

M((E′
v′)

⊗
Fv

3)→
∏

wi1
,wi2

,wi3
|vF

M(E′
w′

i1

⊗Fv
E′

w′
i2

⊗Fv
E′

w′
i3

).

To show that dc= Ṡ2
v(x) · Ṡ

′2
v (x)−1, we may focus on a fixed (wi1,wi2,wi3)-factor of the

right-hand side. In this factor, the differential of c is given by the six-term product

(1⊗ rwi2,1
· r̄wi2,3

⊗ rwi3,2
)(x) · (rwi1,1

· r̄wi1,3
⊗1⊗ rwi3,2

)(x)−1 · (rwi1,1
· r̄wi1,3

⊗ rwi2,2
⊗1)(x)

· (1⊗ r̄wi2,2
⊗ rwi3,1

· r̄wi3,3
)(x)−1 · (r̄wi1,2

⊗1⊗ rwi3,1
· r̄wi3,3

)(x) · (r̄wi1,2
⊗ rwi2,1

· r̄wi2,3
⊗1)(x)−1.

Since x is a 2-cocycle, we claim that the term (1⊗ rwi2,1
· r̄wi2,3

⊗ rwi3,2
)(x) equals

(r̄wi1,1
⊗ rwi2,3

⊗ rwi3,2
)(x) · (r̄wi1,2

⊗ rwi2,1
· r̄wi2,3

⊗1)(x) · (r̄wi1,2
⊗ r̄wi2,1

⊗ rwi3,3
)(x)−1.

(2)

To see this, note that

(1⊗ id1⊗ id2⊗ id3)(x) · (id1⊗1⊗ id2⊗ id3)(x)
−1 · (id1⊗ id2⊗1⊗ id3)(x) · (id1⊗ id2⊗ id3⊗1)(x)−1 = 1

(inside the group M((E′
v′)

⊗
Fv

4)), and now applying (id2⊗ id1 · id4⊗ id3)◦ (rwi2
⊗ r̄wi1

⊗
rwi3

⊗ r̄wi2
) to the above expression gives the desired equality. We will leave the checking

of similar equalities to the reader throughout the proof. The second factor in (2) cancels

with the last factor in the main six-term equation. Next, we may rewrite the first term
of (2) as

(1⊗ r̄wi2,2
⊗ rwi3,1

· r̄wi3,3
)(x) · (r̄wi1,1

⊗ r̄wi2,2
⊗ r̄wi3,3

)(x)−1 · (r̄wi1,1
⊗1⊗ rwi3,2

· r̄wi3,3
)(x).

(3)

We may also replace (rwi1,1
· r̄wi1,3

⊗ rwi2,2
⊗ 1)(x) from the main equation by the

expression

(r̄wi1,2
⊗ rwi2,1

⊗ rwi3,3
)(x) · (rwi1,1

· r̄wi1,2
⊗1⊗ rwi3,3

)(x)−1 · (rwi1,1
⊗ rwi2,2

⊗ rwi3,3
)(x),

reducing us to showing the equality

(r̄wi1,1
⊗1⊗ rwi3,2

· r̄wi3,3
)(x) · (rwi1,1

· r̄wi1,2
⊗1⊗ rwi3,3

)(x)−1

· (r̄wi1,2
⊗1⊗ rwi3,1

· r̄wi3,3
)(x) · (rwi1,1

· r̄wi1,3
⊗1⊗ rwi3,2

)(x)−1 = 1.
(4)
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Replacing the third factor of (4) by the expression

(rwi1,1
· r̄wi1,3

⊗1⊗ r̄wi3,2
)(x) · (rwi1,1

⊗1⊗ rwi3,2
· r̄wi3,3

)(x)−1 · (rwi1,1
· r̄wi1,2

⊗1⊗ r̄wi3,3
)(x)

reduces (4) to the equality

(r̄wi1,1
⊗1⊗ rwi3,2

· r̄wi3,3
)(x) · (rwi1,1

· r̄wi1,2
⊗1⊗ rwi3,3

)(x)−1

· (rwi1,1
⊗1⊗ rwi3,2

· r̄wi3,3
)(x)−1 · (rwi1,1

· r̄wi1,2
⊗1⊗ r̄wi3,3

)(x) = 1,

which follows easily from the fact that x is a 2-cocycle.

2.3. Čech cohomology and projective systems

We collect some results concerning the way that Čech cohomology behaves with respect

to projective systems of abelian group schemes. Let R,S be rings with a τ -homomorphism

S →R (where τ = étale, fppf, fpqc, etc.) and let A be a commutative group scheme over
R. We begin by recalling some gerbe-theoretic constructions:

Definition 2.23 ([6], Definition 2.35). Fix a Čech 2-cocycle c ∈ A(S
⊗

R 3). We may

define an A-gerbe as follows: take the fibered category Ec → Sch/R whose fiber over
V is defined to be the category of pairs (T,ψ), where T is a (right) AV×RS-torsor on

V ×RS with A-action m (in the τ topology), along with an isomorphism of AV×R(S⊗RS)-

torsors ψ : p∗2T
∼−→ p∗1T , called a twisted gluing map, satisfying the following ‘twisted gluing

condition’ on the AV×R(S
⊗

R 3)-torsor q
∗
1T :

(p∗12ψ)◦ (p∗23ψ)◦ (p∗13ψ)−1 =mc,

where mc denotes the automorphism of the torsor q∗1T given by right-translation by c.

A morphism (T,ψT ) → (S,ψS) in Ec lifting an R-morphism V
f−→ V ′ is a morphism of

AV×S-torsors T
h−→ f∗S satisfying, on V ×F (S⊗R S), the relation f∗ψS ◦p∗2h= p∗1h◦ψT .

We will call such a pair (T,ψ) in Ec(V ) a c-twisted torsor over V when A is understood.

We call Ec the gerbe corresponding to c.

Recall the following functoriality property of the above gerbes:

Construction 2.24 ([6], Construction 2.38). Let A
f−→ B be an F -morphism of

commutative group schemes and a,b ∈ A(S
⊗

R 3),B(S
⊗

R 3) Čech 2-cocycles such that
[f(a)] = [b] in Ȟ2(S/R,B). Any x∈B(S⊗RS) satisfying d(x) ·b= f(a) defines a morphism

Ea
φa,b,x−−−−→ Eb of fibered categories over R as follows.

For any a-twisted torsor (T,ψ) over an R-scheme V, we define the b-twisted torsor

(T ′,ψ′) =: φa,b,x(T,ψ) over V as follows. Define the BV×RS torsor T ′ to be T ×AV ×S,f

BV×S , and take the gluing map to be ψ′ := mx−1 ◦ψ, where mx−1 ◦ψ denotes the

isomorphism of contracted products

p∗2(T ×AV ×S,f BV×S) =

(p∗2T )×AV ×(S⊗RS),f BV×(S⊗RS) →(p∗1T )×AV ×(S⊗RS),f BV×(S⊗RS) = p∗1(T ×AV ×S,f BV×S)
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induced by (mx−1 ◦ψ)× idB (we are implicitly identifying x with its image in B(V ×F

(S⊗R S))).

A morphism (T1,ψ1)
ϕ−→ (T2,ψ2) of a-twisted torsors induces a morphism of the

corresponding b-twisted torsors via the map on contracted products induced by ϕ× id,

giving the desired functor.

As in [6], we adopt the following convention and also assume that S/R is an fpqc cover:

Convention 2.25. When discussing an abelian R-group scheme A and cover S/R, we
will always assume that Ȟ1

fppf(S
⊗

Rn,A) = 0 for all n≥ 0.

We now recall inverse limits of gerbes (cf. [6, §2.7]). Fix a system {An}n∈N of

commutative affine groups over R with transition epimorphisms pn+1,n : An+1 → An.
Assume that we have systems {an ∈ An(S

⊗
R 3)} and {xn ∈ An(S⊗R S)} such that an

are Čech 2-cocycles and an ·dxn = pn+1,n(an+1), giving rise to a system of gerbes {En :=

Ean
→ (Sch/F )fpqc}n∈N (abbreviated as just {En}) with R-morphisms πn+1,n : En+1 →En,

where πn+1,n := φan+1,an,xn
.

Lemma 2.26. The natural map Ȟi(S/R,A)→ lim←−n
Ȟi(S/R,An) is surjective for all i.

Proof. This is an easy calculation using Convention 2.25.

Definition 2.27. Define the inverse limit of the system {En}, denoted by lim←−n
En →

(Sch/R)fpqc, as the category with fiber over U with objects given by systems of pairs

(Xn,in)n∈N of an object Xn ∈ En(U) and an isomorphism in : πn+1,n(Xn+1)
∼−→ Xn in

En(U), and morphisms (Xn,in)→ (Yn,jn) given by a system of morphisms {fn : Xn → Yn}
such that jn ◦πn+1,n(fn+1) = fn ◦ in for all n (we extend this definition to morphisms

between objects in different fibers in the obvious way). We call such a system of morphisms

coherent. We have a compatible system of canonical morphisms of Sch/R-categories
πm : lim←−n

En →Em for all m.

Recall from [6, Prop. 2.40] that the map from Čech 2-cocycles of S/R valued in A :=

lim←−n
An to A-gerbes split over S induces a bijection between isomorphism classes of such

gerbes and Ȟ2(S/R,A). The proof of [6, Lemma 2.63] (with the cover F/F replaced with

S/R) shows that if each An satisfies Convention 2.25, then so does A. We thus obtain

the following:

Proposition 2.28. ([6, Prop. 2.64]) With the setup as above, the category E := lim←−n
En →

(Sch/R)fpqc can be given the structure of an fpqc A-gerbe, split over S. Moreover, the

natural map

Ȟi(S/R,A)→ lim←−
n

Ȟi(S/R,An)

sends the class in Ȟ2(S/R,A) corresponding to E to the element ([an])∈ lim←−n
Ȟ2(S/R,An).

We now give a result which characterizes when the surjection of Lemma 2.26 is an

isomorphism.
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Proposition 2.29. Fix i ≥ 1; if lim←−
(1)

n
Ȟi−1(S/R,An) = 0 and lim←−

(1)

n
Bi−1(n) = 0,

where Bi−1(n) ∈ Ci−1(S/R,An) is the subgroup of (i − 2)-coboundaries (the group

of (−1)-coboundaries is defined to be trivial), then the natural map Ȟi(S/R,A) →
lim←−n

Ȟi(S/R,An) is injective.

Proof. We denote the differential Ak(S
⊗

R i) → Ak(S
⊗

R(i+1)) by d(k). First, note that
since lim←−

(1)

k
Ȟi−1(S/R,Ak) = 0, the natural map

lim←−
k

[Ak(S
⊗

R i)/Bi−1(k)]→ lim←−
k

[(Ak(S
⊗

R i)/Bi−1(k))/(Ȟi−1(S/R,Ak))]

is surjective. Moreover, the natural map A(S
⊗

R i) = lim←−k
Ak(S

⊗
R i)→ lim←−k

[Ak(S
⊗

R i)/

Bi−1(k)] is surjective since we assume that lim←−
(1)

n
Bi−1(n) = 0.

Now by left-exactness of the inverse-limit functor, we have the exact sequence

1 lim←−k

Ak(S
⊗

R i)/Bi−1(k)

Ȟi−1(S/R,Ak)
A(S

⊗
R(i+1)) lim←−k

Ak(S
⊗

R(i+1))

d(k)(Ak(S
⊗

R i))
.

lim←−d(k)

In particular, if x ∈ A(S
⊗

R(i+1)) is such that its image in lim←−k

Ak(S
⊗

R(i+1))

d(k)(Ak(S
⊗

R i))
is zero

(which is the hypothesis of the Proposition), then it lies in the image of d̄ := lim←−d(k). But

now the diagram

A(S
⊗

R i)

lim←−k
[Ak(S

⊗
R i)/Bi−1(k)] A(S

⊗
R(i+1))

lim←−k

Ak(S
⊗

R i)/Bi−1(k)

Ȟi−1(S/R,Ak)

d

d̄

commutes, and since the vertical composition is surjective and such an x lies in the image

of the lower-diagonal map, it lies in the image of the upper-diagonal map, giving the

desired result.

3. The profinite group PV̇

This section constructs and studies the pro-algebraic group PV̇ . As in the previous section,
we use Hi as a short-hand for Hi

fppf. For a fixed a finite Galois extension E/F and S ⊂ V

a finite set of places of F, we have two common conditions that we want S to satisfy:

Conditions 3.1.

(1) S contains all of the places that ramify in E

(2) Every ideal class of E contains an ideal with support in SE ; that is, Cl(OE,S) is

trivial.
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3.1. Tate duality for finite multiplicative Z

The goal of this subsection is to construct an analogue of the global Tate duality

isomorphism from [26] for the cohomology group H2
fppf(F,Z) = Ȟ2(F/F,Z), where Z is a

finite multiplicative group over F. Set A=X∗(Z), and A∨ =Hom(A,Q/Z). Temporarily

fix a finite set of places S ⊂ V and a multiplicative group M over OF,S split over E ;
denote X∗(M) by X and X∗(M)(=X∗(M

◦)) by Y.

For v ∈S a fixed place, we denote by ResE,v(M) the multiplicative OF,S-group split over

the finite étale extension OE,S determined by the ΓE/F -module X⊗ZZ[{v}E ] =:X[{v}E ].
We set ResE,S(M) :=

∏
v∈SResE,v(M), a multiplicative OF,S-group split over OE,S , with

character group X[SE ]. There is an embedding M ↪→ ResE/S(M) via the augmentation

map on characters X[SE ]→ X, and
ResE/S(M)

M has character group X[SE ]0 (the kernel

of the augmentation map).

Global Tate duality for tori (as in [26]) shows that for M = T a torus, there exists a
class

α3(E,S) ∈H2(ΓE/F ,
ResE,S(Gm)

Gm
(OE,S))

such that cup product with this class induces for all i ∈ Z an isomorphism

Ĥi−2(ΓE/F ,Y [SE ]0)
∼−→ Ĥi(ΓE/F ,T (OE,S)),

where to make sense of the relevant cup product pairing, we are making the identifications

Y ⊗ZZ[SE ]0 =HomZ(X,Z[SE ]0) = HomOE,S-gp(
ResE,S(Gm)

Gm
,T ). (5)

We no longer fix S as above. Our first goal is to construct a functorial isomorphism

Θ: lim−→
E′,S′

Ĥ−1(ΓE′/F ,A
∨[S′

E′ ]0)
∼−→H2(F,Z),

where the limit is over all finite subsets S′ ⊂ V and finite Galois extensions E′/F . Choose

a finite Galois extension E/F splitting Z and a finite full subset S ⊂ V such that S

satisfies Conditions 3.1 with respect to E and the following additional condition:

Conditions 3.2. For each w ∈ VE , there exists w′ ∈ SE such that Stab(w,ΓE/F ) =

Stab(w′,ΓE/F ).

It is straightforward to check that such a pair (E,S) always exists, and that if S ⊆ S′

is finite and full, then it also satisfies Conditions 3.1 and 3.2 (with respect to E ).

Note that for n a multiple of exp(Z), we have a functorial isomorphism

ΦE,S,n : A
∨[SE ]0

∼−→HomOE,S
(
ResE,S(μn)

μn
,Z) = HomOS

(
ResE,S(μn)

μn
,Z), (6)
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which sends g ∈ A∨[SE ]0 to the homomorphism induced by the map A→ ( 1nZ/Z)[SE ]0
given by

a �→
∑

w∈SE

ng(w)(a) · [w], (7)

where g(w) denotes the A∨-coefficient of [w] in g.

Fix a cofinal sequence {ni} in N× and denote the associated cofinal prime-to-p sequence

by n′
i := ni/p

mi . Identifying ResE/S(Gm)(OS) with Maps(SE,O
×
S ), we may pick functions

k′i : Maps(SE,O
×
S )→Maps(SE,O

×
S )

such that k′i(x)
n′
i = x and k′i+1(x)

n′
i+1/n

′
i = k′i(x). Using the bijection between Čech

cochains in ResE/S(Gm)(O

⊗
OF,S

n

S ) and Cn−1(ΓS,ResE/S(Gm)(OS)) (via Lemma 2.1),

we get a map

k′i : ResE/S(Gm)(O

⊗
OF,S

n

S )→ ResE/S(Gm)(O

⊗
OF,S

n

S )

for all n, where we are using that O×
S is n-divisible for n coprime to p (cf. [19, Prop.

8.3.4]).

As in [6], we extend this to p-power roots. The quotient map

ResE,S(Gm)(O

⊗
OF,S

n

E,S )→ ResE,S(Gm)

Gm
(O

⊗
OF,S

n

E,S )

is surjective, since H1(O

⊗
OF,S

n

E,S ,Gm) = 0, by combining Lemma 2.1 with the fact that

H1(OE,S,Gm) = 0, since OE,S is a PID. We lift a cocycle representing α3(E,S) ∈
Ȟ2(OE,S/OF,S,

ResE,S(Gm)
Gm

) to cE,S ∈ ResE/S(Gm)(O

⊗
OF,S

3

E,S ). Note that

k′
i(cE,S) ∈ ResE/S(Gm)(OS ⊗OF,S OE,S ⊗OF,S OE,S)

∼−→
∏

w∈SE

(OS ⊗OF,S OE,S ⊗OF,S OE,S)
∗
w.

The same argument in [6, §4.3] shows that for any x ∈ OS ⊗OF,S
OE,S ⊗OF,S

OE,S

and power pmi , we may find a pmith root x(1/pm) ∈ Operf
S ⊗OF,S

OE,S ⊗OF,S
OE,S with

(x(1/pmi+1 ))p
mi+1/pmi

= x(1/pmi ) for all i. Applying this across all w ∈ SE , we may define
an analogous map

(−)
(1/pmi )

: ResE/S(Gm)(OS ⊗OF,S
OE,S ⊗OF,S

OE,S) → ResE/S(Gm)(O
perf
S ⊗OF,S

OE,S ⊗OF,S
OE,S).

We then set αi(E,S) to be the image of (k′i(cE,S))
(1/pmi ) in [ResE,S(Gm)/Gm]

((Operf
S )

⊗
OF,S

3
) and obtain

dαi(E,S) ∈ Z3,2(Operf
S /OF,S,OE,S,

ResE,S(μni
)

μni

)

(Z3,2(Operf
S /OF,S,OE,S,M) denotes 3-cycles lying in M(Operf

S ⊗OF,S
O

⊗
OF,S

3

E,S )). Define

the map

ΘE,S : Ĥ
−1(ΓE/F ,A

∨[SE ]0)→ Ȟ2(Operf
S /OF,S,Z), g �→ dαi(E,S) �

OE,S/OF,S

g,
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where the unbalanced cup product is as defined in [6, §4.2] using the pairing

A∨[SE ]0× [
ResE,S(μni

)

μni

]Operf
S

→ ZOperf
S

given by (6), choosing ni divisible by exp(Z); this map is independent of the choice of ni.

As in [9], we have the following important lemma which connects the above map to the

global Tate duality pairing for tori discussed above (whose corresponding isomorphisms
for various tori and Tate cohomology groups will all be denoted by ‘TN’, for Tate-

Nakayama):

Lemma 3.3. Let T be a torus defined over F and split over E, and let Z → T be an

injection with cokernel T̄ , all viewed as OF,S groups in the usual way. We write Y =X∗(T )
and Ȳ =X∗(T̄ ). Then the following diagram commutes, and its columns are exact.

Ĥ−1(ΓE/F ,Y [SE ]0) Ȟ1(OE,S/OF,S,T ) Ȟ1(Operf
S /OF,S,T )

Ĥ−1(ΓE/F ,Ȳ [SE ]0) Ȟ1(OE,S/OF,S,T̄ ) Ȟ1(Operf
S /OF,S,T̄ )

Ĥ−1(ΓE/F ,A
∨[SE ]0) Ȟ2(Operf

S /OF,S,Z)

Ĥ0(ΓE/F ,Y [SE ]0) Ȟ2(OE,S/OF,S,T ) Ȟ2(Operf
S /OF,S,T )

Ĥ0(ΓE/F ,Ȳ [SE ]0) Ȟ2(OE,S/OF,S,T̄ ) Ȟ2(Operf
S /OF,S,T̄ )

TN ∼

TN ∼

δ

ΘE,S

−TN

−TN

Proof. The right-hand isomorphisms on the first two lines follow from the fact that

all T -torsors over OF,S are trivial over OE,S . The ‘connecting homomorphism’ δ is the

standard connecting homomorphism in Čech cohomology (see. for example, [6, §2.2]), and
the right-hand column is exact because, applying the isomorphisms Ȟi(Operf

S /OF,S,M)
∼−→

Hi(OF,S,M) for i = 1,2 and M = T,T̄,Z, the resulting two-column diagram commutes,

by functoriality of the Čech-to-derived comparison maps ([22, Prop. E.2.1]). From here,
the identical argument as in [9] gives the result, using basic properties of the unbalanced

cup product in fppf cohomology discussed in [6, §4.2].

Corollary 3.4. The map ΘE,S is a functorial injection independent of the choices of
cE,S, ki and (−)(1/p

mi ).

Proof. As in the proof of [9, Prop. 3.2.4], we may choose Ȳ to be a free Z[ΓE/F ]-module,
so that the connecting homomorphism of the left-hand column is injective, and ΘE,S is

the restriction of ‘−TN’, which is an isomorphism independent of the choices of cE,S , ki
or (−)(1/p

mi ).
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Recall the local analogue of ΘE,S which, if v̇ ∈ SFS
with restriction to F (and to E, by

abuse of notation) denoted by v and cv ∈ Gm(E
⊗

Fv
3

v ) represents the canonical class of
H2(ΓEv/Fv

,E∗
v ), is defined (in [6, §4.3]) by

ΘEv,ni
: Ĥ−1(ΓEv/Fv

,A∨)→ Ȟ2(Fv/Fv,ZFv
), g �→ dαv �

Ev/Fv

Φni
(g),

where αv ∈ Fv ⊗Fv
Fv ⊗Fv

Ev is an nith-root of cv, chosen in an analogous way to cE,S

above. This is also a functorial injection, independent of the choices of i, cv and αv.
To compare these local and global constructions, first note that we have a homomor-

phism of ΓEv/Fv
-modules A∨[SE ]0 → A∨ given by mapping onto the v -factor, as well

as an OF,S-algebra homomorphism (Operf
S )

⊗
OF,S

3 → Fv

⊗
Fv

3
determined by v̇, giving a

group homomorphism Z((Operf
S )

⊗
OF,S

3
)→ Z(Fv

⊗
Fv

3
). Then [9, Lem. 3.2.6] shows that

the resulting square

Ĥ−1(ΓE/F ,A
∨[SE ]0) Ȟ2(Operf

S /OF,S,Z)

Ĥ−1(ΓEv/Fv
,A∨) Ȟ2(Fv/Fv,ZFv

)

−TN

−TN

commutes, where to obtain the right-hand vertical map, we use that the map

Z((Operf
S )

⊗
OF,S

3
) → Z(Fv

⊗
Fv

3
) preserves Čech cocycles and cochains, which is

straightforward to check.

Lemma 3.5. The natural map Ȟ2(Operf
S /OS,Z)→ Ȟ2(F/F,Z) is injective.

Proof. The proof of [9, Lem. 3.2.7] works verbatim here, replacing Hi(ΓS,M(OS)) with

Ȟi(Operf
S /OF,S,M) for M = T,T̄,Z and i= 1,2.

There are obvious transition maps between the groups A∨[SE ]0 for varying S and

E defined in [9, §3] inducing morphisms on Ĥ−1 which are compatible with the

homomorphisms ΘE,S (cf. [9, Lem. 3.2.8]). We then get the main result of this subsection,
which characterizes the cohomology group H2(F,Z):

Proposition 3.6. The maps ΘE,S splice to a functorial isomorphism

Θ: lim−→
E

Ĥ−1(ΓE/F ,A
∨[S

(E)
E ]0)→H2(F,Z),

where the limit is over all finite Galois extensions E/F splitting Z and S(E) denotes an
arbitrary choice of places of V satisfying Conditions 3.1 and 3.2 for E/F such that if

K/E/F , we have S(E) ⊂ S(K) (as mentioned in the preceding discussion, the map in this

result does not depend on the choices of the S(E)’s by [9, Lem. 3.2.8]).

Proof. This proof closely follows the proof of [9, Corollary 3.2.9]. It is enough to prove the
result with H2(F,Z) replaced by Ȟ2(F/F,Z). By Corollary 3.4, Lemma 3.5 and [9, Lem.

3.2.8], we obtain a functorial injective homomorphism Θ as claimed, which is independent

of the choices of (appropriately chosen) S(E), so all that remains to prove is surjectivity.
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For any h ∈ Ȟ2(F/F,Z), we may find E′/F finite such that h ∈ Ȟ2(E′/F,Z); denote
the separable closure of F in E′ by E, so that E′ = E ·Fm for some unique m ∈ N.

Moreover, since E′
⊗

F 3 = lim−→S(E)
O

⊗
O

F,S(E)
3

E′,S(E) , where the direct limit is over all finite

S(E) ⊂ V satisfying the required conditions with respect to E/F , there is some finite S(E)

satisfying the required conditions with respect to E/F such that we can find hE′,S(E) ∈

Z(O

⊗
O

F,S(E)
3

E′,S(E) ) with image in Z(E′
⊗

F 3)→ Ȟ2(E′/F,Z) equal to h. We may enlarge S(E)

even further to assume that hE′,S(E) ∈Z2(OE′,S(E)/OF,S(E),Z) since the Čech differential

on Z(O

⊗
O

F,S(E)
3

E′,S(E) ) is the same as that of Z(E′
⊗

F 3), and we may use finitely many

elements of F and E′ to encode the fact that dhE′,S(E) = 1 in Z(E′
⊗

F 4). Denote by

h̄E′,S(E) the image of hE′,S(E) in Ȟ2(OE′,S(E)/OF,S(E),Z).
Once we have such an h̄E′,S(E) , choose an OF,S-torus Z ↪→ T with T̄ := T/Z such that

Ȳ =X∗(T̄ ) is free over ΓE/F , and denote the image of h̄E′,S(E) in Ȟ2(OE′,S(E)/OF,S(E),T )

by h̄E′,S(E),T . Note that we have a commutative diagram of isomorphisms from

Corollary 2.14:

Ȟ2(OE,S(E)/OF,S(E),T ) Ȟ2(OE′,S(E)/OF,S(E),T )

Ȟ2(OE,S(E)/OF,S(E),T̄ ) Ȟ2(OE′,S(E)/OF,S(E),T̄ ),

∼

∼

and so we may pick a (unique) preimage, denoted by h̄E,S(E),T , of h̄E′,S(E),T in
Ȟ2(OE,S/OF,S,T ), and by the commutativity of the diagram, the image of h̄E,S(E),T in

Ȟ2(OE,S(E)/OF,S(E),T̄ ) is zero. We may thus lift -TN−1(h̄E,S(E),T )∈ Ĥ0(ΓE/F ,Y [S
(E)
E ]0)

to some g ∈ Ĥ−1(ΓE/F ,A
∨[S

(E)
E ]0), and then the same argument as in [9, Corollary 3.2.9]

shows that ΘE,S(E)(g) ∈ Ȟ2(Operf
S(E)/OF,S(E),Z) has image in Ȟ2(F/F,Z) equal to h, as

desired (even though we need to take the image of h̄E′,S(E),T in Ȟ2(OE,S/OF,S,T ), the

argument of [9] uses that the image of their ΘE,S(E)(g) in Ȟ2(F/F,T ) is the same
as that of h, which is still true for our g obtained via the above adjustment for non-

separability).

3.2. The groups PE,ṠE,n

Let E/F be a finite Galois extension, S ⊂ V a finite full set of places, and ṠE ⊆ SE a

set of lifts for the places in S. When dealing with a multiplicative OF,S-group M, we will

frequently work with Ȟ2(Operf
S /OF,S,M) rather than H2

fppf(OF,S,Z); these two groups

are canonically isomorphic by Corollary 2.12. We assume that the pair (S,ṠE) satisfies

the following:

Conditions 3.7.

(1) S contains all places that ramify in E.

(2) Every ideal class of E contains an ideal with support in SE (i.e., Cl(OE,S) = 0).
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(3) For every w ∈ VE , there exists w′ ∈ SE with Stab(w,ΓE/F ) = Stab(w′,ΓE/F ).

(4) For every σ ∈ ΓE/F , there exists v̇ ∈ ṠE such that σv̇ = v̇.

Pairs (S,ṠE) satisfying these conditions always exist, and if (S′,Ṡ′
E) contains (S,ṠE)

(in the obvious sense) and the latter satisfies these conditions, then so does the former.

For notational ease, denote the group
ResE,S(μn)

μn
introduced in the previous subsection by

R̄E,S [n]. For a fixed n ∈ N, we first set PE,S,n to be the multiplicative OF,S-group split

over OE,S corresponding to the ΓE/F -module ME,S,n = 1
nZ/Z[ΓE/F ×SE ]0,0 consisting

of elements of 1
nZ/Z[ΓE/F × SE ] killed by both augmentation maps. We define the

multiplicative group PE,ṠE,n to correspond to the ΓE/F -submodule ME,ṠE,n ⊂ ME,S,n

of elements x such that x[(σ,w)] = 0 if w /∈ σ(ṠE). We have the following linear-algebraic
result [9, Lem. 3.3.2]:

Lemma 3.8. Let A be a Z[ΓE/F ]-module which is finite as an abelian group.

(1) If exp(A) divides n, then we may define a functorial (in A) isomorphism

ΨE,S,n : Hom(A,ME,S,n)
Γ → Ẑ−1(ΓE/F ,A

∨[SE ]0),H �→ h :=
∑

w∈SE

hw[w],

where hw : A → Q/Z,a �→ H(a)[(e,w)] which restricts to an isomorphism

Hom(A,ME,ṠE,n)
Γ ∼−→A∨[ṠE ]0∩ Ẑ−1(ΓE/F ,A

∨[SE ]0).

(2) For n | m, the isomorphisms ΨE,S,n and ΨE,S,m are compatible with the natural

inclusion ME,ṠE,n → ME,ṠE,m. Setting ME,S := lim−→n
ME,S,n, we thus obtain an

isomorphism

ΨE,S : Hom(A,ME,S)
Γ → Ẑ−1(ΓE/F ,A

∨[SE ]0).

(3) We have an induced surjective map

A∨[ṠE ]0∩ Ẑ−1(ΓE/F ,A
∨[SE ]0)→ Ĥ−1(ΓE/F ,A

∨[SE ]0).

Now for fixed n ∈ N and A a Z[ΓE/F ]-module which is finite as an abelian group with

corresponding OF,S-group Z such that exp(A) divides n, we obtain a map

ΘP
E,ṠE,n

: Hom(PE,ṠE,n,Z)Γ
ΘE,S◦ΨE,S,n−−−−−−−−−→ Ȟ2(Operf

S /OF,S,Z); (8)

note that this map is functorial in the group Z. For A=ME,ṠE,n, we have the canonical

element id of the left-hand side of (8), and we define ξE,ṠE,n ∈ Ȟ2(Operf
S /OF,S,PE,ṠE,n)

as its image.

We will now see how the groups PE,ṠE,n behave for varying E/F . For (S′,Ṡ′
K) satisfying

Conditions 3.7 with respect to the finite Galois extension K/F and m ∈ N, we write
(E,ṠE,n) < (K,Ṡ′

K,m) when n | m, K contains E, S ⊆ S′, and ṠE ⊆ (Ṡ′
K)E . Given E,

(S,ṠE), and K, one can always find (S′,Ṡ′
K) with (E,ṠE,n)< (K,Ṡ′

K,m). For (E,ṠE,n)<

(K,Ṡ′
K,m), we define a map of ΓK/F -modules from ME,ṠE,n to MK,Ṡ′

K,m (with inflated
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action on the former) given by
∑

(σ,w)∈ΓE/F×SE

aσ,w[(σ,w)] �→
∑
(γ,u)

aγ̄,uE
[(γ,u)],

where the right-hand sum is over all pairs (γ,u) in ΓK/F ×S′
K such that γ−1u ∈ Ṡ′

K ∩SK ,

and γ̄ denotes the image of γ in ΓE/F . It follows from [9, Lem. 3.3.4] that these transition

maps are compatible with the homomorphisms ΘP . According to [9, Lems. 3.3.3, 3.3.5],
we get the hoped-for coherence between the canonical classes ξE,ṠE,n discussed above:

Lemma 3.9. The homomorphism Ȟ2(Operf
S′ /OF,S′,PK,Ṡ′

K,m) → Ȟ2(Operf
S′ /OF,S′,

(PE,ṠE,n)OF,S′ ) maps ξK,Ṡ′
K,m to the image of ξE,ṠE,n under the inflation map

Ȟ2(Operf
S /OS,PE,ṠE,n)→ Ȟ2(Operf

S′ /OS′,(PE,ṠE,n
)OF,S′ ).

Fix a system of quadruples (Ei,Si,Ṡi,ni)i∈N such that (Si,Ṡi) satisfies Conditions 3.7

with respect to the finite Galois extension Ei/F , the Ei form an exhaustive tower of finite
Galois extensions of F, the Si form an exhaustive tower of finite subsets of V, the ni form

a cofinal system in N×, and we have the containment Ṡi ⊆ (Ṡi+1)Ei
for all i, and ni | ni+1

for all i. Such a system evidently exists. Note that V̇ := lim←−i
Ṡi is a subset of VF sep of lifts

of V, and the group

PV̇ := lim←−
i

PEi,Ṡi,ni

is a pro-algebraic group over F. For a finite multiplicative Z over F, the maps {ΘP
Ei,Ṡi,ni

}i
induce

ΘP
V̇
: Hom(PV̇ ,Z)Γ → Ȟ2(F/F,Z)(=H2(F,Z)),

which factors through the homomorphisms

Hom(PEi,Ṡi,ni
,Z)Γ

ΘP
Ei,Ṡi,ni−−−−−−→ Ȟ2(Operf

Si
/OF,Si

,Z)→ Ȟ2(F/F,Z) (9)

for all sufficiently large i and hence is surjective since we may choose i with exp(Z) | ni

and invoke Lemma 3.8 and Proposition 3.6 to deduce the surjectivity of (9) for all j � i.

From [9, Lem. 3.3.6], we have the following alternative characterization of HomF (PV̇ ,Z):

Lemma 3.10. Let Z be a finite multiplicative F-group, A = X∗(Z), and A∨[V̇ ]0 the

kernel of the augmentation map A∨[V̇ ] → A∨. Then we have a natural isomorphism
HomF (PV̇ ,Z)

∼−→A∨[V̇ ]0.

We conclude this subsection by discussing some local-global compatibility regarding PV̇

and its local analogues uv from [6, §3.1]. For a fixed place v ∈ V̇ , recall the multiplicative

Fv-groups

uEv/Fv,n :=
ResEv/Fv

(μn)

μn
,uv := lim←−

Ev/Fv,n

uEv/Fv,n.
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For Z a finite multiplicative Fv-group with exp(Z) | n, there is an isomorphism (defined

similarly to the map ΨE,S,n above; cf. [6, §3.1])

HomFv
(uEv/Fv,n,Z)

ΨEv,n−−−−→ Ẑ−1(ΓEv/Fv
,A∨).

We now define a localization map locPv : uv → (PV̇ )Fv
for a fixed v ∈ V̇ . Fix E/F a finite

Galois extension along with a triple (S,ṠE,n) such that (S,ṠE) satisfies Conditions 3.7

with respect to E/F . There is a morphism of ΓEv/Fv
-modules

loc
ME,ṠE,n

v : ME,ṠE,n →X∗(uEv/Fv,n) =
1

n
Z/Z[ΓEv/Fv

]0

given by

H =
∑

(σ,w)∈ΓE/F×SE

cσ,w[(σ,w)] �→
∑

(σ,v),σ∈ΓEv/Fv

cσ,v[σ] :=Hv.

Denote by uEv/Fv,n
loc

P
E,ṠE,n

v−−−−−−−→ (PE,ṠE,n)Fv
the corresponding morphism of group

schemes, which glues as we range over all 4-tuples (Ei,Si,Ṡi,ni), inducing a homomor-
phism of profinite Fv-groups loc

P
v : uv → (PV̇ )Fv

, as desired.

There is a local analogue of the map ΘP
V̇

constructed above, which we denote by

HomFv
(uv,Z)

Θv−−→ Ȟ2(Fv/Fv,Z). These local maps agree with the global analogue after

localization:

Lemma 3.11 ([9, Lem. 3.3.7]. For E/F finite Galois splitting Z, (S,ṠE) satisfying

Conditions 3.7 with respect to E, n ∈N a multiple of exp(Z), and v̇ ∈ V̇ (with v̇F ,v̇E =: v,
by abuse of notation), the following diagram commutes:

HomF (PE,ṠE,n,Z) Ȟ2(F/F,Z)

HomFv
(uEv/Fv,n,ZFv

) Ȟ2(Fv/Fv,ZFv
),

loc
P
E,ṠE,n

v

ΘP
E,ṠE,n

Θu
Ev,n

where the right vertical map is induced by the inclusion F → Fv determined by v̇.

Recall from Lemma 3.9 that elements ξi := ξEi,Ṡi,ni
form a coherent system in the

projective system of groups {Ȟ2(Operf
Si

/OF,Si
,PEi,Ṡi,ni

)}i. We also have (by Lemma 3.5),

for all i, injective homomorphisms Ȟ2(Operf
Si

/OF,Si
,PEi,Ṡi,ni

)→ Ȟ2(F/F,PEi,Ṡi,ni
), and

hence the element (ξi)i may be viewed as an element of lim←−i
Ȟ2(F/F,PEi,Ṡi,ni

). Let

ξv ∈ Ȟ2(Fv/Fv,uv)
∼−→ Ẑ ([6, Thm. 3.4]) denote the canonical class obtained by taking

the preimage of −1 ∈ Ẑ. We may now deduce the final result of this subsection:

Corollary 3.12. For v̇ ∈ V̇ , consider the maps

Ȟ2(F/F,PV̇ )→ Ȟ2(Fv/Fv,(PV̇ )Fv
)← Ȟ2(Fv/Fv,uv),
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where the left map is induced by the inclusion F → Fv determined by v̇ and the right map
is locPv . If ξ̃ ∈H2(F/F,PV̇ ) is any preimage of (ξi) (which exists by Lemma 2.26), then

the images of ξ̃ and ξv in the middle term are equal.

Proof. We claim first that the natural map Ȟ2(Fv/Fv,(PV̇ )Fv
) → lim←−i

Ȟ2(Fv/

Fv,PEi,Ṡi,ni
) is an isomorphism. To simplify notation, set Pi := (PEi,Ṡi,ni

)Fv
. By

Proposition 2.29, it suffices to show that lim←−
(1)

i
Ȟ1(Fv/Fv,Pi) = 0 and lim←−i

d(Pi(Fv)) = 0;

the latter trivially follows because it is a system of finite groups. We now explain the
vanishing of lim←−

(1)

i
Ȟ1(Fv/Fv,Pi) (all group schemes are of finite type so we replace the

notation ‘Ȟ1(Fv/Fv,−)’ with ‘H1(Fv,−)’ for notational convenience):
As in [9, §3.4], we may fit any ME,ṠE,n into a sequence (where the middle 0-subscript

denotes the kernel of the ΓE/F -augmentation map)

0→ME,ṠE,n → 1

n
Z/Z[ΓE/F ×S]0 →

1

n
Z/Z[SE ]0 → 0. (10)

These identifications are compatible with the transition maps, which on the right-most

terms are

∑
(σ,w)∈ΓE/F×SE

aσ,w[(σ,w)] �→
∑

(γ,u)∈ΓK/F×S′
K

(#Γu
K/E)aγ̄,uE

[(γ,u)].

We have the exact sequence

H1(Fv,Ai)→H1(Fv,Pi)→ Ci,

where Ai denotes the multiplicative group scheme Cartier dual to 1
ni
Z/Z[ΓEi/F ×Si]0

and Ci is the image of H1(Fv,Pi) in H2(Fv,Bi), where Bi is the kernel of Ai → Pi.

Note that lim←−
(1)Ci = 0 since these are all finite groups (because H2(Fv,Bi) is, using local

Poitou-Tate duality), so it suffices to prove that lim←−
(1)H1(Fv,Ai) = 0.

Denoting by Ãi the multiplicative group scheme Cartier dual to 1
ni
Z/Z[ΓEi/F ×Si], we

have an exact sequence

H1(Fv,Ãi)→H1(Fv,Ai)→ C̃i,

where C̃i is the image of H1(Fv,Ai)→H2(F,B̃i) and B̃i is the kernel of Ãi → Ai (it is

Cartier dual to 1
ni
Z/Z[ΓEi/F ]). Since H2(Fv,Bi) is finite, we have lim←−

(1) C̃i = 0, and we

thus reduce further to showing that lim←−
(1)H1(Fv,Ãi) = 0.

Note that Ãi =
∏

Si
[ResEi/F (μni

)]Fv
. We first compute H1(Fv,ResEi/F (μni

)); the
Mackey formula and Shapiro’s lemma tell us that

H1(Γv,
1

ni
Z/Z[ΓEi/F ]) =

⊕
w∈VEi

,w|v
H1(ΓEi,w

,
1

ni
Z/Z), (11)
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and so by local Poitou-Tate duality, we have H1(Fv,ResEi/F (μni
)) =

⊕
w∈VEi

,w|vH
1

(Ei,w,μni
). It follows that

H1(Fv,Ãi) =
⊕
Si

⊕
w∈VEi

,w|v
H1(Ei,w,μni

),

and we want to show that lim←−
(1) of this sequence of groups vanishes. From here, one can

use the verbatim argument in the proof of [6, Proposition 3.1] (which uses a computation

involving the explicit resolution computing lim←−
(1) as in [31, §3.5]) to obtain the desired

result, finally proving the claimed vanishing.
The isomorphism we just proved implies that the map Ȟ2(F/F,PV̇ ) → Ȟ2(Fv/Fv,

(PV̇ )Fv
) factors as the composition

Ȟ2(F/F,PV̇ )→ lim←−
i

Ȟ2(F/F,PEi,Ṡi,ni
)→ lim←−

i

Ȟ2(Fv/Fv,(PEi,Ṡi,ni
)Fv

),

where the second map is the inverse limit of the localizations for each i. It is thus enough

to show that, for each i, the map loc
PEi,Ṡi,ni
v sends ξ(Ei)v,ni

∈ Ȟ2(Fv/Fv,u(Ei)v/Fv,ni
)

to the image of ξEi,Ṡi,ni
under the map Ȟ2(F/F,PEi,Ṡi,ni

)→ Ȟ2(Fv/Fv,(PEi,Ṡi,ni
)Fv

).

Once we have reached this step, we get the result from the proof of [9, Corollary 3.8].

3.3. The vanishing of H1(F,PV̇ ) and H1(Fv,(PV̇ )Fv
)

In the local case, an instrumental property of the groups uv was that H1(F,uv) = 0; our
goal in this subsection is to prove the analogue for PV̇ and its localizations.

Recall the equation (10) used in the proof of Corollary 3.12 above. Observe (cf. [9,

Lem. 3.4.3]) that for fixed (E,ṠE,n), the right-most transition maps in (10) vanish for all

sufficiently large (K,Ṡ′
K,m)> (E,ṠE,n).

We may now deduce some preliminary cohomological vanishing:

Lemma 3.13. The following colimits over (E,ṠE,n) vanish:

(1) lim−→H1(Γ, 1nZ/Z[ΓE/F ×S]0);

(2) lim−→H1(Γv,
1
nZ/Z[ΓE/F ×S]0) for any v ∈ V .

Proof. The first vanishing follows from the proof of [9, Lem. 3.4.4]. For the second vanish-

ing, we first use the identity (11); identifying each H1(ΓEw
, 1nZ/Z) with Hom(ΓEw

, 1nZ/Z),
the transition map

⊕
w∈VE,w|v

Hom(ΓEw
,
1

n
Z/Z)→

⊕
u∈VK,u|v

Hom(ΓKu
,
1

m
Z/Z)

is given by the maps Hom(ΓEw
, 1nZ/Z) →

⊕
u|wHom(ΓKu

, 1
mZ/Z) induced by the

inclusions ΓKu
↪→ ΓEw

. For a fixed fw ∈ Hom(ΓEw
, 1nZ/Z), the kernel Hfw of fw is

an open normal subgroup of ΓEw
, and so if K/E is a large enough finite Galois

extension, we have ΓKu
⊆ Hfw for all u | w places of K. Note that, given such a K,

this property also holds for any K ′/K/F finite Galois and ũ | w a place of K ′. Now for

any (fw) ∈
⊕

w|vHom(ΓEw
, 1nZ/Z), we can apply the previous sentence to each w and

https://doi.org/10.1017/S1474748025100972 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748025100972


30 P. E. Dillery

take a compositum to find a finite Galois K/F such that for any w and u ∈ VK with

u | w, we have ΓKu
⊆Hfw . Thus, the image of (fw)w in

⊕
u|vHom(ΓKu

, 1nZ/Z) is trivial,
proving (2).

Proposition 3.14. For any v ∈ V̇ , we have H1(Fv,(PV̇ )Fv
) = 0.

Proof. Note that H1(Fv,(PV̇ )Fv
) = lim←−i

H1(Fv,(PEi,Ṡi,ni
)Fv

) since lim←−
(1)

i
H0(Fv,

(PEi,Ṡi,ni
)Fv

) is trivial (the same argument works for F instead of Fv). Thus, local
Poitou-Tate duality gives

H1(Fv,(PV̇ )Fv
) = lim←−

i

(H1(Γv,MEi,Ṡi,ni
)∗) = (lim−→

i

H1(Γv,MEi,Ṡi,ni
))∗.

Now we have (using (10)) the exact sequence

0→ Ci →H1(Γv,MEi,Ṡi,ni
)→H1(Γv,

1

ni
Z/Z[ΓEi/F ×Si]0),

where Ci is a subquotient of 1
ni
Z/Z[(Si)Ei

]0, and the colimits of the outer two terms are

zero, by Lemma 3.13 and the remark preceding it, giving the result.

We need to recall a result from global class field theory. Let C := lim←−K/F
CK, where

CK is the profinite completion of the idéle class group CK of the finite Galois extension
K/F , and the limit is over all such extensions. For fixed K/F finite Galois and n ∈ N,
note that C[n]ΓK = CK [n].

Lemma 3.15. The completed universal norm group N := lim←−K/F
NK/F (CK) is trivial.

Proof. For any finite Galois K/F , we have the exact sequence

0→NK/F (CK)→ CF
(−,K/F )−−−−−−→ Γab

K/F → 0.

Since the group NK/F (CK) is open of finite index in CF , the inverse limit over all open

subgroups of CF of finite index may be taken over all open subgroups of finite index

which lie in NK/F (CK), and for any such subgroup U, we get the exact sequence

0→
NK/F (CK)

U
→ CF

U
→ Γab

K/F → 0,

which after applying the (left-exact) functor lim←−(−) yields the exact sequence

0→NK/F (CK)∧ → CF → Γab
K/F → 0;

note that surjectivity is preserved because the kernels are all finite groups. Now since CK

is dense in CK , we have that NK/F (CK) =NK/F (CK)∧ inside CF , by continuity of the

norm map. Applying the inverse limit over all finite Galois K/F then yields the exact

sequence

0→N → CF → Γab,

so it is enough to show that the completed universal residue map CF → Γab is injective,

which is a basic fact of global class field theory (see, for example, [19, Prop. 8.1.26]).
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We move on to a slightly more involved vanishing result:

Lemma 3.16. The following colimit over (E,ṠE,n) vanishes:

lim−→H2(Γ,
1

n
Z/Z[ΓE/F ×S]0) = 0.

Proof. As in the proof of Lemma 3.13, it is enough to show that the colimit

lim−→H2(ΓE,
1
nZ/Z) vanishes, with the transition maps given by the restriction

homomorphism. For (E,n) fixed, by [19, Thm. 8.4.4] (with S = VE), we have an

isomorphism

H2(ΓE,
1

n
Z/Z)

∼−→ (Ĥ0(ΓE,C[n]))∨,

where Ĥ0(ΓE,C[n]) := lim←−K/E
Ĥ0(ΓK/E,C[n]ΓK ), with transition maps given by the

projections

CE [n]

NK′/E(CK′ [n])
→ CE [n]

NK/E(CK [n])
;

recall that for M a locally-compact Hausdorff topological group, M∨ denotes

Homcts(M,R/Z).
We claim that the natural map CE [n]→ Ĥ0(ΓE,C[n]) is an isomorphism, which follows

from the fact that both lim←−K/E
NK/E(CK [n]) and lim←−

(1)NK/E(CK [n]) vanish. For the

former, there is an inclusion NK/E(CK [n]) ↪→NK/E(CK)[n], and hence an inclusion

lim←−NK/E(CK [n]) ↪→ (lim←−NK/E(CK)))[n] = 0,

where the last term equals zero by Lemma 3.15. Moreover, one checks using the explicit

resolution computing lim←−
(1) along with Lemma 3.15 and the compactness of CE that

lim←−
(1)NK/E(CK [n]) = 0. In conclusion, we obtain an isomorphism H2(ΓE,

1
nZ/Z)

∼−→
CE [n]

∨.
It thus suffices to show that lim−→CE [n]

∨ vanishes, where the transition maps are induced

by the maps CK [m]→ CE [n] given by NK/E composed with the m/n-power map. Given

f ∈CE [n]
∨, since it is continuous and 1

nZ/Z is finite, ker(f) is an open subgroup of CE [n].

The norm groups NK/E(CK)⊆CE shrink to the identity, so there is some (K,m)> (E,n)
with NK/E(CK) ⊆ ker(f) (using the finite intersection property), and hence, the image

of f in CK [m]∨ is zero.

The surjectivity of the maps Pi+1 → Pi immediately implies (cf. [6, Corollary 3.3]):

Lemma 3.17. The spectral sequence comparing Čech and derived cohomology from [24,
03AV] gives an isomorphism Ȟp(?/?,PV̇ )→Hp(?,PV̇ ) for ? = F,Fv and all p≥ 0.

Proposition 3.18. We have H1(F,PV̇ ) = lim←−i
H1(F,PEi,Ṡi,ni

) = 0.

Proof. The first equality is from the proof of Proposition 3.14. Localization

Ȟ1(F/F,PV̇ )→ Ȟ1(Fv/Fv,PV̇ ) gives (via Lemma 3.17) a localization map H1(F,PV̇ )→
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H1(Fv,PV̇ ) for all v ∈ V . Setting ker1(F,PV̇ ) := ker[H1(F,PV̇ ) →
∏

v̇∈V̇ H1(Fv,PV̇ )], it

suffices by Lemma 3.13 to show ker1(F,PV̇ )
∼−→ lim←−i

ker1(F,PEi,Ṡi,ni
) = 0.

For i fixed, [1, Lem. 4.4] tells us that we have a perfect pairing of finite abelian groups

ker1(F,PEi,Ṡi,ni
)×ker2(F,MEi,Ṡi,ni

)→Q/Z,

where MEi,Ṡi,ni
is the étale F -group scheme associated to the Γ-module MEi,Ṡi,ni

(and

is Cartier dual to the finite flat F -group scheme PEi,Ṡi,ni
). Thus, it is enough to show

that

lim←−
i

(ker2(Γ,MEi,Ṡi,ni
))∗ = (lim−→

i

ker2(Γ,MEi,Ṡi,ni
))∗ = 0,

which we will do by showing that the direct limit lim−→i
ker2(Γ,MEi,Ṡi,ni

) vanishes, which
follows from an easier version of the analogous argument in the proof of [9, Prop. 3.4.6]

that we leave to the reader (using our Lemmas 3.13, 3.16 in place of Lemma 3.4.4 loc.

cit.).

3.4. The canonical class

We now show that there is a canonical element ξ ∈ Ȟ2(F/F,PV̇ ) lifting the element
(ξi) ∈ lim←−i

Ȟ2(F/F,PEi,Ṡi,ni
) constructed above. Set P := PV̇ , Pi := PEi,Ṡi,ni

and Mi :=

MEi,Ṡi,ni
, and denote the projection P →Pi by pi. Whenever we work with an embedding

F → Fv for v ∈ V , we assume it is the one induced by v̇ ∈ V̇ unless otherwise specified.

We begin by proving some results about Čech cohomology groups associated to PV̇ .

Lemma 3.19. The natural projective system maps Ȟk(Av/Fv,P )→ lim←−i
Ȟk(Av/Fv,Pi)

are isomorphisms for k = 0,1,2 (recall that Av := F ⊗F Fv).

Proof. The case k = 0 is trivial, so we only need to focus on k = 1,2. By Lemma 2.29,

it is enough to show that lim←−
(1)

i
Ȟk(Av/Fv,Pi) = 0 for k = 0,1 and that lim←−

(1)

i
B1(i) = 0

(notation as in Lemma 2.29). The vanishing of lim←−
(1)

i
Ȟ0(Av/Fv,Pi) follows from the

fact that Ȟ0(Av/Fv,Pi) = Pi(Fv), and the system {Pi(Fv)} consists of finite groups. The

vanishing of lim←−
(1)

i
B1(i) comes from the fact that the system {B1(i)} has surjective

transition maps: On Čech 0-cochains, the transition maps Pi+1(Av) → Pi(Av) are all

surjective by Lemma 2.20, and since the Čech differentials are compatible with F -
homomorphisms (in our case, the transition maps Pi+1 → Pi), this surjectivity carries

over to the group of 1-coboundaries.

The proof of Corollary 2.21 shows that the groups Ȟ1(Av/Fv,Pi) are (compat-

ibly) isomorphic to H1(Fv,Pi), and, as argued in the proof in Corollary 3.12,
lim←−

(1)

i
H1(Fv,Pi) = 0.

Combining Lemma 3.19 with the proof of Corollary 2.21 gives an isomorphism

Ȟ1(Av/Fv,P )
∼−→ lim←−Ȟ1(Av/Fv,Pi)

∼−→ lim←−Ȟ1(Fv/Fv,Pi)
∼−→ Ȟ1(Fv/Fv,P ),
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and so Lemma 3.17 lets us identify Ȟ1(Av/Fv,P ) with H1(Fv,P ) as well. The local

canonical class ξv ∈ Ȟ2(Fv/Fv,uv) = H2(Fv,uv) maps via S2
v ◦ locv to Ȟ2(Av/Fv,P )

(notation as in §2.2).
We now construct a canonical x ∈ Ȟ2(A/A,P ) such that for each v̇ ∈ V̇ , its image in

Ȟ2(Av/Fv,P ) (via the ring homomorphism F ⊗F A
ι⊗πv−−−→ Fv ⊗F Fv, where ι : F → Fv is

our fixed inclusion, and πv is projection onto the vth-factor) equals S2
v(locv(ξv)) via a

Čech-theoretic analogue of the construction in [9, §3.5]. Fix ξ̇v ∈ uv(Fv

⊗
Fv

3
) a 2-cocycle

representing ξv, and let Γv̇ ⊆ Γ denote the decomposition group of v̇ ∈ V̇ ; choose a section
Γ/Γv̇ → Γ – recall from §2.2 that this is equivalent to fixing a compatible system of

diagonal embeddings

E ·Fv →
∏

w∈VE,w|v
Ew

ranging over all finite Galois extensions E/F (which are the identity E ·Fv → Ev̇E
on

the v̇E-factor), and thus (as explained in §2.2) an explicit realization of the Shapiro map

h : G(Fv

⊗
Fv

3
) → G(Av

⊗
Fv

3
) at the level of 2-cochains for any multiplicative F -group

scheme G, which is functorial in G (with respect to F -homomorphisms) and compatible

with the Čech differentials on both sides.

The maps S2
v,i : Pi(Fv

⊗
Fv

3
) → Pi(Av

⊗
Fv

3
) splice to give a homomorphism

Ṡ2
v : P (Fv

⊗
Fv

3
)→ P (Av

⊗
Fv

3
), and we set ẋv := Ṡ2

v(locv(ξ̇v)) ∈ Z2(Av/Fv,P ). Note that

for i fixed, pi(ẋv) = 1 ∈ Pi(Av

⊗
Fv

3
) for all v̇ ∈ V̇ with v /∈ Si. Indeed, the functoriality

of the Shapiro maps implies that pi ◦ Ṡ2
v ◦ locv = S2

v,i ◦ pi ◦ locv on Pi(Fv

⊗
Fv

3
), and

pi ◦ locv : uv → PFv
→ (Pi)Fv

is trivial for v /∈ Si since it is induced by the direct limit

over j ∈ N (with v̇Ej
∈ Ṡj) of Γv̇-module homomorphisms

1

ni
Z/Z[ΓEi/F × (Si)Ei

]0,0 →
1

nj
Z/Z[ΓEj/F × (Sj)Ej

]0,0 →X∗(unj,Ej/Fv
),

where the kernel of the second map contains all elements whose (σ,v̇Ej
)-coefficients cσ,v̇Ej

are zero for all σ ∈ΓEj/F , and the image of the first map lands in the subgroup of elements

whose coefficients cσ,w are zero for all w ∈ (Sj)Ej
not lying above an element of (Si)Ei

,

which is the case for v̇Ej
since v̇Ei

∈ (Si)Ei
would mean that v ∈ Si; this gives our desired

triviality.

The above paragraph implies that the element (pi(ẋv))v∈V ∈
∏

v∈V Pi(A
⊗

Fv
3

v ) is
trivial in all but finitely-many v -coordinates, so we may view it as an element of⊕

v∈Si
Z2(Av/Fv,Pi). We may further view it as an element of the restricted product

∏′
vPi(A

⊗
Fv

3

L,v ) with respect to the subgroups Pi(O

⊗
OFv

3

L,v ), (cf. §2.2) for some finite

extension L/F (because Av = lim−→AK,v over all finite extensions K/F and each Pi/F

is of finite type). We thus obtain by Proposition 2.19 an element of Z2(A/A,Pi), and as

we vary i, they splice to give ẋ ∈ lim←−i
Z2(A/A,Pi) = Z2(A/A,P ).

The argument in [9, §3.5] (using Čech differentials) shows that [ẋ] ∈ Ȟ2(A/A,P ) is

independent of the choice of local representatives ξ̇v. We now explain why it is also
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independent of the choice of section Γ/Γv̇ → Γ. Denote by s,s′ two sections with Shapiro

maps Ṡv, Ṡ
′
v (cf. §2.2).

Lemma 2.22 implies that for any v ∈ V , we may find cv ∈ P (Av ⊗Fv
Av) such that

dcv = Ṡv(locv(ξ̇v)) · Ṡ′
v(locv(ξ̇v))

−1; we claim that we may choose cv such that for any i

with v /∈ Si, we have pi(cv) = 1 in Pi(Av ⊗Fv
Av). Indeed, by the proof of Lemma 2.22,

we can set

cv = (r1 · r̄3⊗ r2)(locv(ξ̇v)) · (r̄2⊗ r1 · r̄3)(locv(ξ̇v))−1,

where r : Fv → Av is the direct limit of the maps E′
(v̇E)′ →

∏
w|vE

′
w′ defined on the w -

coordinate by the isomorphism rw : E′
(v̇E)′

∼−→ E′
w′ determined by the section s, similarly

with r̄, where as in the proof of Lemma 2.22, the subscript i in ri denotes that its source

is the ith tensor factor of (E′
v′)

⊗
Fv

3. Since the maps r,r̄ are Fv-homomorphisms, they
commute with pi and hence,

pi(cv) = (r1 · r̄3⊗ r2)(pilocv(ξ̇v)) · (r̄2⊗ r1 · r̄3)(pilocv(ξ̇v))−1 = 1.

As a result, the element c̃ := (cv)v ∈
∏

v∈V P (Av ⊗Fv
Av) has projection pi(c̃) with

all but finitely-many trivial coordinates and hence has well-defined image in Pi(A⊗A

A) (using Corollary 2.18). Setting c := lim←−i
pi(c̃) gives an element of P (A⊗A A) which

satisfies Ṡ2
v(locv(ξ̇v)) · Ṡ

′2
v (locv(ξ̇v))

−1 = dc, concluding the argument for why the class

[ẋ] ∈ Ȟ2(A/A,P ) is canonical.

The final key step in constructing a canonical class in Ȟ2(F/F,P ) is showing that there
is a unique element of Ȟ2(F/F,P ) whose image in Ȟ2(A/A,P ) is the class x := [ẋ], and

whose image in lim←−i
Ȟ2(F/F,Pi) is (ξi). The argument will use the following projective

system of complexes of tori, following [9, §3.5]:

Lemma 3.20 [9, Lem. 3.5.1]. The projective system {Pi} fits into a short exact sequence

of projective systems of tori {Ti}, {Ui}

1→{Pi}→ {Ti}→ {Ui}→ 1

such that each Ti+1 → Ti is surjective with kernel a torus (this also holds for each
Ui+1 → Ui).

For any i, consider the double complex of abelian groups Kp,q =

Ti(A) Ti(A⊗AA) Ti(A⊗AA⊗AA) . . .

Ui(A) Ui(A⊗AA) Ui(A⊗AA⊗AA) . . . .

Note that the complex with j th term Cj :=H0(Kj,•) (j≥ 0) is exactly the Čech complex
of Pi with respect to the fpqc cover A/A, and so the low-degree exact sequence for the

spectral sequence associated to a double complex gives an injective map Ȟ1(A/A,Pi) ↪→
H1(A/A,Ti → Ui).
Since the kernels of Ti+1 → Ti and Ui+1 → Ui are tori, combining Corollary 2.18

with Lemma 2.20 tells us that the maps Ti+1(A
⊗

A
n
)→ Ti(A

⊗
A
n
) and Ui+1(A

⊗
A
n
) →
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Ui(A
⊗

A
n
) are surjective for all n (this also holds for A replaced by Asep, by smoothness).

It follows that the induced map

Cj(A/A,Ti+1 → Ui+1)→ Cj(A/A,Ti → Ui)

(where Cj(A/A,T →U) is the group of j -cochains for the corresponding total complex) is

surjective for any j, and so the system {Cj(A/A,Ti → Ui)}i≥0 satisfies the Mittag-Lefler

condition. Replacing A by Asep in order to use group cohomology (Lemma A.7), it follows
from [19, Thm. 3.5.8] that we obtain the exact sequence

1→
(1)

lim←−H1(A/A,Ti → Ui)→H2(A/A,T → U)→ lim←−H2(A/A,Ti → Ui)→ 1, (12)

where the middle term denotes the cohomology of the complex with j th term

Cj(A/A,T → U) := lim←−Cj(A/A,Ti → Ui) = Cj(A/A,T )⊕Cj−1(A/A,U),

where T = lim←−i
Ti and U := lim←−i

Ui are pro-tori over F (by construction, the kernel of

T → U is P). The low-degree exact sequence for double complexes again gives a map
Ȟ2(A/A,P ) → H2(A/A,T → U), which need not be injective, and we have the natural

map Ȟ2(F/F,P )→ Ȟ2(A/A,P ). We then have the following analogue of [9, Prop. 3.5.2]:

Proposition 3.21. There is a unique ξ ∈ Ȟ2(F/F,P ) whose image in lim←−Ȟ2(F/F,Pi)

equals the system (ξi), and whose image in H2(A/A,T → U) equals the image of x ∈
Ȟ2(A/A,P ) there.

Proof. If ξ̃ ∈ Ȟ2(F/F,P ) is any preimage of (ξi) ∈ lim←−Ȟ2(F/F,Pi) and ξ̃A denotes its

image in Ȟ2(A/A,P ), the images of x and ξ̃A in lim←−H2(A/A,Ti →Ui) via the composition

Ȟ2(A/A,P )→H2(A/A,T → U)→ lim←−H2(A/A,Ti → Ui)

coincide by the argument in [9, Prop. 3.5.2], replacing the use of [13, Thm. C.1.B] loc.

cit. with Proposition A.9 and the use of Corollary 3.3.8 loc. cit. with Corollary 3.12.
The same argument as in [8, Lem. 3.5.3] (replacing the results from [13, §C] with their

analogues from §A.3, A.4) shows that the map lim←−
(1) Ȟ1(F/F,Pi)→ lim←−

(1)H1(A/A,Ti →
Ui) is an isomorphism which, along with (12), imply that we may modify ξ̃ by an element
of lim←−

(1) Ȟ1(F/F,Pi) so that the images of ξ̃A and x inH2(A/A,T →U) are equal, proving

existence. Uniqueness follows from the injectivity of the composition

(1)

lim←−Ȟ1(F/F,Pi)→
(1)

lim←−H1(A/A,Ti → Ui)→H2(A/A,T → U).

Definition 3.22. The canonical class ξ ∈ Ȟ2(F/F,P ) is the element whose existence and

uniqueness is asserted in Proposition 3.21. As explained in [9, p. 41], ξ is independent of

the systems {Ti}, {Ui} chosen above.
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4. Cohomology of the gerbe EV̇
4.1. Basic definitions

As in previous sections, we write Hi for Hi
fppf. Let ξ ∈ Ȟ2(F/F,PV̇ ) be the canonical class

of Definition 3.22. By [6, §2], ξ corresponds to an isomorphism class of (fpqc) PV̇ -gerbes

split over F . Let EV̇ → (Sch/F )fpqc be such a gerbe; we can equip EV̇ with the structure

of a site, (EV̇ )fpqc, by giving it the fpqc topology inherited from (Sch/F )fpqc. For G an
affine algebraic group over F, we write H1(EV̇ ,GEV̇

) to denote all isomorphism classes of

GEV̇
-torsors on (EV̇ )fpqc. Any such torsor T carries an action ι : (PV̇ )EV̇

×T → T .

For Z ⊂G a finite central F -subgroup, define H1(EV̇ ,Z →G) as all isomorphism classes

[T ] such that ι is induced by a homomorphism of F -groups PV̇

φ−→ Z ↪→G – we refer to

such a torsor T as Z-twisted. Note that such φ always factors through the projection
PV̇ → PEi,Ṡi,ni

for some i. For any other choice of PV̇ -gerbe E ′
V̇

representing ξ, we have

an isomorphism of PV̇ -gerbes h : EV̇ → E ′
V̇
, inducing an isomorphism H1(EV̇ ,GEV̇

) →
H1(EV̇ ,GE′

V̇
) which, since Ȟ1(F/F,PV̇ ) vanishes by Proposition 3.18, is independent of

the choice of h, by [6, Lem. 2.56].

Let A denote the category whose objects are pairs (Z,G) as above and whose morphisms

from (Z1,G1) to (Z2,G2) are F -morphisms from G1 to G2 that map Z1 to Z2. As shown
in [6, §2.6], we have the ‘inflation-restriction’ exact sequence (of pointed sets or abelian

groups)

1→H1(F,G)→H1(EV̇ ,Z →G)→HomF (PV̇ ,Z)→H2(F,G),

where theH2-term is to be ignored if G is non-abelian. The above map from HomF (PV̇ ,Z)

to H2(F,G) can be described as the composition of the map ΘP
V̇
: HomF (PV̇ ,Z) →

H2(F,Z) defined in §3.2 with the mapH2(F,Z)→H2(F,G). We also have a commutative
diagram

H1(F,G) H1(EV̇ ,Z →G) HomF (PV̇ ,Z) H2(F,G)

H1(F,G) H1(F,G/Z) H2(F,Z) H2(F,G),

†

Res

ΘP
V̇

where the map † sends [T ] to (the class of) the descent of the (G/Z)EV̇
-torsor T ×GE

V̇

(G/Z)EV̇
to a G/Z-torsor T over F. It has such a descent (unique up to isomorphism)

because, by construction, its (PV̇ )EV̇
-action is trivial. We have the following result(s)

from [9]:

Lemma 4.1 [9, Lems. 3.6.1, 3.6.2].

(1) If G is either abelian or connected and reductive, then the map † defined above is

surjective.

(2) If G is connected and reductive, then for each x ∈ H1(EV̇ ,Z → G), there exists a

maximal torus T ⊂G such that x is in the image of H1(EV̇ ,Z → T ).
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Proof. The identical proofs loc. cit. work here, using the five-lemma and our discussion
following Lemma 3.9 for abelian G and replacing the use of Lemma A.1 loc. cit. with [29,

Corollary 1.10] for connected reductive G.

The next goal is to construct a localization map locv : H
1(EV̇ ,Z →G)→H1(Ev,Z →G)

for any v̇ ∈ V̇ , where Ev denotes the local gerbe defined in [6, §3], such that the diagram

H1(F,G) H1(EV̇ ,Z →G) HomF (PV̇ ,Z)

H1(Fv,G) H1(Ev,Z →G) HomFv
(uv,Z)

(13)

commutes, where (using Čech cohomology) the left vertical map is induced by the
inclusion F → Fv and the right vertical map is induced by the F -homomorphism

locPv : uv → (PV̇ )Fv
(cf. §3.2).

We have the stack (EV̇ )Fv
:= E ×Sch/F (Sch/Fv), which is an fpqc (PV̇ )Fv

-gerbe split

over Fv. Fixing an isomorphism of PV̇ -gerbes (EV̇ )Fv

∼−→Exv
, where xv denotes a Čech 2-

cocycle representing the image of ξ ∈ Ȟ2(F/F,PV̇ ) in Ȟ2(Fv/Fv,PV̇ ), and an isomorphism
of uv-gerbes Ev ∼−→Eξ̇v , where ξ̇v is a Čech 2-cocycle representing the local canonical class

ξv, the fact that loc
P
v (ξv) = [xv] (by Corollary 3.12) implies, by the functoriality of gerbes

given by Construction 2.24, that we have a (non-canonical) morphism of fibered categories

over Fv from Eξ̇v to Exv
which is the morphism locPv on bands, and thus, we obtain a

functor Ev
locEv−−−→ EV̇ via the composition

Ev ∼−→ Eξ̇v →Exv

∼−→ (EV̇ )Fv
→EV̇ .

Although locEv is highly non-canonical, the morphism Eξ̇v → Exv
is unique up to post-

composing by an automorphism of Exv
determined by a Čech 1-cocycle of PV̇ valued in

Fv (see [6, §2.3]), and since, by Proposition 3.14, the group Ȟ1(Fv/Fv,PV̇ ) is trivial, such

a 1-cocycle is in fact a 1-coboundary. The same is true for the isomorphisms Ev → Eξ̇v
and (EV̇ )Fv

→Exv
(which we call ‘normalizing isomorphisms’), using Proposition 3.14 and

[6, Corollary 3.5]. We are now ready to define our main localization map.
We can use locEv to pull back any Z -twisted GEV̇

-torsor to a ZFv
-twisted GEv

-torsor,

defining

locv : H
1(EV̇ ,Z →G)→H1(Ev,Z →G);

combining the previous paragraph with [6, Prop. 2.55] show that locv is canonical. It is
straightforward to check that this localization map makes the diagram (13) commute.

This map is canonical up to finer equivalence classes of GEv
-torsors: We can replace

isomorphism classes with sets of torsors whose elements are related via isomorphisms
T

∼−→ η∗T of GEv
-torsors induced by translation by z−1 ∈ Z(Fv), where η : Ev → Ev is

the automorphism of gerbes induced by the 1-coboundary d(z) (cf. [6, Lemma 2.56]), and

different choices of locv preserve these classes.
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4.2. Tate-Nakayama duality for tori

As in [9], we define T ⊂ A to be the full subcategory consisting of objects [Z → T ] for

which T is a torus, and for v ∈ V , we define Tv analogously. Recall from [6, §4.1] that
associated to such a pair [Z → T ] ∈ Tv we have the group

Y +v,tor[Z → T ] := (X∗(T/Z)/[IvX∗(T )])tor = (X∗(T/Z)/[IvX∗(T )])
NE/Fv ,

where Iv ⊂ Z[Γv] denotes the augmentation ideal, E/Fv denotes a finite Galois extension

splitting T, and the superscript NE/Fv
denotes the kernel of the norm map. Moreover,

by [6, Thm. 4.10], we have a canonical functorial isomorphism

ιv : Y +v,tor[Z → T ]
∼−→H1(Ev,Z → T )

which commutes with the maps of both groups to HomFv
(uv,Z).

Following [9], the first step is to construct the global analogue of the groups

Y +v,tor[Z → T ]. For fixed [Z → T ] ∈ T , we set Y := X∗(T ), Y := X∗(T/Z), and A∨ :=

HomZ(X
∗(Z),Q/Z). We have a short exact sequence

0→ Y → Y →A∨ → 0,

and for any i, tensoring with the ΓEi/F -module Z[(Si)Ei
]0 gives the exact sequence

0→ Y [(Si)Ei
]0 → Y [(Si)Ei

]0 →A∨[(Si)Ei
]0 → 0; (14)

denote by Y [(Si)Ei
,Ṡi]0 ⊆Y [(Si)Ei

]0 the preimage of the subgroup A∨[Ṡi] under the above

surjection. Note that, by construction Y [(Si)Ei
,Ṡi]0 contains the image of Y [(Si)Ei

]0.

Choosing any section s : (Si)Ei
→ (Si+1)Ei+1

such that s(Ṡi) ⊂ Ṡi+1, we may define a
map

Y [(Si)Ei,Ṡi]0
s!−→ Y [(Si+1)Ei+1,Ṡi+1]0, s!(

∑
w∈(Si)Ei

cw[w]) =
∑

w′∈(Si+1)Ei+1
,s((w′)Ei

)=w′

c(w′)Ei
[w′].

Lemma 4.2 [9, Lem. 3.7.1]. The map f �→ s!f induces a well-defined homomorphism

! :
Y [(Si)Ei

,Ṡi]0
IEi/FY [(Si)Ei

]0
→ Y [(Si+1)Ei+1

,Ṡi+1]0

IEi+1/FY [(Si+1)Ei+1
]0

which is independent of the choice of s.

Definition 4.3. We define

Y [VF ,V̇ ]0,+,tor := lim−→
i

Y [(Si)Ei
,Ṡi]0

IEi/FY [(Si)Ei
]0
[tor], Y [VF ]0,Γ,tor := lim−→

i

Y [(Si)Ei
]0

IEi/FY [(Si)Ei
]0
[tor]

with transition maps given by !.

The above two groups fit into the short exact sequence

0→ Y [VF ]0,Γ,tor → Y [VF ,V̇ ]0,+,tor →A∨[V̇ ]0 → 0.

For any v ∈ V , we can define a localization morphism

lv : Y [VF ,V̇ ]0,+,tor → Y +v,tor
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as follows. For a fixed index i, choose a representative τ̇ ∈ ΓEi/F for each right coset τ ∈
Γv̇
Ei/F

\ΓEi/F such that τ̇ =1 for the trivial coset; for f =
∑

w∈(Si)Ei
cw[w]∈ Y [(Si)Ei

,Ṡi]0,

set

liv(f) =
∑

τ∈Γv̇
Ei/F

\ΓEi/F

τ̇ cτ−1
(v̇)

∈ Y .

It is shown in [9, Lem. 3.7.2] that liv descends to a group homomorphism

liv :
Y [(Si)Ei

,Ṡi]0
IEi/FY [(Si)Ei

]0
→ Y

IvY
(15)

that is independent of the choices of representatives τ̇ and is compatible with the

transition maps ! defined above. We may thus define the localization map lv as the direct
limit of the maps liv.

We can now give the statement of the global Tate-Nakayama isomorphism:

Theorem 4.4. There exists a unique isomorphism

ιV̇ : Y [VF ,V̇ ]0,+,tor →H1(EV̇ ,Z → T )

of functors T →AbGrp that fits into the commutative diagram

Y [VF ]0,Γ,tor Y [VF ,V̇ ]0,+,tor A∨[V̇ ]0

H1(F,T ) H1(EV̇ ,Z → T ) HomF (PV̇ ,Z),

TN ιV̇

where TN denotes the colimit over i of the finite global Tate-Nakayama isomorphisms

H−1(ΓEi/F ,Y [(Si)Ei
]0)→H1(ΓEi/F ,T (OEi,Si

))

as in Lemma 3.3 (these splice to give a well-defined map, by Lemma 3.1.2 and Corollary
3.1.8 from [9]), and the right vertical arrow is the one from Lemma 3.10.

Moreover, for each v ∈ V̇ , the following diagram commutes:

Y [VF ,V̇ ]0,+,tor Y +v,tor

H1(EV̇ ,Z → T ) H1(Ev,Z → T ).

ιV̇

lv

ιv

locv

As with its analogue [9, Thm. 3.7.3], this theorem takes some work to prove. Although

Y [(Si)Ei
,Ṡi]0 is not ΓEi/F -stable, it still makes sense to define the group Y [(Si)Ei

,Ṡi]
NEi/F

0

as the intersection Y [(Si)Ei
,Ṡi]0∩Y [(Si)Ei

]
NEi/F

0 . We have the linear-algebraic result:
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Lemma 4.5 [9, Lems. 3.7.6, 3.7.7].

(1)
Y [(Si)Ei

,Ṡi]
NEi/F
0

IEi/F
Y [(Si)Ei

]0
=

Y [(Si)Ei
,Ṡi]0

IEi/F
Y [(Si)Ei

]0
[tor].

(2) Every element of Y [(Si)Ei
,Ṡi]0/IEi/FY [(Si)Ei

]0 has a representative supported

on Ṡi.

Following the outline of [9, §3.7], the first step is proving an analogous Tate-Nakayama
isomorphism for the groups PEi,Ṡi

:= lim←−n∈N
PEi,Ṡi,n

, which is useful because PV̇ =

lim←−i
PEi,Ṡi

(cf. [9, §3.3]). Fix a triple (E,S,ṠE) satisfying Conditions 3.7 and denote
by TE the full subcategory of objects [Z → T ] of T such that T splits over E.

Note that Ȟ2(Operf
S /OS,PE,ṠE

) = H2(OF,S,PE,ṠE
) = lim←−n

H2(OF,S,PE,ṠE,n); the

first equality follows from [24, 03AV] and the second one from the vanishing of
lim←−

(1)H1(OF,S,PE,ṠE,n) due to the following:

Lemma 4.6. The groups H1(OF,S,PE,ṠE,n) are finite for all finite n.

Proof. Set P = PE,ṠE,n. By [1, Prop. 4.12] (and its proof), the natural map

H1(OF,S,P )→H1(AF,S,P ) =
∏
v∈S

H1(Fv,P )×
∏
v/∈S

H1(Ov,P )

has closed, discrete image and finite kernel, so it suffices to show that the image is finite.
We claim that the right-hand side is compact – for this claim, it is enough by Tychonoff’s

theorem to prove that each H1(Fv,P ) and H1(Ov,P ) is compact. We showed this result

for the former groups in Corollary 3.12; for the latter, note that [1] (3.1.1) says that each
subset H1(Ov,P ) ⊆ H1(Fv,P ) may be canonically topologized so that this inclusion is

open, and since H1(Fv,P ) is profinite (and hence totally disconnected), it is also closed,

and therefore compact. Now the result follows, since closed, discrete subspaces of compact
spaces are finite.

We thus have a canonical class ξE,ṠE
∈ Ȟ2(Operf

S /OS,PE,ṠE
) = lim←−n

Ȟ2(Operf
S /OF,S,

PE,ṠE,n) given by the limit of the classes ξE,ṠE,n as in Lemma 3.9. By [6, §2.3],
Ȟ2(Operf

S /OS,PE,ṠE
) is in bijective correspondence with isomorphism classes of PE,ṠE

-

gerbes (over Sch/OF,S) split over Operf
S ; fix such a gerbe EE,ṠE

. For any [Z → T ] ∈ TE ,
the group H1(EE,ṠE

,Z → T ) is defined identically as above. We have the usual inflation-

restriction exact sequence

1→H1(OS,T )→H1(EE,ṠE
,Z → T )→HomOF,S

(PEi,Ṡi
,Z)→H2(OS,T ),

where the last map is the composition of the direct limit of the maps ΘP
E,ṠE,n

defined by

equation (8) with the natural map H2(OF,S,Z)→H2(OF,S,T ).

Fix a 2-cochain cE,S ∈ [ResE/S(Gm)](O

⊗
OF,S

3

E,S ), a cofinal system {ni}i∈N in N×, and
ni-root maps ki as in §3.1. Recall that if ΨE,S,ni

(id) := βi ∈ Maps(SE,M
∨
E,ṠE,ni

)0, we

showed in §3.1 that ξE,ṠE,ni
is represented by the explicit 2-cocycle
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ξ̇E,ṠE,ni
:= d(ki(cE,S)) �

OE,S/OF,S

βi,

where for x ∈ [ResE/S(Gm)](R), x̄ is its image in [ResE/S(Gm)/Gm](R). Set ξ̇E,ṠE
:=

lim←− ξ̇E,ṠE,ni
.

Using [9, Fact 3.2.3] and [6, Lems. 4.5, 4.6] for Čech cup product computations,

replacing the extension E/F loc. cit. with OE,S/OF,S , we see that pi+1,i(ξ̇E,ṠE,ni+1
) =

ξ̇E,ṠE,ni
. Giving an element of Z1(Eξ̇E,ṠE,ni

,Z → T ) is equivalent to giving a ξ̇E,ṠE,ni
-

twisted Z -cocycle in T (cf. [6, §2.5]), which is a pair (x,ψ), where PEi,Ṡi

ψ−→ Z and

x ∈ T (Operf
S ⊗OF,S

Operf
S ) such that dx= ψ(ξ̇E,ṠE,ni

). This description makes it clear that

lim−→i
H1(Eξ̇E,ṠE,ni

,Z → T )→H1(Eξ̇E,ṠE

,Z → T ) is bijective.

For a fixed [Z → T ] in TE , we set T := T/Z and recall our notation with cocharacter

groups from earlier in this subsection. Note that for i large enough so that exp(Z) divides

ni, for g ∈ Y [SE ]0, we have ni · g ∈ Y [SE ]0, the restriction of ni · g to the subgroup
ResE/S(μni

)/μni
factors through the subgroup Z, and equals the map

ResE/S(μni
)

μni

[g]×−−−−−→ Z

induced by (6), where [g] denotes the image of g in A∨[SE ]0 via (14).

Define A∨[ṠE ]
NE/F to be A∨[SE ]

NE/F

0 ∩ A∨[ṠE ]0, which is in bijection with

Hom(PE,ṠE
,Z)Γ via the map ΨE,S defined in Lemma 3.8. Following the linear algebraic

situation for the group PV̇ , define Y [SE,ṠE ]0 as the preimage of A∨[ṠE ]0 in Y [SE ]0, and

set Y [SE,ṠE ]
NE/F

0 := Y [SE,ṠE ]0∩Y [SE ]
NE/F

0 . We are now ready to give the first version
of the extended Tate-Nakayama isomorphism, which is the analogue of [9, Prop. 3.7.8]:

Proposition 4.7.

(1) Given Λ̄ ∈ Y [SE,ṠE ]
NE/F

0 and i large enough so that exp(Z) divides ni, we may

define a ξ̇E,ṠE,ni
-twisted 1-cocycle valued in T by the pair

zΛ̄,i := (ki(cE,S) �
OE,S/OF,S

niΛ̄,Ψ
−1
E,S,ni

([Λ̄])),

where the unbalanced cup product is with respect to the pairing induced by (5).

(2) The pullback p∗i+1,i(zΛ̄,i) coincides with the ξ̇E,ṠE,ni+1
-twisted cocycle zΛ̄,i+1. Thus,

pulling back any zΛ,i to Eξ̇E,ṠE

defines the same ξ̇E,ṠE
-twisted cocycle, denoted

by zΛ̄.

(3) The assignment Λ̄ �→ zλ̄ defines an isomorphism

ι̇E,ṠE
:
Y [SE,ṠE ]

NE/F

0

IE/FY [SE ]0
→H1(Eξ̇E,ṠE

,Z → T )
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which is functorial in [Z → T ] ∈ TE and makes the following diagram commute:

1 Ĥ−1(ΓE/F ,Y [SE ]0)
Y [SE,ṠE ]

NE/F
0

IE/F Y [SE ]0
A∨[ṠE ]

NE/F Ĥ0(ΓE/F ,Y [SE ]0)

1 H1(OF,S,T ) H1(Eξ̇
E,ṠE

,Z → T ) Hom(PE,ṠE
,Z)Γ H2(OF,S,T ).

TN ι̇
E,ṠE

Ψ
−1
E,S −TN

Proof. Proving the first claim just means showing, for fixed large enough i, the equality

d(ki(cE,S) �
OE,S/OF,S

niΛ̄) = Ψ−1
E,S,ni

([Λ̄])(ξ̇E,ṠE,ni
).

Viewing niΛ̄ as a −1-cochain, we see that d(niΛ̄) = 0, since by construction, Λ̄ is killed

by NE/F . Hence, it follows from [6, Prop. 4.4] that

d(ki(cE,S) �
OE,S/OF,S

niΛ̄) = d[ki(cE,S)] �
OE,S/OF,S

niΛ̄, (16)

and now since d[ki(cE,S)] lies in the subgroup [ResE/S(μni
)/μni

]((Operf
S )

⊗
OF,S

3
) and we

know that the restriction of niΛ̄ to ResE/S(μni
)/μni

is equal to ΦE,S,ni
([Λ̄]), we can

rewrite the right-hand term of (16) as d[ki(cE,S)] �
OE,S/OF,S

ΦE,S,ni
([Λ̄]). By functoriality,

this term can be rewritten as

d[ki(cE,S)] �
OE,S/OF,S

ΦE,S,ni
(Ψ−1

E,S,ni
([Λ̄])∨(βi)),

which again by functoriality may be expressed as

d[ki(cE,S)] �
OE,S/OF,S

Ψ−1
E,S,ni

([Λ̄])◦ΦE,S,ni
(βi) = Ψ−1

E,S,ni
([Λ̄])(d[ki(cE,S)] �

OE,S/OF,S

ΦE,S,ni
(βi)),

where to obtain the above equality, we are using the fact Ψ−1
E,S,ni

([Λ̄]) is ΓE/F -fixed to

apply [6, Lem. 4.6]. By definition, this last term equals Ψ−1
E,S,ni

([Λ̄])(ξ̇E,ṠE,ni
), as desired.

We now move to the second claim of the proposition. The first step is noting that

pi+1,i ◦Ψ−1
E,S,ni+1

([Λ̄]) = Ψ−1
E,S,ni

([Λ̄]), since, as discussed in Lemma 3.8, the maps ΨE,S,n

are compatible with the projection maps for the system {PE,ṠE,ni
}i. Moreover, we have

by the Z-bilinearity of the unbalanced cup product and coherence of the system of maps

{ki}i that

ki+1(cE,S) �
OE,S/OF,S

ni+1Λ̄ = ki+1(cE,S) �
OE,S/OF,S

(
ni+1

ni
)[niΛ̄] = ki(cE,S) �

OE,S/OF,S

niΛ̄,

concluding the proof of the second claim.

It is clear that the map Λ̄ �→ zΛ̄ defines a functorial homomorphism from Y [SE,ṠE ]
NE/F

0

to H1(Eξ̇E,ṠE

,Z → T ). Moreover, if Λ̄ lies in the subgroup Y [SE ]0, we first note that

[Λ̄] vanishes in A∨[SE ]0, so that the homomorphism associated to zΛ̄ is trivial. By Z-
bilinearity and the fact that already Λ̄∈ Y [SE ]0, the associated twisted cocycle (which is,

by the previous line, an actual cocycle) is given by cE,S �
OE,S/OF,S

Λ̄, which, since cE,S is

valued in the finite étale extension OE,S/OF,S , [6, Prop. 4.2] and [8, §4.3] tell us that (after
applying the appropriate comparison isomorphisms) this cup product may be computed
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as the usual Galois-cohomological cup product cE,S ∪ Λ̄, which sends all of IE/FY [SE ]0
to 1-coboundaries, showing that the above map induces a functorial homomorphism

Y [SE,ṠE ]
NE/F

0

IE/FY [SE ]0
→H1(Eξ̇E,ṠE

,Z → T ),

as asserted. This argument also shows that the top square in the diagram of the

proposition commutes. The commutativity of the middle square is by construction, and
the final square commutes by the diagram in Lemma 3.3. Since all horizontal maps in

the diagram apart from ι̇E,ṠE
are isomorphisms, it is an isomorphism as well by the

five-lemma.

The issue now is that, given our non-canonical explicit gerbe Eξ̇E,ṠE

, it is not clear that

such an isomorphism will be canonical, or even that the groups H1(EE,ṠE
,Z → T ) are

canonical. The following result addresses these concerns:

Proposition 4.8. The group H1(EE,ṠE
,Z → T ) is independent of the choice of gerbe

EE,ṠE
up to unique isomorphism and is equipped with a canonical functorial isomorphism

ιE,ṠE
to

Y [SE,ṠE ]
NE/F
0

IE/FY [SE ]0
that fits into the commutative diagram of Proposition 4.7.

Proof. The map ιE,ṠE
is obtained by composing an isomorphism (which the proposition

asserts is unique) H1(EE,ṠE
,Z → T )→H1(Eξ̇E,ṠE

,Z → T ) induced by any isomorphism

of PE,ṠE
-gerbes EE,ṠE

∼−→ Eξ̇E,ṠE

and then applying ι̇E,ṠE
from Proposition 4.7.

This proposition requires work to show, but all the necessary arguments are done in

[9, §3.7]. The main ingredient is Lemma 3.7.10 loc. cit., which is purely group-theoretic
and carries over to our setting unchanged (in the statement of that lemma, eliminate the

use of S and replace NS by N). Once this result is known, [9, Corollary 3.7.11] proves the

proposition. The proof of this corollary relies on Lemma 3.7.9 loc. cit., which holds in our
setting with NS replaced by N, Proposition 3.7.8 loc. cit., which is our Proposition 4.7,

and the finiteness of H1(OF,S,T ), which is true in our setting as well.

Note that, in particular, the isomorphism ιE,ṠE
does not depend on the choice of cochain

cE,S lifting a representative of the canonical Tate class in H2(OF,S,ResE,S(Gm)/Gm)

which was used to construct the explicit gerbes Eξ̇E,ṠE,ni

and the isomorphism ι̇E,ṠE
in

Proposition 4.7.

In order to extend the isomorphism of Proposition 4.7 to EV̇ , we need to vary
the extension E/F . As such, let K/F be a finite Galois extension containing E,

and (S′Ṡ′
K) be a pair satisfying Conditions 3.7. We may assume that S ⊂ S′ and

ṠE ⊂ (Ṡ′
K)E . Let EK,Ṡ′

K
and EE,ṠE

be gerbes corresponding to the canonical classes

ξK,Ṡ′
K
∈ Ȟ2(Operf

S′ /OF,S′,PK,Ṡ′
K
) and ξE,ṠE

∈ Ȟ2(Operf
S /OF,S,PE,ṠE

), respectively. The

first step is to construct an inflation map

Inf : H1(EE,ṠE
,Z → T )→H1(EK,Ṡ′

K
,Z → T ).
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We begin by taking the pullback (PE,ṠE
)OF,S′ -gerbe (EE,ṠE

)OF,S′ , which splits over

OF,S′ ·OS ⊂Operf
S′ ⊂F and represents the image of ξE,ṠE

in Ȟ2(Operf
S′ /OF,S′,(PE,ṠE

)OF,S′ ).

We have a projection map PK,Ṡ′
K
→ (PE,ṠE

)OF,S′ given by the inverse limit of the finite-

level projection maps, which on Ȟ2 sends ξK,Ṡ′
K

to the image of ξE,ṠE
, by Lemma 3.9.

Using this equality of cocycles, picking normalizations of EE,ṠE
and EK,Ṡ′

K
and using

Construction 2.24 allows us to construct a (non-canonical) morphism of stacks over OF,S′

from EK,Ṡ′
K

to (EE,ṠE
)OF,S′ . By pulling back torsors via the composition of functors

EK,Ṡ′
K
→ (EE,ṠE

)OF,S′ →EE,ṠE
,

we get the desired inflation map.

The map we just constructed from H1(EE,ṠE
,Z → T ) to H1(EK,Ṡ′

K
,Z → T ) is evidently

functorial in [Z → T ] ∈ TE , but it is not a priori clear that it is canonical.

Recall the system (Ei,Si,Ṡi) constructed in §3.2. For any PEi,Ṡi
-gerbe Ei over OF,Si

split over Operf
Si

representing the Čech 2-cocycle ξEi,Ṡi
, we first take the (PEi,Ṡi

)F -gerbe

(Ei)F , which corresponds to the image of ξEi,Ṡi
in Ȟ2(F/F,(PEi,Ṡi

)F ). By construction

of the canonical class ξ, the image of ξ in Ȟ2(F/F,(PEi,Ṡi
)F ) equals this image of ξEi,Ṡi

.

Thus, after normalizing the gerbes EV̇ and Ei and choosing a coboundary, we get a functor
EV̇ →Ei, and thus by pullback a group homomorphism

Inf : H1(Ei,Z → T )→H1(EV̇ ,Z → T ).

The following result describes how these inflation maps behave, and its proof is the

same as its number-field analogues ([9, Props. 3.7.12, 3.7.13]):

Proposition 4.9.

(1) The inflation map constructed above is independent of the choice of functor EK,Ṡ′
K
→

EE,ṠE
, injective, functorial in [Z → T ] ∈ TE, and it fits into the commutative

diagrams:

H1(EE,ṠE
,Z → T ) H1(EK,Ṡ′

K
,Z → T )

Y [SE,ṠE ]
NE/F
0

IE/FY [SE ]0

Y [S′
K,Ṡ′

K ]
NK/F
0

IK/FY [S′
K ]0

,

Inf

ιE,ṠE

!

ιK,Ṡ′
K

1 H1(OF,S,T ) H1(EE,ṠE
,Z → T ) Hom(PE,ṠE

,Z)Γ

1 H1(OF,S′,T ) H1(EK,Ṡ′
K
,Z → T ) Hom(PK,Ṡ′

K
,Z)Γ.

Inf Inf

(2) The above inflation maps splice together to give a canonical isomorphism of functors

T →AbGrp:

lim−→
i

H1(Ei,Z → T )→H1(EV̇ ,Z → T ).
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We are now in a position to prove Theorem 4.4. We obtain the functorial isomorphism
ιV̇ by the composition of functorial isomorphisms

Y [VF ,V̇ ]0,+,tor
Lem. (4.5)−−−−−−−→ lim−→

i

Y [(Si)Ei
,Ṡi]

NEi/F
0

IEi/F
Y [(Si)E ]0

lim−→i
ι
Ei,Ṡi−−−−−−−−→ lim−→

i

H
1
(Ei,Z → T )

Prop. (4.9)−−−−−−−−→ H
1
(EV̇ ,Z → T ),

which is canonical and well defined by Proposition 4.9.

We conclude this subsection by collecting local-to-global consequences of Theorem 4.4,

whose proof is the same as [9, Corollaries 3.7.4, 3.7.5] (using our Lemma 4.1 for the second

part):

Corollary 4.10.

(1) We have the following commutative diagram with exact bottom row:

H1(EV̇ ,Z → T )
⊕

v∈V̇ H1(Ev,Z → T )

Y [VF ,V̇ ]0,+,tor

⊕
v∈V̇ Y +v,tor

Y
IY [tor].

(locv)v

ιV̇

(lv)v

(ιv)v

Σ

(2) For G a connected reductive group and x ∈ H1(EV̇ ,Z → G), locv(x) is the neutral

element in H1(Ev,Z →G) for almost all v ∈ V̇ .

4.3. Extending to reductive groups

Let R denote the full subcategory of A consisting of objects [Z → G], where G is a

connected reductive group over F. In [9, §3.8], it is necessary for duality to replace the
sets H1(EV̇ ,Z →G) with a quotient, denoted by H1

ab(EV̇ ,Z →G). However, in our case,

H1(EV̇ ,Z →G) suffices due to the vanishing of H1(F,G) for all simply-connected (semi-

simple) connected G (which is an immediate consequence of [27, Thm. 2.4]).
The first step in extending Theorem 4.4 to R is defining an analogue of the linear

algebraic data Y [VF ,V̇ ]0,+,tor([Z → T ]) for [Z → T ] ∈ T . For a maximal F -torus T of G,

we let Tsc denote T ∩Gsc, a maximal torus of Gsc. We then can define the abelian group

lim−→
(E,SE,ṠE)

[X∗(T/Z)/X∗(Tsc)][SE,ṠE ]
NE/F

0

IE/F ([X∗(T )/X∗(Tsc)][SE ]0)
,

where the colimit is over any cofinal system of triples (E,SE,ṠE), where E/F is a finite
Galois extension splitting T and the pair (SE,ṠE) satisfies Conditions 3.7; the transition

maps are given by the map ! as in §4.2, and we define [X∗(T/Z)/X∗(Tsc)][SE,ṠE ]0 to

be all
∑

cw[w] ∈ [X∗(T/Z)/X∗(Tsc)][SE ]0 such that if w /∈ ṠE , then cw ∈X∗(T )/X∗(Tsc)
(the superscript NE/F denotes the elements killed by the E/F -norm).

Now for two such tori T1,T2, we can define a map

lim−→
[X∗(T1/Z)/X∗(T1,sc)][SE,ṠE ]

NE/F

0

IE/F ([X∗(T1)/X∗(T1,sc)][SE ]0)
→ lim−→

[X∗(T2/Z)/X∗(T2,sc)][SE,ṠE ]
NE/F

0

IE/F ([X∗(T2)/X∗(T2,sc)][SE ]0)
(17)
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as follows. By [8, Lem. 4.2], for any g ∈ G(F sep) such that Ad(g)(T1) = T2, we get an

isomorphism X∗(T1/Z)/X∗(T1,sc) → X∗(T2/Z)/X∗(T2,sc) which is independent of the

choice of g and is thus Γ-equivariant. It follows that Ad(g) also induces the desired
homomorphism (17) on direct limits. We then define a functor R→AbGrp given by

Y [VF ,V̇ ]0,+,tor([Z →G]) := lim−→[ lim−→
(E,SE,ṠE)

[X∗(T/Z)/X∗(Tsc)][SE,ṠE ]
NE/F

0

IE/F ([X∗(T )/X∗(Tsc)][SE ]0)
],

where the outer colimit is over all maximal F -tori T of G via the maps constructed above.

It is clear that this extends the functor Y [VF ,V̇ ]0,+,tor constructed in the previous section

for T ⊂ R, so our notation is justified. In what follows, we will always take our colimits
over the fixed cofinal system (Ei,Si,Ṡi) constructed above (such a system eventually splits

any F -torus T ).

Theorem 4.11. The isomorphism of functors ιV̇ from Theorem 4.4 extends to a

unique isomorphism of functors (valued in pointed sets) on R, also denoted by ιV̇ , from

Y [VF ,V̇ ]0,+,tor to H1(EV̇ ,−).

Proof. Fix [Z → G] in R with maximal F -torus T. We claim that the fibers of the

composition

Y [VF ,V̇ ]0,+,tor([Z → T ])
ιV̇−→H1(EV̇ ,Z → T )→H1(EV̇ ,Z →G)

are torsors under the image of Y [VF ]0,Γ,tor(Tsc). By twisting, it is enough to prove this
for the fiber over the trivial class in H1(EV̇ ,Z → G). If x is in this fiber, then ιV̇ (x) ∈
H1(F,T ) [since H1(EV̇ ,Z → T )→HomF (PV̇ ,Z) factors through H1(EV̇ ,Z →G)], so that

x ∈ Y [VF ]0,Γ,tor(T ). Moreover, ιV̇ (x) maps to the neutral class via the map H1(F,T )→
H1(F,G). We have the commutative diagram of pointed sets with exact rows

(G/T )(F ) H1(F,T ) H1(F,G)

(Gsc/Tsc)(F ) H1(F,Tsc) H1(F,Gsc),

and since the natural map Gsc/Tsc →G/T is an isomorphism (of F -schemes, not groups),
we may lift the image of x in H1(F,T ) to an element xsc ∈H1(F,Tsc). Now the claim is

clear by the functoriality of Tate-Nakayama duality for tori.

The above claim immediately implies that we have an injective map

Y [VF ,V̇ ]0,+,tor([Z → T ])

Im[Y [VF ]0,Γ,tor(Tsc)]
→H1(EV̇ ,Z →G).

Arguments involving cocharacter modules (see [9], proof of Theorem 3.8.1) show that the

image Im[Y [VF ]0,Γ,tor(Tsc)] is exactly the kernel of the natural map

Y [VF ,V̇ ]0,+,tor([Z → T ])→ Y [VF ,V̇ ]0,+,tor([Z →G]),
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and so, putting the above two observations together, we have a natural inclusion

Im[Y [VF ,V̇ ]0,+,tor([Z → T ])→ Y [VF ,V̇ ]0,+,tor([Z →G])] ↪→H1(EV̇ ,Z →G). (18)

The next key observation is that any two elements of Y [VF ,V̇ ]0,+,tor([Z → G]) lie in

the image of the group Y [VF ,V̇ ]0,+,tor([Z → T ]) for some maximal F -torus T ⊂ G. The

analogous argument using elliptic maximal tori (over the local fields Fv) in the proof of
[9, Thm. 3.8.1] works for us, once we replace [21, Corollary 7.3] with [28, Lem. 3.6.1], using

that H2(Fv,T
′
sc) vanishes for any Fv-anisotropic maximal torus T ′

sc (by Tate-Nakayama

duality), and the fact that the map H2(F,T ′
sc)→

∏
v∈VF

H2(Fv,T
′
sc) is injective whenever

there exists a place v ∈ S such that (T ′
sc)Fv

is an Fv-anisotropic maximal torus in a
connected semisimple groupGsc (see [21, Prop. 6.12], the proof of which works for function

fields).

We now claim that if xi ∈ Y [VF ,V̇ ]0,+,tor([Z → Ti]) for i= 1,2 map to the same element
in Y [VF ,V̇ ]0,+,tor([Z →G]), then their images ιV̇ (xi) ∈H1(EV̇ ,Z → Ti) map to the same

element of H1(EV̇ ,Z →G). Choose j large enough so that Ej splits Ti, exp(Z) | nj , and

xi comes from Λ̄i ∈ Y i[(Sj)Ej
,Ṡj ]

NEj/F

0 . Denote by Ėj the explicit gerbe Eξ̇Ej,Ṡj

defined in

§4.2, similarly with Ėj,nj
(recall that these depend on choices, cf. §4.2). By construction,

ι̇V̇ (xi) is the inflation of a class in H1(Ėj,nj
,Z → Ti) represented by the twisted 1-cocycle

zΛ̄i,j (defined in Proposition 4.7). Since the functor EV̇ → Ėj,nj
used to define inflation

factors through (Ėj,nj
)F , it is enough to show that the zΛ̄i,j are equivalent as twisted

cocycles in H1((Ėj,nj
)F ,Z →G), which follows from an identical argument as in [6, Lem.

5.9], replacing the tori loc. cit. with their global analogues defined above (as well as the
projective system of finite multiplicative groups).

To summarize, the maps (18) glue across all T to give the desired map ιV̇ , which is

surjective by Lemma 4.1 and injective because any two elements of Y [VF ,V̇ ]0,+,tor([Z →
G]) both lie in the image of Y [VF ,V̇ ]0,+,tor([Z → T ]) for some T. By construction, these
isomorphisms extend the isomorphism of functors ιV̇ defined on the full subcategory T
and are functorial with respect to morphisms [Z → T ]→ [Z →G] in R given by inclusions

of maximal tori defined over F. Since every x ∈H1(EV̇ ,Z →G) lies in the image of some
H1(EV̇ ,Z → T ), it follows that the extension of ιV̇ to R also defines an isomorphism of

functors on R.

To conclude this subsection, we state some local-global compatibilities that arise from

Theorem 4.11. Note that, for a fixed v, the natural transformation (given by the direct

limit of (15))

Y [VF ,V̇ ]0,+,tor
lv−→ Y +v,tor

may be extended to a morphism of functors on R induced by mapping f ∈
[X∗(T/Z)/X∗(Tsc)][SE,ṠE ]0 to an element of X∗(T/Z)/X∗(Tsc) via the same formula as

in (15). We also define a new functor R→AbGrp, denoted by Y +,tor, by

[Z →G] �→ lim−→
X∗(T/Z)/X∗(Tsc)

I(X∗(T )/X∗(Tsc))
[tor],
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where I is the augmentation ideal of Γ, the colimit is taken over all maximal F -tori T of
G, and the transition maps are induced by Ad(g).

Corollary 4.12. We have a commutative diagram with exact bottom row:

H1(EV̇ ,Z →G)
⊔

v∈V H1(Ev,Z →G)

Y [VF ,V̇ ]0,+,tor([Z →G])
⊕

v∈V Y +v,tor([Z →G]) Y +,tor([Z →G]),

(locv)v

(lv)v

ιV̇

Σ

(ιv)v

where the symbol
⊔

denotes the subset of the direct product of pointed sets in which all
but finitely many coordinates equal the neutral element, and the map Σ makes sense since

any maximal Fv-torus of GFv
is G(Fv)-conjugate to the base-change TFv

of a maximal

F-torus T in G.

Proof. The commutativity is an immediate consequence of Corollary 4.10, the func-

toriality of ιV̇ , and the fact that every x ∈ H1(EV̇ ,Z → G) lies in the image of some

H1(EV̇ ,Z → T ). The exactness of the bottom row is a straightforward character-theoretic

argument.

We also have the following analogue of [9, Corollary 3.8.2]:

Corollary 4.13. The image of

H1(EV̇ ,Z →G)
(locv)v−−−−→

⊔
v∈V

H1(Ev,Z →G)

consists precisely of those elements which map trivially under the composition⊔
v∈V̇

H1(Ev,Z →G)→
⊕
v∈V

Y +v,tor([Z →G])→ Y +,tor([Z →G]).

Proof. Unlike in [9], where work is needed, this is a trivial consequence of Corollary 4.12.

4.4. Unramified localizations

For [Z → G] ∈ R, we can pull any Z -twisted GEV̇
-torsor T ∈ Z1(EV̇ ,Z → G) back to

the GEV̇ ,Fv
-torsor TFv

, and then via picking gerbe normalizations and a 1-coboundary to

get a functor Φ: Ev →EV̇ , we set locv(T ) := Φ∗(TFv
), a Z -twisted GEv

-torsor. Note that

locv(T ) depends on our choice of Φ up to replacing locv(T ) by the canonically-isomorphic
(via translation by a−1) torsor η∗(locv(T )), where η : Ev → Ev is the automorphism

induced by a 1-coboundary d(a), for a ∈ uv(Fv) (cf. the last paragraph of §4.1 and

[6, §2.5]).
Note that since Res[T ]∈HomF (PV̇ ,Z) factors through PEi,Si,ni

for some i, for all v /∈Si

we have that Res[locv(T )] is trivial, and hence, locv(T ) is the pullback of some G-torsor

over Fv via the projection Ev π−→ Sch/Fv. The canonical inclusion Z(OFnr
v
)→ Z(Fv) is an

equality for all but finitely many v (because Z is split over F nr
v for all but finitely many

v, and OFnr
v

contains all roots of unity in Fv). Choose an OF,S-model G of G for a some

finite subset S ⊂ V ; note that, for almost all v, the subgroups G(OFnr
v
) and G(Operf

Fnr
v
) inside
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G(F sep
v ) and G(Fv) (respectively) do not depend on the choice of model G. Our goal in

this subsection is to prove the following function field analogue of [25, Prop. 6.1.1], which

will be needed for representation theory:

Proposition 4.14. Let T ∈ Z1(EV̇ ,Z →G). For all but finitely many v ∈ V , the torsor

locv(T )∈Z1(Ev,Z→G)/d(Z) is inflated from a G-torsor Tv over OFv
. Here, we are using

Z1(Ev,Z → G)/d(Z) to denote equivalence classes of GEv
-torsors with the equivalence

relation given by T ∼ η∗T for η : Ev → Ev induced by d(a) for a ∈ uv(Fv) �→ z ∈ Z(Fv)

(we can always assume that z ∈ Z(Onr
Fv
), by the above discussion).

Moreover, choosing normalizations Eξ̇ and Eξ̇v of the gerbes EV̇ and Ev to view T as

a torsor on Eξ̇ (the choice of normalization and class ξ̇ does not affect the class of T

in Z1(Eξ̇,Z → G)/d(Z)), we may identify T with a ξ̇-twisted G-torsor (S ′,Res(T ),ψ′)

(cf. [6, Def. 2.46]), where S ′ is a G-torsor over F . Fix a Z(F )-orbit of trivializations

O = {S ′ h′
−→ G}; then we may choose the G-torsors Tv over OFv

such that for all but

finitely many v, for any h ∈O, the trivializations hFv
on SFv

are induced by the pullback

of a trivialization hv : Tv →G over the ring Operf
F nr

v
.

Proof. This proof follows [25, §6.2] with some adjustments to accommodate the positive-
characteristic situation. Pick a tower of resolutions by tori (Pk → Tk →Uk)k as in Lemma

3.20, and set T := lim←−k
Tk, U := lim←−k

Uk, which are pro-tori.

By construction of the global canonical class [ξ̇], the image of [ξ̇] in H2(A/A,T → U)

coincides with the image of the adelic canonical class [x] ∈ Ȟ2(A/A,P ), which, unpacking
the construction of [x], is to say (by the definition of the differentials arising from the

double complex associated to T → U) that there is some a ∈ T (A⊗A A) and b ∈ U(A)
such that

ξ̇ = [
∏
v∈V

Ṡ2
v(locv(ξ̇v))] ·d(a) (19)

inside T (A
⊗

A
3
) and a = db inside U(A⊗AA), for a choice of Shapiro map Ṡ2

v . To make

sense of the above product expression, we recall that P (A
⊗

A
3
) = lim←−i

Pi(A
⊗

A
3
), and for

a fixed i, all but finitely-many projections pi[Ṡ
2
v(locv(ξ̇v))] are trivial, and hence, it makes

sense to take this product in each Pi(A
⊗

A
3
) = lim−→K/F

∏′
vPi(A

⊗
Fv

3

K,v ) (by Corollary 2.18)

and then take the inverse limit.
Recall that v̇ ∈ VF sep determines a ring homomorphism prv̇ : A → Fv defined by the

direct limit of the the projection maps AK =
∏′

w∈VK
Kw →Kv̇K

over all finite extensions

K/F , where by v̇K we mean the unique extension of v̇K′ , where K ′ is the maximal Galois
subextension of K/F , to a valuation on K. Restricting this ring homomorphism to the

subring Av ⊂ A gives a homomorphism of Fv-algebras. It is straightforward to check

that we may choose our section Γ/Γv̇ → Γ (cf. the construction of the Shapiro maps in

§2.2) such that, on k -cochains, we have prv̇
∣∣
Av

◦ Ṡk
v = idFv

. We also have the projection

map A
prv−−→ Av defined the same way except using the direct limit of the project maps∏′

w∈VK
Kw →

∏
w|vKw.
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Applying prv̇
∣∣
Av

◦ prv to the equality (19), we see that, for a fixed v ∈ V , the image

of ξ̇ in T (Fv

⊗
Fv

3
), denoted by resv(ξ̇) is given by locv(ξv) ·d(av), where av := prv̇(a) ∈

T (Fv ⊗Fv
Fv). Although this equality is a priori taking place in T (Fv

⊗
Fv

3
), since the

image of ξ̇ and locv(ξv) both lie in the subgroup P (Fv

⊗
Fv

3
), we see that in fact d(av) ∈

P (Fv

⊗
Fv

3
), and thus, this equality takes place in P. Set bv := prv̇(b)∈U(Fv), and choose

a lift b̃v ∈ T (Fv) of bv, which is possible because lim←−
1

i
Pi(Fv) vanishes, since it consists

of surjective maps. Define a′v := av/d(b̃v), which lies in P (Fv

⊗
Fv

2
) since its image under

T → U equals prv̇(a)/prv̇(db) (using that the isogenies Tk → Uk are defined over F, so
they commute with Čech differentials), which is trivial by construction. We may replace

av by a′v and retain the equality

resv(ξ̇) = locv(ξ̇v) ·d(a′v). (20)

For k ≥ 0 and v ∈ V , we denote by av,k (resp. bv,k, b̃v,k, a
′
v,k) the image of av (resp.

bv, b̃v, a
′
v) in Tk(Fv

⊗
Fv

2
) (resp. Uk(Fv), Tk(Fv), Pk(Fv

⊗
Fv

2
)). We claim that there is a

finite set of places S′ of F such that for all v /∈ S, the element a′v,k lies in the subgroup

Pk([O
perf
Fnr

v
]
⊗

OFv
2
). Recall that

ak ∈ Tk(A⊗AA) = lim−→
E/F

Tk(AE ⊗AAE) = lim−→
E/F

(lim−→
S

Tk(AE,S ⊗AS
AE,S)),

where the outside limit is over all finite extensions E/F and the inside limit is over all

finite sets of places of F. It follows that we may find K/F finite containing Ek and finite
S′ ⊂ V containing Sk such that the maximal Galois subextension K ′/F of K is unramified

outside S′, Tk is split over K ′, ak ∈ Tk(AK,S′ ⊗AS′ AK,S), and bk ∈ Uk(AK,S′). Then for

v /∈ S′, we have ak,v ∈ Tk(OKv̇
⊗OFv

OKv̇
), and moreover, K ′

v̇/Fv is unramified, so that

ak,v ∈ Tk(O
perf
Fnr

v
⊗OFv

Operf
Fnr

v
).

The group Pk is killed by the nk-power map, and so there is a unique morphism

Uk → Tk such that Uk → Tk → Uk is the nk-power map. Since bk,v ∈ Uk(OKv̇
) for all

v /∈ S′ and Tk and Uk are split over K, any preimage of bk,v lies in Tk([O
(n′

k)
Kv̇

](1/p
mk )),

where [O
(n′

k)
Kv̇

](1/p
mk ) denotes the fppf extension of OKv̇

given by the composition of two
extensions defined as follows: For (n′

k,p) = 1 and nk = n′
k ·pmk , we first take the extension

O
(n′

k)
Kv̇

/OKv̇
obtained by adjoining all n′

k-roots of elements of O×
Kv̇

, which is finite étale,

followed by the extension [O
(n′

k)
Kv̇

](1/p
mk ) defined by adjoining all pmk -power roots to O

(n′
k)

Kv̇
,

which is finite flat.

We claim that the extension [O
(n′

k)
Kv̇

](1/p
mk )/OFv

lies in Operf
Fnr

v
. Indeed, since Operf

Knr
v̇
=Operf

Fnr
v
,

it is enough to check that [O
(n′

k)
Kv̇

](1/p
mk ) lies in Operf

Knr
v̇
, which is clear since it factors as

a finite étale extension of OKv̇
followed by the extension obtained by adjoining all pmk -

power roots. Thus, for any v /∈ S′, we have a′v,k ∈ Pk([O
(n′

k)
Kv̇

](1/p
mk )⊗OFv

[O
(n′

k)
Kv̇

](1/p
mk )),

and since the image of locv(ξv) is trivial in Pk for all v /∈ Sk ⊆ S′, we get the

equality
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resv(ξ̇k) = d(a′v,k) ∈ Pk(Fv

⊗
Fv

3
),

where ξ̇k denotes the image of ξ̇ in Pk(Fv

⊗
Fv

3
).

Let T ∈Z1(EV̇ ,Z →G), and choose normalizations of Ev and EV̇ identifying them with

Eξ̇v and Eξ̇, respectively. Recall that, after passing from Eξ̇ to Eresv(ξ̇) = (Eξ̇)Fv
, choosing

different (global) normalizations has the effect of twisting locv(T ) by d(z) for z ∈Z(OFnr
v
)

with z =Res([T ])(x) for some x ∈ uv(Fv), and thus does not affect the statement of the
proposition. Changing the representatives ξ̇ and ξ̇v for the canonical classes has the same

effect.

These normalizations let us canonically identify GE?
-torsors on the gerbes E? with

?-twisted G-torsors, for ? = resv(ξ̇),ξ̇v,ξ̇, by [6, Prop. 2.50]; write T = (S ′,Res(T ),ψ′)
under this identification. Choose k sufficiently large so that Res(T )∈HomF (P,Z) factors

through Pk via ϕk ∈ HomF (Pk,Z), S ′ equals j∗S ′′ for a G-torsor S ′′ over Operf
Sk

for

Spec(F )
j−→ Spec(Operf

Sk
), h equals j∗hSk

for an Operf
Sk

-trivialization hSk
of S ′′, and the

‘twisted gluing isomorphism’ ψ′ : p∗2S ′ → p∗1S ′ is given by j∗ψ for an isomorphism of

G-torsors p∗2S ′′ ψ−→ p∗1S ′′.
Take S′ ⊇ Sk corresponding to k as in the above paragraphs. Construction 2.24 and the

equality (20) gives a morphism Eξ̇v →Eresv(ξ̇) which via pullback sends the resv(ξ̇)-twisted

G-torsor (S ′
Fv
,Res(T ),ψ′) to the ξ̇v-twisted G-torsor (S ′

Fv
,Res(T ) ◦ locv,ma′

v
◦ψ′). By

construction, for any v /∈ S′, the homomorphism Res(T )◦ locv is trivial on uv, and hence,

(S ′
Fv
,ma′

v
◦ψ′) gives a descent datum for a G-torsor Sv over Fv; we claim that the pair of

Sv and the Fv-trivialization induced by hFv
descends further to a G-torsor Tv over OFv

with an Operf
Fnr

v
-trivialization.

We define Tv via the descent datum (S ′′
Operf

Fnr
v

,mRes(T )(a′
v)
◦ψ) with respect to the fpqc

cover Operf
Fnr

v
/OFv

. The torsor S ′′
Operf

Fnr
v

is well defined because v /∈ S′ and Operf
Fnr

v
is an Operf

Sk
-

algebra, and mRes(T )(a′
v)
◦ψ makes sense, since Res(T )(a′v) = ϕk(a

′
v,k), the morphism ϕk

is defined over OF,S′ , and a′v,k ∈Pk(O
perf
Fnr

v
⊗OFv

Operf
Fnr

v
); this finishes the construction of Tv –

by design, hv := (hSk
)Operf

Fnr
v

trivializes Tv over Operf
Fnr

v
. The pullback of Tv is evidently equal to

Sv since the descent datum giving Tv pulls back via the morphisms Spec(Fv)→ Spec(OFv
)

and Spec(Fv)→ Spec(Operf
Fnr

v
) to the descent datum giving Sv; similarly, hv pulls back to

hFv
. This proves the result.

5. Applications to endoscopy

In this section, we use the above constructions to analyze an adelic transfer factor for a

global function field F. In what follows, G will be a connected reductive group over F.

5.1. Adelic transfer factors for function fields

We follow [16, §6.3] to construct adelic transfer factors for connected reductive groups
over a global function field F. Let ψ : GFs

→ G∗
Fs

be a quasi-split inner form of G, with

Langlands dual group Ĝ∗ and Weil-form LG∗ := Ĝ∗�WF .
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Definition 5.1. A global endoscopic datum for G is a tuple (H,H,s,ξ) where H is a quasi-

split connected reductive group over F, H is a split extension of WF by Ĥ, s ∈ Z(Ĥ) is

any element, and ξ : H→ LG∗ is an L-embedding such that

(1) The homomorphism WF →Out(Ĥ) = Out(H) determined by H is the same as the

homomorphism WF → Γ→Out(H) induced by the usual Γ-action on H.

(2) The map ξ restricts to an isomorphism of algebraic groups over C from Ĥ to ZĜ∗(t)
◦,

where t := ξ(s).

(3) The first two conditions imply that we have a Γ-equivariant embedding

Z(Ĝ∗) → Z(Ĥ). We require that the image of s in Z(Ĥ)/Z(Ĝ∗), denoted
by s̄, is fixed by WF and maps under the connecting homomorphism

H0(WF ,Z(Ĥ)/Z(Ĝ∗)) → H1(WF ,Z(Ĝ∗)) to an element which is killed by the

homomorphism H1(WF ,Z(Ĝ∗)) → H1(WFv
,Z(Ĝ∗)) for all v ∈ VF (such an an

element is called locally trivial).

Such a datum e induces, for any v ∈ V , a local endoscopic datum ev := (HFv
,Hv,sv,ξv),

where Hv is the fibered product of H → WF and WFv
→ WF , ξv : Hv → L

(G∗
Fv
) is

induced by ξ and the natural map Hv → H, and sv = s ∈ Z(Ĥ). Fix such an e; we
will temporarily assume that H= LH. Up to equivalence, e only depends on the image of

s in π0([Z(Ĥ)/Z(Ĝ∗)]Γ). Recall that a strongly-regular semisimple element γH ∈H(F )

with centralizer TH (a maximal torus of H defined over F ) is called G-regular if it is
the preimage of a strongly-regular semisimple element γG ∈ G(F ) under an admissible

isomorphism TH → TG := ZG(γG). First, we need the following:

Lemma 5.2. There is an admissible embedding of TG into G∗.

Proof. This follows from [6, Corollary 6.3] (the proof loc. cit. works for our field F ).

It follows that for any G-regular strongly-regular semisimple γH ∈H(F ), we have an

admissible embedding of TH in G∗ (which is not unique). We say that γH is a related to

γG ∈G(A) if for all v ∈ V , the image γH,v of γH in H(Fv) is an image (under an admissible

embedding (TH)Fv
→GFv

) of the element γG,v ∈G(Fv). If we fix an admissible embedding
of TH in G∗, with image a maximal F -torus denoted by T and image of γH denoted by

γ ∈G∗(F ), then the above condition means requiring that there exist xv ∈G∗(F sep
v ) such

that Ad(xv) ◦ψ maps the maximal torus TG,v in GFv
containing γG,v to TFv

(over Fv)
and sends γG,v to (the restriction of) γ.

Proposition 5.3 [16, Thm. 6.4.A].

(1) For almost all v, the values Δi(γH,v,γG,v) (from [6, §6.3]) equal 1 for i =
I,II,III2,IV .

(2)
∏

vΔi(γH,v,γG,v) = 1 for i= I,II,III2,IV .

Proof. We closely follow the analogous proof in [16]. As in [6, §6.2.1], we may define,

for the quasi-split simply-connected reductive group G∗
sc with maximal torus Tsc, a

global splitting invariant λ{aα}(Tsc) ∈ H1(F,Tsc) which depends on an F -pinning of
G∗

sc and a choice of a-data {aα} for T (see [6, §6.2.1]). By the construction of the

local splitting invariant, it is clear that λ{aα}(Tsc) maps to the local splitting invariant
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λ{aα}(TFv,sc) (where we are viewing the a-data {aα} as an a-data for TFv
) under the

canonical map H1(F,Tsc)→H1(Fv,TFv,sc). Since for all but finitely many v, the image of

λ{aα}(Tsc) lands in the subgroupH1(OFv
,TFv,sc) = 0, it follows that 〈λ{aα}(TFv,sc),sT,v〉=

Δ1(resv(γH),γG,v) = 1 for all but finitely many v.

Our above observation and the exact sequence

H1(F,Tsc)→H1(A,Tsc) = Ȟ1(A/A,Tsc)→ H̄1(A/A,Tsc)

(see [13, §D.1]) imply that the image λ̄ of the element (〈λ{aα}(TFv,sc),sT,v〉)v ∈
H1(A,Tsc) =

⊕
vH

1(Fv,TFv,sc) is trivial in H̄1(A/A,Tsc), and so it follows by local-global

compatibility of the Tate-Nakayama pairing that∏
v

〈λ{aα}(TFv,sc),sT,v〉= 〈λ̄,sT 〉= 1,

as desired for the case i= I. The arguments for the remaining cases of i= II, III2 and

IV may be taken verbatim from the proof of [16, Thm. 6.4.A].

Note that if γH ∈ H(F ) is a strongly G-regular semisimple element which is related
to γG ∈ G(A), then for all v ∈ V , its image in H(Fv), is strongly GFv

-regular and is

related to the element γG,v ∈G(Fv). We can now define the adelic transfer factor. Call an

element γ ∈H(A) semisimple if γv ∈H(Fv) is semisimple for all v, and strongly G-regular
if γ ∈HG−sr(AF ), where HG−sr ⊂HF is the F -scheme characterized by the Zariski open

subset of strongly G-regular semisimple elements of the variety H(F ). Similarly, we call

a semisimple element δ ∈ G(A) strongly regular if it lies in Gsr(AF ), where Gsr ⊂ GF is
the Zariski open subscheme characterized by the strongly regular elements of G(F ).

Definition 5.4. For γ ∈ HG−sr(A) and δ ∈ Gsr(A), we set ΔA(γ,δ) = 0 if there is no

strongly G-regular element of H(F ) which is related to an element of G(F ), and otherwise

fix such a pair γ̄H,γ̄G and define (using [6, (16)] with the local endoscopic datum ev for
each v)

ΔA(γ,δ) :=
∏
v

Δ(γv,δv,γ̄H,v,γ̄G,v). (21)

This product is well defined due to the following result:

Lemma 5.5. In the notation of the above definition, the local transfer factor
Δ(γv,δv,γ̄H,v,γ̄G,v) equals one for all but finitely many v.

Proof. For all but finitely many v, the group GFv
is quasi-split, in which case we may

write

Δ(γv,δv,γ̄H,v,γ̄G,v) =
Δ(γv,δv)

Δ(γ̄H,v,γ̄G,v)
.

For a quasi-split connected reductive group over a local field, the (absolute) local transfer

factor may be defined purely using Galois cohomology (cf. [6, §6.3, §6.2.1]), where the
claim of the Lemma follows from its characteristic-zero analogue, which is stated in

[13, §7.3, p. 109] (cf. also Proposition 5.3 above).

The independence of ΔA of our choice of γ̄H,γ̄G will follow from Proposition 5.7.
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Remark 5.6. In the case that H 
= LH in our global endoscopic datum, the formula for

ΔA is slightly more complicated. To begin, we fix a z -pair (H1,ξH1
) for the endoscopic

datum e = (H,H,s,ξ), which always exist over fields of arbitrary characteristic. For any
place v of F, this z -pair gives rise to a z -pair (H1,v,ξH1,v) for the local endoscopic datum

ev. We may then define the adelic transfer factor for pairs of elements γ1 ∈H1,G−sr(A)
and δv ∈ Gsr(A), where γ1 ∈ H1,G−sr(A) means that its image in H(A) is G-strongly
regular, using the relative local transfer factors for z -pairs as in [6, §6.4]: ΔA(γ1,δ) :=∏

vΔ(γ1,v,δv,γ̄H,v,γ̄G,v).

5.2. Endoscopic setup

This subsection is an analogue of [9, §4.2, §4.3], which explain how to pass from global
to local refined endoscopic data and discuss coherent families of local rigid inner twists;

recall the notion of a refined endoscopic datum (HFv
,Hv,ṡv,ξv) over local Fv, defined in

[6, §7.2]. A fixed global endoscopic datum e= (H,H,s,ξ) induces a canonical embedding

Z(G) → Z(H), and we set H̄ := H/Zder, where Zder := Z(D(G∗)), Zsc := Z(G∗
sc) and

Ḡ∗ :=G∗/Zder. Note that Ḡ
∗ =G∗

ad×Z(G∗)/Zder,
̂̄G∗ = Ĝ∗

sc×Z(Ĝ∗)◦; we set Z :=Z(G).

The L-embedding ξ induces an embedding ̂̄H → ̂̄G∗ with image equal to Z ̂̄G∗(t)
◦, where

recall that t := ξ(s) (this is well defined because ̂̄G∗ maps to Ĝ∗, which contains t).

Then for ssc ∈ Ĝ∗
sc a fixed preimage of the image sad of s in Ĝ∗

ad and a place v ∈ V ,

by definition of a global endoscopic datum, we may find an element yv ∈ Z(Ĝ∗) such

that sder ·yv ∈ Z(Ĥ)Γv , where sder ∈ D(Ĝ∗) denotes the image of ssc. We can write yv =

y′v ·y′′v for y′v ∈ Z(D(Ĝ∗)), y′′v ∈ Z(Ĝ∗)◦, and we choose a lift ẏ′v ∈ Ẑsc of y′v. The element

(ssc · ẏ′v,y′′v ) =: ṡv lies in ̂̄G∗ = Ĝ∗
sc×Z(Ĝ∗)◦, which, via the above L-embedding, belongs

to the group Z( ̂̄H)+v, and ėv := (HFv
,Hv,ṡv,ξv) defines a local refined endoscopic datum.

We now discuss coherent families of local rigid inner twists. For an equivalence class
Ψ of inner twists G∗

F sep → GF sep , the class Ψ gives an element of H1(F,G∗
ad) which by

Lemma 4.1 has a preimage in the setH1(EV̇ ,Zsc →G∗
sc). It follows that for every ψ ∈Ψ, we

can find a Zsc-twisted G∗
sc,EV̇

-torsor Tsc along with an isomorphism of (G∗
ad)EV̇

-torsors

h̄ : (Tsc)F
∼−→ ((G∗

ad)EV̇
)F , where Tsc := Tsc ×

G∗
sc,E

V̇ (G∗
ad)EV̇

and (G∗
ad)EV̇

denotes the

trivial (G∗
ad)EV̇

-torsor, such that p∗1h̄ ◦ p∗2h̄−1 is translation by x̄ ∈ G∗
ad(F ⊗F F ) which

satisfies Ad(x̄) = p∗1ψ
−1 ◦p∗2ψ.

For each v ∈ V , we set Tv to be the Z -twisted G∗
Ev
-torsor given by locv(T ), where

T := Tsc×
G∗

sc,E
V̇ G∗

EV̇
, and locv is as in §4.4; the F -trivialization h̄ evidently induces a

Fv-trivialization of Tv (noting that Tsc =T ), denoted by h̄v. Note that, by construction,
the triple (ψv,Tv,h̄v) (ψv := ψFv

) is a rigid inner twist over Fv ([6, Def. 7.1]); we thus get

a collection (ψv,Tv,h̄v)v of local rigid inner twists which depends on the choice of locv,

but only up to twisting torsors by d(z) for an element z ∈ Zsc(Fv), which does not affect
any associated cohomology sets. However, this family will in general depend on the choice

of torsor Tsc. We observe that, since T is induced by the Zsc-twisted G∗
sc-torsor Tsc, we

have Tv ∈ Z1(Ev,Zder →G∗)⊂ Z1(Ev,Z →G∗).
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5.3. Product decomposition of the adelic transfer factor

We continue with the notation of §5.2. We now show that ΔA from Definition 5.4 admits

a decomposition in terms of the normalized local transfer factors constructed in [6, §7.2],
following [9, §4.4]. Fix an equivalence class Ψ of inner twists G∗

F sep →GF sep , endoscopic

datum e= (H,H,s,ξ) for G∗, and a z -pair z= (H1,ξ1) for e. We assume that there exist
strongly G-regular γ1,0 ∈H1(F ) and δ0 ∈G(F ) such that γ1,0 is related to δ0 (so that, in

particular, the image of γ1,0 in H(F ), denoted by γ0, is related to δ0). We can associate

to e the collection of refined local endoscopic data (ėv)v∈V and to Ψ a coherent family
of local rigid inner twists (ψv,Tv,h̄v)v∈V as explained in §5.2, to the global z -pair z a

collection of local z -pairs (zv)v∈V , and to a fixed global Whittaker datum w for G∗, a
collection of local Whittaker data (wv)v∈V .
For any v, we can use the local Whittaker datum and z -pair to obtain from [6, §7.2]

the wv-normalized local transfer factor

Δ[wv, ėv,zv,ψv,(Tv,h̄v)] : H1,G−sr(Fv)×Gsr(Fv)→ C.

Proposition 5.7. For any γ1 ∈H1,G−sr(A) and δ ∈Gsr(A), we have

ΔA(γ1,δ) =
∏
v∈V

〈locv(Tsc),ẏ
′
v〉 ·Δ[wv, ėv,zv,ψv,(Tv,h̄v)](γ1,v,δv).

In the above formula, ẏ′v ∈ Ẑsc as in §5.2 and the pairing 〈−,−〉 : H1(Ev,Zsc → G∗
sc)×

Ẑsc → C is from [6, Corollary 7.11], which is well defined since ẏ′v ∈ Ẑsc = Z( ̂G∗
sc/Zsc)

+
.

For almost all v ∈ V , the corresponding factor in the product equals 1. For all v, the

corresponding factor is independent of the choices of ẏ′v and y′′v made in §5.2.

Proof. The argument closely follows [9, Prop. 4.4.1]; as in the proof of the result loc.
cit., [16, Corollary 6.4.B] gives the above product identity if we can show that the

normalized factors 〈locv(Tsc),ẏ
′
v〉 ·Δ[wv, ėv,zv,ψv,(Tv,h̄v)](γ1,v,δv) satisfy the following

properties: first, that they are absolute transfer factors, and second, that their values at

the F -rational pair (γ1,0,v,δ0,v) equal 1 for all but finitely many v and have a product
over all v that equals 1. The first property automatically holds for the above factors by

[6, Prop. 7.12] (the extra 〈locv(Tsc),ẏ
′
v〉-factor cancels out and thus makes no difference

for this verification).
Proposition 5.3 and the argument in the proof of [9, Prop. 4.4.1] regarding local and

global ε-factors (which works the same in our situation) reduces the second property

above to proving its analogue for the terms

〈locv(Tsc),ẏ
′
v〉−1〈inv((GFv

,ψv,(Tv,h̄v),δ0,v),δ
∗
0,v),ṡv,γ0,δ∗0

〉, (22)

where δ∗0 ∈ G∗(F ) is the image of γ0 under a choice of admissible embedding of T0,H

into G∗, the map inv(−,δ∗0,v) : CZder
(δ∗0,v)→H1(Ev,Zder → T0) with T0 :=ZG∗(δ∗0) is from

[6, §7.1], the element ṡv,γ0,δ∗0
∈ π0(

̂̄T0

+,v

) is the image of ṡv ∈ π0(Z( ̂̄H)+,v) under the

composition ϕ̂ : Z( ̂̄H)→ T̂0,H → ̂̄T0 (as in §5.2, the bar indicates that we are quotienting

out by Zder) induced by our choice of admissible embedding of T0,H into G∗, and the

right-hand pairing is from [6, Cor. 7.11].
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In order to work explicitly with inv(−,−) at each v, we fix explicit Čech 2-cocycles ξ̇v
representing each ξv ∈ Ȟ2(Fv/Fv,uv) and replace the notion of Zder-twisted torsors on Ev
with ξ̇v-twisted Zder-cocycles; we know by §7.2 loc. cit. that inv(−,−) and corresponding
local transfer factor do not depend on such a choice, and hence, we may do so without

loss of generality.

By construction, the elements δ∗0 and δ0 are stably conjugate, so that there exists

g ∈ G∗(F ) such that ψ(gδ∗0g
−1) = δ0, and then inv((GFv

,ψv,(Tv,h̄v),δ0,v),δ
∗
0,v) ∈

H1(Ev,Zder → T0) = H1(Eξ̇v,Zder → T0) is represented by the ξ̇v-twisted cocycle

xv := (p1(g)
−1zvp2(g),φv), where (zv,φv) is a choice of ξ̇v-twisted cocycle corresponding

to the Zder-twisted G∗
Ev
-torsor Tv (cf. [6, Prop. 7.3]). We may choose g so that it is the

image of some gsc ∈G∗
sc(F ), and then we may lift the twisted cocycle xv to the ξ̇v-twisted

cocycle xv,sc := (p1(gsc)
−1zsc,vp2(gsc),φsc,v), where (zsc,v,φsc,v) ∈ Z1(Eξ̇v,Zsc → G∗

sc) is a

choice of twisted cocycle corresponding to the Zsc-twisted G∗
sc-torsor locv(Tsc) on Ev.

Using the decomposition ̂̄T0 = (T̂0)sc ×Z(Ĝ∗)◦, we may use the notation of §5.2 to

write ṡv,γ0,δ∗0
= (ẏ′vϕ̂(ssc),y

′′
v ). The functoriality of the pairing from [6, Corollary 7.11]

with respect to the morphism [Zsc → T0,sc]→ [Zder → T0] then implies that

〈inv((GFv
,ψ,(Tv,h̄v),δ0,v),δ

∗
0,v),ṡv,γ0,δ∗0

〉= 〈xv,sc,ẏ
′
vϕ̂(ssc)〉.

By construction, the restriction of the character 〈xv,sc,−〉 on π0(T̂0,sc

+v

) to Z(Ĝ∗
sc)

+v

equals the character 〈(zsc,v,φsc,v),−〉 by the functoriality of the pairing with respect to

the morphism [Zsc →T0,sc]→ [Zsc →G∗
sc]. It then follows by bilinearity that the expression

(22) reduces to

〈xv,sc,ϕ̂(ssc)〉. (23)

We have already fixed normalizations Eξ̇v of the gerbes Ev for all v – we now also

fix a normalization Eξ̇ of the gerbe EV̇ , which identifies Tsc with a ξ̇-twisted Zsc-cocycle

(zsc,φsc), where zsc ∈G∗
sc(F ⊗F F ), which by construction has image in Z1(Eξ̇v,Zsc →G∗

sc)

equal to (zsc,v,φsc,v). We may thus define a global twisted cocycle by the formula

xsc := (p1(gsc)
−1zscp2(gsc),φsc) ∈ Z1(Eξ̇,Zsc → T0,sc),

which satisfies locv(xsc) = xv,sc, where locv on twisted cocycles is induced by the maps

uv → (PV̇ )Fv
and G∗

sc(F ⊗F F ) → G∗
sc(Fv ⊗Fv

Fv) for a fixed v. It then follows from

Corollary 4.10 that the class [xsc] ∈H1(Eξ̇,Zsc → T0,sc) is such that [locv(xsc)] = [xv,sc] ∈
H1(Eξ̇v,Zsc → T0,sc) is trivial for all but finitely-many v, which shows that the expression
(23), and thus also the expression (22), is 1 for all but finitely many v, as desired.

To finish proving the product identity, we first recall the functor Y +,tor : R→ AbGrp.

It follows from the proof of [8, Prop. 5.3] (the proof of which is purely character-theoretic)
that we have a functorial embedding,

Y +,tor([Z →G]) ↪→ π0([Z(Ĝ)+])∗, (24)

and it is straightforward to check that for any [Z → G] ∈ R, the following diagram

commutes:
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⊕
v Y +v,tor([Z →G]) Y+,tor([Z →G])

⊕
v π0([Z(Ĝ)+v])∗ π0([Z(Ĝ)+])∗,

Σ

where the left map is the sum of the local embeddings Y +v,tor([Z →G]) ↪→ π0([Z(Ĝ)]+v)∗

and the bottom map is induced by restricting characters from π0([Z(Ĝ)]+v) to

π0([Z(Ĝ)]+).

If for each v we restrict the character 〈locv([xsc]),−〉 on π0([T̂0,sc]
+v) to π0([T̂0,sc]

+)

and then take the product over all v (these characters are trivial for all but finitely-many

v due to the above discussion and Corollary 4.12), we obtain the trivial character on

π0([T̂0,sc]
+) via combining the above discussion with Corollary 4.13. By construction, we

have that the image of ϕ̂(ssc)∈ ̂̄T0 in T̂0,sc/([T̂0,sc]
+,◦) lies in π0([T̂0,sc]

+), which combines

with the first part of this paragraph to give the equality 〈xsc,ϕ̂(ssc)〉=1, where the pairing

is induced by the embedding (24) and Theorem 4.11, proving that the above product over

all places equals 1, as desired. Finally, as in the number field case, the absence of ẏ′v and
ẏ′′v in the expression (22) implies that the product does not depend on the choice of such

elements. Moreover, since 〈xv,sc,ϕ̂(ssc)〉 only depends on the cohomology class of xsc,v,

the product also does not depend on the choices used to define the torsors locv(Tsc).

5.4. The multiplicity formula for discrete automorphic representations

We use the same notation as in §5.3. As in [9, §4.5], fix an L-homomorphism ϕ : LF → LG∗

with bounded image, where LF is the hypothetical Langlands group of F. For each v ∈ V ,
the parameter ϕ has a localization, which is a parameter ϕv : LFv

→ LG∗. The local

conjecture ensures that there exists an L-packet Πϕv
of tempered representations of rigid

inner twists of G∗ together with a bijection

ιϕv,wv
: Πϕv

→ Irr(S+
ϕv

),

where Πϕv
consists of equivalence classes of tuples (G′

v,ψ
′
v,(T

′
v ,h̄

′
v),π

′
v) with (ψ′

v,T
′
v ,h̄

′
v)

a rigid inner twist of G∗
Fv

and π′
v an irreducible tempered representation of G′

v(Fv) and
S+
ϕv

:= Z ̂̄G∗(ϕv).

Recall that we have fixed a coherent family of rigid inner twists (ψv,Tv,h̄v)v. Consider

the subset Πϕv
(G) ⊆ Πϕv

of (classes of) tuples (GFv
,ψv,(Tv,h̄v),πv). We define the L-

packet

Πϕ := {π =⊗′
vπv | (GFv

,ψ,Tv,h̄v,πv) ∈Πϕv (G),ιϕv,wv ((GFv
,ψ,(Tv,h̄v),πv)) = 1 for a.a. v}.

Lemma 5.8. The set Πϕ consists of irreducible admissible tempered representations of
G(A).

Proof. We may assume without loss of generality that EV̇ = Eξ̇ for some representative ξ̇

of the canonical class. As in the proof of [9, Lem. 4.5.1], everything is clear except for the

fact that the representation πv is unramified for almost all v. As explained loc. cit., we
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may find a finite set S ⊂ V such that G∗ and G have OF,S-models G∗, G (respectively),

the inner twist isomorphism ψ is defined over OS ⊂ F sep, the Whittaker datum wv is

unramified for every v /∈ S, and each local parameter ϕv is unramified. We have the G∗
EV̇

-

torsor T with fixed F -trivialization h of T ; via [6, Prop. 7.3], we can identify T ,T with
twisted torsors (S,Res(T ),ψS), (S ×G∗

G∗
ad,0,ψ̄S) (the latter descends to a genuine G∗

ad

torsor S) and find a F -trivialization h of S such that the trivialization of S induced by

h equals the one induced by h̄.
We know from Proposition 4.14 that we may enlarge S to ensure that, for all v /∈ S, the

pair of each localization Tv and Fv-trivialization hv (induced by h) is the pullback of a

G∗
OFv

-torsor Tv over OFv
with trivialization hOFv

over Operf
Fnr

v
. Note that a priori each Tv

is a torsor on Ev, not on Sch/Fv, but we may enlarge S to ensure that Tv is the pullback
of a unique G∗-torsor over Fv, which we identify with Tv (see §4.4), so that this latter

statement makes sense.

The cohomology set Ȟ1(Operf
Fnr

v
/OFv

,G∗) classifies isomorphism classes of G∗-torsors over

OFv
which have a trivialization over the fpqc extension Operf

Fnr
v
. We have a natural injective

map

Ȟ1(Operf
Fnr

v
/OFv

,G∗)→ Ȟ1
fppf(OFv

,G∗),

where the latter set classifies isomorphism classes of G∗-torsors over OFv
. Moreover, the set

Ȟ1
fppf(OFv

,G∗) is trivial, by [1, Corollary 2.9] (and Lang’s theorem), giving the triviality

of Ȟ1(Operf
Fnr

v
/OFv

,G∗). It follows that we may find an element g ∈ G∗(Operf
Fnr

v
) = G∗(Operf

Fnr
v
)

whose Čech differential coincides with the element of G∗(Operf
Fnr

v
⊗OFv

Operf
Fnr

v
) whose left-

translation gives p∗1hOFv
◦ p∗2h−1

OFv
on G∗

Operf
Fnr
v

⊗OFv
Operf

Fnr
v

. As a consequence, we get by

fpqc descent that the morphism f ′ := ψOperf
Fnr
v

◦Ad(g−1) descends to an OFv
-morphism

f : G∗ →G.
The element g ∈ G∗(Fv) defines an Fv-trivialization of Tv via the descent of the

composition

Ψ := �g ◦hv : (Tv)Fv
→ (G∗

Ev
)Fv

,

where �g denotes left-translation by g. As a consequence, (f,Ψ) defines an isomorphism of
rigid inner twists from (ψv,Tv,h̄v) to the trivial rigid inner twist (idG∗,G∗

Ev
,id). Choosing S

large enough, the construction of Πϕ then implies that ιϕv,wv
((G∗,idG∗,G∗

Ev
,id,πv ◦f))= 1,

which means that the representation πv ◦ f of G∗(Fv) is wv-generic. This latter fact

implies, by [5], that the representation πv ◦f is unramified with respect to the hyperspecial
subgroup G∗(OFv

) of G∗(Fv). The fact that the isomorphism f is defined over OFv
then

implies that πv is unramified with respect to the subgroup G(OFv
), as desired.

As conjectured in the number field case, we expect that every tempered discrete
automorphic representation of G(A) belongs to Πϕ for some discrete parameter ϕ.

Moreover, for any such representation π, our framework allows for a conjectural

description of its multiplicity in the discrete spectrum of G, which we turn to now. There
is an exact sequence of LF -modules (acting via ad◦ϕ)
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1→ Z(Ĝ∗)→ Ĝ∗ → (Ĝ∗)ad → 1

with connecting homomorphism Z
(Ĝ∗)ad

(ϕ)→H1(LF ,Z(Ĝ∗)). We then set

Sad
ϕ := ker[Z

(Ĝ∗)ad
(ϕ)→H1(LF ,Z(Ĝ∗))→

∏
v

H1(LFv
,Z(Ĝ∗))]

and set Sϕ := π0(S
ad
ϕ ) (a finite group, cf. [11, §10.2]). We will construct a pairing

〈−,−〉 : Sϕ×Πϕ → C

which yields an integer

m(ϕ,π) := |Sϕ|−1
∑
x∈Sϕ

〈x,π〉.

We then expect (from [11]) the multiplicity of π in the discrete spectrum of G to be

given by ∑
ϕ

m(ϕ,π),

where the sum is over all equivalence classes (as in [11, §10.4]) of ϕ such that π ∈Πϕ.
The construction of the above pairing is identical to its number field in analogue, but

we record it here for completeness. For some sad ∈ Sad
ϕ , we choose a lift ssc ∈ Ssc

ϕ (the

preimage of Sad
ϕ in (Ĝ∗)sc). Then, as explained in [9, §4.5], we obtain from ssc an element

ṡv ∈S+
ϕv

for each v ∈ V̇ , which we write as (ssc · ẏ′v,y′′v ) for y′v ∈Z((Ĝ∗)der) and y′′v ∈Z(Ĝ∗)◦

via the decomposition ̂̄G∗ = (̂̄G∗)sc×Z(Ĝ∗)◦. Following [9], we define

〈(ssc · ẏ′v,y′′v ),(GFv
,ψ,(Tv,h̄v),πv)〉 := tr[ιϕv,wv

((GFv
,ψ,(Tv,h̄v),πv)](ṡv) ∈ C.

Proposition 5.9 [9, Prop. 4.5.2]. The value

〈locv(Tsc),ẏ
′
v〉−1 · 〈(ssc · ẏ′v,y′′v ),(GFv

,ψ,(Tv,h̄v),πv)〉

equals 1 for all but finitely many v, and the product

〈sad,π〉 :=
∏
v∈V

〈locv(Tsc),ẏ
′
v〉−1 · 〈(ssc · ẏ′v,y′′v ),(GFv

,ψ,(Tv,h̄v),πv)〉

is independent of the choices of ssc,ẏ
′
v,y

′′
v , the torsor Tsc and the global Whittaker

datum w. Moreover, the function sad �→ 〈sad,π〉 is the character of a finite-dimensional

representation of Sϕ.

Proof. This proof is identical to the proof of the analogous result in [9], replacing the

use of Corollary 3.7.5 loc. cit. with our Corollary 4.10 and the (conjectural) endoscopic
character identities from [8, §3.4], with the analogous identities from [6, §7.3].

Appendix A. Complexes of tori and Čech cohomology

This appendix gives an extension of the theory of complexes of tori developed in the

appendices of [13] to the setting of local and global function fields.
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A.1. Complexes of tori over local function fields – basic results

Suppose that we have a complex of commutative R-groups, which is concentrated in

degrees 0 and 1, denoted by G
f−→H (or, when both groups are R-tori, by T

f−→ U). For

any fpqc ring homomorphism R → S, we obtain a double complex K•,• by taking the
Čech complexes for G and H – that is, the double complex

G(S) G(S⊗R S) G(S⊗R S⊗R S) . . .

H(S) H(S⊗R S) H(S⊗R S⊗R S) . . . ;

(25)

We can associate to this double complex a new complex L•, whose degree-r term is given

by

Lr(T •) =
⊕

m+n=r

Km,n =G(S
⊗

R r)⊕H(S
⊗

R r−1),

with differentials defined by (dG ⊕ f − dH). Following [13], we call the elements of Lr

(Čech) r-hypercochains, and the elements of the kernel of the rth differential (Čech)

r-hypercocycles. Denote by Hr(S/R,G
f−→H) the rth cohomology group of the complex

L•. Note that, by fpqc descent,H0(S/R,G
f−→H)= ker(G(R)→H(R))= ker(f)(R), which

will be useful when ker(f) is a finite-type F -group scheme whose cohomology we want to
investigate.

The spectral sequences associated to a double complex give us the long exact sequence

· · · →Hr(S/R,G
f−→H)→ Ȟr(S/R,G)→ Ȟr(S/R,H)→Hr+1(S/R,G

f−→H)→ . . . ,

(26)

where the first map sends [(x,y)] to [x], the last map sends [x] to [(0,x)], and the middle
map is induced by f. They also give the long exact sequence

· · · → Ȟr(S/R,ker(f))→Hr(S/R,G
f−→H)→Hr−1(cok(f

⊗
•))→ Ȟr+1(S/R,ker(f))→ . . . ,

(27)

where cok(f
⊗

•) denotes the complex with degree-r term given by H(S
⊗

R r)

f(G(S
⊗

R r))
.

In the long exact sequence (27), the first map is given by [x] �→ [(x,0)], the middle map

by [(x,y)] �→ [ȳ], and the last map by the composition of the map Hr−1(cok(f
⊗

•)) →
Hr(im(f

⊗
•)) defined by picking a preimage x∈H(S

⊗
R r) of an r -cocycle x̄∈ H(S

⊗
R r)

f(G(S
⊗

R r))

and then applying the Čech differential, and the map Hr(im(f
⊗

•))→ Ȟr+1(S/R,ker(f))

given by picking a preimage in G(S
⊗

R(r+1)) of x ∈ f(G(S
⊗

R(r+1))) and then differenti-

ating.
We now make the situation more concrete by setting R= F a field; the following result

is an immediate extension of the fact that, for a smooth finite type commutative F -group

scheme G, the comparison map Ȟi(F sep/F,G)→ Ȟi(F/F,G) is always an isomorphism:

https://doi.org/10.1017/S1474748025100972 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748025100972


Rigid inner forms over global function fields 61

Lemma A.1. For all i≥ 1, the natural map Hi(F sep/F,T
f−→ U)→Hi(F/F,T

f−→ U) is
an isomorphism.

Proof. This follows immediately from the five-lemma, applied to the commutative
diagram with exact rows induced by (26)

Ȟi−1(F sep/F,T ) Ȟi−1(F sep/F,U) Hi(F sep/F,T
f−→ U) Ȟi(F sep/F,T ) Ȟi(F sep/F,T )

Ȟi−1(F/F,T ) Ȟi−1(F/F,U) Hi(F/F,T
f−→ U) Ȟi(F/F,T ) Ȟi(F/F,T ),

where all vertical maps other than the one in consideration are isomorphisms, since T

and U are tori (in particular, are smooth).

We have an identification of Čech hypercohomology for F sep/F and Galois cohomology:

Lemma A.2. For all i, we have a canonical isomorphism

Hi(F sep/F,T
f−→ U)

∼−→Hi(Γ,T (F sep)→ U(F sep)),

where the latter group is as defined in [13], Appendix A.

Proof. This is immediate from applying the comparison isomorphisms discussed
in §2.1.

Lemmas A.1 and A.2 show that one can perform computations for Hi(F/F,T
f−→ U)

using group cohomology as in [13]. Take R= F to be a local function field, S = F a fixed

algebraic closure, G
f−→ H is a complex of F -tori, denoted by T • := T

f−→ U . Using the
aforementioned comparison with group cohomology, one can then define a local Tate-

Nakayama pairing

Hr(F/F,T
f−→ U)×H3−r(F/F,X∗(U)

f∗

−→X∗(T ))→Q/Z

identically as in [13, §A.2]. Note that for any F -torus S, we have Hi(F,S) = 0 for all i≥ 3,
since Hi(F,S) =Hi(Γ,S(F sep)), and the cohomological dimension of F is 2. This same

reasoning also implies that Hi(Γ,X∗(S)) = 0 for all i≥ 3. Using the long exact sequence

(26), we deduce that both of the groups in the above pairing are zero for r ≥ 4 and
negative r. We have the analogue of [13, Lem. A.2.A], whose proof is unchanged (using

Lemmas A.1, A.2):

Lemma A.3. The above pairing induces an isomorphism

Hr(F/F,T
f−→ U)→H3−r(F/F,X∗(U)

f∗

−→X∗(T ))∗

for r = 2,3. For r = 2,3, the group Hr(F/F,T
f−→ U) is finitely-generated and is free for

r = 3.

A.2. A local pairing

Recall that the hypercohomology groups Hr(WF ,Û
f̂−→ T̂ ) are defined as follows: For any

F -torus S, we set C0(WF ,Ŝ) = Ŝ(C) (with inflated WF -action), C
1(WF ,Ŝ) the group of
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continuous 1-cocycles of WF in T̂ (C), and all other cochain groups to be zero. We then

define r -hypercochains with respect to the complex Û
f̂−→ T̂ to be elements of

Cr(WF ,Û
f̂−→ T̂ ) = Cr(WF ,Û)⊕Cr−1(WF ,T̂ ),

with the usual differentials for total complexes, and cohomology groups Hr(WF ,Û
f̂−→ T̂ ).

The exponential sequence for the dual tori over C gives a pairing (cf. [13, §A.3])

Hr(Γ,Û
f̂−→ T̂ )×H2−r(Γ,X∗(U)

f∗

−→X∗(T ))→ C×

which is generalized loc. cit. for r = 1 to a pairing

H1(F sep/F,T
f−→ U)[

Lemma (A.1)
= H1(F/F,T

f−→ U)]×H1(WF ,Û
f̂−→ T̂ )→ C× (28)

which carries over to our situation unchanged.

We have the following two exact sequences

· · · →H0(F,U)
j−→H1(F sep/F,T

f−→ U)
i−→H1(F,T )→ . . . ,

· · · →H0(WF ,T̂ )
ĵ−→H1(WF ,Û

f̂−→ T̂ )
î−→H1(WF ,Û)→ . . . ,

from which we derive two compatibilities of pairings. First, we have 〈j(u),ẑ〉= 〈u,î(ẑ)〉−1,
where the left-hand pairing is (28) and the right-hand pairing U(F )×H1(WF ,Û)→ C×

is given by Langlands duality for tori. Second, we have 〈z,ĵ(t̂)〉= 〈i(z),t̂〉, where the left-

hand pairing is from (28) and the right-hand pairing H1(F,T )× T̂ΓF → C× comes from
Tate-Nakayama duality.

The first goal is to endow H1(F/F,T
f−→ U) with a natural locally-profinite topology.

We first claim that the image f(T (F )) ⊆ U(F ) is closed: The scheme-theoretic image
f(T ) is a closed subscheme of U by the closed orbit lemma, so that f(T )(F ) is closed

in U(F ), which means that we can replace U by f(T ) to reduce to the case where f is

(scheme-theoretically) surjective. We then choose an F -torus T ′ such that f factors as a

composition T
f ′

−→ U ′ f ′′

−−→ U where the kernel of f ′ is a torus and f ′′ is an isogeny. Note

that f ′′ is finite, and hence proper, which implies that the continuous map U ′(F )→U(F )

is proper (as a map of topological spaces), and hence closed (since U(F ) is locally compact
and Hausdorff), and so we can reduce further to the case where the kernel of T → U is a

torus.

In this final case, the morphism T
f−→ U is smooth – indeed, quotient maps are always

flat and surjective, and the smoothness of the kernel implies that we get a short-exact

sequence at the level of tangent spaces at the identity. It then follows from the inverse

function theorem for analytic manifolds ([23, Thm. III.9.2] (which is proved for all analytic
manifolds over complete nonarchimedean fields) that f is open, and thus sends closed full

preimages to closed subsets.

The closedness of f(T (F )) in U(F ) implies that the quotient U(F )/f(T (F )) has the

canonical structure of a topological group. We then give H1(F/F,T
f−→ U) the unique

locally-profinite topology such that the map U(F )/[f(T (F ))]→H1(F/F,T
f−→ U) is an
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open immersion (note that H1(F,T ) is finite). Duality of (28) passes to our setting

verbatim (as in [13, Lem. A.3.B]):

Proposition A.4. Using the above topology, the pairing (28) induces a surjective
homomorphism

H1(WF ,Û
f̂−→ T̂ )→Homcts(H

1(F/F,T
f−→ U),C×)

with kernel equal to the image of (T̂ΓF )◦ under the natural map ĵ : T̂ΓF → H1

(WF ,Û
f̂−→ T̂ ).

We set H1(WF ,Û
f−→ T̂ )red to be the quotient H1(WF ,Û

f−→ T̂ )/ĵ[(T̂ΓF )◦]. Note that the

group H1(WF ,Û
f̂−→ T̂ ) is redundant when f is an isogeny, by the following result:

Proposition A.5. When f is an isogeny, the inflation map H1(Γ,Û
f̂−→ T̂ ) →

H1(WF ,Û
f̂−→ T̂ ) is an isomorphism.

Proof. For any finite extension K/F splitting U and T, we have an ‘inflation-restriction

sequence

0→H1(ΓK/F ,Û
f̂−→ T̂ )→H1(WK/F ,Û

f̂−→ T̂ )→H1(K∗,Û
f̂−→ T̂ ),

where in the last term, we are viewing K∗ as a topological group. Indeed, suppose that

we have a 1-hypercocycle (u,t) ∈C1(WF ,Û)⊕ T̂ (C) such that its restriction to K∗ is a 1-

coboundary; that is, we have x∈ Û(C) such that (u,t) = (dx,f(x)−1). This means that for
all z ∈ F ∗, we have u(z) = zx ·x−1 = 1, so that u is trivial on K∗ and is therefore inflated

from any 1-cocycle ũ of ΓK/F determined by picking a set-theoretic section ΓK/F →
WK/F . Since the WK/F -action is inflated from ΓK/F , the element (ũ,t) is a 1-hypercocycle
of ΓK/F mapping to (u,t), as desired.

For K/F as above, fix x ∈ H1(WK/F ,Û
f̂−→ T̂ ); to show that, for large enough L/F

containing K, it lies in the image of the inflation map, it is enough to show that for large

enough L, its image in H1(L∗,Û
f̂−→ T̂ ) = Homcts(L

∗,ker(f̂)) is zero. This follows from
the fact that any continuous homomorphism χ : K∗ → ker(f̂) has finite-index open kernel

and the norm groups NL/K(L∗) shrink to the identity as L/K varies over all finite Galois

extensions of F containing K.

A.3. Complexes of tori over global function fields – basic results

The last two subsections extend [13, Appendix C] to a global function field F. We fix

a complex of F -tori T
f−→ U , let Asep := F sep ⊗F A, and define H̄i(A/A,T

f−→ U) as the
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hypercohomology of the double complex

T (A)

T (F )

T (A⊗AA)

T (F⊗FF )

T (A⊗AA⊗AA)

T (F⊗FF⊗FF )
. . .

U(A)

U(F )

U(A⊗AA)

U(F⊗FF )

U(A⊗AA⊗AA)

U(F⊗FF⊗FF )
. . . ,

giving us a long exact sequence

· · · →Hi(F/F,T
f−→ U)→Hi(A/A,T

f−→ U)→ H̄i(A/A,T
f−→ U)→Hi+1(F/F,T

f−→ U)→ . . .
(29)

Let S be a finite set of places of F containing all places at which T and U are ramified.

For every place v of F, we fix an algebraic closure Fv as well as an embedding F ↪→ Fv.

The following two results let us work in the group-cohomological setting:

Lemma A.6. For all i ≥ 0, the natural map Hi(Asep/A,T
f−→ U)→Hi(A/A,T

f−→ U) is

an isomorphism, and the same is true with A replaced by F.

Proof. Combining the proof of Lemma 2.20 with our results on adelic tensor products

in §2.2 shows that Hj((Asep)
⊗

A
n,M) vanishes for any F -torus M, j,n ≥ 1, and so the

natural map Ȟi(Asep/A,M)→Hi(A,M) is an isomorphism. Since this is also true with

Asep replaced by A, the same argument in the proof of Lemma A.1 gives the result. The

proof for F is the same.

Corollary A.7. For all i≥ 0:

(1) The natural map H̄i(Asep/A,T
f−→ U)→ H̄i(A/A,T

f−→ U) is an isomorphism.

(2) We have a canonical isomorphism

Hi(Asep/A,T
f−→ U)→Hi(ΓF ,T (A

sep)
f−→ U(Asep)).

(3) We have a canonical isomorphism

H̄i(Asep/A,T
f−→ U)→ H̄i(ΓF ,T (A

sep)/T (F sep)
f−→ U(Asep)/U(F sep)).

Proof. The first statement is an immediate consequence of combining Lemma A.6 with
the long exact sequence (29) and the five-lemma. The second two statements follow

immediately.

We now give an analogue of [13, Lem. C.1.A], which we need to in order to work with

restricted products. Note that the complex T
f−→U is defined over OF,S . Let Ov denote the

completion of OF at v, and Onr
v the ring of integers of the maximal unramified extension

F nr
v /Fv.

Lemma A.8. For any place v /∈ S, the group Hi(Onr
v /Ov,T

f−→ U) is equal to the kernel

of T (Ov)
f−→U(Ov) if i= 0, to the cokernel of the same map if i= 1, and is trivial if i≥ 2.
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Moreover, for all i, we have natural injections

Hi(Onr
v /Ov,T

f−→ U) ↪→Hi(Fv/Fv,T
f−→ U).

Proof. To prove the first statement, using the long exact sequence (26), it is enough
to show that Ȟi(Onr

v /Ov,M) = 0 for any F -torus M which is unramified at v for i ≥ 1

(applying this result to T and U ). We first claim that these groups may be identified

with Hi(Ov,M) under the natural Čech-to-fppf comparison map. As usual, it is enough
to show that the fppf cohomology groups Hj((Onr

v )
⊗

Ov
n,M) vanish for all j,n≥ 1. Since

Ov is the ring of integers in a nonarchimedean local field, for a fixed finite unramified

extension Ew/Fv, we have the chain of identifications

Ow⊗Ov
Ow

∼−→Ow⊗Ov
Ov[	]

∼−→Ow⊗Ov
Ov[x]/(f)

∼−→
∏

ΓEw/Fv

Ow,

where 	 ∈Ow and f ∈Ov[x]. As in §2.1, it is enough to prove the n=1 case (i.e., showing

that the groups Hi(Onr
v ,M) vanish for all i≥ 1). This follows immediately from the fact

that they are the direct limit of the groups Hi(OEw
,M), where Ew is as above, which all

vanish by [1, Corollary 2.9], using that OEw
is a Henselian local ring with finite residue

field kw, and Mkw
is connected, being a kw-torus. With the claim in hand, the result is

immediate from the same Corollary, since Ov is a Henselian local ring with finite residue
field kv such that Mkv

is connected.

We now move on to the second statement. Using the first statement, we only need to

show this for i = 1. As in the proof of [13, Lem. C.1.A], it is enough to show that any
element u ∈ U(Ov)∩ f(T (Fv)) lies in f(T (Ov)). To this end, we may assume that f is

surjective, and we may again factor f as the composition T
f ′

−→ U ′ f ′′

−−→ U , where f ′ has a
torus as its kernel and f ′′ is an isogeny. The argument of the proof of [13, Lem. C.1.A]
proves the result for f ′, so that U ′(Ov)∩f ′(T (Fv)) = f ′(T (Ov)).

Note that f ′′ is proper as a morphism of Fv-schemes, so the map U ′(Fv) → U(Fv)

is proper as a morphism of topological spaces; this implies that the preimage of the
compact subgroup U(Ov) under f ′′ is a compact subgroup of U ′(Fv), and so lies in

U ′(Ov), the maximal compact subgroup. Thus, if t ∈ T (Fv) is such that f(t) ∈ U(Ov),

then f ′(t) ∈ U ′(Ov), so that f ′(t) = f ′(x) for some x ∈ T (Ov), and now f(t) = f(x), as
desired.

We now give a restricted product structure to the groups Hi(A/A,T
f−→ U):

Proposition A.9. We have a canonical isomorphism

Hi(A/A,T
f−→ U)

∼−→
′∏

v∈VF

Hi(Fv/Fv,T
f−→ U),

where the product is restricted with respect to the subgroups Hi(Onr
v /Ov,T

f−→U) for v /∈ S

(which are indeed subgroups by Lemma A.8). When i ≥ 2, this restricted product is a

direct sum.
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Proof. The first step is to use Lemma A.6 to replaceHi(A/F,T
f−→U) byHi(Asep/A,T

f−→
U), and Lemma A.1 to replace Hi(Fv/Fv,T

f−→ U) by Hi(F sep
v /Fv,T

f−→ U). Consider a
finite Galois extension K/F , and let S(K) denote a large finite set of places containing S

such that K is unramified outside S(K). For any place w ∈ VK lying over v /∈ S(K), the

natural map Hi(Ow/Ov,T
f−→ U)→Hi(Onr

v /Ov,T
f−→ U) is an isomorphism (replace Onr

v

by Ow in the proof of Lemma A.8). From here, we may work with group cohomology and

use the identical argument of [13, Lem. C.1.B] to deduce the result.

Continuing to follow [13, §C], we topologize our adelic cohomology groups (the

versions over F sep). We give Hi(F sep/F,T
f−→ U) the discrete topology for all i, we

give H0(Asep/A,T
f−→ U) the topology it inherits as a closed subgroup of T (A), and

H1(Asep/A,T
f−→ U) the topology making U(A)/f [T (A)]→H1(Asep/A,T

f−→ U) an open
immersion; note that f [T (A)] is closed in U(A) since f(T (Fv))∩U(Ov) = f(T (Ov)) for

v /∈ S and
∏

v/∈S f(T (Ov)) is compact, and f(T (Fv)) is closed in U(Fv) for v ∈ S (by an

argument that we made earlier in this subsection). In the above discussion, we are using

[1, Thm. 2.20] to decompose T (A) and U(A) as restricted products. We give the groups

Hi(Asep/A,T
f−→ U) the discrete topology for i≥ 2.

We now turn to topologizing the groups H̄i(Asep/A,T
f−→ U), which is more involved.

For any F -torus S, the group S(Asep) carries a natural topology given by the direct

limit topology of the topological groups S(AK), where K/F ranges over all finite Galois

extensions, and this topology coincides with the one induced by giving Asep the structure
of a topological ring via the direct limit topology. Note that the ring Asep is Hausdorff; to

see, this, note that each AK is a metrizable topological space (by [12, Prop. 1.1]) and is

thus normal; now the direct limit of normal spaces with transition maps that are closed

immersions (as is the case with AK → AL) is a normal topological space, and hence a
fortiori Hausdorff.

It follows that S(Asep) is Hausdorff (by [4, Prop. 2.1]). Since S(K) is closed in

S(AK) for all K, it follows that S(F sep) is a closed subgroup of S(Asep) (using
that S(F sep)∩S(AK) = S(K)), so the topological group S(Asep)/S(F sep) makes sense.

Moreover, the subgroup [S(Asep)/S(F sep)]Γ is closed since it is the intersection over all

σ ∈ Γ of the subsets [S(Asep)/S(F sep)]σ, which are the preimages of the (closed) diagonal
Δ(S(Asep)/S(F sep)) under the continuous map id× (−)σ. Using these topologies, the

natural map

[T (Asep)/T (F sep)]Γ → [U(Asep)/U(F sep)]Γ (30)

is continuous, and hence, the closed kernel (our group H̄0(Asep/A,T
f−→U)) has the natural

structure of a topological group, settling the i= 0 case.
Recall that there is a group homomorphism

H : [T (Asep)/T (F sep)]Γ → (X∗(T )⊗ qZ)Γ (31)

https://doi.org/10.1017/S1474748025100972 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748025100972


Rigid inner forms over global function fields 67

determined by, for all λ ∈X∗(T )Γ, the equality

〈λ,H(t̄)〉= ‖λ(t̄)‖, (32)

where we are using the fact that [(Asep)×/(F sep)×]Γ =A×/F×, q is the size of the constant
field of F , and ‖ · ‖ denotes the adelic norm; we will show in Lemma A.14 that ker(H)

is always compact. The map and all of the above properties work just as well for F sep

replaced with finite Galois K/F splitting T .

We claim that the image of (30) is a closed subgroup; this image is the direct limit of the

images of the maps of topological groups [T (AK)/T (K)]ΓK/F → [U(AK)/U(K)]ΓK/F over
all finite Galois K/F , and so it’s enough to show that all of these images are closed—the

following argument was suggested to us by Brian Conrad:

Lemma A.10. For K/F finite Galois splitting T, the image of the map

[T (AK)/T (K)]ΓK/F → [U(AK)/U(K)]ΓK/F is closed.

Proof. We may assume that f is scheme-theoretically surjective. Letting S be the
maximal F -split subtorus in ker(f) and setting T ′ := T/S, we have short exact sequences

1→ S(AK)→ T (AK)→ T ′(AK)→ 1,

where AK = K or AK and deduce the surjectivity of [T (AK)/T (K)]ΓK/F →
[T ′(AK)/T ′(K)]ΓK/F using Hilbert 90 for idèle class groups. This allows us to assume

that T and U have the same F -split rank.

The map HT sends [T (AK)/T (K)]ΓK/F to a finite-index subgroup of (X∗(T )⊗qZ)ΓK/F ,
as does HU with the analogous groups. Since X∗(U)ΓK/F →X∗(T )ΓK/F is a finite-index

inclusion (by our F -split rank assumptions), the continuous map

[T (AK)/T (K)]ΓK/F

ker(HT )
→ [U(AK)/U(K)]ΓK/F

ker(HU )

is also a finite-index inclusion.
Now consider the commutative diagram

1 ker(HT ) [T (AK)/T (K)]
ΓK/F Im(HT ) 1

1 ker(HU ) [U(AK)/U(K)]
ΓK/F Im(HU ) 1,

where the right-most vertical map is injective and the left-most vertical map is proper,

since both groups are Hausdorff and compact (cf. Lemma A.14). The middle term
[U(AK)/U(K)]ΓK/F has ker(HU ) as an open subgroup, and so any compact subset

C of [U(AK)/U(K)]ΓK/F is contained in finitely many ker(HU )-cosets. Moreover, the

injectivity of the right-most map implies that the f -preimage of ker(HU ) is ker(HT ), and
thus the f -preimage of each ker(HU )-coset is either empty or a ker(HT )-coset, proving

the properness of the middle vertical map over each ker(HU )-coset, and therefore the

properness of the middle vertical map itself, giving the result.
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Remark A.11. In our applications in the main body of the paper, the map T
f−→ U is

an isogeny, in which case the proof of the above Lemma follows immediately from the

properness of f .

We give H̄1(Asep/A,T
f−→ U) the topology determined by declaring that the map

cok([T (Asep)/T (F sep)]Γ → [U(Asep)/U(F sep)]Γ)→ H̄1(Asep/A,T
f−→ U)

is an open immersion (where the left-hand side has the natural quotient topology). For

any i≥ 2, we give H̄i(Asep/A,T
f−→ U) the discrete topology.

A.4. Complexes of tori over global function fields – duality

One has duality for H̄i(A/A,T
f−→ U) = H̄i(Asep/A,T

f−→ U). As in the local case, we have
a Tate-Nakayama pairing

H̄r(Asep/F,T
f−→ U)×H3−r(Γ,X∗(U)

f∗

−→X∗(T ))→Q/Z, (33)

where the Q/Z comes from identifying H2(Gm[(Asep)
⊗

A
(•+1)]/Gm[(F sep)

⊗
F (•+1)])

with H2(Γ,C) (where C = lim−→K/F
CK is the universal idéle class group) and

then taking the global invariant map. For an F -torus T, set H̄i(Asep/A,T ) :=

Hi(T [(Asep)
⊗

A
(•+1)]/T [(F sep)

⊗
F (•+1)]) (we can define an analogue for A, but we will

not use that here).
According to [13, Lem. D.2.A] (which relies on [17, §4], which are stated for arbitrary

nonarchimedean local fields), the groups H̄r(Asep/A,T ) vanish for r ≥ 3, and for r = 1,2,

we having a pairing

H̄r(Asep/A,T )×H2−r(Γ,X∗(T ))→Q/Z

which induces isomorphisms H̄r(Asep/A,T )
∼−→ HomZ(H

2−r(Γ,X∗(T )),Q/Z), and the

group H̄1(Asep/A,T ) is finite. We now extend this to our complexes:

Lemma A.12. For r≥ 4, the groups H̄r(Asep/A,T
f−→U) vanish. For r=2,3, the pairing

(33) induces an isomorphism

H̄r(Asep/A,T
f−→ U)

∼−→HomZ(H
3−r(Γ,X∗(U)

f∗

−→X∗(T )),Q/Z).

For r = 2,3, the group H̄r(Asep/A,T
f−→ U) is finitely-generated, and for r = 3, it is free.

Proof. See the explanation following [13, Lem. C.2.A].

We now give a duality theorem for r = 1, which will use the absolute Weil group WF

of F (given by the inverse limit of extensions of A×
K/K× by ΓK/F corresponding to the

canonical H2-class, as K/F ranges over all finite Galois extensions) as in the local case.

We define the groups Cm(WF ,T̂ ), H
m(WF ,T̂ ), C

m(WF ,Û
f̂−→ T̂ ) and Hm(WF ,Û

f̂−→ T̂ ) in

the same way as in the local case. Note that Hm(WF ,T̂ ) vanishes for m≥ 2, H1(WF ,T̂ ) is
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canonically isomorphic to Homcts(H̄
0(Asep/A,T ),C×), by [15], and Hm(WF ,Û

f̂−→ T̂ ) = 0

for m≥ 3. We have the following global analogue of Proposition A.5:

Proposition A.13. When T
f−→ U is an isogeny, the inflation map H1(Γ,Û

f̂−→ T̂ ) →
H1(WF ,Û

f̂−→ T̂ ) is an isomorphism.

Proof. As in the proof of Proposition A.5, the inflation-restriction sequence shows that
it is enough to show that the image of any element in Homcts(A

×
K/K×,ker(f̂)) is zero in

some large finite Galois extension L/F containing K, which follows from the fact that the

kernel of any such homomorphism is open and finite-index and the universal norm group
of (the idele class groups of) a global function field is trivial (see [19, Prop. 8.1.26]).

There is a pairing

H̄1(Asep/A,T
f−→ U)×H1(WF ,Û

f̂−→ T̂ )→ C× (34)

defined exactly as in the local case, and, as in that case, it induces a surjective

homomorphism

H1(WF ,Û
f̂−→ T̂ )→Homcts(H̄

1(Asep/A,T
f−→ U),C×)

with kernel the image of (TΓ)◦ ⊆H0(WF ,T̂ ) in H1(WF ,Û
f̂−→ T̂ ), the quotient by which

we will denote by H1(WF ,Û
f̂−→ T̂ )red.

We now define a compact subgroup H̄i(Asep/A,T
f−→ U)1 of H̄i(Asep/A,T

f−→ U) for

i= 0,1. We first set H̄0(Asep/A,T )1 to be the kernel of the group homomorphism H from
(31). For expository purposes, we use a slightly different but equivalent version of H from

(31) (it obviously has the same kernel)

H : [T (Asep)/T (F sep)]Γ →X∗(T )
Γ

determined by, for all λ ∈X∗(T )Γ, the equality

〈λ,H(t̄)〉= deg(λ(t̄)), (35)

where we are using the fact that [(Asep)×/(F sep)×]Γ = A×/F×, and deg: A×/F× → Z is

the homomorphism defined by deg(ᾱ) =
∑

v∈V v(αv)[kv : k], where k denotes the constant
field of F.

Lemma A.14. The kernel of H is a compact subgroup of [T (Asep)/T (F sep)]Γ (topologized

in §A.3).

Proof. There is isogeny T → Ta×Ts, where Ta is the maximal F -anisotropic subtorus of

T and Ts is the maximal F -split subtorus of T, giving the bottom injective map in the
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commutative diagram

(T (Asep)/T (F sep))Γ ((Ta×Ts)(A
sep)/(Ta×Ts)(F

sep))Γ

X∗(T )
Γ X∗(Ta×Ts)

Γ =X∗(Ts);

it follows that the kernel of the left-hand map (the group we are analyzing) equals the
preimage of the kernel of the right-hand map. Since the top map is induced by the

isogeny T → Ta×Ts (which is proper), if we can show that the kernel of the right-hand

map is compact, then its preimage in [T (Asep)/T (F sep)]Γ is also compact (the map of
topological groups T (Asep)→ (Ts×Ta)(Asep) is proper, by [4, Prop. 5.8]). Rewriting the

group [(Ta×Ts)(A
sep)/(Ta×Ts)(F

sep)]Γ as

[Ta(A
sep)/Ta(F

sep)]Γ× [Ts(A
sep)/Ts(F

sep)]Γ,

it is clear that the kernel in question equals [Ta(A
sep)/Ta(F

sep)]Γ×Ks, where Ks denotes

the kernel of the map [Ts(Asep)/Ts(F
sep)]Γ

Hs−−→X∗(Ts). The group [Ta(Asep)/Ta(F
sep)]Γ

is compact because it contains Ta(A)/Ta(F ) as a finite-index closed subgroup, and this

latter group is compact (by [3, Thm. 8.1.3], since Ta is F -anisotropic), reducing to the
case where T = Ts is F -split.

Pick a Z-basis λ1, . . . λn of X∗(T ) =X∗(T )Γ. Then t̄ lies in the kernel of H if and only if

deg[λi(t̄)] = 0 for all i. The basis gives an F -isomorphism T
(λi)−−→Gn

m, and the kernel of H is

the preimage under the above isomorphism of the kernel of the map (A×/F×)n
degn−−−→ Zn,

which is the n-fold product of the compact subgroups C0
F of A×/F× (by [19, Prop.

8.1.25]).

Define H̄0(Asep/A,T
f−→ U)1 as the intersection of H̄0(Asep/A,T

f−→ U) ⊆ [T (Asep)/

T (F sep)]Γ with ker(H); one checks that when f is an isogeny, this intersection is all

of H̄0(Asep/A,T
f−→ U). It remains to define H̄1(Asep/A,T

f−→ U)1. For any λ ∈X∗(U)Γ,

we have a map of complexes from [T
f−→U ] to [1→Gm] via T → 1, U

λ−→Gm which induces

a map H̄1(Asep/A,T
f−→ U) → H̄1(Asep/A,1 → Gm) = H̄0(Asep/A,Gm) = A×/F×, which

we may then map to Z via deg, as above, giving a map H̄1(Asep/A,T
f−→ U)→X∗(U)Γ.

We define H̄1(Asep/A,T
f−→ U)1 as the kernel of the composition

H(1) : H̄1(Asep/A,T
f−→ U)→X∗(U)Γ → X∗(U)Γ

f∗(X∗(T )Γ)
.

Note that we have a commutative diagram with exact rows

1 H̄0(Asep/A,T
f−→ U) H̄0(Asep/A,T ) H̄0(Asep/A,U) H̄1(Asep/A,T

f−→ U)

0 Ker(f∗
∣∣
X∗(T )Γ

) X∗(T )
Γ X∗(U)Γ X∗(U)Γ/f∗(X∗(T )

Γ).

f

HT HU

δ

H(1)

f∗

(36)
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We claim that the map HT : H̄0(Asep/A,T ) → X∗(T )
Γ (and hence also HU , by

symmetry) is split; indeed, the isogeny Ta×Ts → T gives the commutative diagram

((Ta×Ts)(A
sep)/(Ta×Ts)(F

sep))Γ (T (Asep)/T (F sep))Γ

X∗(Ts) X∗(T )
Γ.

HTa×Ts HT

∼

As in the proof of the Lemma A.14, to split HTa×Ts
, it is enough to split HTs

, and

we have λi ∈ X∗(Ts) such that Ts
(λi)−−→ Gn

m is an isomorphism, and so it is enough

to split the map (A×/F×)n
degn−−−→ Zn, which is easy. This splitting of HTa×Ts

gives

a splitting of HT by applying the inverse isomorphism X∗(T )
Γ → X∗(Ts), giving the

claim. The compatibility of f with the these splittings gives an induced splitting

X∗(U)Γ/f∗(X∗(T )
Γ)→ H̄1(Asep/A,T

f−→ U) of H(1).

Lemma A.15. The closed subgroup H̄1(Asep/A,T
f−→ U)1 ⊂ H̄1(Asep/A,T

f−→ U) is
compact.

Proof. We have a natural injection H̄0(Asep/A,U)1/f(H̄
0(Asep/A,T )1) ↪→ H̄1(Asep/

A,T
f−→ U)1, which, by the definition of our topologies, is a closed immersion. We claim

that, in fact, this is a subgroup of a finite index in the target. By the commutative diagram
(36), we have

δ−1[H̄1(Asep/A,T
f−→ U)1] = H̄0(Asep/A,U)1 ·f [H̄0(Asep/A,T )]⊆ H̄0(Asep/A,U),

and hence, the image of the above natural injection is δ[H̄0(Asep/A,U)]∩H̄1(Asep/A,T
f−→

U)1, which is of finite index since δ[H̄0(Asep/A,U)] is of finite index in H̄1(Asep/A,T
f−→

U), by the finiteness of H̄1(Asep/A,T ). Since H̄0(Asep/A,U)1/f(H̄
0(Asep/A,T )1) is itself

compact (by Lemma A.14), the result follows.

Corollary A.16. When f is an isogeny, the group H̄1(Asep/A,T
f−→ U) is compact.

Proof. This follows immediately from the above lemma and the fact thatX∗(U)Γ/X∗(T )
Γ

is finite, due to the fact that X∗(T ) ⊆ X∗(U) is finite-index and X∗(U)Γ ∩X∗(T ) =
X∗(T )

Γ.

We conclude this section by giving new global duality results that involve the above

cohomology groups. We have a natural map Hi(F sep/F,T
f−→ U)→Hi(Asep/A,T

f−→ U),

and we will denote its kernel by keri(F sep/F,T
f−→U) and its cokernel by coki(F sep/F,T

f−→
U); our primary case of interest in this paper is when i = 1. Moroever, Proposition A.9

induces an identification

keri(F sep/F,T
f−→ U)

∼−→ ker[Hi(F sep/F,T
f−→ U)→

∏
v∈V

Hi(F sep
v /Fv,T

f−→ U)].
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We have, from the long exact sequence (29), the short exact sequences

1→ coki(F sep/F,T
f−→ U)→ H̄i(Asep/A,T

f−→ U)→ keri+1(F sep/F,T
f−→ U)→ 1. (37)

The following is an analogue of [13, Lem. C.3.A]:

Lemma A.17. For all i, the image of Hi(F sep/F,T
f−→U) is discrete in Hi(Asep/A,T

f−→
U). Moreover, the map

coki(F sep/F,T
f−→ U)→ H̄i(Asep/A,T

f−→ U)

induces an isomorphism of topological groups from coki(F sep/F,T
f−→ U) to an open

subgroup of H̄i(Asep/A,T
f−→ U) for i= 0,1.

Proof. The first statement is clear for i 
= 1 (cf. the analogous argument in [13]), so we
only need to prove both statements for i= 1. For the first statement, it is enough to show

that the intersection of f [H1(F sep/F,T
f−→ U)] with the open subgroup U(A)/f(T (A))

is discrete. Since the image of U(F )/f(T (F )) is of finite index in [U(A)/f(T (A))] ∩
f [H1(F sep/F,T

f−→ U)] (because the kernel of H1(F,T ) →
∏′

vH
1(Fv,T ) is finite), it is

enough to show that the image of U(F )/f(T (F )) is discrete in U(A)/f(T (A)).
Using (35), we have a split surjective homomorphism T (A)→X∗(T )

Γ with closed (not

necessarily compact) kernel T (A)1, similarly for U, and the induced product structures
are compatible with the homomorphism f, allowing us to rewrite f as

T (A)1×X∗(T )
Γ f×f∗−−−→ U(A)1×X∗(U)Γ,

leading to a decomposition

U(A)/f(T (A)) = U(A)1/f(T (A)1)×X∗(U)Γ/f∗(X∗(T )
Γ),

and the image of U(F )/f(T (F )) in U(A)/f(T (A)) lands in the factor U(A)1/f(T (A)1).
The subgroup f(T (F )) is evidently discrete in U(A)1 since the subgroup U(F )

is discrete in U(A) (by [4], Example 2.2, using that F is discrete in A). Thus,

U(A)1/f(T (F )) contains the discrete subgroup U(F )/f(T (F )) and the compact subgroup

f(T (A)1)/f(T (F )) (the compactness follows from Lemma A.14). The desired discreteness
then follows by the analogous argument in the proof of [13, Lem. C.3.A].

As in [13], to prove the second statement for i= 1, it suffices to show that the map

U(A)→ [U(Asep)/U(F sep)]Γ/f [T (Asep)/T (F sep)]Γ

is open. The image U(A)/U(F ) ↪→ [U(Asep)/U(F sep)]Γ is closed (a straightforward
exercise in the topology of adelic points) and is also finite index (by the finiteness of

the kernel of H1(F,U)→H1(A,U)), and is thus an open immersion. Since quotient maps

are open, the composition

U(A)→ U(A)/U(F )→ [U(Asep)/U(F sep)]Γ → [U(Asep)/U(F sep)]Γ/f [T (Asep)/T (F sep)]Γ

is open, as desired.
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It remains to show that the injection cok0(F sep/F,T
f−→ U) → H̄0(Asep/A,T

f−→ U)

has open image. As in [13], it is enough to show that the map H0(Asep/A,T
f−→ U) →

ker[T (A)/T (F ) → U(A)/U(F )] is open (because, as in [13], T (A)/T (F ) is open in

[T (Asep)/T (F sep)]Γ). Define the closed subgroup B := {t ∈ T (A) | f(t) ∈ U(F )} of T (A).

Note that H0(Asep/A,T
f−→ U) is a closed subgroup of B, and we thus have a closed

immersion B/[H0(Asep/A,T
f−→ U)] ↪→ U(F ) ↪→ U(A), where the last closed immersion

has discrete image. It follows that, since H0(Asep/A,T
f−→ U) is a closed subgroup of

B with discrete quotient, it is open, and then the result follows from the fact that
B/T (F ) = ker[T (A)/T (F )→ U(A)/T (F )].

Corollary A.18. The group

cok1(F sep/F,T
f−→ U)1 := cok1(F sep/F,T

f−→ U)∩ H̄1(Asep/A,T
f−→ U)1

is compact. Moreover, when f is an isogeny, the group cok1(F sep/F,T
f−→ U) is compact.

Set ker1(WF ,Û
f̂−→ T̂ )red := ker[H1(WF ,Û

f̂−→ T̂ )red →
∏

v∈V H1(WFv
,Û

f̂−→ T̂ )red].

Proposition A.19. We have a duality isomorphism

Homcts(cok
1(F sep/F,T

f−→ U),C×)
∼−→H1(WF ,Û

f̂−→ T̂ )red/ker
1(WF ,Û

f̂−→ T̂ )red.

Moreover, the group ker1(F sep/F,T
f−→ U) is finite.

Proof. Using that cok1(F sep/F,T
f−→ U) is an open subgroup of H̄1(Asep/A,T

f−→ U),

applying the functor Homcts(−,C×) to the short exact sequence (37) with i= 1 gives that

the group Homcts(cok
1(F sep/F,T

f−→ U),C×) is canonically isomorphic to the quotient

Homcts(H̄
1(Asep/A,T

f−→ U),C×)/Homcts(ker
2(F sep/F,T

f−→ U),C×).

Moreover, the same short exact sequence tells us that Homcts(ker
2(F sep/F,T

f−→U),C×)
is canonically isomorphic to the subgroup

ker[Homcts(H̄
1(Asep/A,T

f−→ U),C×)→Homcts(H
1(Asep/A,T

f−→ U),C×)].

But now we know that Homcts(H̄
1(Asep/A,T

f−→ U),C×) is canonically isomorphic

to the group H1(WF ,Û
f̂−→ T̂ )red via the pairing (34), that H1(Asep/A,T

f−→ U) is

canonically isomorphic to
∏′

vH
1(F sep

v /Fv,T
f−→ U) (by Proposition A.9), and that each

H1(F sep
v /Fv,T

f−→ U) has continuous dual canonically isomorphic to H1(WFv
,Û

f̂−→ T̂ )red,

which gives the result.

For the finiteness of ker1(F sep/F,T
f−→ U), one checks that the map

H̄0(Asep/A,T
f−→ U)→Ker(f∗

∣∣
X∗(T )Γ

)
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from (36) remains surjective when restricted to cok0(F sep/F,T
f−→U), so H̄0(Asep/A,T

f−→
U)1 surjects onto ker1(F sep/F,T

f−→ U) with open kernel (by Lemma A.17). Since

H̄0(Asep/A,T
f−→ U)1 is compact, its quotient by an open subgroup is finite.

We have the following analogue of [13, Lem. C.3.B], whose adaptation we leave here

(for completeness) as an exercise (Proposition A.19 is the only part of this result used in

this paper):

Proposition A.20. The groups keri(F sep/F,T
f−→U) are finite for all i and vanish unless

i= 1,2,3. For i= 1,2,3, we have dual finite abelian groups

Hom(ker1(F sep/F,T
f−→ U),C×) = ker2(WF ,Û

f̂−→ T̂ ), Hom(ker1(F sep/F,T
f−→ U),C×) =

ker1(WF ,Û
f̂−→ T̂ )red, Hom(ker3(F sep/F,T

f−→ U),Q/Z) = ker1(Γ,X∗(U)
f∗

−→X∗(T )).

The groups coki(F sep/F,T
f−→ U) vanish for i ≥ 4, and for i ≤ 3, we have duality

isomorphisms

Homcts(cok
0(F sep/F,T

f−→ U),C×) =H2(WF ,Û
f̂−→ T̂ )/ker2(WF ,Û

f̂−→ T̂ ),

Homcts(cok
1(F sep/F,T

f−→ U),C×) =H1(WF ,Û
f̂−→ T̂ )red/ker

1(WF ,Û
f̂−→ T̂ )red,

cok2(F sep/F,T
f−→ U) = Hom(H1(Γ,X∗(U)

f∗

−→X∗(T ))/ker1(Γ,X∗(U)
f∗

−→X∗(T )),Q/Z),

cok3(F sep/F,T
f−→ U) = H̄3(Asep/A,T

f−→ U) =Hom(H0(Γ,X∗(U)
f∗

−→X∗(T )),Q/Z),

where all groups not already defined above are defined as in [13, Appendix C].

We conclude with a few results involving H1(Γ,Û
f̂−→ T̂ ). First, define H1(Γ,Û

f̂−→ T̂ )red

to be the quotient of H1(Γ,Û
f̂−→ T̂ ) by the image of (T̂Γ)◦ ⊆H0(Γ,T̂ ). For any v ∈ V , we

define the quotient H1(Γv,Û
f̂−→ T̂ )red of H1(Γv,Û

f̂−→ T̂ ) analogously, with Γ replaced by

Γv. Finally, set

ker1(Γ,Û
f̂−→ T̂ )red := ker[H1(Γ,Û

f̂−→ T̂ )red →
∏
v∈V

H1(Γv,Û
f̂−→ T̂ )red].

Lemma A.21 [13, Lem. C.3.C]. The map H1(Γ,Û
f̂−→ T̂ )red → H1(WF ,Û

f̂−→ T̂ )red

maps ker1(Γ,Û
f̂−→ T̂ )red isomorphically onto ker1(WF ,Û

f̂−→ T̂ )red, and we have natural
isomorphisms

H1(Γ,Û
f̂−→ T̂ )red

∼−→H2(Γ,X∗(U)
f∗
−−→X∗(T )), ker1(Γ,Û

f̂−→ T̂ )red
∼−→ ker2(Γ,X∗(U)

f∗
−−→X∗(T )).
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Proof. These second two maps are induced by the boundary map coming from the
commutative diagram of short exact sequences of Γ-modules

0 X∗(U) Lie(Û) Û 1

0 X∗(T ) Lie(T̂ ) T̂ 1,

f̂

viewed as a short exact sequence of length-2 complexes. The proof is the same as in loc.
cit.
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[25] Täıbi O (2018) Akizuki-Witt maps and Kaletha’s global rigid inner forms. Algebra Number

Theory 12(4), 833–884.
[26] Tate J (1966) The cohomology groups of tori in finite Galois extensions of number fields.

Nagoya Math. J. 27(2), 706–719.
[27] Thang NQ (2008) On Galois cohomology of semisimple groups over local and global fields

of positive characteristic. Math. Z. 259, 457–467.
[28] Thang NQ (2013) On Galois cohomology of semisimple groups over local and global fields

of positive characteristic, III. Math. Z. 275, 1287–1315.
[29] Thang NQ (2019) On Galois cohomology of connected reductive groups and Kottwitz

exact sequence. Bull. Sci. Math. 151, 66–138.
[30] Tits J (1979) Reductive groups over local fields. In Borel A and Casselman W, Proc.

of AMS Summer Institute on L-functions and Automorphic Representations. AMS Proc.
of Symposia in Pure Mathematics.

[31] Weibel C (1994) An Introduction to Homological Algebra. Cambridge Studies in Advanced
Mathematics. Cambridge: Cambridge University Press.

https://doi.org/10.1017/S1474748025100972 Published online by Cambridge University Press

https://stacks.math.columbia.edu
https://doi.org/10.1017/S1474748025100972

	1 Introduction
	1.1 Motivation
	1.2 Overview
	1.3 Notation and terminology

	2 Preliminaries
	2.1 Čech cohomology over OF,S
	2.2 Čech cohomology over A
	2.3 Čech cohomology and projective systems

	3 The profinite group P
	3.1 Tate duality for finite multiplicative Z
	3.2 The groups PE, E, n
	3.3 The vanishing of H1(F, P) and H1(Fv, (P)Fv)
	3.4 The canonical class

	4 Cohomology of the gerbe E
	4.1 Basic definitions
	4.2 Tate-Nakayama duality for tori
	4.3 Extending to reductive groups
	4.4 Unramified localizations

	5 Applications to endoscopy
	5.1 Adelic transfer factors for function fields
	5.2 Endoscopic setup
	5.3 Product decomposition of the adelic transfer factor
	5.4 The multiplicity formula for discrete automorphic representations

	Appendix A. Complexes of tori and ech cohomology
	A.1 Complexes of tori over local function fields – basic results
	A.2 A local pairing
	A.3 Complexes of tori over global function fields – basic results
	A.4 Complexes of tori over global function fields – duality

	References

