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Abstract
We study linearizability of actions of finite groups on singular cubic threefolds, using cohomological tools,
intermediate Jacobians, Burnside invariants, and the equivariant Minimal Model Program.

1. Introduction

In this paper, we continue our investigations of actions of finite groups on rational threefolds over an
algebraically closed field k of characteristic zero, up to equivariant birationality. The main problem is
to decide linearizability (i.e., birationality of the given action to a linear action on projective space);
see, for example, [22] for background and references. The linearizability problem is essentially settled
in dimension 2 [36, 50] but remains largely open in dimension 3. Here, we focus on the following:

Problem 1. Let X c P* be a singular rational cubic threefold and let G be a finite subgroup of its
automorphisms. When is the G-action on X linearizable?

Note that linearizability of a G-action for a cubic threefold X is equivalent to projective linearizability
since the action lifts to GLs (see Section 2 for a proof, and [42] for a general discussion of these notions).

Smooth cubic threefolds are not rational, and their automorphisms have been classified in [57,
Theorem 1.1]: there are six maximal groups

C3 % Gs, ((C5 = C3) % C4) X &3, Cas, Ci6, PSL2(Fi1), C3 X Gs.

However, all singular ones, except cones over smooth cubic curves, are rational. Cubic threefolds with
isolated singularities have been classified in [55], but it is not immediately clear how to identify possible
symmetries from that analysis.

Here, we restrict our attention to nodal cubics (i.e., those with ordinary double points), as this is the
most interesting and difficult class of singular cubics from the perspective of equivariant geometry. In
all these cases, the automorphism group Aut(X) is finite, by, for example, [2, Theorem 1.1].

Note that the existence of a G-fixed node yields a straightforward linearization construction: projection
from this node gives an equivariant birational map to P3 with linear action. Thus, we will be primarily
interested in actions not fixing a singular point of X. Another such construction comes from a G-stable
plane and a disjoint G-stable line:
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Lemma 1.1. Let X be a nodal cubic threefold. Let G C Aut(X) be such that it preserves a plane I1 ¢ X
and a line | C X, disjoint from I1. Then the G-action on X is linearizable.

Proof. Let ¢ : X --> X3, be the unprojection from IT; X, C 3 is a (nodal) complete intersection of
two quadrics. Then ¢ is G-equivariant, and ¢ (/) is a G-invariant line. Taking a projection from this line,
we obtain a G-equivariant birational map X --» P3; see [29, Proposition 2.2] for an application of this
construction over nonclosed fields. m]

Let s = s(X) be the cardinality of the set Sing(X) of nodes of X. It is well known that s < 10.
Moreover, there is a unique cubic threefold X with s = 10, the Segre cubic, treated in [5, 24]. In [5], it is
shown that the subgroup As ¢ S = Aut(X) that leaves invariant a hyperplane section is not linearizable.

In [24], we have completed this analysis by proving that the action of G C &g is linearizable if and only if

o G fixes a singular point of X, or
o G is contained in the subgroup Ss C S that does not leave invariant a hyperplane section of X, or
oG = C%, X contains three G-invariant planes, and Sing(X) is a union of five G-orbits of length 2.

Using this description, one can list all subgroups of Sg giving rise to linearizable actions — there are 37
such subgroups up to conjugation (among 56 conjugacy classes of subgroups of Sg).
In this paper, we study the cases where

2 <s(X)<0o.

To address the linearizability problem for these outstanding cases, we use explicit geometric construc-
tions, as well as the following techniques:

cohomological tools [14, 45],

intermediate Jacobians, in the equivariant context [10],
Burnside invariants and their specialization [46],
G-birational rigidity and G-solidity; see, for example, [20].

O O O O

To describe our results, we distinguish cases based on linear position properties of nodes, following
[37]. According to [37], there are 15 configurations, labeled (J1), ..., (J15), with (J1), ..., (J5) correspond-
ing to 1, ..., 5 nodes in general linear position, and (J15) corresponding to the Segre cubic threefold.
The relevant invariants are

o s, the number of nodes of X,

o d =rkCl(X) — 1, the defect of X, which equals the number of dependent linear conditions imposed
on H°(X, Ox (1)) by the nodes, and

o p — the number of planes IT1 c X.

We list all possibilities for the triples (s, d, p) and describe our results in each of the cases:

o s=2,d=0,p =0: We prove that the G-action is linearizable if and only if G fixes each of the two
nodes, and classify actions of cyclic groups not fixing any node; see Section 3.

o s =3,d =0,p = 0: We conjecture that the G-action is linearizable if and only if it fixes a node,
and classify all automorphism groups not fixing any node. We provide examples of nonlinearizable
actions of G = Cg; see Section 4.

o s=4:

— d =0, p = 0: There is an equivariant birational map to a smooth divisor of degree (1,1,1,1) in
(Pl )4. Following considerations over nonclosed fields in [48, Conjecture 1.3], we conjecture that the
G-action is not linearizable if it is transitive on the nodes. We provide examples of nonlinearizable
actions of G = C22 confirming this conjecture. We classify all automorphism groups not fixing any
node.

— d = 1,p = 1: An action is nonlinearizable if and only if it does not fix a node and X does not
contain G-stable lines disjoint from the unique plane in X; see Section 5.
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s=75:

— d =0, p = 0: All actions are linearizable, except for actions of s and Ss, which are birational

to standard actions on a smooth quadric threefold. The Ss-action is not linearizable [21]; we

conjecture that the UAs-action is also not linearizable; see Section 6.

d =1, p = 1: All actions are linearizable, as there is a unique node outside the plane and fixed by

the action [37].

s=06:

—d = 1,p = 0: We classify all automorphism groups not fixing any node, establish a sufficient
condition for nonlinearizability, and apply it to provide examples of nonlinearizable actions of
G =0(.

— d =1, p=1: All actions are linearizable by Lemma [.1.

— d =2, p = 3: We classify all actions and solve the linearizability problem for most of them; see
Section 7.

s="T:

— d =2,p = 2: All actions are linearizable, since each of the two planes contains four nodes, and
exactly one of the nodes is on both planes, thus preserved by the action [37].

— d =2, p =3: All actions are linearizable, since there is a unique node not contained in any plane
in X, thus fixed by the action [37].

s = 8,d =3, p = 5: We classify automorphism groups not fixing any node and solve the linearizability

problem in Section &.

s =9,d =4, p = 9: Linearizability problem is solved, except for specific actions of S3 and Dg, which

are birational to actions on a smooth quadric; see Section 9.

We conclude the introduction by summarizing the cases for which the linearizability problem remains

open.

[e]

o

s =3,d =0, p = 0: Actions in Proposition 4.1 not containing the C% in Example 4.2 and not fixing
any node.

s =4,d =0, p =0: Actions in Theorem 5.1 not containing the C% in Example 5.2 and not fixing any
node.

s =5,d =0,p =0: A unique Ws-action described in Section 6, which is equivariantly birational to
the As-action on a smooth quadric (14).

s =6,d =1, p = 0: Actions in Proposition 7.3 not fixing any node and not containing an involution
not fixing any nodes.

s =6,d =2, p =3: Actions in Proposition 7.1 1 not containing the C22 in Lemma 7.14, not containing
the C% or &3 in Remark 7.15, not contained in the sz in Lemma 7.13, and not fixing any node.

s =9,d = 4,p = 9: The actions of Dg, S3 and Gg specified in (26); these are also equivariantly
birational to actions on a smooth quadric (27).

In many of these cases, equivariant specialization of [46], applied here in the geometric context for
the first time, shows nonlinearizability of the actions for a very general member of the family; see
Propositions 4.3, 5.3, 5.4, Lemmas 7.17, 7.18 and Remark 7.19.

2.

Obstructions to linearizability

Among available obstruction theories to linearizability are

O O O O o o

Existence of fixed points upon restriction to abelian subgroups,
Group cohomology,

Intermediate Jacobians, and their equivariant versions,
Burnside invariants,

Specialization of birational types,

Birational rigidity.

We briefly review relevant results and constructions.
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Fixed points by abelian subgroups

Recall that existence of fixed points for actions of abelian groups is an equivariant birational invariant;
see [51]. Precisely, let G be a finite abelian group acting generically freely on a smooth projective variety
V. Assume that there exists a G-equivariant birational map W --> V from a smooth G-variety W. Then

WeC 20 e V°=z0.

Linear actions of abelian groups on projective spaces always have fixed points, and thus, we have the
following.

Lemma 2.1. Let V be a smooth projective variety with generically free and linearizable action by a
finite group G. Then VH # 0 for all abelian subgroups H C G.

In particular, let X be a nodal cubic threefold and G C Aut(X). The G-action on X is linearizable if
and only if it is projectively linearizable. To see this, one can apply the argument in [38]. Alternatively,
we provide a direct proof below.

First, we show that the G-action is induced from an action of the ambient P* (i.e., G ¢ PGLs). Indeed,
by Lefschetz hyperplane theorem, the Picard group Pic(X) = Z is generated by a general hyperplane
section of X. The induced G-action on Pic(X) is trivial, sending a hyperplane to another hyperplane in
P*. This implies that the G-action on X lifts to P*.

It follows that the G-action naturally lifts to Ox (=5), the restriction of the canonical bundle of P* to X .
Similarly, the G-action lifts to Ox (-2), the canonical bundle of X. Since Ox (-5) and Ox (-2) generate
Ox (1), we know that the G-action lifts to Ox (1), and thus to H(X, Ox (1)) and HO(P*, O (1)).
Therefore, the G-action lifts to GLs.

This also shows that the Amitsur group Am(X, G) (see [13, Section 6]) is trivial. If the G-action is
projectively linearizable (i.e., equivariantly birational to a G-action on P3), then Am(P3, G) = 0 since
the Amitsur group is an equivariant birational invariant. This implies that the G-action on P is linear;
namely, it lifts to GL4. So the notions of linearizable and projectively linearizable actions on X are
equivalent.

Thus, if an abelian subgroup H C G does not fix a point in the standard desingularization X of X
(the blowup of the nodes), then there exists no G-equivariant birational map X --» P3. We found two
applications of this obstruction; see Example 4.2 and Section 9.

Cohomology

Let X be a nodal cubic threefold, X — X its standard desingularization, and G C Aut(X). Here, we
consider the induced G-actions on the Picard group Pic(X) and the class group CI(X); we often identify
divisors and their classes.

A well-studied obstruction to (stable) linearizability is the failure of Pic(X) to be a stably permutation
module; we call this the (SP)-obstruction. In turn, this is implied by the nonvanishing of

H!(G’,Pic(X)), or H'(G’, Pic(X)V), forsomeG’ CG.

We call this the (H1)-obstruction; see [24, Section 2].

Proposition 2.2. When s(X) < 7 and s(X) # 6, or when s = 6 and the nodes are not in general linear
position, Pic(X) is a permutation module.

Proof. We use labels for configurations of nodes and planes from [37].

os=1,...,5 p=0;J1-J5):
CI(X) = Z is freely generated by the hyperplane section, with trivial G-action, and Pic(X) is freely
generated by the exceptional divisors of the blowup X — X and the pullback to X of the basis of
CI(X). The G-action permutes the exceptional divisors. So Pic(X) is a permutation module.
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o 5=4,56p=1;J6-18):
CI(X) = Z? is freely generated by the hyperplane section and the unique, necessarily G-stable, plane
in X, with trivial G-action on their classes. Thus, Pic(f( ) is a permutation module.
os=17p=2;J10):
CI(X) = 7 is freely generated by the hyperplane section and the classes of the two planes in X, with
G possibly permuting these two classes. Thus, Pic(X) is a permutation module.
os=6,7,p=3;J11-J12):
Cl(X) = Z3 is freely generated by the classes of the three planes in X which form a tetrahedron (with
one face missing), with G possibly permuting these classes. So Pic(X) is a permutation module. 0

The remaining cases are more involved; we handle these in subsequent sections.

Intermediate Jacobians

Applications of intermediate Jacobians to rationality problems (over k = C) go back to the seminal work
of Clemens-Griffiths [27]: if a smooth threefold X is rational, then its intermediate Jacobian I1J(X) is a
product of Jacobians of curves. Refinements of this, taking into account group actions, have appeared
in, for example, [8]; an arithmetic analog of these arguments has been developed in [10]. In particular,
intermediate Jacobians exist over arbitrary fields; see [1, 11].

The key point is that, geometrically, IJ(X) could be a product of Jacobians of curves, but this does
not necessarily hold equivariantly, respectively, over a nonclosed base field. This idea is implemented
in, for example, [10, Theorem 1.1]. Pursuing the analogy, we have the following:

Theorem 2.3. Let X be a smooth projective rationally connected threefold over an algebraically closed
field such that its intermediate Jacobian 1J(X) is isomorphic to the Jacobian of a smooth nonhyperelliptic
curve C of genus g > 3, as a principally polarized abelian variety. Suppose that Aut(X) contains an
involution t acting on 1J(X) by multiplication by (—1). Then X is not (t)-equivariantly birational to
any smooth projective variety with trivial intermediate Jacobian.

Proof. Suppose first that there exists a (t)-equivariant blowup 7: X — Y of a nonhyperelliptic curve
C c Y, where Y is a smooth threefold with trivial intermediate Jacobian. Since C is not hyperelliptic, it
follows from Theorem 3 in [49, Appendix] that

Aut(IJ(X)) = Aut(C) X C3, (1)

where the second factor corresponds to the action of multiplication by (—1). If C is pointwise fixed by
T, then 7 acts trivially on IJ(X). If 7 acts faithfully on C, then its action on 1J(X) = J(C) is induced by
the action on Cj thus, T cannot project nontrivially to the second factor in (1).

The general case is treated similarly, using equivariant weak factorization. O

Example 2.4. Consider the conic bundle
x1x2 = f(y1,y2,y3) € A% x P,

where f is a form of degree > 4 defining a smooth curve in P2, and C,-action via permutation on xi, x3.
Then this action is not linearizable by Theorem 2.3; see the proof of Theorem 3.3.

Remark 2.5. In the assumptions and notation of Theorem 2.3, suppose that there exists a G-equivariant
birational map X --> P3, for some subgroup G C Aut(X). From the isomorphism (1), we deduce that
the G-action on IJ(X) gives rise to a homomorphism

v: G — Aut(IJ(X)) = Aut(C) x C,.

The projection of v(G) to the Cp-factor must be trivial; cf. the proof of [10, Proposition 3.2].

https://doi.org/10.1017/fms.2024.148 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.148

6 L. Cheltsov, Y. Tschinkel and Z. Zhang

Burnside obstructions

It is well known that the classification of involutions 7 € Cry, the plane Cremona group, is based on the
geometry of 7-fixed loci F(7); see, for example, [7]. The different cases are characterized by geometric
properties of a (necessarily unique) curve C of genus > 1 in F (1), primarily by whether or not this
curve is hyperelliptic. A more refined birational invariant of actions of general cyclic groups on rational
surfaces, the normalized fixed curve with action, appeared in [34] and [12]; the invariant takes into
account the stabilizer of the fixed curve, as well as the residual action on it.

These invariants are special cases of the Burnside formalism of [46], which applies to actions of
arbitrary finite groups and takes into account all strata with nontrivial generic stabilizers. We will use
a simplified version, explained in [24, Section 4]. It is based on the notion of incompressible divisorial
symbols, which should be viewed as analogs of higher-genus curves in the classification of involutions
on rational surfaces. A sample result in our context is the following:

Proposition 2.6. Let X be a nodal cubic threefold, with a regular action of G, and assume that there is
an element T € G such that

(1) the t-fixed locus contains a cubic surface S C X,
(2) the subgroup Y C G preserving S acts generically nontrivially on S and contains an element fixing
a curve of genus > 1.

Then the G-action on X is not linearizable.

Proof. Let H = {(t); the action produces the symbol

(H,Y/H ~ k(S), (b)).
By [14], H'(Y/H,Pic(S)) # 0, which implies that the symbol is incompressible; see [24, Section 4].
Such symbols cannot appear for linear actions; see [53, Corollary 6.1]. O

Example 2.7. Let X ¢ P* be a 2-nodal cubic given by

X1X2X3 + X1 (x?l +x§) +x2(xi - xg) +x§ =0,
with G ~ Cy-action generated by

L (X1, %2, %3, X4, X5) > (X2, X1, X3, X4, {4X5).

The model satisfies the conditions in Proposition 2.6. In particular, the subgroup (¢%) fixes the cubic
surface S = X N {x5 = 0}. The residual C-action fixes a genus 1 curve S N {x; = x,}. By Proposition
2.6, the G-action on X is not linearizable.

Specialization of birational types

We will use the specialization homomorphism for Burnside groups
pf : Burn, x (G) — Burn, «(G)

from [46, Definition 6.4], and in particular, [46, Corollary 6.8]. Here, K is the fraction field of a
DVR, and & its residue field. In applications, one considers the local geometry of fibrations, seeking to
specialize the birational type of the generic fiber X to a special fiber Xj. In practice, the special fiber Xy
is an irreducible variety, with mild singularities; the relevant notion of BG-rational singularities on the
special fiber X is in [46, Definition 6.9].

Example 2.8. Let ¥ — B be a G-equivariant flat and projective morphism onto a smooth curve B, with
smooth generic fiber X and a special fiber X, with ordinary double points. Then the singularities of Xy
are BG-rational singularities in the following situations:
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o G-orbits of isolated ordinary double points, with trivial stabilizers [46, Example 6.10];
o G = (, fixing a singular point; one verifies directly that the required condition for BG-rational
singularities holds — namely,

pS([X ~G]) = [Xo ~G].

A Hilbert scheme argument, used in [56], [28] and [40, Theorem 9] in the context of specialization
of rationality properties, implies the following:
Proposition 2.9. Let k be an uncountable algebraically closed field of characteristic zero and G a finite
group. Let

n:X—>B

be a G-equivariant flat and projective morphism onto a smooth curve over k with smooth generic fiber,
such that

o G acts trivially on B and generically freely on the fibers of m,
o for some by € B, the special fiber Xj, is irreducible and has BG-rational singularities, and the
G-action on Xy, is not linearizable.

Then, for very general b € B, the G-action on the special fiber X}, is not linearizable.

Specialization allows to exhibit nonlinearizable actions which are ‘invisible’ to classical obstructions
(i.e., cannot be distinguished from linearizable actions with other available tools). However, the very
general condition makes it difficult to determine linearizability for any specific variety in the family. A
central problem is to give criteria for linearization.

In our applications, we work with models with nodes in the generic fiber. We reduce to the situation
of Proposition 2.9 by equivariantly resolving the nodes in the generic fiber.

Example 2.10. Let X' — A}( be a family of cubic threefolds with fibers X, over a € k given in P* by
a(xlxg - 4x§x4 + )63)921 - 3x§x5 - xix5)

+ (a + 1) (x1x2X3 + X1 X2X4 + X1 X2X5 — X[ X4X5 — X2X4X5)

+ X1x3%4 — 3x2x3X%4 — 3x1X3X5 + X2x3X5 + (5a + 3)x3x4x5 = 0.
One can check that the family carries a G = (1) ~ C,-action, with ¢ acting on P* via

(X1, .., X5) > (=X3 + X5, =X3 + X4, —X3, =X3 + X2, =X3 + X1).
For a very general a € k, X, is a 2-nodal cubic threefold with nodes at
p1=[1:0:0:0:0] and pp,=[0:0:0:0:1].

But the special fiber over a = 0 is 6-nodal; the nodes are in general linear position, and ¢ does not fix
any of the nodes. By Proposition 7.5, the G-action on the special fiber Xj is not stably linearizable. The
four additional nodes form two G-orbits with trivial stabilizer, so they are BG-rational singularities, by
Example 2.8. Blowing up the singularities in the generic fiber, we are in the situation of Proposition 2.9.
This allows us to conclude that the G-action on a very general member of the family X" is not stably
linearizable.

Birational rigidity

Let X c P* be a nodal cubic threefold and let G C Aut(X). If tk C1 (X) = 1, then X is a G-Mori fiber
space [23, Definition 1.1.5], and every G-birational map from X to another G-Mori fiber space can be
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decomposed into a sequence of elementary links, known as G-Sarkisov links [31, 39]. If there are no G-
Sarkisov links that start at X, we say that X is G-birationally super-rigid. Similarly, if every G-Sarkisov
link that starts at X also ends at X, we say that X is G-birationally rigid. Finally, if X is not G-birational
to any G-Mori fiber space with a positive dimensional base (a conic bundle or a Del Pezzo fibration),
we say that X is G-solid. We have the following implications:

G-birationally super-rigid = G-birationally rigid = G-solid.

Note that all of these conditions assume that rk C1 (X) = 1.
Recall that the G-action on X lifts to P*. Using the G-action on P*, we can state an obstruction for a
cubic threefold X to be G-solid:

Lemma 2.11 [5, Lemma 2.6]. If G leaves invariant a line or a plane in P*, then X is not G-solid.

Proof. Note that G leaves invariant a plane in P* if and only if it leaves invariant a line. Thus, we may
assume that there exists a G-stable plane in P*. Linear projection P* --» P! from this plane induces
a rational dominant map X --» P! whose general fiber is a (possibly singular) cubic surface. Taking
a G-equivariant resolution of indeterminacies of this map, a G-invariant resolution of singularities (if
necessarily), and applying the G-equivariant Minimal Model program over P!, we obtain a G-birational
map from X to a G-Mori fiber space with a positive-dimensional base. O

This yields the following result:

Theorem 2.12 (Avilov). Let X C P* be a nodal cubic threefold and G C Aut(X) a finite subgroup such
that tk C19 (X) = 1. If X is G-solid, then one of the following holds:

(1) |Sing(X)| = 10, X is the Segre cubic, Aut(X) ~ S¢, and G contains a subgroup isomorphic to Us
that leaves invariant a hyperplane section of X,
(2) |Sing(X)| =9, X is given in P> by

6
X1X2X3 — X4X5X¢ = Zx[ =0,

i=1

Aut(X) ~ 6§ = Cy, G acts transitively on Sing(X) and is isomorphic to CS% = Cy, 6§ or C32 > Cy,
(3) |Sing(X)| =5, X c P* is given by

X1X2X3 + X1X2X4 + X1 X2X5 + X1 X3X4 + X[ X3X5 + X1 X4X5 + X2X3X4 + X2X3X5 + X2X4X5 + X3X4X5 = O,

Aut(X) ~ Ss, and either G ~ S5 or G ~ Us.

Proof. Suppose that X is G-solid. If there exists a G-equivariant birational map X --> P3, then P? is
G-solid, which contradicts [20]. Thus, the G-action on X is not linearizable. It follows from [6, 4, 5] and
the proofs of the main results in these papers that either X and G are as in (1), (2), (3), or X is the cubic
threefold in (3) and G =~ C4 = Cs. Let us show that X is not G-solid in the latter case, contradicting the
assumption.

Namely, suppose X is the threefold from (3), and G =~ C4 < Cs. By [5, 21], there exists the following
Ss-Sarkisov link:
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where Q is the smooth quadric threefold
{x1x2 + x2x3 + - - - + x4x5 =0} C P4,

Ss acts on Q by permuting the coordinates, y is the birational map induced by the standard Cremona
involution of P*, « is the standard resolution of singularities, 8 is a composition of 10 Atiyah flops, and
v is a blowup of an Ss-orbit of length 5. Let 7: Q — P> be the double cover induced by the projection
from the Ss-fixed point in P*. Then 7 is Ss-equivariant, and P3 contains two skew lines L and L, such
that the curve L + L; is G-invariant. Let C| and C, be the preimages of these lines on Q. Then C; and
C, are disjoint conics, and the curve C| + C; is G-invariant. Blowing up these two conics, we obtain
a G-equivariant birational map from Q to a conic bundle over P! x P!: in particular, X is not G-solid,
which contradicts our assumption. In fact, the G-action on Q is linearizable; see Section 6. O

Moreover, in Case (1) in Theorem 2.12, X is G-birationally super-rigid [6]. Similarly, if follows from
[21] that X is G-solid in Case (3) when G ~ &s. In Section 9, we show that X is G-birationally super-

rigid in Case (2) when G = 65% > C,. We believe that X is G-solid for the remaining groups G in Cases
(2) and (3).

3. Two nodes
Standard form

We may assume that Sing(X) consists of the points
[1:0:0:0:0], [0:1:0:0:0],
and that G = Aut(X) swaps these points. Then X can be given by
X1X2X3 + X191 + X292 + f3 =0, 2)
for forms q1, g> € k[x4,xs], and f3 € k[x3,x4,x5], of degree 2, 2, 3, respectively.

Conic bundle

Introducing new coordinates y; = x1x3 and y, = xpx3 (of weight two), and multiplying (2) by x3, we
rewrite (2) as

Y1y2 +y1q1 +y2g2 +x3f3 =0,

which defines a quartic hypersurface V4 c P(1, 1, 1, 2, 2); the coordinate change defines a G-equivariant
birational map

x: X - Vy
We can G-equivariantly simplify the equation of V4 further as
2122 = 4192 — X3 f3,

where z1 = y1 + g2 and zo = y» + q1. Observe that V4 has two singular points of type %(1, 1,1) — these
are the points

[0:0:0:1:0], and [0:0:0:0:1],
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in coordinates (x3, x4, Xs, 71, z2). This yields the following Aut(X)-equivariant commutative diagram:

X

7N

X—-——-——=-—-- >V,

where « is an extremal divisorial contraction of a surface to the line {x3 = x4 = x5 = 0} C X, and B is
an extremal divisorial contraction of the strict transform of the non-normal cubic surface {x3 = 0} N X.
The description of the morphism a can be found in the proof of [18, Proposition 6.1]; see also [54].
Note that X has two singular points of type %(l, 1, 1), which are mapped to the nodes of X.

Let D be the quartic curve {q1q2 — x3f3 = 0} C Pi;,m,xs' Then D is smooth, and we have the
following G-equivariant commutative diagram

Y 3

where 7 is the blowup of the singular points of V4, 7 is a conic bundle with discriminant curve D, and
the dashed arrow is the projection

(x3,X4,X5,21,22) > (X3, X4, X5).
This gives a natural homomorphism

vy Aut(X) — Aut(D).

Automorphisms

The full classification of automorphisms of 2-nodal cubics can be addressed via the conic bundle
presentation, combined with the (classically known) classification of automorphisms of smooth quartic
plane curves (see, for example, [36, Lemma 6.16 and Table 6], [47]); and using Torelli for nodal cubics,
asin [15, Section 7]. Starting with equation (2) and passing to the conic bundle, we see that the G-action
on X gives rise to

o a linear representation on P2, preserving a line, corresponding to x3 = 0, and thus a fixed point in P2,
o an automorphism of the discriminant curve D.

Combining these two conditions with the list of automorphisms of plane quartic curves, we find that the

possible images of the G-actions on the base IP’?Q, xq.xs Of the conic bundle are

C2, C3, Cy, C3, @3, Cs, C7, C2 % Cy, Cs, Qs, Co, C3,
Ci2, Dy = Cy, SLy(F3), OD16, Dy, CawrCy, SLy(F3) = C.

Here are examples with interesting groups Aut(X):

Example 3.1. We keep the notation of (2), with X ¢ P* and the discriminant curve D C P3, . . with
G = Aut(X) and G’ = Aut(D).
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(1) Let D = x§ + xi + xg + (4p + Z)xgxﬁ, and X be given by

A =x§, q1 =x§ +(2p+1 +2i)x§, q2 :x?1 +Q2p+1- 2i)x§.

Then G = Dy = Cp and G’ = SL,(F3) < C».

(2) LetD = x§ + xi + xg, and X be given by

_ 43 _ 2,2 _ 2 .2
f3=-x3, q1=x;+ix5, q2=x;—ix;5.

Then G = C4wrCs and G’ = Cf =~ G3.

11

Proposition 3.2. Let X c P* be a 2-nodal cubic threefold with an action of a cyclic group G = (1) C

Aut(X) not fixing any node. Then, up to a change of coordinates, X is given by

X1X2X3 + X141 + X242 +f3 =0,

Jor qi,q2 € k[x4,xs5] and f3 € k[x3,x4,x5] that can be described together with ¢ as follows.

(C2) u(x1,x2,x3,%4,X5) = (X2,X1,X3, X4, X5),

g1 = {42 = X4Xs,
f3 € k[x3,x4,x5];

(C3) t(x1,x2,x3,X4,%5) = (=X2, =X1, X3, X4, —X5),

2 2
q1 = aixy + x4xs5 + aszxsy,
2 2
q2 = —a1xy + X4X5 — azXxs,
f3= clxg + d1x§x4 +x3(e1xﬁ + €3x§) + rlxi + r3x4x§,

for some ay,as,cy,dy,eq,e3,r1,13 € k;
(CY) t(x1,x2,x3,%4,X5) = (X2, X1, X3, X4, —X5),

2 2
q1 = g2 =Xy + X5

5

clxg + d1x§x4 +xg(ele1 + e3x§) + rle1 + r3x4x§,

for some c1,dy,e1,e3,r1,13 € k;
2mi
(Cy) t(x1,%2,X3,X4,X5) = (X2, X1, X3, {aXq, —{4X5), {4 = €7+,

2 2
q1 ajxy +X4x5+a3x5,
q2

3
f3 = X3 + eax3xaxs,

—alxi + X4Xx5 — a3x§,

for some ay,as,e; € k;
(C4) t(x1,x2,X3,X4,X5) = (X2, X1,X3, X4, {4X5),

2 2

q1 =Xy — X5,
— 42 2
q2 = Xy + X3,

f3 € k[x3,x4];
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(CY) u(x1,x2,x3,X4,X5) = (X2,X1,X3, —X4, {4X5),

2 2

q1 =Xy — X5,
_ 2 2
q2 = X5 t X3,

3 2 2
f3 = x5 + e1x3x) +r3x4xs,

for some e1,r3 € k;
27i
(Ce) t(x1,x2,X3,X4,X5) = (X2, X1, X3, {3X4, {3x5) for {3 =€

b

q1 = 42 = X4Xs,

fr= xg + eX3X4X5 + 1] (xi +x§’),

for some e, r) € k;
27
(C§) t(x1,x2,x3,x4,x5) = ({6x2, {6X1, X3, {3X4, {3x5) for [ = €5,

2 2
g1 = aixy +x4xs5 + asxs,
2 2
g2 = —a1xXy +X4X5 — asxs,
2
f3 = x3xs,

for some ay, a3 € k;

2xi

(C12) t(x1,X2, X3, X4, X5) = ({830, 85x1. X3, £y xa, L1oxs) for L = ez

2 2
q1 = (xj = x5),

2 2
q2 = (x4 +'x5)7

2
f3 = X3X4.
Proof. We can choose the coordinates so that

e (X1,%2,X3,X4,X5) > (X2, £X1, X3, UX4, VX5),

for some s, ¢, u, v € k*, and X is given by

X1X2X3 + X191 +x2q2 + f3 =0,

for
— 2 2 2
g1 = apxy +azxaxs + asxs + a4x3 + asx3x4 + agX3Xxs,
q = blxi + byxgxs + b3x§ + b4x§ + bsx3xg + bexsxs,
3 2
f3 = c1x3 + x3d(xa, x5) + x3€(x4, X5) + 1 (X4, X5),
where

d= d])C4 + dQJC5,
_ 2 2
e =e1xy + exX4x5 + €3Xs,

r = r]xi + rzxixs + r3x4x§ + r4xg.

https://doi.org/10.1017/fms.2024.148 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.148

Forum of Mathematics, Sigma 13

Since X is (t)-invariant, one has ¢*(f) = stf, and thus, the zero loci of g¢, and f3 are preserved; and
these polynomials cannot identically vanish, under our assumptions on singularities of X. Concretely,

C(f) = stx1xax3 + sx20°(q2) + tx10°(q2) + 0 (f3) = st f,

which implies that

U(q2) =tq1,  (q1) = sqa2, )

and

C(f3) = st fs. (&)
Expanding and substituting into (4), we obtain 12 equations:

u2a| —thby = uvay —tby = v2a3 —thy3 =0,

sa:l—u2b1 =sa:2—uvb2=sa:3—v2b3=0,
a4 —thy = uas — tbs = vag — thg =0,
sa:4—-bs=sa:5—-ubs=sa:6-vbg=0,

and, writing down the (5) constraints on f3, additional equations

c1(1-st) =0,
di(u —st) =dy(v —st) =0,
e1(u? — st) = ex(uv — st) = e3(v? — st) = 0,

r1(u? = s1) = ro(uv — st) = r3(uv? — st) = ra(v> — st) = 0,
in the variables
ai,...,ag,by1,...,be,c1,di,dr,e1,ex,r1,...,74 € k.
Since X hasnodesat [1:0:0:0:0]and [0:1:0:0: 0], we have
a3 —4ajay #0, b3 —4bibs #0.

Thus, up to scaling x4, x5 and swapping them, we may further assume that one of the following holds:
oay=by=1,o0r
o a2=b1 =b3=1,b2=0,0r

9} a1:b1:b3:1,a2:b220.

The second option is impossible since b, = 0 forces ar = 0. Solving the system of equations for the
remaining two options using Magma, we obtain a complete set of solutions:
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(a1, a2,a3,a4,as, ap) (dy,d2) 1 s u

(b1, b2, b3, by, bs, bg) (e1,e2,e3)  (r1,ra,73,14) 1 v

(1) (lll, 1,613,(,14, (15,616) 1 1
(a1,1,a3,a4,as,ae) 1 1

(2) (ah 1,613,(14,&5,(16) (dl’o) -1 1
(-ay,1,-as, —ay,—as,ag) (1,0, e3) (r1,0,r3,0) -1 -1

(3) (0,1,0,a4,0,0) (0,0 1 3
(0,1,0, az, 0,0) 0.e2.0)  (r.0,0,r) 1 2

4) (ay,1,a3,a4,0,0) (0,0) 1 4
(=ay,1,-a3,a4,0,0) (0,¢2,0) (0,0,0,0) 1 -4

(5) (a1,1,a3,0,0,0) (0, d3) 0 26 4;
(=ay, 1,-a3,0,0,0) (0,0,0) (0,0,0,0) L

6) (1,0,1,a4,as,ae) 1 1
(1,0, 1,a4,a5,a6) 1 1

(7) (1,0, 1,a4,a5,a6) (d],O) 1 1
(1,0, 1, aq, as, —ag) (e1,0, e3) (r1,0,r3,0) 1 -1

(8) (1,0,—1,&4,05,0) (dl’o) 1 1
(1,0,1,aq4,as,0) (e1,0,0) (r1,0,0,0) 1 Ly

9 (1,0,-1,a4,as,0) (0,0) 1 -1
(1,0, 1, aq, —as,0) (e1,0,0) (0,0,r3,0) 1 7

(10)  (1,0,-1,0,0,0) (dy,0) 0 384,
(1,0,1,0,0,0) (0,0,0) (0,0,0,0) i 2

Here, we omitted solutions obtained by swapping coordinates x4 and x5 and scaling coordinates x|
and x,. After an additional equivariant change of coordinates, we obtain the required assertion.

Intermediate Jacobian

Using arguments as in Section 2, we settle the linearizability problem for 2-nodal cubic threefolds.

Theorem 3.3. Let X C P* be a 2-nodal cubic, and G C Aut(X) a subgroup not fixing any node of X.

Then the G-action on X is not linearizable.

Proof. By the assumptions, G contains an element ¢ switching the nodes of X. It suffices to prove the
required assertion for G = (¢). With the notation as above, we may assume that X is given by (2); that is,

f = X1X2X3 + X142 + X242 + f; =0,

and ¢ acts on the coordinates via

L (X1,X2,X3,X4,X5) > (5X2,1X1, X3, UX4, VX5),

for roots of unity s, ¢, u, v. Introducing new coordinates

wa = Vx| — Vsxa,

wy = ‘/;xl + \/Exz,

we diagonalize ¢, so that it acts via

L1 (Wi, wo,x3,x4,x5) = (Awy, —Awo, X3, UX4, VX5),

where A = v/st. The equation of X in the new coordinates becomes

f'= (w% - w%)x3 + (W1 +w2)2Vsq1 + (w1 —w2)2Vigs +4Vst f3 = 0.

Note that ¢*(f”) = A2 f".
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Recall that X is G-birationgl to the conic bundle (3). The conic bundle is not standard. In particular,
the intermediate Jacobian of X and the Jacobian of the curve D are isomorphic, as principally polarized
abelian varieties:

I(X) ~ 1Y) ~I(D),

where X is the standard desingularization of X, Y is the conic bundle in (3) and D is its discriminant
curve in P2 « given by the quartic form i = g1q2 — x3 f3. Note that " (h) = A2h.

X3,X4,

Arguing as in the proof of [9, Lemma 1], we see that ¢ acts faithfully on IJ (X) and preserves the
principal polarization. However, the ¢-action on coordinates x3, x4, x5 induces an action on D and its
Jacobian J(D). We claim that the c-actions on 1J(X) and J(D) differ by multiplication by —1. Since D
is not hyperelliptic, this would imply that the G-action on X is not linearizable, by Remark 2.5.

To compute the action of ¢ on IJ (X), recall that its tangent space at zero 7o 1J (X) is isomorphic to
H?(X, Q;?)' We show that H2(X, Q%)V is canonically isomorphic to the linear subspace in

HO(P*, Q) ® Opi(2X)) = H(P*, Ops (Kps +2X)) = HO(P*, O (1))

consisting of all sections that vanish at the nodes of X. The proof is essentially contained in [33]. We

follow the proof of [9, Lemma 1]. Let 7 : P* — P* be the blowup of P* centered at two nodes p1 and
p2 of X, and identify X with the strict transform of X in P4. The exact sequence

0— W, /JP"‘)V Qflp“ﬂi(‘ - Q;? —0
gives rise to a (t)—equivariant exact sequence
0 — H(X,QL )—>H3(X (Ng ) Yy - H3 (X, Q~~)—>O
y [33], the dimension of H3 ()? s Qil’ﬁ}?) equals the defect of X, which is 0 in our case. It follows that
HA (X, Qp) = H' (X, (Wg ) ")
Similarly, the (t)—equivariant exact sequence
0 — Oz(-2X) = Oz(-X) » N )" —
and the vanishing of H' (IE;4 Oﬁ(—)? )) ([33, Corollary 2]) provide an C,-isomorphism
H (X, (Wg ") = B (B*, Oz (-2X)).
By Serre duality, we have canonical isomorphisms between
HY(P*, 05 (-2X))" = HO(P*, K= 5 ®05(2X)) = HO(P4, QL ®(’)P4(2X))
So we have a (t)—equivariant isomorphism
HA(X,QL)" = H'(P*, Kz ® 05 (2X).
Let E| and E; be the exceptional divisors of 7 over p; and p,, respectively. By adjunction,

Kz =7 (Ops(=5)) ® Oz (3E1 +3Ea),
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and
0z(2X) = 7°(0p:(6)) ® O (—4E) — 4E).
Then we know
K= ® 05(2X) = 7°(Op (1)) ® O (—E) — Es).

It follows that we can canonically identify H2(X, Q%)V with linear subspace in H(P*, 1, ® Oz4(2X)),

(or equivalently, in H?(P*, Op4(1))), which _consists of all sections that vanish at p; and p. Now we
can compute the induced G-action on TolJ(X)Y explicitly. Set

wo X3 X4 X5
D="7,383="—"7,328=",3i5=—"—,
wi wi wi wi
and consider the rational 4-forms
dzy ANdzz N dzg N dzs
3W, Z4W, I5W, where w =

(f'(1,22.23, 24.25))%

These give sections of HO(P*, 9;4 ® Ops(2X)), forming a basis of the subspace consisting of sections
that vanish at the nodes of X. One computes

, . 1 . u . %
U(z2) =-22, ((23) = 73 (z4) = T (z5) = 7%

and

[ (wi,wa, x3, x4, X5)2 (1, z0,...,25)>
L*(f,(laZZ,---,Z5)2)=L 3 = 3 A
wi A

Using these, we see that ¢ acts on 7o IJ(X)" with eigenvalues

uy u2v MV2

T T
Similarly, to compute the action of ¢ on J(D), we note that 7o J(D)" is canonically isomorphic to
H (P2, QF, ® Op(D)).
Set ys = ;—;‘ and ys = fc—j The rational 2-forms

dys A dys Ve dys A dys vs dys A dys
h(lvy4sy5), h(lvy45y5), h(l»)/4,)’5)

define sections of H(P?, Q2, ® Op2(D)), forming its basis. One has

C(ya) =uys, C(s) =vys, C(h(1,y4,5)) = Ah(1, y4,Ys),
and ¢ acts on 7o J(D)" with eigenvalues

uvy u-y uvy
22
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This shows that the ¢-action on 1J (55 ) = J(D) differs from the action on J(D) induced by the action on
D by multiplication by —1, as claimed. Therefore, the G-action on X is not linearizable. O

4. Three nodes
Standard form

The three nodes are necessarily in general linear position; they span a distinguished G-stable plane,
which is not contained in X. This case is labeled (J3), in [37]. Assume the nodes are

p1=[1:0:0:0:0], p=[0:1:0:0:0], p3=[0:0:1:0:0].
The standard form is given by
X1X2X3 + X141 + X242 +X3Q3+f3=0, @)

with quadratic ¢q1, g2, g3 € k[x4,x5], and cubic f3 € k[x4,x5]. Note that g, g2, g3 must have rank 2,
and ¢q1, g2, g3, f3 do not share common factors.

Automorphisms

We proceed to classify automorphism groups of 3-nodal cubics acting transitively on nodes.

Proposition 4.1. Let X ¢ P* be a 3-nodal cubic threefold. Assume that Aut(X) contains an element
acting transitively on the nodes. Then, up to a change of coordinates, X is given by

X1X2X3 + X141 + X2q2 + x3q3 + f3 =0,

Jfor q1,q2, q3, f3 € k[x4,x5] that can be described together with Aut(X) as follows.
1. Aut(X) = Cs, generated by

2 27i
o ¢ (X1, X2, X3, X4, X5) > (X2, X3, X1, X4, {X5), {g=e o,

o with f3 = axi + bxg,for b+0,(a,b)+ (0,1) and
q1 = xa(xs +xs),

4> = x4(x4 + {gxs),

g3 = x4(xq + g’gxs), or

3

. _ 7.3
o with f3 = dx4 +exg,

2 2
q1 = xj + bxaxs + x5,

2 2 4.2
q2 = x5+ g bxyxs + {5,

qs = xi + {gbx4x5 + {szg, d # te, and b # £2.
2. Aut(X) = Cg generated by

oyt (x1,X2,X3,X4,%5) > (X2, X3, X1, X4, {6X5),
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h= dx?1 for some d # 0, and

2, .2
q1 =Xy + x5,

2, 2.0
q2 = X + {5,

2, 42
q3 = xj + {cx5.
3. Aut(X) ~ S3 generated by o and
. 2 4 4 2
03 1 (X1,X2,X3,X4,X5) > ({gx2, (X1, X3, (X5, {5 X4),
3, .3
f=dx, +x3),
q1 = xi + bxyxs +x§,

42 = X3 + {gbxsxs + {gx3,
q3 = xﬁ + {gbx4x5 + {gxg, d+0,b+# 2.

4. Aut(X) ~ C, X S3 generated by o, 03 and
¢ (X1,X2,X3, X4, X5) > (X1, X2, X3, =X4, —X5),
with f3 = 0 for b # +2 and b* # -2, and

q1 = xﬁ + bxyxs +x§,
2, 2 4.2
qa =Xy + §5bx4x5 + {6 X5,

q3 = xi + é’gbx4x5 + {62)6%.
5. Aut(X) = C, X S3 generated by
oy ¢ (x1,x2,X3,X4,Xx5) — (X2, X3, X1,X4,X5),
o5 ¢ (x1,X2,X3,X4,Xx5) — (X2, X1, X3, X4, X5),

06 1 (X1,X2,X3,%4,%5) = (X1,X2,X3,X5,%4),
with

d(x4 +)C5)3 d+0,or
f3 = 1d(x4 +x5) (x4 — x5)* d+0,o0r
(x4 + x5)(axq + bxs)(bxy + axs) fora,b # 0,

q1 = q2 = g3 = X4X5.
6. Aut(X) = C3 = Dy generated by o and

o7 1 (X1,%2, X3, X4, X5) > ({gX2, £gX1, %3, {g x5, {6X4).
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with f3 = 0 and

2 2
q1 = xj; + x5,

_ .2 2.2
g2 = Xy + {gx5,

q3 = xi + {éxg.
7. Aut(X) ~ S3 X S3 generated by o4, 05, 06 and
g 1 (X1,X2, X3, X4, X5) > (X1, X2, X3, {gX4, {gXs),
with f3 = d(xi +xg)f0r some d # 0 and
q1 = (42 = g3 = X4X5.

8. Aut(X) ~ GL,(F3) generated by t, 07, 03 and

{ebxsa + x5 Lex4 + bxs
1-2 7 1-2

) 5
09 : (X1,X2,X3, X4, X5) > | X2, {gx1, {63,

s

with f3 =0, b> = =2, and

q1 = xi + bxaxs +x§,
2, 42 4.2
q2 = xj + {gbxaxs + (x5,
2, 44 2.2
q3 = xj + L bxaxs + {gx5.

9. Aut(X) = S3 = (04, 05), q1 = g2 = q3 = x4x5 and f3 such that X is not isomorphic to any cubic in
cases (5) and (7).

Proof. Let X c P* be a 3-nodal cubic threefold given by (7), with Aut(X) not fixing any node. There
exists an exact sequence

0— H— Aut(X) 5 8, -0 8)

and a o723 € Aut(X) acting transitively on the nodes, so that p(o123) = (1,2, 3). The zeroes of ¢1, g2, g3

define at most six points on IP)IC X5 thus,

o o
©
w

©))

0123 =

coo2 o
NS
cocooco
o—ocoo
HTocoococo

o o

27i .
for some s1, 52, 53 € k*, where (s = e o . We have the following cases:

(a) gcd(g1,92,q3) = 1. We may assume that
qlzxi+bx4X5+x§, bek, b#x2.
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The cyclic action on xy, x2 and x3 implies that g, and g3 are multiples of o, (q1) and 07,,(g2),
respectively, and 0'1*23 (f3) = s15253 3. The torus action on the coordinates x1,x, and x3 allows us
to assume that

q2 = U'T23(511),
g3 = 0ip3(q2).

Since q1, g2, g3 are coprime, we have r # 0,3. Thus,r = 1 orr = 2.
o If r =1, then b = 0; the entries in (9) are s = s = 53 = =1, and

2,2

q1 =Xy t X5,
2, 2.2

g2 = X + L X5,
2, 4.2

q3 = Xy + {X5,

There are subcases:
— f3(x4,x5) % 0. Then o3 fixes the points defined by f3 in P!. And up to isomorphism, f3 = dx;

or dxyxZ, for some d # 0. Since 07},;(f3) = 515253 f3, the latter is impossible. So f3 = dx} and

s1 = 1. This gives p(Aut(X)) = C3. However, any y € H takes the form
(X1, X2, X3, X4, X5) +> (111, 122, 13X3, [4X4 + I5X5, [6X4 + 17X5),

for some ¢; € k*. Since y leaves (7) invariant, one finds H = C, = (0'3) and Aut(X) ~ Cg =
(03), where

oot (X1,X2,X3,X4,X5) > (X2, X3, X1, X4, (6X5).
— f3(x4,x5) = 0. Then
H ~ C22 = (¢, 0';), Aut(X) =~ C3 = Dy = {0, 07),
where
e (X1, X2, X3, X4, X5) > (X1, %2, X3, —X4, —X5), (10)
075 (X1, X2, X3, %4, X5) > (Lgx2, Lgx1, X3, Lgxs, Lexa). (n
o If r =2, then

q1 = xi + bxyxs +x§,
q2 = xj + {gbxaxs + {gx3,
q3 = xj + {gbxaxs + {gx3,
b #0and s; =sy =53 ==x1. When b # 1, g1, g2, g3 define six points in P!, but when b = 1, they
define three points. There are subcases:
— f3(x4,x5) = el1lr13, e € k™. Then o3 permutes the points defined by f3 in P! that is,
Iy =xq4+dxs, I :)C4+{62d.X5, I3 =)C4+§gd)C5, dek*.

In this case, 013 takes the form

o1 (x1,X2,X3,X4,X5) > (Xz,x3,xl,x4,§62x5)~
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One finds that H = 0 and

Cs = (o) ds# 1,
Aut(X) =463 = (o, 03), d>=1,
63=<O'1,0'3f>, d3=—1.

. 2 4 4 2
03 (x15x23x39-x45-x5) = (§6x2’ gﬁxl’x3’ §6x5a §6x4)’

’. 2 4 5
oy (X1, X2,%3, X4, X5) > (£5X2, {gX1, X3, L6X5, {gXa).

- f=1 11%. Then o753 fixes two points defined by f3 in P!, and fz = dxi)@ or dxu?, for some
d € k*. But then (7) cannot be ¢-»3-invariant. So this case does not exist.
— f3=1.Then f3 = dx; or dx3, for some d # 0. One finds

H=~0, Aut(X)=C;={oy).

— f3 = 0. Then Aut(X) contains the involution ¢ from (10). Up to a twist by ¢, we may assume
o123 = 0. Note that Aut(X) also contains o3. Using the same argument to find H as above,
one gets that when b2 # -2,

H=>=Cy={), Aut(X)=CyXxG3={(,01,03);
when b2 = -2,

H = Qg, Aut(X) = GLy(F3) = (1, 01,03, 09),

Lebxa +x5 Lox4 + bxs
1-2 7 1-2

5
a9 © (x1,X2,X3,X4,X5) > [x2, {gx1, L6x3,

(b) When q; =11, g2 = I3l and g3 = I3/ and [y, [, [3 are coprime. Then Aut(X) fixes the point in ]P’)IM,XS

defined by / and acts as C3 on the three points defined by [y, /; and /3. This implies that r = 2 in (9),
and that

l=x4, Li=x4+xs5, Lh=x4+0xs5, I3 =)C4+{§X5.

Then either f3 = I”> defines one point and o753 fixes the point, or f3 = [ 11515, defining three
distinct points, with o123 permuting them (i.e., f3 = axi + bxg for some a, b € k). Since X is 3-
nodal, one has b # 0 and (a, b) # (0, 1). From the form of f3, one sees o33 = 0. Here, H = 0
since any element in H fixes four points on P!, defined by 1,11, 1>, 13, and acts trivially on x4, x5.
Moreover, one can show that no action on P! fixes two points defined by / and /; and swaps those
defined by /5 and /3 at the same time. Therefore, p(Aut(X)) = C3 and

H=0, Au(X)=C;={0oy).
(c) g1 = g2 = g3 = q: We may assume that ¢ = x4x5. In this case, the exact sequence (8) splits and
Aut(X) ~ H X G3,

with the factor G; acting via permutations of x, x, and x3 and trivially on x4, x5. Moreover, it is

easy to see that H must act faithfully on PL ,.xs- Since H preserves the pair of points defined by g in
Pl ,.x5» 1t is either cyclic or dihedral. Assume that H # 1. Then the structure of Aut(X) depends on
f3 as follows:
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o f3 =dI>, for some d # 0 and linear form / in x4 and xs. Then H has a fixed point (i.e., H is a cyclic
group). Moreover, H swaps two points, and thus, H =~ C, with [ = x4 + x5 and H is generated by
swapping coordinates x4 and xs.

o f3 =dlI?l,, for some d # 0 and linear forms /; and [, defining two distinct points in P'. Then H fixes
two points defined by /; and /5, and swaps two points defined by ¢. Similarly, we have H ~ C, with

Iy =x4 — x5, Ilp=x4+xs,

where H is generated by swapping x4 and xs.
o f3 = dllyl3, defining three distinct points. There are subcases:
— H permutes three points defined by f3 and swaps two points defined by g. Then H =~ &3,
generated by

08 1 (X1,%2, X3, X4, X5) > (X1, X2, X3, {34, {3X5)

06+ (X1,%2,X3, X4, X5) > (X1, X2, X3, X5, X4),
and
h=xa+xs, b=0x+ s, 3= Gxa+ Gs. (12)
— H permutes three points defined by f3 and fixes two points defined by g; thus, H ~ C3, and
l1, 15,15 are as in (12). However, we know that X admits an additional symmetry swapping two
points in g as in the case above.

— H fixes the point defined by /1. Then H swaps two points defined by g and two points defined
by [, and I3 because otherwise, H is trivial. In this case H ~ C;, with

l] = X4 + X5, lz=£UC4+bX5, l3 ZbX5+CIX4,

for some a, b # 0, and (%)3 # 1; H is generated by the involution swapping x4 and xs.

Del Pezzo fibration

We have an Aut(X)-equivariant commutative diagram:

X—=—=- =Y

ni \L¢

X———-—- > P!
P

where 7 is a blowup of the nodes of X, o is a composition of flops in the strict transforms of the lines
{xi=x4=x5=0}, {xa=xa=x5=0}, {x3=x4=1x5=0},
¢ is a fibration into Del Pezzo surfaces of degree 6, and p is the projection given by
(%1, %2, X3, X4, X5) > (X4, X5).

The anticanonical model of X is a singular Fano threefold of degree 18 that has three nodes, which can
be smoothed to a smooth Fano threefold of the same degree with Picard rank 1.
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Fixed point obstruction

Among actions in Proposition 4.1, we find one example where the linearizability is obstructed by the
absence of fixed points upon restriction to abelian subgroups.

Example 4.2. Consider the 3-nodal X in Case (7), Proposition 4.1, and the G = C32 = (04, 0g) action

on it. The G-action does not have a fixed point on X and XG = 0. By Lemma 2.1, the G-action on X is
not linearizable.

Specialization

Here, we exhibit specialization to the 9-nodal cubic with Cs-action giving an (H1)-obstruction to stable
linearizability.

Proposition 4.3. Let X — A}( be a family of cubic threefolds Xp, := X}, given by
fb =X1X2X3 + ()C] + X2 +X3)X4X5 + (X4 +X5)(X4 + bX5)(bX4 +X5) =0
for b € k. Consider the G = C5 action on X, generated by

(x1, X2, X3, X4, X5) > (2,3, X1, X4, X5).
Then a very general element in X is not G-stably linearizable.

Proof. Arguing as in Example 2.10, let X — A}( be the family given by f;. For a very general b, A},
is a 3-nodal cubic described as Case (5) in Proposition 4.1. The special fiber A} is a 9-nodal cubic,
and the G-action fixes a smooth genus 1 curve on Xjy. From computations in Section 9, there exists an
(H1)-obstruction to stable linearizability of the G-action on A}. The six additional nodes form two G-
orbits with trivial stabilizer. By Proposition 2.9, a very general element in the family X is not G-stably
linearizable. m}

5. Four nodes
Factorial cubics

We first consider the case when the four nodes are in general linear position, forming a ‘tetrahedron’.
This is case (J4) in [37]. We may assume that the nodes of X are contained in the hyperplane x5 = 0 and
are the points

[1:0:0:0:0], [0:1:0:0:0], [0:0:1:0:0], [0:0:0:1:0].

The intersection X N {xs = 0} is the unique cubic surface with four nodes, the Cayley cubic surface.
Using this, we see that X can be given by

X1X2X3 + X1X2X4 + X1X3X4 + X2X3X4 + axg +x§(b1x1 + boxy + b3xs + baxs)+

+X5 (al (X1X2 +X3X4) + az(X1X3 +XZX4) + a3(x1x4 +XZ)C3)) =0 (13)

for some a, by, by, b3, by, ay,az,a3 € k.

Theorem 5.1. Suppose that X c P* is a 4-nodal cubic threefold and Aut(X) does not fix any node of
X. Then, up to a change of coordinates, one of the following holds:

(C) by =byand by = by in(13), and Aut(X) ~ C,, generated by

o (X1, X2, X3, X4, X5) = (X2, X1,X4,X3,X5).
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(Cy) a=0,a1=ay=a3=0, by =—by, b3 =—byin(13), and Aut(X) = Cy, generated by

, : . m
o1 (x1,X2,X3,X4,X5) > (X2, X1,X4,X3,0X5), i=e 4.

(C%) by =by =b3=byin(13), and Aut(X) = C%, generated by o1 and
(o2 (xl,)C2,)C3,)C4,)C5) - (X3,X4,X1,XQ,)C5).

(C) a=0,a1 =ay=a3=0,by =1, by =3 by =—1, by = {§ in(/3), and Aut(X) = Cg,
generated by

2mi

oyt (X1,X2,X3,X4,%5) > (X4,X1,X2,X3,{3X5), {g=e€°% .
(®4) ay=a3=0,a; =1, by = by = b3 =by in(13), and Aut(X) ~ Dy, generated by oy, 0 and
031 (X1,%2,X3,X4,X5) = (X4, X1, X2, X3, X5).

(&) a#0,a1=a,=a3=0,b; =by=b3 =by=1in(13), and Aut(X) = S, generated by o, 07,
o3 and

o4 (x1,X2,X3,X4,X5) > (X2,X3,X],X4,X5).

Proof. Let¢: Aut(X) — &4 be the homomorphism given by the action on the nodes of X. Since Aut(X)
does not fix nodes, we may assume that there is a¢ € Aut(X) such that ¢(¢) = (12)(34) or ¢(¢) = (1234).
Suppose that ¢(¢) = (12)(34). Then ¢ is given by

(x1,X2,X3,X4,Xx5) > (X2 + X5, X1 + SX5,X3 + SX5, X4 + 5X5, 1X5),

for some s,¢ € k such that t # 0. Considering how ¢ acts on (13), we see that s = 0 or a; = a; = a3.
In the former case, we have b; = b, and b3 = b4, which implies t = 1, because otherwise, t = —1 and
a = aj = ap = a3 = 0, which implies that X is not 4-nodal. Thus, if (s,¢) = (0, 1) and im(¢) ~ C», then
we are in the case (C»).

If a; = ay = a3, then after a coordinate change, we may assume that a; = a; = a3 = 0. In this case,
we get

0=s=a(l—=1) =bs—bat> = by — bst* = by — b1t> = by — bot*.

Since X is 4-nodal, this gives a = 0, by = —b,, b3 = —b4 and t = +i. Hence, if im(¢) =~ C5, then we are
in the case (Cy).
Now, we suppose that ¢(¢) = (1234). Then ¢ is given by

(X1,X2,X3,X4,X5) > (X4 + X5, X1 + 5X5,X2 + SX5,X3 + 5X5, 1X5)

for some s, ¢t € k such that # # 0. Then

o] a=2a2b4—ag,a1=2a2—a3,b1=b2=b3=b4,or
o ay=az, by =by=>b3z =by,or
o ay =ajy =as.

In the former case, X is not 4-nodal. If a; = a» = a3, then after a coordinate change, we may assume
that a; = a; = a3 = 0, which gives

0=s=a(l—1)=by—bst*> = by — bst*> = by — by1* = by — byt?,
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so, after an appropriate scaling of x5, we see that

oa#l,by=by=b3=bs=1,o0r
oca=0,b1=1,bp=-1,b3=1,bs=-1,t=1i,0r
o azoabl:17b2=_(827b3:_1’b4:(82’t:{87

which implies that we are in cases (S4), (C4), (Cg), respectively.

If a; = a3 and b = by = b3 = by, then after a coordinate change, we may assume that a; = a3 = 0.
If a; = 0, then we are in the case (S4). Finally, if a; # 0, then, scaling xs, we may further assume that
a; =1, so X is given by

X1X2X3 + X{X2X4 + X1 X3X4 + X2X3X4 + axg’ + b1x§ (x1 + X + X3+ x4) + X5 (x1x3 + x2x4) =0,

which gives Aut(X) = (o, 02, 073) = Dy, so we are in the case (Dy).
To proceed, we may assume that im(¢) # C, and im(¢) # C4. Then, up to a coordinate change, one
of the following four cases holds:

im(¢) = ((12)(34), (14)(23)) = C3,

im(¢) = ((12)(34), (1234)) = Dy,

im(¢) = ((12)(34), (14)(23), (123)) = Ay,

im(¢) = ((12)(34), (14)(23), (1234), (123)) = Gx.

o O O O

Since im(¢) contains (12)(34) or (1234), the cubic X must be given by one of the equations explicitly
described above. Using additional symmetries of X, we conclude that we are in one of the cases (C22),
(Dy4), (S4), or the cubic X is given by (13) with

a0, ai=ar=a3=0, by=b3=1, by=by=-1,
or
ar=1, ax=8, az=(3, bi=by=b3y=bs=0.
In the first of the latter two cases, X has eight nodes, and in the last case, the singularities of X are not

nodes. This completes the proof of the theorem. O

Birational model

Let 7: X — X be the blowup of the nodes of X. Then there exists an Aut(X)-equivariant diagram:

where p is a composition of flops in the strict transform of the lines passing through pair of nodes,
¢ is a contraction of the strict transform of the hyperplane section containing four nodes (the surface
X N {xs = 0}) to a smooth point of the threefold ¥, and Y is a smooth divisor in (P')* of degree
(1,1, 1, 1). Implicitly, the birational map X --» Y has been constructed in the proof of [48, Proposition
4.5]. Note that the anticanonical model of X is a singular Fano threefold with six nodes of degree 16,
which can be smoothed to a smooth Fano threefold of degree 16 and Picard rank 1.

Burnside formalism

We realize the situation of Proposition 2.6 in some of the 4-nodal cases.
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Example 5.2. Let X be the cubic threefold given in the Case (D4) or (S4) in Theorem 5.1. Consider the
group G C Aut(X) where G = (03, 0103) = C22. Then we are in the situation of Proposition 2.6, and
the G-action is not linearizable. In particular, o073 fixes a cubic surface receiving a residual o»-action
with a G-fixed elliptic curve on it.

Specialization
One can equivariantly specialize 4-nodal cubic threefolds to an 8-nodal one:

Proposition 5.3. Let X, be the 4-nodal cubic threefold defined by
fp = X1X2X3 + X1 X2X4 + X|X3X4 + X2X3X4 +x§(x1 +x2 + b(x3 +x4)) =0.
For all b € k, X}, carries a G = Cy-action generated by
o1 (X1, X2, X3, X4, X5) > (X2, X1, X4, X3, X5).

Then X}, is not G-stably linearizable for a very general b.

Proof. Let ¥ — A}( be the family given by f5. The generic fiber A}, is a 4-nodal cubic of the type
(C») in Theorem 5.1. The special fiber Ay 4 is an 8-nodal cubic, with an (H1)-obstruction to stable
linearizability of the G-action by Corollary 8.3. The additional four nodes have trivial stabilizer and
thus are BG-rational singularities. Applying Proposition 2.9 and Example 2.8, one concludes that a very
general member in the family X is not G-stably linearizable. O

One can also specialize to the Segre cubic threefold:

Proposition 5.4. Let X, be a cubic of type (Sy4) in Theorem 5.1; that is, X, is given by
axg + X1 X2X3 + X1X2X4 + X1 X3X4 + X2X3X4 +x§(x1 +x +x3+x4) =0.

Consider the subgroup G = {0, 03) =~ C22 C Aut(X,). Then, for a very general a € k, the G-action on
X, is not stably linearizable.

Proof. Let X — A,lc be the family consisting of X,. The special fiber ¢ Xy is a 10-nodal cubic, with an
(H1)-obstruction to stable linearizability of the G-action, from computations in [24]. The additional six
nodes have C,-stabilizers. They are BG-rational singularities, by Example 2.8. Applying Proposition
2.9 and Example 2.8, one concludes that a very general fiber is not G-stably linearizable. O

Remark 5.5. We note that the degeneration of cubics in Proposition 5.4 is equivalent to the degeneration
of divisors in (IP’I)4 of degree (1,1, 1, 1), which was studied in [48, Section 7] and [17]. In particular,
the product of projections from four planes in the tetrahedron formed by the four nodes of the cubics
gives an G-equivariant birational map from the cubics to divisors in (P')* of degree (1, 1,1, 1).

Cubics with a plane

Now we treat the case when the four nodes are contained in a distinguished, G-stable plane II. This is
case (J6) in [37]. Unprojecting from II, we have a G-equivariant birational map

¢ X - X2’2,
where X > is a smooth complete intersection in P> of two quadrics with a G-fixed point P € X3 >, and

the map ¢~ is a projection from P. Linearizability of actions on smooth X 5 is determined by existence
of invariant lines [42, Theorem 24]. In particular, we have the following:
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Proposition 5.6. The G-action on X is not linearizable if and only if no singular points of X are fixed
by G, and X does not contain G-stable lines that are disjoint from I1.

Proof. We may assume that no singular point of X is G-fixed. If X contains a G-stable line that is disjoint
from I1, then the G-action on Xj 5 is linearizable, by Lemma 1.1. Conversely, if the G-action on X »
is linearizable, then it follows from [42, Theorem 24] that X; > contains a G-stable line £. And P ¢ ¢
because otherwise, the preimage of £ on X would be a G-fixed singular point. Similarly, we see that £
must be disjoint from the four lines in X » containing P. Then ¢ is mapped by ¢! to a G-stable line in
X that is disjoint from the plane II. O

Examples of nonlinearizable actions, based on the Burnside formalism [46] or the adaptation to the
equivariant context of the torsors over intermediate Jacobians formalism from [43], [11], can be found
in [42, Sections 8.3 and 8.4]. As a special case, we have the following:

Example 5.7. We may assume that X; , is given by

Let G = (o), with o acting diagonally by (1, 1,1, 1,—-1,-1). Then G does not leave invariant any line
on X» 2, and the action is not linearizable. However, there is a genus 1 curve C fixed by G, obtained by
intersecting X» » with x5 = x¢ = 0. Projecting from any of the points on C, we obtain a singular cubic
threefold, generically with four nodes.

4 . .
Example 5.8. Let X c Py . be the 4-nodal cubic given by

.....

(V1 = ¥3)y2y4+ (2 = ¥3)¥1ys + (¥4 — ¥s)yays — ¥ — s.

The four nodes lie on the unique plane y4 = ys = 0. The automorphism group Aut(X) contains G = C;
generated by

110 (Y1,52, Y3, Y4, ¥5) = (=y1,=¥1 + Y3, =Y1 + Y2, Y4, Y5)

1 (¥1,Y2,¥3, Y4, ¥5) = (Y2 = Y3, Y1 = Y3, =3, Y4, ¥5)-

and
130 (Y1, Y2, ¥3, ¥4, ¥5) 7> (V1. Y2, Y3, =y4, =¥5).
Unprojecting X from the unique plane under the map
(V155 ¥5) = (V15, Y2)5, Y3Ys, YaVs, Y3, Y1¥2 = ¥2V3 = Y3),

one sees that X is G-equivariantly birational to a smooth intersection of two quadrics X5, C P},
given by

X1X2 — X2X3 — xi — X5X6 = X1X2 — X1X3 +xﬁ — X4X5 —xg + X4X6 = 0.
The G = C; action on the first five coordinates is the same as that on P*, ¢; and ¢, acts trivially on x¢
and ¢3 changes the sign of x¢. For any subgroup G’ c G, there is a G’-stable line in X» » if and only if

G’ = C; and the character of the G’-representation of the ambient Agl is

6,0) or (6,4).
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In the first case, G’ fixes a singular point of X and thus is linearizable. In the latter case, G’ pointwise
fixes a smooth intersection of two quadrics in dimension 2 (i.e., a quartic Del Pezzo surface), which
contains 16 lines. The other C, subgroups have character (6, 2). They fix an elliptic curve but do not leave
any line invariant in X5 ». Any of the other subgroups of G will contain one of the nonlinearizable C,.

6. Five nodes

Now, we suppose that X has five nodes.

Birational model

If the nodes are not in general linear position, then there is a distinguished G-fixed node, and the G-action
on X is linearizable. Hence, we may assume that the nodes of X are

p1=[1:0:0:0:0], p,=[0:1:0:0:0], p3=[0:0:1:0:0],
ps=[0:0:0:1:0], ps=[0:0:0:0:1].

Then G C G5 acts via permutation of coordinates. We may also assume that G does not fix any of the
nodes, since otherwise, the G-action is clearly linearizable.

Linearizability
Using the standard Cremona involution
(Pt s P4,
we obtain a G-birational map y: X --» Q, where Q € P* is a smooth quadric. For more details of this
map, see the proof of Theorem 2.12.
Lemma 6.1. Suppose that G does not act transitively on Sing(X). Then the G-action on X is linearizable.

Proof. Since G does not fix any of the nodes, either G ~ C, X S3 or G ~ C; X C3. In both cases, we may
assume that G preserves the subset {p1, p2} and {p3, p4, ps}. Then G pointwise fixes the line I c P*
that passes through the points [1: 1:0:0:0]and [0:0:1:1: 1]. Observe that (/) = [, so that the
intersection / N Q contains G-fixed points, which implies the assertion. O

Thus, we may assume that G acts transitively on the nodes of X, and G contains the 5-cycle
(1,2,3,4,5). Then X is defined by

X1X2X3 + X2X3X4 + X1 X2X5 + X1 X4X5 + X3X4X5 + a(X1XQX4 + X1X3X4 + X1X3X5 + X2X3X5 +XQ)C4X5) =0,
for some a. And Q is defined by
X1X2 + XX3 + - + X5x1 + a(x1Xx3 + XpX4 + - - + x5x2) = 0. (14)

Note that a # —1, since otherwise, X would be 6-nodal. Then Q is smooth. For the group G, we have
the following possibilities:

(1) G=Gs,

(2) G ~Ds,

(3) G2C4><C5anda=1,
4 G=Wsanda =1,

5) G=Gsanda = 1.

https://doi.org/10.1017/fms.2024.148 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.148

Forum of Mathematics, Sigma 29

In the first case, G = Cs, the group G fixes a point in Q, and the G-action on X is linearizable. In the
second case, the action is necessarily of the form in the following lemma:

Lemma 6.2. Suppose that G ~ Ds acting on P* = P(IaV, ®V,), where V2 and V; are two nonisomorphic
2-dimensional irreducible representations of Ds. Then the G-action on every G-invariant smooth quadric
in P* is linearizable.

Proof. We may assume the G action is generated by

(x1,...,x5) > (x4,x3,X2,X1,X5),
2 3 4
(x15 ..+, x5) = (Lx1,47x2, £7x3, {7 x4, X5),
i
where ¢ = 5 . Smooth G-invariant quadrics Qa,p are given by
axix4 — bxyxs +x§ =0

for a, b # 0. Notice that each O, 5 is Ds-isomorphic to Q1 with the same Ds-action under a change
of variables

x1 = Vaxy, x5 = \/Exz,xé = \/Zx3,x:‘ = \/EX4,x§ = X5.
Consider a G-invariant conic
C={x2=x3=0} N0y,
and a G-invariant twisted cubic curve
R = {x5 = x1x3 —xg = XoX4 —x% =0}NQ0i1.

The system of quadric hypersurfaces on P* containing both C and R induces a G-equivariant birational
map Q1,1 --» P3: see, for example, [3, Section 5.10]. O

Lemma 6.3. Suppose that G ~ C4 < Cs and a = 1. Then Q from (14) contains a G-invariant smooth
quintic elliptic curve E, and we have the following G-Sarkisov link:

0
N
0 P
where « is a blowup of the curve E, and 3 is a blowup of a smooth quintic elliptic curve isomorphic to E.

Proof. 1t is easy to see that Aut(Q) contains a unique subgroup isomorphic to C4 = Cs. Thus, we may
change coordinates on P* as we need and, in particular, assume that Q is given by

5
24 x; =0
X; 41 xixj =0,
i=1 1<i<j<5
and that the action of G on Q is given by
(x1, X2, X3, X4, X5) > (X2, X3, X4, X5,X1),

(1, X2, X3, X4, X5) > (X1, X3, X5, X2, X4).
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Then Q contains the following smooth quintic elliptic curve:

x% +i(x3x4 + x2x5) = 0,
x% +i(x4x5 + x3x1) =0,
x% +i(xsx1 +x4%2) =0,

xi +i(x1xp + x5%3) =0,

x? +i(xpx3 + x1x4) = 0.
Blowing up Q along this curve, we obtain the claim; cf. [19]. O

If G ~ S5 and a = 1, then it follows from [21] that X is G-solid, and the only G-Mori fiber spaces
G-birational to X are X and Q. In particular, the G-action is not linearizable. If G ~ s and a = 1, we
also expect that X and Q are the only G-Mori fiber spaces G-birational to X, which would imply that the
G-action is not linearizable.

7. Six nodes
Cubics without planes

Let X be the 6-nodal cubic threefold such that the nodes are in general linear position. Then rk C1(X) = 2,
so the defect of X is 1. This is case (J9) in [37]. Note that X does not contain planes, but it contains two
families of cubic scrolls (see Remark 7.1 below). Moreover, by [41, Section 3], X can be given by

det(M) =0

for a 3 X 3 matrix M whose entries are linear forms. Thus, one can define a rational map X --» P? that
maps p — (a, b, c), where (a, b, c¢) is a nonzero solution of the equation

a
M|b|=0.
¢

This map is dominant, it is undefined at the nodes of X, and its general fiber is a line in X. Similarly,
we can define another rational map X --» P? using the transpose of the matrix M. Taking resolution
of singularities X, we resolve indeterminacy of both of these rational maps, which yields the following
commutative diagram:

15)

X+ f X
p+l \ / \LI’_
PP<—— - = X-———-- P2

where f is the standard resolution, ¢g* and ¢~ are small resolutions, 4* and A~ are birational morphisms
such that 4~ o (h*)~! is a composition of six Atiyah flops, and both p* and p~ are P!-bundles. The
diagram (15) is implicitly contained in [44, §7.5], as an illustration of the first row in the table there.
Taking a product of morphisms p* o h* and p~ o h~, we obtain a morphism X — P2 x P? that is
birational onto its image (a divisor of degree (2, 2) with 15 nodes).
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Remark 7.1. Let [ be a general line in P2. Set
S=(g)(p)*() and S =(g")(p")* (D).

Then S and S~ are smooth cubic scrolls in X that freely generate the class group C1(X).

Remark 7.2. Let G C Aut(X). Then the commutative diagram (15) is G-equivariant if and only if
tk C19 (X) # 1.

To describe possibilities for Aut(X), we can assume that the nodes of X are the points
p1=[1:0:0:0:0], ppy=[1:1:1:1:1], p3=[0:0:0:0:1].
ps=[0:0:0:1:0], ps=[0:0:1:0:0], ps=[0:1:0:0:0].

Fix the Gg-action on P* generated by

T12) + (X1, .., X5) > (=X1, =X1 + X2, =X1 + X3, =X + X4, =X1 +X5), (16)

T(1.6) - (X1,...,X5) > (=X1 + X2, =X1 + X3, =X1 + X4, =X + X5, —X1),

where the indices correspond to the permutation of six nodes. Then Sing(X) forms an Se-orbit, but X is
not Sg-invariant. Moreover, it follows from a classical construction [30] that there exists the following
4-dimensional S¢-Sarkisov link:

U--—--- =Y

.| E

P — - — — >V
X

where V is the 10-nodal Segre cubic threefold in P*, y is given by the linear system of cubic hypersurfaces
singular at the points py, ..., pe, @ is the blowup of py,..., ps, B is a composition of antiflips in the
strict transforms of the 15 lines that contain two points among py, ..., ps, and y is a P!-bundle.

Observe that Aut(X) € Sg. Restricting the above Sg-Sarkisov link to X, we obtain the following
Aut(X)-equivariant diagram:

X————— - X (17)
X S
where S is a smooth hyperplane section of the Segre cubic V, X->Xisa composition of Atiyah flops
in the strict transforms of the 15 lines in X that contains two nodes among py, ..., ps, Tis a P!-bundle.
For more details, see [41].
Our cubic X is given by
atfi+arfr+asfs+asfa+asfs =0 (18)
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for some ay, as, as, as, as € k, where

S1 = X1X2X3 — X2X3X4 — X2X3X5 — X1X4X5 + X2X4X5 + X3X4X5,
f2 = X1X2X4 — X2X3X4 — X1X4X5 + X3X4X5,
3 = X1X2X5 — X2X3X5 — X1X4X5 + X3X4X5,
Ja = X1X3X4 — X2X3X4 — X1X4X5 + X2X4X5,

f5 = X1X3X5 — X2X3X5 — X1X4X5 + X2X4X5.

Enumerating G C Sg and searching for G-invariant cubics singular at py,..., ps, we can find all
possibilities for Aut(X). In particular, Aut(X) = 1 for general ay,...,as. Moreover, one has the
following:

Proposition 7.3. Let X C P* be a 6-nodal cubic threefold given by (18). Assume that none of the nodes
of X is fixed by Aut(X). Then under the Sg-action specified in (16), one of the following holds:

1. ay+ay+as+as =0, and
Aut(X) = C, =((1,3)(2,5)(4,6)).

2. a1+az=a)—as+ag+as =0, and

Aut(X) = S3 =((1,3)(2,5)(4,6),(1,4,5)(2,6,3)).
3. a1+ags=ar+as=a3 —ays =0, and

Aut(X) = &4 =((1,3)(2,5)(4,6),(3,4,5,6)).
4. ay+ags=ar+as=az+as =0, and
Aut(X) =~ D4 =((3,5),(1,3,2,5)(4,6)).

5. a1+a4+2as =ar—as =0, and

Aut(X) = sz =((1,2)(3,5)(4,6),(1,3)(2,5)(4,6)).
6. ay+as+2as =ar —as =az —ayg —2as =0, and

Aut(X) = D =((1,3)(2,5)(4,6),(1,6,5,2,4,3)).
7. ay=a3=as=1,a) =a4 =-1, and

Aut(X) = 6§ xCy =((1,3)(2,5)(4,6),(2,4),(1,5)(2,3,4,6)).
8. ay=as=1,ap=a3=as=-1, and
Aut(X) = S5 =((1,3)(2,5)(4,6),(1,2,5,6,4)).

Proof. Enumerating all (conjugacy classes of) subgroups G of Sg which do not fix any point among
P1,-- -, D6, and computing all G-invariant cubics singular at py, ..., pe, we obtain the list of (families

of) 6-nodal cubics whose automorphism groups do not fix any of the nodes. These are the eight families
of cubics listed above. Since Aut(X) C Sg, one can find the full automorphism groups Aut(X). mi

As in [4], we find two maximal subgroups S5 and 6% > C; such that (up to conjugation in Sg) G and
X can be described as follows:
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1. G=65=((1,3)(2,5)(4,6),(1,2,5,6,4)) and X is given by

X1X2X3 — X1X2X4 + X1X3X4 — X2X3X4 — X1 X2X5 — X1X3X5 + X2X3X5 + X1X4X5 + X2oX4X5 — X3X4%5 = 0,
(19)

2. G =82 Cr=((1,3)(2,5)(4,6),(2,4),(1,5)(2,3,4,6)) and X is given by

X1X2X3 — X1X2X4 — X1X3X4 + X2X3X4 + X1 X2X5 + X1 X3X5 + XpX4X5 — 3XZX3X5 — X1X4X5 + X3X4X5 = 0.
(20)

In the first case, Aut(X) =~ Gs, rk CI®(X) = 1, and (17) is a Ss-Sarkisov link such that S is the
Clebsch diagonal cubic surface. In the second case, Aut(X) =~ 632 > Cy, 1k C1S-C (X)=1,and (17) is
a 65% » Cr-Sarkisov link such that S is the Fermat cubic surface.

Lemma 7.4. Let X C P* be a 6-nodal cubic threefold such that the nodes are in general linear position.
If Aut(X) contains an involution o not fixing any node, then tk C1'?(X) = 1.

Proof. Since o does not fix any node, we may assume that
o=(1,3)(2,5)(4,6)
and X is one of the cases in Proposition 7.3. From the diagram (17), we know that

tk CI{7 (X)) +3 = tk C1Y0 (X)) = tk C1{ (X) = tk CI4(S) + 1,

where S is a smooth cubic surface contained in a hyperplane H c P*. By Lefschetz fixed-point theorem,
one has [36, Section 6]

tk CI{9(8) = %(7 + T (0%)),

Tra(0") = s =2+ ) (2= 2g0),

where Tr (o) is the trace of o-*-action on H?(S, C), s is the number of isolated o-fixed points on S,
and g; are the genera of fixed curves. In our case, we compute that the induced o-action on H ~ P3 has
weights (1,1, 1,—-1). The fixed locus S consists of one point and a smooth cubic curve. Substituting
into the formulae above we obtain

tk CI{7(8) = 3,
which implies rk CI‘7? (X) = 1. O

Proposition 7.5. Let X ¢ P* be a 6-nodal cubic threefold such that the nodes are in general linear
position and Aut(X) contains an involution o. Let X be the standard resolution of X. Then the action
of (o) = Cp on Pic(X) fails (H1) if and only if o does not fix any node.

Proof. We know that Pic(f ) is generated by the pullback of the hyperplane section H, six exceptional
divisors E1, ..., Eg, and the classes of the strict transforms of two cubic scrolls S and S’ (see Remark
7.1), subject to the relation

6
2H=S+S’+ZE,-.

i=1
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There is a short exact sequence of Aut(X)-modules

E; — Pic(X) — CI(X) — 0,

6
0—

i=1

giving rise to the long exact sequence of cohomology groups
6 _ 6
.o H (o), EB E;) — H!({(c"), Pic(X)) — H! ({c), CI(X)) — H2({o), EB E)—....
i=1 i=1

By our assumption, o permutes the E; without fixing any E;. So

6 6
H' (o), P E) =H (o), D E =0,
i=1 i=1

and
H' ({0}, Pic(X)) = H' ({(o"), C1(X)).
If o does not fix any node, Lemma 7.4 implies that rk C1‘“? (X) = 1. So o~ acts on CI(X) via
o(Hy=H, o(S)=S"=2H-S.
In another basis of C1(X) (namely, H and H — S) the action becomes
o(Hy=H, o(H-S)=-H+S.
Then
H' (o). Pic(X)) = H! ((0), CI(X)) = Z/2.
Conversely, if (o) fails (H1), it is not stably linearizable and thus cannot fix any node. O

Example 7.6. Let X ¢ P* be a 6-nodal cubic threefold in one of the eight cases in Proposition 7.3. Then
Aut(X) contains the involution

o =(1,3)(2,5)(4,06),

satisfying the conditions in Proposition 7.5. Therefore, the o-action on any 6-nodal cubic is not stably
linearizable.

Cubics with a plane

This is case (J8) in [37]. Four of the six nodes of X are contained in a unique, and thus G-stable plane
IT ¢ X. The other two are on a G-stable line ¢. Note that £ N II = @, since otherwise, the hyperplane
containing IT and ¢ would intersect X by three planes. So, the action of Aut(X) on X is linearizable by
Lemma [.1.

Cubics with three planes

Let X be a cubic threefold in P* with six nodes such that X contains three planes I1;, I, I13. Then
X belongs to a four-parameter family, which is denoted by (J11) in [37]. It follows from [37] that
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I1; + I, + I3 is cut out by a hyperplane. Thus, we may assume that this hyperplane is {x; = 0}, and

II; = {xl =0,xy = 0},
II, = {xl =0,x3 = 0},
I3 = {x; = 0,x4 = 0}.

Observe the existence of the following diagram:

N

where 7 is the standard resolution, Y is the double cover of (P')? branched over a singular divisor of
degree (2,2,2), and n is a birational morphism that contracts the strict transforms of I1;, I, I13. Note
that Aut(Y’) contains a Galois involution of the double cover, and this involution acts biregularly on X,
which follows from the following:

Proposition 7.7. Up to a change of coordinates, X is given by
X2X3X4 + ax% +x (blxz + boxs + bixy) +x) ()c2 +x3 + x4 - xs) = (21)

for some a, b, by, bs.

Proof. A priori, the cubic X is given by

X2X3X4 + ax? +x7(b1x2 + boxy + baxy + cxs) +x1 (e1x3 + ezxg +e3x] + e4xax3 + esxaxy + eaX3x4)+

+Xx1 (X5(d1)€2 + d2x3 + d3)€4) - xg) =0

for some a, by, by, b3, c,e1, €2, €3, €4, €5, €6,d1, dr, d3. Changing x;, x3, x4, we may assume that e4 =
es = eg = 0. Moreover, up to scaling, there exists a unique such choice of coordinates x5, x3, x4 that
preserves the equations of the planes ITj, I, I15.

Similarly, changing the coordinate x5, we may further assume that ¢ = d; = d» = d3 = 0. As above,
we see that there is a unique such choice for x5 up to scaling.

Finally, using the fact that X has six nodes, we see that e; # 0, ex # 0, e3 # 0. Hence, scaling the
coordinates x1, X2, X3, X4, X5, we may also assume that e; = e; = e3 = 1, which completes the proof. O

Remark 7.8. If we permute b1, by, b3 in (21), or simultaneously change signs of two of them, we obtain
an isomorphic cubic threefold.

From now on, we assume that the cubic threefold X is given by (21). Then the nodes of X are

p1=[0:0:0:1:1], p2=1[0:0:0:-1:1],
p3=[0:0:1:0:1], pa=[0:0:-1:0:1],
ps=[0:1:0:0:1], ps=1[0:-1:0:0:1].

Remark 7.9. Let S3 be the cubic surface {xs = 0} N X. Then S3 is smooth. The proof of Proposition
7.7 shows that S3 is Aut(X)-invariant.

Remark 7.10. One can find an explicit condition on a, b1, by, b3 that guarantees that (21) defines a
6-nodal cubic, but it is too bulky to present here. However, if the equation (21) has additional symmetries,
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the condition simplifies a lot. For instance, if b1 = by = b3 = b, then (21) defines a 6-nodal cubic if and
only if

(4a — b* + 8b + 16)(4b> + a* — 6ab — 3b* +4a) # 0.

Moreover, in this very special case, we have the following possibilities:

1. if 46> + a® — 6ab — 3b> + 4a = 0 and
(a,b) ¢ {(1,1),(-4,0), (-8,28)}, then (21) defines a 7-nodal cubic;
2. if (a,b) = (1, 1), then (21) defines a cubic with six nodes and one double non-nodal singularity;
3. if4a - b>+8b+16 =0 and
(a,b) ¢ {(-4,0), (-8,28)}, then (21) defines a 9-nodal cubic;
4. if (a,b) € {(-4,0), (-8,28)}, then (21) defines the Segre cubic.

As we mentioned earlier, Aut(X) is never trivial since it contains the involution:
ts : (x1,X2,X3,X4,X5) > (X1, X2, X3, X4, —X5).

Moreover, if by, by, b3 in (21) are general enough, then Aut(X) = (t5). In fact, we can say more:

Proposition 7.11. Suppose Aut(X) # (ts). Then, up to a permutation of coordinates x3,x3,x4 and
changing signs of two of them, one of the following holds:

1. by # by, by = b3, by,by # 0, so X is given by
X2X3X4 + aX +x1(b1x2 + by (x3 +2x4)) +x1(x2 +)c3 +x4 )
and Aut(X) ~ generated by 15 and
034 (X1,%2, X3, X4, X5) > (X1, X2, X4, X3, X5);
2. b1 £0, by =b3 =0, so Xis given
X2X3X4 + axf + b1x%x2 +x1 (x% +x§ +xi - x%) =0
and Aut(X) =~ Cg, generated by ts5, 034 and
134 (X1, %2, X3, X4, X5) > (X1, X2, —X3, —X4, X5);
3. by =by =b3 #0, so X is given by
xpc3x4+ax +b1x1(x2 + X3 +JC4)+X1()C2+X3 +x4 )
and Aut(X) =~ C, X G3, generated by s, 034 and
0234 & (X1, X2, X3, X4, X5) > (X1, X3, X4, X2, X5);
4. by = by = b3 =0, so X is given by
X2X3X4 + ax? +)c1(x2 +x§ +x4 )
and Aut(X) ~ Cp X Sy, generated by s, 034, 0234, 134 and
4 (X1, X2, X3, X4, X5) > (X1, =X2, X3, —X4,X5).

Proof. Permuting the coordinates x, x3, x4, we may assume that one of the following four cases hold:

1. by #0,by, #0, b3 #0;
2. by =0,by #0,b3 £ 0;
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3. b1=0,b,=0,b3 #0;
4. by =0,b,=0,b3=0.
In the first two cases, we may assume b, and b3 have the same sign by changing the signs of two among
three variables x», x3 and x4.

There is a natural homomorphism ¢ : Aut(X) — S5 given by the action of Aut(X) on the planes ITj,
I1,, IT3. Arguing as in the proof of Proposition 7.7, we see that an element in the kernel of ¢ is given by

(x1,x2,Xx3, X4, X5) = (x1, A1x2, Aox3, A3X4, A4X5)

for some nonzero 41, A», A3, A4. Using this, we see that the kernel of ¢ can be described as follows:
o if by # 0, bz # 0, then ker(¢) = (t5) ~ C»,
o if by = by =0, b3 # 0, then ker(¢) = (5, 123) = C22,
o if by = by = b3 =0, then ker(¢) = (ts, 123, 24) = Cg.
Let G = Aut(X). First, assume (2,3) € ¢(G) (i.e., there exists an element o € G swapping the
planes I, and I3 and leaving I1; invariant). Then o takes the form

100 00O
51 S9 0 0 O
S2 0 0 510 0
83 0 511 0 0

S4 S5 S¢ S7 S8

for parameters sy, ..., sy;. Note that o2 is contained in the kernel of ¢, which implies that sg = +1.
Moreover, we may assume that sg = 1 by replacing o by o o ¢s. Furthermore, the fact that o leaves X
invariant imposes relations on the parameters. Solving for the equations, we obtain solutions

o by=bs,s1=...=57=0,510=1511 =59 =1,
o b2=—b3,S1=...=S7=0,S10=S11=—1,S9=l.

Similarly, if (1,2,3) € ¢(G) (i.e., there exists an element o~ € G translating three planes). As above,
we see that o takes the form

1 0 0 00
s1 0 0 590
$2 8510 0 00|
53 0 S11 00

S4 S5 S6 S71

In this case, we obtain four solutions

o b] :bg:—b3,s1 =...=S7=0,S9=S11 =—1,S10=1,

[e] bl =—b2=—b3,S1 =...=S7=0,S9=S1()=—1,S11 =1,
obi==by=b3,51=...=57=0,59=1,510=511=-1,

o b1:b2=b3,sl =...=S7=0,S9=S10=S11 =1.

Combining these solutions with symmetries, we obtain the result. O
Linearization

Let X be the 6-nodal cubic given by (21). In this subsection, we solve the linearizability problem for
subgroups in Aut(X), almost completely. We use notation introduced in the previous subsection, and
let S3 be the cubic surface {xs} N X. Then S3 is smooth by Remark 7.9, which implies the following:

Lemma 7.12. Let G = {15). Then the G-action on X is linearizable.
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Proof. The surface S3 is pointwise fixed by ¢s, and I1; N S3 is a line. Since S3 is smooth, it contains
another line / disjoint from IT; N S3. Hence, [ is disjoint from I1;. Since I1; is G-invariant, the G-action
is linearizable by Lemma 1.1. O

Similarly, we prove the following:

Lemma 7.13. Suppose that by = bz =0, so X is given by
X2X3X4 + ax? + blx%xz +x1(x% +x§ +xi - xg) =0.

Let G = (15, 134) = C%. Then the G-action on X is linearizable.

Proof. Note that G leaves invariant the planes I1;, I1, I13. As in the proof of Lemma 7.12, we see
that S3 contains a G-invariant line that is disjoint from one of these planes. Indeed, if r is a root of
r2+ bir +a = 0, then S5 contains the reducible conic

X5 = Xy — IX| = I'X3X4 +x§+xi =0,

and its irreducible components are G-invariant lines disjoint from II, and I13. Hence, the G-action is
linearizable by Lemma 1.1. O

Now, let us discuss nonlinearizable actions. We start with

Lemma 7.14. Suppose that by = b3, and let G = (15,0734) = C22. Then the G-action on X is not
linearizable.

Proof. The involution t5 pointwise fixes the G-invariant surface S3, while the involution o34 pointwise
fixes the cubic curve

CZ{X3 =)C4}ﬂS3 c Ss.

One can check that a singular point on C is also a singular point of X. Then C is necessarily smooth
since the six nodes on X are away from S3. Therefore, C is a genus 1 curve, and by Proposition 2.6, the
G-action is not linearizable. O

Remark 7.15. The same argument shows that the following two G-actions on X (when they act) are not
linearizable:

G = <L5,0‘34L34> ~ sz, and G = <O’234,0’34> =~ 63.

In each of the two cases, there is a cubic surface in X fixed by a subgroup C; C G and receiving a G/C,-
residual action which fixes an elliptic curve. Therefore, Proposition 2.6 is also applicable to these cases.

Using Proposition 7.11 and Lemma 7.12, we obtain the following:
Corollary 7.16. The action of Aut(X) on X is linearizable if and only if Aut(X) = (ts).
We proceed to the actions of other subgroups of the full automorphism groups from Proposition 7.11.

Lemma 7.17. Let X, C P* be a 6-nodal cubic threefold given by
ax? +b(xy +x3 +x4)x% +x1(x% +x§ + xi - xg) +x2x3%x4 =0, (22)
for some b ¢ {0,28}, and let G ~ C3 be a group acting on P* by
(X1, X2, X3, X4, X5) > (X1, X4, X3, X2, X5).

Then X is G-invariant, and the G-action on X, is not stably linearizable for a very general a € k.
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Proof. Fixing b ¢ {0,28}, consider the family X' — A}( whose fiber over a € k is the cubic given by
(22). From Remark 7.10, we know that the generic fiber A, is 6-nodal if a is very general. However, the

special fiber X, is 9-nodal when € = sz — 2b — 4 and the additional three nodes have trivial stabilizer.

Now set € = sz —2b — 4. Then the G-action on planes in X, has a G-orbit of length 3, consisting of
three planes

Iy = {x3 — 2x; = (bx| + 2x3 + 2x4 + 2x5) = 0},
Il5 = {x3 — 2x1 = (bx1 + 2x4 + 2x5 + 2x5) = 0},

Il = {X4 —-2x1 = (bx1 +2x7 + 2x3 +2X5) = 0}

Moreover, I14 +I15 +Ig is a Cartier divisor on X¢. Then by Remark 9.1, the G-action on X is not stably
linearizable. Applying Proposition 2.9, we conclude that the G-action on X/, is not stably linearizable
for a very general a € k. O

Lemma 7.18. Let X, C P* be a cubic threefold given by

ax? +x1 (x% + x% +xi - xg) + xx3%x4 = 0. (23)

Consider a group G ~ C5 acting on P* via
14 @ (X1, X2, X3, X4, X5) > (X1, —X2, X3, —X4, X5),

134 : (X1,%2,X3,X4,X5) = (X1,X2, —X3, —X4, X5).

Then X, is G-invariant, and the G-action on X, is not stably linearizable for a very general a € k.

Proof. Consider the family X — A whose fiber over a € k is the cubic given by (23). From Remark
7.10, we know that X, is 6-nodal for a very general a. However, the special fiber X, when a’ = —4, is
the Segre cubic with 10 nodes. The G-action on X_4 leaves invariant three planes — namely,

Hl-z{xlle-=0}, i=2,3,4.

The action has an orbit of nodes of length 4 and three orbits of nodes of length 2. By [24, Section 6],
the G-action on X_4 does not satisfy (H1) and is not stably linearizable. Moreover, the four additional
nodes are in one G-orbit and are BG-rational singularities. Applying Proposition 2.9, one concludes
that a very general member in the family A" is not G-stably linearizable. O

Remark 7.19. The same argument shows that for the same family of cubics, the action on X, of the
group

G = (15,123034) = C2 X Cy

for a very general a is not stably linearizable. The action specializes to the unique C, X C4-action on the
Segre cubic X_4. This action on X_4 does not satisfy (SP). The four additional nodes have stabilizer C,,
and they are BG-rational singularities; see Example 2.8.

Let us summarize what is left using the notation of Proposition 7.11.

1. When Aut(X) ~ C%, we are left with (1s034) =~ Cy,
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2. When Aut(X) ~ C;, we are left with five groups:

Group  Generators  Orbit of nodes  Orbit of planes

C 15034 2+2+2 1+2
C2 150734134 2+2+4+2 1+2
C2 150734, L34 2+4 1+2
C 150734, 1340734 2+2+42 1+2
Cé L5034, 034 2+2+42 1+2

3. When Aut(X) ~ C; X S3 and a, b| are very general, we are left with (i5034) ~ C;.
4. When Aut(X) = Cp X G4, for very general a, we are left with

Group  Generators  Orbit of nodes  Orbit of planes

C 150734 2+2+42 1+2
C3 0234 3+3 3
C% 150734, L34 2+4 1+2
Cy 1230734 2+4 1+2
C% 150734, 1340734 2+2+4+2 1+2
C(, 150734 6 3
63 150734, 0234 3+3 3
D4 L5024, 1230734 2+4 1+2

Specialization in Lemma 7.17 does not apply to the second row.

We also note that in each of the remaining cases, the construction in Lemma 1.1 does not apply. In
particular, every G-invariant line in these cases intersects with the G-invariant plane (when it exists) at
one point.

8. Eight nodes

The 8-nodal cubic threefolds form a two-parameter family, which is denoted by (J13) in [37]. Let X be
one such cubic, and G = Aut(X). Then CI(X) = Z*, and X contains five planes Iy, . . ., ITs that form a
very special configuration [37]. If py, ..., pg are the nodes of X, then

Iy 5 {p1, P2, ps, ps},
I 5 {p1. p2, ps. p7},
I3 > {ps. ps. P7. ps}
4 5 {p3, p4, s, e},
s 5 {p3, p4, p7. ps}-
From this configuration, there are two distinguished sets of nodes
{p1.p2.p3.psa} and  {ps,pe. p7.ps} (24)

The planes I1;, I, 13 form one tetrahedron (without a face), and I3, Il4, Il5 form another one. In
particular, I3 is distinguished, and must be G-invariant.
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Unprojecting from II3, we obtain a G-equivariant birational map
X --» XZ,ZZQHQICPS

to a singular complete intersection of two quadrics Q and Q’ in P° that are singular along lines. The
threefold X5 » has four nodes: Q N Sing(Q’) and Q” N Sing(Q), and G fixes a point in X, » — the inverse
map X»» --» X is just a projection from this point. Thus, one could study the geometry of X using X2 »
as in Section 5.

Standard form

We change the coordinates in P* so that
I3 = {x4 = x5 =0}
and
p1=[0:0:0:1:0], p3=[0:0:0:0:1];

this is possible since the line through p; and ps3 is disjoint from IT3. Changing the variables x1, x, x3,
we may assume that

ps=[1:1:1:0:0], pg=[-1:1:1:0:0],
pr=[1:-1:1:0:0], pg=[1:1:-1:0:0].
This specifies the equations of the planes:

Iy = {x; +x3 = x5 =0},
Iy = {x; —x3 = x5 =0},
I3 = {x4 = x5 = 0},

Il = {x2 — x3 = x4 = 0},
Ils = {xy + x3 = x4 = 0}.

A cubic threefold containing I, . . ., Il5 and singular at py, p3, ps, ..., pg has the form
22 2 _ Dy =0
(axnx| +aipxy + agx3)xaxs + ag(xz — x7)x4 + ag(xz — x3)xs = 0,
for some ag, ag, ag, ayn, az;. Since X is 8-nodal, we have
ag,ag,ain,axn # 0.

Scaling coordinates, we may assume that ag = a9 = ajp = 1, and we let a»; = a and a¢ = b. Thus,
X = X, p is given by

(axy + x2 + bx3)x4xs +X4()C§ - x%) + X5 (x% - x%) =0, (25)

for parameters a, b, where a # 0. Notice that a and b are defined up to +1. For very general a and b, (25)
defines an 8-nodal cubic with nodes at py, ..., ps, where p1, p3, ps, . . ., pg are described above, and

p2=[0:1:0:1:0], and pg=[a:0:0:0:1].

For special parameters a and b, (25) defines a cubic with additional singularities, for instance, the Segre
cubic, when b =0and a = 1.
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Automorphisms

Recall that G = Aut(X) and IT5 is G-invariant. Let /1, be the line passing through p; and p;, and l34 the
line through p3 and p4. Then the curve /5 +134 is G-invariant. However, we have a group homomorphism

¢: G — PGL;(k),

arising from the action of G on I13. Since ¢(G) permutes the points ps, pe, p7, Ps, we see that ¢(G) C
&4 c PGL3(k), permuting the coordinates x1, xp, x3 and changing signs of these variables. Moreover,
the set ({12 +134) NI13 is ¢(G)-invariant, which implies that ¢(G) is contained in D4 C S4 generated by

(x1,x2,x3) > (=x2,x1,X3),
(x1,x2,x3) P (=x1,%2,x3).

Lemma 8.1. The kernel ker(¢) of ¢ is nontrivial if and only if b = 0. Moreover, if b = 0, then
ker(¢) =~ C,, generated by

(x1,X2, X3, X4, X5) = (X1 — axs, Xy — X4, X3, —X4, —X5).

Proof. An element T € ker(¢) preserves Ils, the points pg, p7, ps, P9, and each line [, and l34.
Moreover, since 7 leaves the subsets { p1, p2 }{p3, p4} invariant, we have the following three possibilities:

L 7(p1) =7(p1), 7(p2) =7(p2), 7(p3) = 7(p4), T(ps) = 7(p3),
2. 7(p1) =7(p2), 7(p2) = 7(p1), T(p3) = T(p3), T(pa) = T(pa),
3. 7(p1) =7(p2), t(p2) = t(p1). T(p3) = 7(pa), T(pa) = 7(p3).

These impose linear conditions on 7. Solving them, we see that 7 is one of the following linear
transformations:

1' (x19x2’x3,x49'x5) [ (xlaxz — X4, X3, —X4,X5),
2. (x1,X2,X3,X4,X5) > (—axs + X1, X2, X3, X4, —X5)
3. (x1,X2,X3,X4,X5) > (X1 — axs, X2 — X4, X3, —X4, —X5).

However, (25) must be preserved by 7, which implies that only the third case is possible, and only in the
case when b = 0. O

We are ready to classify all possibilities for G = Aut(X).
Proposition 8.2. Let X c P* be an 8-nodal cubic threefold given by

(axy + x2 + bxz)x4xs +X4(x§ —x%) +x5(x§ - x%) =0

and G = Aut(X). Then one of the following holds:
ob#0anda + %1, G ~ C22 = (11, tp), generated by

L (xl»x23x3,x49x5) = (ax5 _x17x2’x3’x4$x5)’

(2 (xl,X2,X3,X4,xS) g (xl,x4 —XQ,X3,X4,X5);
o b#0anda = +1, G = Dy, generated by 1, and

o1 1 (X1, %2, %3, X4, X5) > (£x2, X5 F X1, X3, X5, X4);
ob=0a+=+i,G=x C;, generated by (1, 1, and

T 1 (X1,X2,X3,%4,%5) = (X1 — axs,xp — X4, X3, —X4, —X5);
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ob=0,a=+i,G~Cr.Dy =~ sz > Cy, generated by 1, 1» and
02 ¢ (X1, X2, X3, X4, X5) > (Fx2, £X1, X3, X5, X4).

Proof. Observe that G always contains ¢; and ¢p, and (¢, tp) C22, which shows that ¢(G) is at least C%.
Moreover, if b = 0, then it follows from Lemma 8.1 that G also contains the involution 7, so together,
the involutions ¢, ¢, T generate a subgroup C; in this case. If §(G) =~ C%, this gives us all possibilities
for G. To complete the proof, we have to find all a and b such that ¢(G) =~ D4 and describe G in these
cases. This can be done explicitly.

If (G) ~ D4, then G contains a o such that ¢ (o) is given by

(x1,x2,x3) = (x2, —x1,X3),

which implies that o is given by the matrix

0-100 O
1 000 525
0 010 O
S14 000 854
0 525 0 S45 0

for some s14, 525, S45, S54. Since o preserves (25), we obtain constraints on these entries, which result
in the following possibilities:

I.a=1,514=0,855=1,545 =1, 554 = 1;

2.a=-1,514=-1,505=0,545 =1, 554 = 1;

3.0=0,a=—i,514=0, 505 =0, 545 =1, 554 = 1

4. b=0,a=1i,514=-1,55=1,845 =1, 554 = I.

Using them, we obtain all possibilities for G listed above. O
Cohomology

Let ;)? — X~be the standard resolution, let Eq, ..., Eg be exceptionql divisors over pi,..., pg,~and
let Iy, ..., II5 be the strict trans{grms of the planes ITy,...,IIs on X, respectively. Then Pic(X) is
generated by Ey, ..., Es, I1j, ..., Il5. These are subject to the relation

ﬁ1+ﬁ2—ﬁ4—ﬁ5=E1+E2—E3—E4.

Notice that this presentation of the lattice Pic(j(v ) is independent of the equation of the cubic threefold X.
To compute the (H1)-obstruction on Pic(X), for generality, we may work with the maximal symmetry
group appearing in Proposition 8.2. Let G = C22 > Cy4, as defined above. Then G acts on nodes via
permutation of indices

7:(1,2)(3,4),
u:(3,4)(5,6)(7,8),

1 (1,2)(5,7)(6,8),

021 (1,3)(2,4)(5,7,8,6).

There is a unique (conjugacy class of) C, = (t1¢2) contributing to

H'(C,, Pic(X)) = Z/2.
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Indeed, this C; acts on nodes via the permutation of indices
(1,2)(3,4)(5,8)(6,7).
Under the basis
M) - [s — Ey + Ey, Ty, Ts, E3, ... ., Eg,

one can see that C, acts on ﬁ1 - ﬁ5 — E> + E4 by —1, and on the rest as a permutation module.
Note that this C; is contained in Aut(X) = C22 for generic X in Proposition 8.2 (i.e., when b # 0 and
a# x1).

Linearization
Let X be an 8-nodal cubic threefold. The classification in Proposition 8.2 implies

o b #0anda # £1: a subgroup of Aut(X) =~ C22 is linearizable if and only if it fixes a singular point;
otherwise, it fails (H1).

o b #0anda = x1: a subgroup of Aut(X) =~ D, is linearizable if and only if it fixes a singular point;
otherwise, it fails (H1).

o b =0and a # +i: Excluding subgroups failing (H1) or with a fixed singular point, we are left with
the following (classes of) subgroups
1. C3 =((3,4)(5,7)(6,8), (1,2)(3,4)), acting via

(x1,x2,x3,X4,Xx5) = (X1 +iX5, —X2, X3, —X4, —X5),

(X1, X2, X3, X4, X5) > (X1 +ix5,X2 — X4, X3, —X4, —X5).
2. C2 = (1y,7) = ((3.4)(5,6)(7.8), (1,2)(3,4)), acting via

(x1,X2,X3,X4,X5) V> (=X1 — iX5, X2, X3, X4,X5),

(x1,X2,x3,X4,Xx5) > (X1 +1X5,X — X4, X3, —X4, —X5).

o b =0 and a = +i: Excluding groups with an (H1)-obstruction or with a fixed singular point, we are
left with
1. C3 =((3,4)(5,6)(7,8), (1,2)(3,4)), acting via

(x1,x2,X3,X4,x5) = (—=X| — iX5,X2, X3, X4, X5),

(x1,X2, X3, X4, X5) > (X1 + X5, X0 — X4, X3, —X4, —X5),
2. C4={(1,3)(2,4)(5,7,8,6)), acting via
(x1,x2,x3,X4,X5) = (X2, =X1,X3,1X5,ix4).

We turn to linearization constructions for subgroups unobstructed by cohomology and not fixing
singular points. Consider the maximal symmetry group, in the case b = 0 and a = +i. We have two
unobstructed cases:

o G = C22 =((3,4)(5,6)(7,8), (1,2)(3,4)). The group G swaps the planes IT; and I1, and preserves
I14 and ITs. The line passing through p; and p; is a G-invariant line disjoint from I14. Then the
G-action on X is linearizable by Lemma 1.1.

o G =Cyq =((1,3)(2,4)(5,7,8,6)). In this case, G swaps the planes I1;, Il and swaps Ily4, IT5. But
I13 is G-invariant. The line passing through p; and p3 is a G-invariant line disjoint from II3. The
G-action on X is linearizable by Lemma 1.1.
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Note that the constructions above only depend on the group actions on singular points and planes. One
can also establish the same linearization results for the two unobstructed C% in the case when b = 0 and
a # +i. We summarize this section by the following:

Corollary 8.3. Let X be an 8-nodal cubic threefold and G C Aut(X). The G-action on X is linearizable
if and only if it satisfies (H1), if and only if G does not contain a subgroup isomorphic to C, which does
not fix any nodes of X; in particular, if it is not linearizable then it is not stably linearizable.

9. Nine nodes
Standard form

We follow [52]: 9-nodal cubic threefolds X, are given in P> by equations
X1X2X3 — X4Xx5X6 = a(x) +x2 +x3) + x4 + x5 + x6 = 0, a®#0,-1.
Their automorphisms depend on the parameter a as follows:

G§ when a3 # 1,
G7 > C, otherwise.

Aut(X,) = {

These groups act via S3-permutations of two sets of coordinates: xy, x5, x3, and x4, X5, x6. Whena =1,
the additional C, switches x; < x34;, i = 1,2, 3. In both cases, the nine nodes are given by

{xi, =xi, =xj, =xj, =0, xj; +ax; =0},
where
i1 #i#i3€{1,2,3}, j1#j2#j3¢€{45,6}
There are also nine distinguished planes, given by
IL j ={xi =x34; =0} nX, i, je{l,23}
The G-action on X, fixes a singular point if and only if G is a 2-group.

Fixed point obstruction

LetG = C32 be the group generated by
(1, X2, X3, X4, X5, X6) H> (X3, X1, X2, X4, X5, X6),
(1, X2, X3, X4, X5, X6) > (X1, X2, X3, X6, X4, X5).
Then Xf = 0, for all @ such that a® # 0, —1. By Lemma 2.1, the G-action on X is not linearizable.

Cohomology

Let X, — X, be the blowup of X, at nine nodes. Then Pic(X,) is generated by E;,i = 1,...,9, the
exceptional divisors over the nine nodes, the pullbacks I1; ; of I1; ;, and H, the pullback of the hyperplane
section. They are subject to relations
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H:ﬁl,l +ﬁ1,2+ﬁ1,3 +E),+E3+Es+ Eqg+ Eg+ Eo,
H=ﬁ1’1+ﬁ2,1+ﬁ3,1+E1+E2+E3+E4+E5+E6,
H:ﬁ1,2+ﬁ2,2+ﬁ3,2+E1+E2+E3+E7+E8+E9,
H=ﬁ1,3+ﬁ2,3 +ﬁ3,3 +Es+Es+Eq+ E7+ Eg+ Eo,
H:ﬁz’l+ﬁ2,2+ﬁ2,3+E1+E3+E4+E6+E7+E9,
H=ﬁ3,1+ﬁ3,2+ﬁ3,3 +E+Ey+Es+ Es+ E7+ Eg.

When a® # 1, computation yields two minimal classes of groups contributing to nonvanishing coho-
mology:

H' (G, Pic(X,)) = Z/3,

for G’ = C3 = ((1,2,3)) or ((4,5,6)), realized as permutations of indices of the coordinates. When
a = 1, these two classes of C3 are conjugate in Aut(X;), and thus, we found a unique class of groups
contributing to nonvanishing cohomology:

H!(G’,Pic(X,)) = Z/3,

for G’ = C3 = {(1,2,3)). Any subgroup of Aut(X,) containing those classes has (H1)-obstructions to
stable linearizability.

Remark 9.1. One can characterize geometrically the Cs-action contributing to (H1)-obstructions as
follows: let X, be a 9-nodal cubic threefold, and G = C3 C Aut(X,,). Then the G-action on X, does not
satisfy (H1) if and only if there exists a G-orbit of planes of length 3, which forms a Cartier divisor.

Excluding G C Aut(X,) with (H1)-obstruction or with G-fixed singular points, one is left with
o When a® = 1, the unobstructed groups are
Ds, €3, €3, Cs, C3, (26)
where D¢ acts on {xy,xp,x3} and {x4, x5, x6} via diagonal S3 permutations and C, swapping them

(i.e., x; &> x344,i = 1,2, 3). The other groups are all subgroups of Dg.
o When a® # 1, we are left with

63 and C 3,

where G3 is the diagonal permutation and Cj its subgroup.
Next, we show that the actions of these unobstructed groups on X, are equivariantly birational to actions

on a smooth quadric threefold. In particular, the actions of cyclic groups C3 and Cg are linearizable.

Linearization
Consider the family of degree (1, 1) divisors in (P?)?
2 2 2
Wb c Ptl,fz,l‘j» X PZ],Zz,Z3’ beC \ {O, _1’ {37 4’3},

given by

(=122 + 1271) + b(=t122 + 1323) = 0,
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with a G = S3-action generated by
L:h © 22, ez, 1323
and
o in, hePh e ln, ne Co
Let p1, p2, p3 € W, be the points

[1:1:1]x[1:1:1], [£:22:1]x[Z:2%:1], [2:¢:1]x[Z*:¢:1],

27
3

where ¢ = ¢73 . Note that {p1, p2, p3} forms one G-orbit. The linear system

|H — p1 — p2 — p3l

47

consisting of hyperplanes on P* containing points pi, p2 and p3 has projective dimension 4. Under a

chosen basis, it gives a birational map to a 9-nodal cubic hypersurface ¥;, ¢ P*, with equation

2 2 2 2 b
V1y2y3 + Y1Ys = YoY4 + Y2V — Y1YV5 — 7= Y1Y3Y4t+

b+1
b 3 b 1
+w+1yy3—b+1myWS—Z:TWMWs=0
Up to a change of variables by

5 —¢b+i? —%b+]
1 ( é’ b_{z b_{z
A

b-¢ b-¢
| gb=22 b= Lb-g* -gb+i? —gb+l?

(1 y2 3 y4 ¥s) bl bHl  bHl bl bl |

1 2 =I2b+l —Cb+(?
g g b_é/Z b_§22

—b b
S R

Yy, is G-isomorphic to

b-22\
{(V1y2y3 + Apyays(y1 +y2 +y3 +ya+ys) =0} c P4, 4, = —( ¢ ) ;

b-¢
that is,
Xa = {x1x2x3 — x4x5x6 = a(x] +x2 +x3) + x4 + x5+ x6 =0} C P,
where
b-{?
=== 7

The G-action on X, is given by the diagonal permutation of coordinates x1, x5, x3 and x4, x5, xs. When

b+0,-1,¢, {2, i.e., a® # —1,0, one sees that W}, (and thus X,,) is G-equivariantly birational to

Op = {(b+1)t122 — hz1 + b7* =0} C P}

1,02,21,22,2°
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realized as the equivariant compactification of the affine chart of W}, given by
{t3 #0,z3 £ 0} C W,
with the natural action of ¢ and o (acting trivially on z).
When a3 =1 (ie. b =1,-2 or —%), there is extra symmetry on W, and Qp. For example, when
b = -2, W, and Q, are invariant under the additional involution
Tl o, 1920
The group G’ = (¢, o, T) is isomorphic to Ds. The corresponding G’-action on X; is generated by the

diagonal S3-permutation and by swapping two sets of coordinates {x;,x3,x3} and {x4, x5, x¢}. We do
not know whether or not this action is linearizable.

Corollary 9.2. Let X, be a 9-nodal cubic threefold as above. The Cz-action on X, via permutation of
coordinates

(1, X2, X3, X4, X5,X6) > (X3,X1, X2, X6, X4, X5)
is linearizable for all a’ #0,1. When a = 1, the Cg-action on X; via
(x1, X2, X3, X4, X5, X6) H> (X6, X4, X5, X3,X1,X2).

is linearizable.

Proof. By constructions above, these actions are equivariantly birational to actions on the corresponding
smooth quadric Q, necessarily with fixed points. Projection from a fixed point on Q, gives lineariza-
tions. i

Birational rigidity
Let X be the 9-nodal cubic threefold in P* ¢ P3 given by
X1X2X3 — X4X5X6 = X1 + X2 + X3 + X4 + x5 +x6 =0,

and let G = Aut(X) = 6% > C,. We claim that X is G-birationally super-rigid. We start with several
preliminary results.

Lemma 9.3. If X is a G-orbit in X of length < 12, then |2| € {6,9}.

Proof. Left to the reader. O
Set
S={x;+x34+x3—x4—x5—x6 NX.

Then S is the unique G-invariant hyperplane section of X. Moreover, the cubic surface S is smooth, and
G acts faithfully on it. This implies that S is isomorphic to the Fermat cubic surface [35, 36]. Consider

ag(S) = sup{/l eQ

the pair (S, AD) is log canonical for every
effectiveG-invariantQ-divisor D ~g —Ks |

Lemma 9.4 (cf. [16, 25]). One has ag(S) = 2.

https://doi.org/10.1017/fms.2024.148 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.148

Forum of Mathematics, Sigma 49

Proof. One can check that Pic® (S) = Z[-Ks]. Note that the group G is missed in [36, Theorem 6.14].
Note also that the linear system | — Kg| does not contain G-invariant divisors, but | — 2Kg| contains a
G-invariant divisor. Applying Lemma 9.3 and [16, Lemma 5.1], we obtain ag(S) = 2. O

Lemma 9.5. Let C C X be a G-irreducible curve of degree < 12. Then C C S.

Proof. Assume C ¢ S. Set d = deg(C). Intersecting C with S, we immediately obtain d = 6 or d = 9,
by Lemma 9.3. Moreover, we also see that

ISNC| =d,

so that C is smooth at every point in § N C, and § intersects C transversally. Hence, if C is irreducible
and C ¢ S, then G acts faithfully on C, which implies that the stabilizer of any point in C N § is cyclic,
which is impossible, since G does not have cyclic subgroups of index 6 and 9.

To complete the proof, we may assume that C is reducible. Let r be the number of its irreducible
components. Write

C=Ci++C,

where each C; is an irreducible component of C. Set d; = deg(C)), and let H; be the stabilizer of the
component C; in G. Then d = d;r, and since G does not have subgroups of index 3, we have one of the
following cases:

(1) d=9,r=9,d1=1,H; =Dy,
2) d=6,r=6,d,=1,H, ~ D,
(3) d=6,r=2,d=3,H = &}or H = C}xCy.

We exclude these cases one by one. In Case (1), there is a unique class of subgroups isomorphic to Dy,
and the Dy4-linear representation decomposes as

P(Ia xy*eV),

that is, a sum of the trivial representation I, two copies of a nontrivial 1-dimensional subrepresentation
X, and an irreducible 2-dimensional representation V. By Schur’s lemma, V' is the unique irreducible
2-dimensional representation in the ambient space of X. The projectivization P(V) defines an invariant
line contained in S,

l={xl+XQ = X3 ZX5=O}CS.

The plane P(I ® y?) ¢ P* intersects X along an irreducible cubic curve and contains no line. It follows
that / is the only H-invariant line in X, and thus, C C §.

In Case (2), there are two classes of subgroups isomorphic to Ds. In one class, the Dg-linear
representation is

PI’o yoV),

that is, the sum of two copies of the trivial 1-dimensional representation I, a nontrivial 1-dimensional
representation y, and an irreducible 2-dimensional representation V. Again, V is the unique irreducible
2-dimensional representation. But in this case, the line P(V) is not contained in X. And the plane
P(I” @ y) intersects X along an irreducible cubic curve. Therefore, there is no Hi-invariant line. The
other class of Dg decomposes as representation as

Py @ Vi ®V2),
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that is, the sum of a nontrivial 1-dimensional representation y and two nonisomorphic irreducible 2-
dimensional representations V| and V,. Here, P(V}) defines a line contained in S:

I={xi—x4=x2—x4=x3+x4 +x5 =0} C S,

while P(V») is not contained in X. In this case, we also have C C S.
In Case (3), suppose that d = 6, r = 2, d; = 3. Then the hyperplane

{x1 +x2 +x3 + x4 + x5 + x6 = 0}

is the unique H;-invariant hyperplane, and every H;-invariant plane in P* is contained in this hyperplane.
This implies that C C S. O

Theorem 9.6. The Fano threefold X is G-birationally super-rigid.

Proof. Suppose that X is not G-birationally super-rigid. Then it follows from the equivariant version of
the Noether—Fano inequality [23] that there exists a G-invariant nonempty mobile linear system M on X
such that the singularities of the log pair (X, AM) are not canonical for A € Q¢ such that AM ~g —Kx.
We seek a contradiction.

First, we claim that the singularities of the log pair (X, AM) are canonical away from finitely many
points. Indeed, if this is not the case, then there exists a G-irreducible curve C C X such that

multc (M) > %,

which immediately implies that the degree of C is less than 12, which implies that C ¢ S by Lemma 9.5,
so that the log pair (S, 1M |s) is not log canonical, which contradicts Lemma 9.4, since AM|s ~q —2K.

Next, we claim that the log pair (X, AM) is canonical at every singular point of X. Indeed, let
£ X — X be the blow up of all singular points of X, let £y, ..., Eg be the f-exceptional surfaces, let
M be the strict transform on X of the linear system M, and let M be a general surface in M. Then,
since Sing(X) forms one G-orbit, we have

/1M NQf aiEu

i=1
for some integer a > 1, by [26, Theorem 1.7.20] or [32, Theorem 3.10]. Recall that X contains nine
planes

Hi’j = {xi = O,X3+j = 0} C P4,

and each of them contains four singular points of X. Let I be one of the planes, C; a general conic in
IT that contains IT N Sing(X), and C; its strict transform on X. Then C, ¢ M, so that

9
Os/lﬂ-gzz(f*(—KX)—aZE

i=1

9
=4-a) E-C=4-4a<0,
i=1

which is absurd.

Let P be a point in X such that the log pair (X, AM) is not canonical at P. Then (X, A M) is canonical
in a punctured neighborhood of P, and it follows from [21, Remark 3.6] that the log pair (X, 34 A1) is
not log canonical at P. Arguing as in the proof of [21, Proposition 3.5], we obtain a contradiction. O
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