A NON-HAMILTONIAN GRAPH
W.T. Tutte
(received June 30, 1959)

There is a remarkable cubic graph of 28 vertices, disco-
vered by Prof. H.S.M. Coxeter, which has no circuit of fewer
than 7 edges and in which all oriented arcs made up of three
edges are equivalent under the automorphism group.

The structure of the graph is as follows. There are three
disjoint heptagons A(ajajzazasagagpaqa)), B(bybgbybgbibybyby)
and C(cjcqgcycycgcgescy). We denote the seven remaining
vertices by dy, d3, ... , d7. For each suffix i the three edges
incident with dj join it to aj, b; and cj. In drawing a diagram of
the graph it seems best to show only the heptagons A, B and C,
leaving the rest of the figure to the imagination.

The purpose of this note is to establish another property
of the graph, that it has no Hamiltonian circuit. A Hamiltonian
circuit of a graph is a simple closed curve made up of edges
and passing through all the vertices.

Now if the given graph G has a Hamiltonian circuit H
passing through aja; and aza3, then the circuit passes also
through bpdy and c2dp (since it does not contain the edge azdy).
We abbreviate this proposition as

(2122, 2223) —> (b2dz, c2dp),
and we shall make extensive use of implications of this kind.
We note the existence of an automorphism U of G which
maps Xj onto xj,], where xisa, b, cord, 1< i<7, and

xg = X.

Assume G has a Hamiltonian circuit H. Clearly H does
not include all the edges of A, Let s denote the maximum
number of consecutive edges of A in H. Then s < 6. Moreover
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s 2 2 since each vertex of A is incident with two edges of H.
We split up the proof into 5 cases corresponding to the values of
s from 2 to 6.

Casé I s = 6.

Because of the automorphism U we can suppose H contains
the edges ajay, apasz, a3ay, agas, asag and agag of A. Since it
does not contain aja7 it must include also ajd; and a7d;. We
note the following implications.

(badz, cadp)
(b3d3, c3d3)
(bydy, cydy)
(bgds, c5dg)
(bgdy, cedy)

(2122, aza3)
(a2a3, a3a4)
(3334, a435)
(a4as, a5a6)

(a-aé, a6a7)

LiL 1]

The part of H so far determined is shown by thick lines in
Figure 1. We note that it is invariant under an automorphism
V of G mapping x; onto xg_;. bBut H must include one of the
two edges bibg and bgby. As these are equivalent under V we
may suppose H includes bjby. We can now extend our know-
ledge of H with the following implicatinns.

(bybg. bydy) —>  (bzbg, bydy)
(b3bg. bsds) (babe» Pede)
(bzbg: bpdz)  —>  (b)bs. bgds)
(biby, bybs) —> (ajdy, cdy)
(aqdq, bodg)  —>  (cpcq, cgeq)
{esc7s c5d5)  —>  (cje3, c3ds)
{eyez, cpdy) —>  (cgcq, cpde)

H is now completely determined. It consists of two

1
sezazrate circuits

Hy = (ay2pa3asa5agaqdbybydscseidiay)
and
Hp = (bybsdscgcycpdybybpdgcgeydybyby).

So H is not Hamiltonian, contrary to assumption.
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Case II: s =5,

Because of the automorphism U we can assume H includes
all the edges of A except aja) and aj2a;. But H must include
one of these two edges since it has two edges incident with ajy.
The case s = 5 is thus impossible.

Case III: s = 4.

We may suppose H contains ajap, azaj, aza4, a4as,
ajd) and agdg. We have the following implications.

(aya,, aza3) - (bZdZ’ c,d5)

(aza3, aza24) —>  (b3dj3, c3dj)

(azay, azag)  —>  (bydy, cyudy)

(alaz, aldl) —_— (3637 s a7d7)

(2g25: 25dg) == (3gaq, agdy)
The part of H so far determined is shown thickly in Figure 2.
It is invariant under an automorphism W of G mapping x; into
xg_j» where xg = x5 and x _} = x4. But Hmust include one of
the two edges b3b6 and bsbs, which are equivalent under W,

We may therefore suppose H contains bsb;. We continue with
the following implications,

(b3bg, b3ds)
(byb,, byd

(bpbg, bgdg)
2! (bybg, bgdg)
- (bgdg, agde)
(begdg. agds)
(e3cs, c3d3)
(aydyr epdy)
(byby, bydy)
(cqce, c4dy)

(c1c6, c4c6)
(e3c5. c5cq)
(e1c6. €1dy)
(byby, bybg)
(b3bg, bady)
(czc7, c2dp)

EEERERE'

H is now completely determined as the pair of circuits
(ala2a3a4a5d5b5blb4d4é4c6cldlal)
and
(b2d2c2c7cSC3d3b3b7d7a7a6d6b6b2),
contrary to its definition as Hamiltonian.

Before going on to the remaining cases we note the
existence of an automorphism X defined by the following table.
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X maps each element of the first row into the corresponding
element of the second row.

2jaa3a425a027b bsbybebsbebycicoe cpeqesezd)dpdadydsdedy
a13,2393¢3¢1d,d7076,0494P4P72gdebebyPsd52537d53,P 50506y

Case IV: s =2,

We can suppose H contains the edges aja;, ajas, ajd;
and agdz. But then H contains 4 consecutive edges of the
heptagon ala2a3d3c3c,ld1a1, which is equivalent to A under X.
So this case can be reduced to the preceding cases.

Case V: s = 3,

We can suppose H contains the edges ajag, agag, agaqy,
aydy and a4d4. We have the implications

(348.5, a4d4) _ (3233, a3d3),
(a6a7, a7d7) —> (alaz, aldl)‘

So H contains ajajy, azas, ajdj and azds. Accordingly Case V
reduces to earlier cases in the same way as Case IV,
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