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ON NONABELIAN H? FOR PROFINITE GROUPS

K.-H. ULBRICH

Let G be a profinite group. We define an extension (E, j) of G by a group A to consist of
an exact sequence of groups

]l —A—E-G—1
together with a section j: G — E of & satisfying:
() J(sg) = Jj(£)j(8), j(gs) =j(g)(s), g€G,s€ES,
for some open normal subgroup S of G, and the map
(%) G xA— A, (ga)— j(@)aj(g) ",

is continuous (A being discrete).

This notion of extension of a profinite group appears to be new. It can be viewed (as
pointed out in sec. 7) as an algebraization of the corresponding topological notion in
Springer [6].

Let T be the topos of continuous discrete G-sets. The aim of this paper is to interpret
the cohomology set H*(T¢, L) for a band L of T (Giraud [2]) by extensions of G as
defined above. We shall associate with an extension £ = (E,j) of G a gerbe Fg over T¢
and show that any gerbe over T is equivalent to a gerbe of the form Fpg.

In [1], Eilenberg and MacLane defined G-kernels (later called abstract kernels) for
a group G to be pairs (A, ) consisting of a group A and a homomorphism a: G —
Out(A). In [6], Springer extended this definition to topological groups G by demanding
that : G — Out(A) be continuous, Out(A) having the discrete topology. But if G is
compact, it follows that a(G) is a compact, hence finite subset of Out(A), a restriction
which makes little sense for infinite G. This shows that a different definition of abstract
kernels for profinite groups is necessary. It is given in Sec. 4. We shall prove that the
category of abstract kernels of G is equivalent to the category of bands of T§.

As in the case of discrete groups, each extension (E,j) of a profinite group G yields
naturally an abstract kernel (A, &), and hence a band L(A, @) of T. Let L = L(A, &)°P.
Our main result, Theorem 6.1, states that £+ Fg induces a bijection

Ext(G,A, &) = HX(Tg, L)
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where the lefthand side is the set of isomorphism classes of extensions of G defining the
same (A, &). If G happens to be finite, this is of course a special case of the result for
discrete groups ([2], VIII, 7.4) originally due to Eilenberg and MacLane [1].

In an earlier version of this paper Theorem 6.1 was proved by using Giraud’s interpre-
tation of H? by topos extensions ([2], VIII, Theorem 6.2.5). I am grateful to P. Deligne
for pointing out how to obtain a gerbe directly from a group extension, which led to the
present simplified version of the paper.

Part of this work was done under a grant from the Japan Society for the Promotion
of Science while the author stayed at the Institute of Mathematics at the University of
Tsukuba. He would like to thank the members of the Institute for their generous hospi-
tality.

NOTATIONS. In the following G denotes a profinite group and S the set of open
normal subgroups of G. We shall write E = (E, &, j) and E = (F,k’,j') for extensions
of G as defined above; Sg will denote the set of S € § satisfying ().

T denotes the topos of continuous discrete G-sets, i.e., (left) G-sets X such that X =
Uses X5. A family (fi: X; — X, i € I) of morphisms in T is a covering of X if and only
if X = U, fi(X;). An important fact used throughout the following is that (G/ S, S € S) is
cofinal in T (each X € T has a covering of the form (G/ S, — X, x € X) with §, € 9).

For X € Tg, Tg|x denotes the category with objects the Tg-morphisms ¥ — X.

Given a category F and a functor p: F — T, the category F(X) for X € T has objects
z € F with p(z) = X, and sets of morphisms Homy(z, Z’) consisting of 8:z — 7/ with
p(B) = idy.

1. The localization 7¢|g /s — Tg. We first show that the topos Tg|g s for S € S
may be identified with Ts. For any morphismf: Y — G/ Sin Tg let

Yo={yeYlf()=1}.
Obviously, Y, is an object of T.
PROPOSITION 1.1.  The functor Tg|¢ /s — Ts, Y — Y, is an equivalence.

PROOF. Leti: G/S— G be asection of the natural projection G — G/ S and choose
i(1) = 1. Let X € Ts. The set X x G/ S admits a G-action

g h) = (sx.gh), s = i(gh)”'gi(h),
forg € G,x € X,and h € G/ S. This defines an object X x G/ S of T|¢, s and a functor
(1) TS_’TGIG/S> X— XK G/S

For if m: X — X’ is a morphism in Ts then clearly m X 1 = m X 1 is a G-morphism over
G/ S.The map (Xx G/S).— X, (x,1)+x, is an isomorphism in Ts. Also, for each
morphism f: Y+ G/ S in T the map

Y=Y, x G/S, y— (ifO)"'%.fO)),
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is an isomorphism of G-sets over G/ S. Thus (1) is a quasi-inverse for ¥ +— Y. n
Consider now the diagram of topos morphisms

Ts — Talg/s

t\, S u
Tc

where u*(Z) = Z x G/ S, and t*(Z) = Z with natural S-action for Z € Tg; it is commu-
tative up to the (right adjoint of the) isomorphisms *(Z) = (Z x G/ S).. We therefore
obtain

(Ts,p) ~ (TGIG/S, u),

i.e., (Ts, t) interprets as the localization of T; over G/ S.

COROLLARY 1.2.  Let A be a sheaf on Tg|gs. Then

A= lim ﬂl(G/ )
s'cs
is a representing object for the sheaf A, on Ts obtained from A by composition with (1);
AX G/ S is a representing object for A.

PROOF. If Fis any sheaf on T, then lim F(S/ §') is a representing object for F. But
s'cs
for 8’ C S we have a G-isomorphism

G/S' —S§/S'x G/S, hws (i(hy'h,h),
which gives the result by Proposition 1.1.

REMARK 1.3.  Suppose that S is a normal subgroup of an arbitrary group G. Replac-
ing then T by the topos Bg of all G-sets, one obtains Bg|¢ /s ~ Bg in the same way
as above. For § = 1 this reduces to the well-known equivalence Bg|c ~ Ens, (cf. [2],
p. 113, Prop. 1.2.8.8). ‘

2. The gerbe Fp for an extension E. Let E be an extension of G by A, and let Sg be
the set of S € S satisfying (x). We shall regard any X € T as an E-set viak: E — G, and
any E-set as an S-set via the homomorphism j|s: S — E. We define a category Fg = F
as follows (after P. Deligne). The objects of F are the pairs (Z, 3) with Z an E-set and
B:Z— X,X € Tg, an E-map subject to the following conditions:

(i) A operates freely on Z,

(ii) the G-map A\ Z — X induced by S is bijective,

(iii) Z = Uses, Z°.

Here A\ Z denotes the set of A-orbits of Z. The morphisms n:(Z,3) — (Z',3’) in F are
the E-maps Z — Z'. Any such 5 induces by (ii) a G-map 7: X — X’ such that 3'n = 3.
This gives a functor

pF—T; (Z,B3)—X.
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It makes F a fibred category over Tg. For if f: Y — X is a morphism in T and (Z, 3) an
object in F(X), then
Z,B)xxY=(ZxxY,B x1)

is an object in F(Y), and the natural projection Z Xy ¥ — Z makes it an inverse image
of (Z,3) under.f.

PROPOSITION 2.1.  Fg is a gerbe over Tg.

PROOF. Letn:(Z,3) — (Z',3') be amorphismin F(X). Choose z; € Zwith3(z,) =
xforx € X, and similarly 7, € Z'. Since n projects toidx we have 11(zy) = bz, forb, € A.
Hence any morphism in F(X) is an isomorphism.

For § € Sg we have an object

E/jS = (E/jS,k) € F(G/ $).

Let (Z, 3) be another object in F(G/ S) and let z; € Z with 3(z;) = 1. Choose §' C S in
Sk which leaves z; fixed. Then

E[jS' —ZXg/sG[S, 1 (D),

is an isomorphism in F(G/ §"). It follows that for X € T any two objects in F(X) are
locally isomorphic because (G/ S, S € Sg) is cofinal in Tg.
Finally, F is a stack, i.e., for each covering X; — X,i € I, in T the functor

F(X) — Descr((X)i X), Z+— (Z xx X)i,

is an equivalence, where the righthand side is the category of descent data for the covering
(Xi)ier- For any descent datum ((Z;);, ¢;;) one obtains a descent object Z by setting

z=112z/ ~

where z; ~ z; if and only if ¢;(zj, xi, X;) = (zi, Xi, %;). u

In the following we state a few properties of the objects E/ jS which will be needed
in the sequel. Fix S € Sg. First observe that (E/ jS)S 2 ASj(G)/ j(S) is a group since j(S)
is a normal subgroup in A%j(G). We then have natural group isomorphisms

@ Aute(E/jS™ = (E/jS)’, (E/jS)® g5 G = A%i(G),

the former given by n +— n(1).
Next let ¥ — G/ S be a morphism in T. Then there is a group isomorphism

p: Homg(Y,, A)= Auty(E/ jS X /5 Y)P
defined by p(m)(1,y) = (m(y),y) for all y € Y,. This yields an isomorphism
3) AX G/ S=Autg)s(E] jS)™

of group sheaves on Tg|g, s by Cor. 1.2.
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3. F~ Fg. Letp: F — Tg be a gerbe over Tg. We want to show that there is an
extension E of G such that F ~ Fp.

LEMMA 3.1.  There exists S € S and x € F(G/ S) such that Autg(x) — G/ S,n +—
p(m)(1), is surjective.

PROOF. This is easy to see since G/ S is finite and since any two objects in F(G/ S)
are locally isomorphic. [
In the following, we fix § € S and x € F(G/ S) as above. For §' C S in § we denote
by x% the inverse image of x under G /8" — G/ S with respect to a fixed cleavage of F.
Then the family
E(S) = Autp(x*)® x5/ G, S CS,

is naturally a directed system of groups, and we obtain an exact sequence
1 —A—E-55G — 1

by setting E = lim E(S)and A = lim Autg, s(x*)°P. By Corollary 1.2, A is a repre-
s'cs s'cs
senting object for the group sheaf Autg, s(x). on Ts. (Note, however, that E is in general
not an object of T).
Let {h; = 1,...,h} C G be a(minimal) set of representatives for G/ S, and choose
¢i: x — x in F which projects to -h;: G/ S — G/ S. Let ¢1 = id, and define j: G — E by

J(shi) = (¢i, shi), sES,i=1,...,r

Then j is a section of k and clearly (x) holds. Moreover, the action of S on A induced by
conjugation in E coincides with the action of S on A as an object of Ts. Hence we have
obtained an extension E = (E,j) of G.

For z € F(X),X € Tg, we set

O(z) = ILm Homp(xsl, 2).
s'cs

Then ©O(z) is naturally an E-set and it is easy to see that 8:0(z) — X, 3(n) = p(n)(1),
satisfies (i) and (ii) of Sect. 2. Also, S’ C S leaves the elements of Homp(xsl, 2) in O(2)
fixed, and hence (©(z), 3) is an object of Fg(X). Furthermore, for any morphismf: Y — X
in T, there is a natural isomorphism O(f*(z)) = ©(z) Xx Yin Fg(Y).

PROPOSITION 3.1.  ©: F — Fg is an equivalence of gerbes.

PROOF. It suffices to show that the morphisms
Autx(z) — Autx(0(2)), z€ FX), X eTg,

induced by © are isomorphisms. For then © yields an isomorphism L(F) — L(Fg) on
the bands of F and Ff and the assertion follows from ([2], p. 216, Prop. 2.2.6). Further,
since (G/ §',§' C S) is cofinal in T and since any two objects of F(G/ ') are locally
isomorphic, it is enough to consider the case X = G/ Sand z = x.
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The element id, € O(x) satisfies j(s) id, = id, for all s € S so that
n:E/jS— O(x), 1~ id,,

is an isomorphism in Fg(G/S). But the composite of Int() with the morphism
Autg / s(x) — Autg / s(O(x)) induced by O yields the isomorphism (3) since A X G/ S
Autg/ 5(x)°P by definition of A.

4. Bands of 7. The purpose of this section is to provide a description of the bands
of T analogous to that of the bands of the classifying topos B for a group object G
in a topos T, Giraud ([2], p. 430, Prop. 6.1.2). Our method of proof will be similar to
that in [2]. However, while the proof in [2] relies on the equivalence Bg|g ~ T, we
here can only employ the equivalences Tg|g /s ~ Ts for § € S. This makes things more
complicated because we still have to deal with S-actions and with further base change
for S’ C S.

In the following let A be a group and a: G — Aut(A) be a map of G into the set
of group automorphisms of A. Let Out(A) = Aut(A)/In(A) where In(A) is the normal
subgroup of inner automorphisms of A. Suppose that « satisfies the following conditions:

(1) the map &: G — Out(A) induced by « is a group homomorphism,

(ii) there exists S € S such that

a(sg) = a(s)a(g), a(gs) = a(@als), se€S,g€q,

and « |5 makes A a (group) object of Ts.
We call such a pair (A, o) a G-kernel, and write ga = a(g)(a), g € G, a € A. Condition
(i) means there exists a map c: G X G — A satisfying

@ (gh)a = c(g,)(g(ha))c(g, ™", a€A, gheG.
By (ii) we can choose c in such a way that
5) c(g,hs) = c(g,h) = c(gs,h), gheG, seS,

i.e., ¢ factors through G/ S X G/ S. Then ¢(G X G) is finite and we may also suppose
without restriction that

(6) sc(g,h) = c(g, h), g,heqg, ses.

In the following S, denotes the set of S € S satisfying (ii) and for which there exists
c:G X G — A satisfying (4)—(6). Let S € S, and let i: G/ S — G be a section of the
canonical map G — G/ S with i(1) = 1. Further, let p;,p,: G/ S x G/ S — G/ S denote
the projections.
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LEMMA4.1. The map ¢o:p5(AX G/ S) — pi(Ax G/S),
$ala,h g, h) = ((i(e)”'ih)a,8.8.h),  a€A, g.h€G/S,

is an isomorphism of group objects in Tg|c /sy It is a descent datum up to the inner
automorphism defined by

(G/ S = Ax G/S, (g.hk)— (cg'h.h""k). g).

The proof of this lemma is by simple calculations which we omit. L]
In the following let lien(A X G/ S) denote the band of T;|g /s defined by the group
object A G/ S, ([2], p. 186). The lemma shows that we have a descent datum

N (lien(A x G/ S),lien(¢a))
in the fibre over G / S of the stack LIEN(T) of bands over Ti. We shall denote by
L(A, @) € Lien(Tg)

a descent object of (7) in the category of bands (over the final object) of 7. Suppose we
replace Sby §' C Sand i: G/S— G by any i': G/ S’ — G. Then

AX G/S' 5 (Ax G/S) %G5G/ S (a,h)— ((i(h)"i(h)a, h,h),

is an isomorphism of group objects in T¢|g /s Which transforms ¢4 s into the isomor-
phism induced by ¢, s. This shows that L(A, «) is also a descent object for (7) with S
replaced by any S’ € S,.

PROPOSITION 4.2. Each L € Lien(Tg) is isomorphic to an L(A, ) for a G-kernel
(A, ).

PROOF. Since any object and morphism of Lien(7¢) is locally representable ([2],
p- 191, 1.2.1) there exists S € S and a group A in Ts such that L(G/ S) = lien(A X G/ S),
and we may choose S in such a way that also the canonical descent datum for L(G/ S)
is representable. Hence there exists an isomorphism ¢ : p3(A X G/S) — pj(Ax G/S)
such that lien(¢ ) is a descent datum for L; ¢ has the form

¢ (a,h, g, h) = (pgn(a). g.8.h), a€A, gheG/S,

each ¢, 4: A — A being a group automorphism of A. Since ¢ is a G-map it is uniquely
determined by the maps ¢, 4, h € G/ S. The fact that lien(¢ ) is a descent datum implies

Peh®ni = Pgx mod In(A).

In particular, ¢, , = id4, and we may suppose without restriction that ¢;; = ids. We
now define
a:G— Aut(4), a(sith))=sd1, s€S,heG/S,
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where i: G/ S — G is a fixed section with i(1) = 1. Then «/|s is the given S-action on A,
and it is not difficult to show that (A, o) is indeed a G-kernel. It follows that L(A, o) = L
because ¢ equals ¢, of Lemma 4.1, both having the same (1, h)-components. a
The G-kernels form a category K(G) where a morphism f: (A, «) — (B, 8) is defined

to be a group homomorphism f: A — B such that there exists »: G — Band § € §
satisfying

f(ga) = by(gf(@)b;', and b, =1
forallg € G,a € Aand s € S. Given f we can choose b and S in such a way that
S €S« MN Sz and

bes = by sby = b, geG,seSs.

Then 5:G/S x G/S — p{(Bx G/S), b(g,h) = (by-1.8.8.h), is a morphism in Tg
and

$a(fx 1) =Bb((fx Dga)b™".

Thus lien(f X 1) is a morphism of descent data in LIEN(7) yielding a morphism
L(A, @) — L(B, 3). Hence we obtain a functor

A: K(G) — Lien(Tg), (A, ) — L(A, o).
Given f: (A,a)+— (B,3) and b € B, then
f?:A — B, ar bf(a)b™!,

is also a morphism (A, a) — (B, 3) in K(G). Moreover, if S € S, M Sg and b € BS, then
b:G/S— Bx G/S,g+ (b,g), is a G-morphism and b(f X 1)67! = f® x 1. Thus
lien(f X 1) = lien(f’ x 1), and A (f) = A (f?). Hence X induces a functor

X:K(G) — Lien(Tg)

where K(G) has the same objects as K(G), but has morphisms the equivalence classes of
morphisms f: (A, @) — (B, 3) under the action of B.
PROPOSITION 4.3.  The functor X is an equivalence.

PROOF. It remains to show that X is fully faithful. Let f,f": (A,a) — (B,3) be
morphisms in K(G) and assume A (f) = A (f’). Then there exists § € .S and a morphism
b:G/S — Bx G/Sin TGIG/S such that b(f x 1)6~! = f' x 1.Let b(1) = (b, 1).
Then obviously f/ = f?. Thus X is faithful.

Next let 7: L(A, «) — L(B, 3) be any morphism in Lien(7¢). It is locally defined by
a morphism of group objects

f:AK G/S——»Bx G/S, SeS.MN S,
which satisfies

(8) b(os(fx D)6 = (f X Dgq
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for a morphism b: G/ S x G/ S — p{(Bx G/ S),(g,h) — (b(g,h),g,8,h) in Ti. Then
f = f x 1 where f:A — B is a morphism of groups in Ts. Define b: G — B by
by = 1,5 € S, and bjus = b(1,h) for h # 1in G/ S, where i: G/ S — G is the given
section defining the G-actionon A X G/Sand Bx G/ S. It follows then from (8) that
f(ga) = bg(gf(a))bg‘l for g € G,a € A. Hence f: (A, ) — (B,3) is a morphism in
K(G), and clearly A (f) = 7. .

If E = E' are isomorphic extensions of G by A (Section 6) then the induced maps
a,a’: G — Aut(A) are equivalent in the sense that

9) als = a'|sforsome S € S, and @ = @: G — Out(A).

We therefore define an abstract G-kernel to be a pair (A, @) where (A, @) is a G-kernel
and & the class of & under the above equivalence relation. Given a ~ o there exists
S € S4 M Sy, such that lien(¢, ) = lien(¢,). Hence both admit the same descent object
and we may set

LA, &) = LA, @) = L(A, ).

Furthermore, we have a ~ «’ if and only if id4: A — A defines a morphism (A, a) —
(A, a’) in K(G). Prop. 4.3 gives then an equivalence

K(G) — Lien(T¢), (A, &) — L(A, @),

where X (G) is obtained from K(G) by factoring out the (atomic) subcategory of mor-
phisms represented by id,.

5. L(A,a) = L(Fg)®. Let E be an extension of G by A and define a: G — Aut(A)
by a(g)(a) = j(g)aj(g)~' fora € A,g € G. Then (A, ) is a G-kernel.

PROPOSITION 5.1.  The band L(A, @) is isomorphic to the opposite of the band L(Fg)
of the gerbe Fg.

PROOF. Let S € Sg.There is an isomorphism
(10) P3(E[jS) — pi(E/jS) inFx(G/Sx G/S)

which maps (w, g, k) to (w, g, h) withw’ = wj(h~'g) for w € E and k(w) = h. Note that
W' € E/jS does not depend on the choice of the representatives w € E and g,h € G.
Conjugation by (10) gives an isomorphism of group sheaves

¢:p3(Autg s(E/ jS)) — p}(Autg (E/ jS)).

But the isomorphism
Ax G/S— Autgs(E/ jS)*®

of (3) transforms ¢ into ¢, of Lemma 4.1, up to an inner automorphism. Hence we
obtain an isomorphism L(A, o) 5 L(Fg)°P by descent.
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6. Ext(G,A, &) = H*(Tg,L). Let E, E be extensions of G by the same group A.
We define an isomorphism E = E’ to be an isomorphism 8: E ~ E' of the underlying
groups satisfying

(11) n’() = K, HIA =idA, and9]|s =jI|S
for some S € S. Given such § we obtain an equivalence
O: FE — FE,

by setting ©(Z) = Z viewed as an E'-set via 8; (11) implies that « is equivalent (in the
sense of (9)) to a’: G — Aut(A) defined by j'. Moreover, it follows from 6 |4 = id, that
© induces the identity on L(A, ) = L(A, ).

In the following we fix a G-kernel (A, ) and set

L= LA, &)>.

Let Ext(G, A, &) denote the set of isomorphism classes of extensions of G by A inducing
the same abstract G-kernel (A, &).

THEOREM 6.1. The map
(12) Ext(G,A, &) — H*(Tg,L)
sending the class of an extension E to the class of the L-gerbe FF is a bijection.

PROOF. Suppose there is an L-equivalence ©: Fg — Fp, forextensions E, E'. Choose
S € Sg N S%, such that there exists

V:OE/jS)—E[jS inFg(G/S).
For §' C S, © yields
Autg(E/ jS') — Autg(O(E/ jS) X /5 G/ )
since E/jS' = E/jS x5 G/ S'. The composite with Int(y x 1) induces
ATj(G) = A%} (G)

via the isomorphisms (2). Passing then to the direct limit gives an isomorphism 8: E =
E'. It is easy to see that § satisfies k’'0 = « and 8j(s) = j'(s) for s € S. Moreover, since
0 induces the identity on L, it follows that 6 |4 is an inner automorphism defined by an
a € A.Replacing then § by a~'0 a we obtain an isomorphism satisfying (11). This shows
that (12) is injective.

Consider now an arbitrary L-gerbe F. By Prop. 3.1 there is an equivalence of gerbes

@1F—>FE/
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where E is an extension of G by a group A’. Let (A, a’) be the corresponding kernel. Then
the isomorphism L(A, &) — L(A’, &@') induced by © comes from a group isomorphism
A 5 A’ and replacing the embedding A’ — E' by A = A’ — E' gives an extension E of
G by A having the same underlying group E = E'. But then Fp = Fp and ©: F — Fg is
now an L-equivalence. Hence we obtain that (12) is surjective, thereby completing the
proof.

REMARK 6.2.  Suppose that A is abelian. Then there is a conanonical isomorphism
Ext(G,A, &) — H*(G,A)

where the righthand side denotes the second cohomology group of the continuous dis-
crete G-module A, [4], [5]. This can be shown in the usual way (see e.g., [5], p.63, Thm.
14) and is left to the reader.

7. Other notions of extensions of profinite groups. Let A be a group and let
1 —A—E-"G—1

be a topological extension of the profinite group G by A as defined in ([6], 1.13). In
particular, A (discrete) embeds onto a closed normal subgroup of E and & is open. It is
known that k has a continuous section. If E is profinite this follows from the cross-section
theorem ([4], p. 2, Prop. 1; [5], p. 10, Thm. 3). Evidently, E is profinite if and only if A
is finite.

PROPOSITION 7.1.  There exists a continuous and open section j of k satisfying

(%) Jj(sg) = j(5)j(g), and j(gs) = j(8)j(s), s € S,8 € G forsomeS € S.

PROOF.  Since 1 is open in A there is an open subset V of Esuch that VN A = {1}.
Then n[v: V — k(V) is a homeomorphism since « is open. Let S € § with S C &(V),
and let {h; = 1,...,h,} C G be aset of representatives of G/ S. Define j(s) = k|, (s)
and

J(shy) = j(s)H. forseS,i=1,...,r,

where k] is a preimage of h; under k, and k| = 1. Clearly j(sg) = j(s)j(g) for all s €
S, g € G. Since each j(S)j(g) is open in E, it follows that j is open. Also, j is continuous,
for if U C E is open, then k(U N j(G)) = j~'(U) is open in G. Consider now the map

c:GxG—A, g h) =jg)jh)jgh)

It is continuous since its composite with A — E is so, and since A is discrete. Hence
there exists an ' C S in S such that c(gS', hS") = c(g, h), g, h € G. But since c(g, 1) = 1
we conclude j(gs') = j(g)ji(s") forall s’ € §',g € G. .

For j as above and a € A, the map G — A, g — j(g)aj(g)‘l, is continuous, hence
a is fixed under some S € S. Thus we have obtained an extension (FE,j) in our sense.
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Conversely, given any (E, j) we can define a topology on E suchthatAX G — E, (a, g) —
aj(g), is a homeomorphism, with A X G having the product topology. Then it is easy to
see that E is a topological extension of G by the discrete group A.

For topological extensions of G by an arbitrary locally compact group the reader is
referred to ([2], VIII, Thm. 8.4).

In [3] certain extensions 1| — A — F X, G — 1 were considered for which there
exists an § € § and a group homomorphism

Js: 8§ — E such that kjs = ids.

We therefore consider the problem of extending js to a section j: G — E satisfying (*).
It is clear that js can be extended to a section j’ satisfying j'(gs) = j'(g)j'(s) for all g €
G,s € S. Then also

13) jg) =i 'sg), geE€GsES.

Consider for g € G the map

cg:S— A, cls) = j(sg) () j ().

PROPOSITION 7.2.  Each c,,g € G, is a 1-cocycle of S in A; js can be extended to a
section j: G — E satisfying (x) if and only if c, splits.

PROOF. That ¢, satisfies c,(ss') = c,(s)cg(s') fors, s’ € S, is easy to see using (13).
Suppose that j exists. Set a, = ji(g)j'(g)~". Then j(sg) = j'(s)a,j'(g). On the other hand

Jj(sg) = agf'(8)i' (g 'sg) = ayj'(sg).

Multiplying both equations by j/(g)~'/(s)™" gives aj = ayc,(s). Thus c, splits. The
converse is proved in the same way.
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