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CONGRUENCES ON SEMIGROUPS GENERATED BY
INJECTIVE NILPOTENT TRANSFORMATIONS
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To Gordon Preston with respect and gratitude on his 80th birthday

In 1987, Sullivan characterised the elements of the semigroup NI(X) generated by
the nilpotents in I(X), the symmetric inverse semigroup on an infinite set X; and, in
the same year, Gomes and Howie did the same for finite X. In 1999, Marques-Smith
and Sullivan determined alt the ideals of NI(X) for arbitrary X. In this paper, we
use that work to describe all the congruences on NI(X).

1. INTRODUCTION

Throughout this paper, X is a non-empty set. In addition, P(X) denotes the semi-
group under composition of all partial transformations of X (that is, all transformations
a whose domain, dom ¢, and range, ran ¢, are subsets of X'). Note that P(X) contains a
zero (namely, the empty mapping 0): we say o € P(X) is nilpotent with indexr ifa" = 0
and a"™! # (), and we let NP(X) denote the semigroup generated by all nilpotents in
P(X). In like manner, if I{X) denotes the symmetric inverse semigroup on X, we write
NI(X) for the semigroup generated by all nilpotents in 7(X).

In [6] the authors described the ideals of NP(X) and NI(X) as a prelude to deter-
mining all congruences on these semigroups. In fact, in [6, Section 4], they found all the
congruences on every principal factor of NI(X) for infinite X. Here, we use the notation

and results of [6], as well as ideas from [1, Section 10.8], to describe all congruences on
NI(X).

2. PRELIMINARY RESULTS

All notation and terminology will be from [1] and [6] unless specified otherwise. In
particular, if @ € P(X), we let r(a) denote the rank of o (that is, | X|) and put

D(a) = X\Xa,  d(a)=|D(a)],
G(a) = X\dom a, g(a)=|G(a)|.
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The cardinal numbers d(a) and g(c) are called the defect and the gap of o and were used
by Sullivan to characterise the elements of NI(X) for infinite X [8, Corollary 4]. Note
that if @ € I(X) then g(a™!) = d(a) and d(a™') = g(a). Hence, when X is infinite,
the fact that NI(X) is an inverse semigroup follows from the first part of the following
result.

THEOREM 1. Suppose X is an infinite set with cardinal k and let a € I(X). Then
o is a product of nilpotents in I(X) if and only if d(e) = g(c) = k. Moreover, when this
occurs, NI(X) is an inverse semigroup and each a € NI(X) is a product of 3 or fewer
nilpotents with index 2.

To state the corresponding result for finite sets, we need some notation. If X is an
arbitrary set with cardinal k and 1 € 7 < k, we write

D, ={ae€I(X):r(a)=r}
(1) L={a€llX):r(a)<r}
and recall that each D, is a D—class of I(X) and that the I, constitute all the proper

ideals of I(X). Moreover, if k = n < N¢ then each a € D,_; has a unique completion
@ € G(X), the symmetric group on X, defined by:

_ {xa, if £ €doma,
Ia =

b, if z=a,
where X \ doma = {a} and X \ rana = {b} ([2, p. 388]). We write
E,_1 = {a € D,_, : @is an even permutation}.

By [2, Lemma 2.1], if X is finite then a € I(X) is nilpotent if and only if Aa # A
for each non-empty A C doma. Clearly, if this condition holds for a, it also holds for
a~!. Hence, if X is finite and B is a product of nilpotents in I(X) then 8-! is also, and
thus again NI(X) is an inverse semigroup. In [2, Theorem 3.18], the authors proved the
following result.
THEOREM 2. If X is finite and | X| =n > 3, then NI(X) is an inverse semigroup.

In fact,

(a) ifn is even then NI(X) = I,, and

(b) ifnisodd then NI(X) = I,.,U E,_;.
Moreover, in each case, each non—zero & € NI(X) is a product of n—1 or fewer nilpotents,
each with index n (and rankn —1).

In what follows, we extend the convention introduced in [1, Vol. 2, p. 241): namely,
if @ € P(X) is non-zero then we write

a=(%)
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and take as understood that the subscript 7 belongs to some (unmentioned) index set I,
that the abbreviation {z;} denotes {z; : ¢ € I}, and that rana = {z;}, z;07! = A; and
doma = [J{A; : ¢ € I}. In particular, if doma = {a} and rana = {b}, we write a more
simply as ay. Also, we let id4 denote the identity on A.

For notational convenience, if p is a congruence on a transformation semigroup, we
often write @ ~ S to mean (a,f) € p. Also, sometimes we write za = @ to mean
z ¢ doma.

The following result is comparable with [1, Lemma 10.64).

LEMMA 1. Suppose |X| > 3 and let p be a non-identity congruence on NI(X).
Then the p—class containing () is an ideal of NI(X) and it contains D,.

PROOF: Suppose (a, ) € p where o # 8. Then za # zf for some r € X and,
without loss of generality, we can assume za =y # 0. Let a,b € X and A = a;, u = ys.
Then A, p € NI(X), and Aap = a, and A\Bu = 0 (even if z € dom 3). Hence a, ~ @ and
it follows that D, is contained in @p, the p—class containing @, which is clearly an ideal
of NI(X). 0

The proper ideals of NI(X) were described in {6, Theorems 6 and 14] as follows.
However, note that if | X| = k > Ry and a € I(X) satisfies 7(a) < 7 < k then d(a)
= g(a) = k and so & € NI(X) by Theorem 1. Hence, I, C NI, and it follows that
NI, = I,. In fact, a similar statement holds in almost all cases when X is finite. Despite
this, we prefer to retain a distinctive notation for the ideals of NI(X).

THEOREM 3. For any set X with (finite or infinite) cardinal k > 3, the proper
ideals of NI(X) are precisely the sets

NI, ={ae NI(X):r(a) <}

wherel1 <r < k.

Consequently, if p is a non-identity and non-universal congruence on NI(X) then
@p = NI, for some r such that 2 < r € | X|. We call » the primary rank of p and denote it
by n(p) (compare [1, Vol. 2, p. 231]). For what follows, we also need the characterisation
of Green's D-relation on NI{X) given in [6, p. 309 and Theorem 17).

THEOREM 4. If X is any set with at least three elements, and if a, 8 € NI(X),
then § = Aap for some A\, p € NI(X) if and only if r(B) < r(a). Hence, D = J for
NI(X).

If 1 <7 <|X|, we let DI, denote the D—class of NI(X) which contains all elements
with rank r. Also, as in [1, Vol. 2, p. 227], we let NI} denote the Rees congruence
on NI(X) determined by the ideal NI,. The following result is similar to [1, Theorem
10.65).

LEMMA 2. If p is a non-identity congruence on NI(X) and n = n(p) then
NI; CpC NI UD.
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PROOF: We have NI C psince NI =idnyx)U(NI,x NI;) and NI, x NI, C p by
the definition of 7(p). For the other inclusion, let (o, 8) € p and assume 7(8) < r(a) =r
(if r(a) = r(B) then (o, B) € D and the required inclusion holds). We aim to show that
r < 7, which clearly implies the desired result.

(a) r 1s INFINITE. This means X is infinite and NI(X) is described by Theorem
1. Also |rana \ ranB| = r(a) since r = r(a) is infinite and r(8) < r(a). Hence, if
|X| = k and v is any bijection from rana \ ran § onto rana, then g(y) > d(a) = k and
d(v) = d(a). Therefore v € NI(X) and it follows that ay ~ @. Since r(ay) = r, this
implies r < 7, as required.

(b) 7 1s FINITE. In this case, X may be finite or infinite, but the following argument
holds in both situations with appropriate justification. Let |X| = n (finite or infinite)
and write r{8) = s < r = r(a) < n: note that if X is infinite, then r < Rg < n; and if X
is finite, then r < n since a € G(X). Now suppose rana N ran 8 = 0. If this happens,
then 7 = idane is an element of NI(X) (for example, in the finite case, if n is odd and
r =n — 1 then ¥ = idx, an even permutation of X, hence v € E,,_,; and in the infinite
case, the gap and defect of v equal | X| since r is finite). Now oy = o and Sy = 0, so
o ~ @ and hence r < 7. Therefore, we may suppose

ranaNranf=C = {¢y,...,c}

where 0 < t < s < 7 < n. Let 4 = idrana € NI(X) (as before) and note that ayy = «
and ran(Bv,) = C. For each i = 1,...,¢, let ; be the idempotent in /(X) with domain
rana \ {¢;}. Note that, since 7(7;) = r — 1 and this is at most n — 2 if n is finite, each
7 € NI(X) by Theorems 1 and 2 (that is, regardless of whether X is infinite or finite).
Now .

ran(aym) = rana \ {a1}, ran(Byom) = C \ {1},
ran(ayomy2) = rana \ {c1,c2},  ran(Bromy) = C\ {c, ¢z},

and so on. Write a; = ayp---y; and B; = fyy---v; foreachi=0,...,t. Clearly, 5, =0
but a; # @ (since s < ). That is, r(a;) > 1 and, since a, ~ B, this implies 7 > 2 and
as € @p. Since r(B;—;) = 1, this implies §;,_; € Op. But r{ae-) > 2 and ;) ~ Bi1,
son > 3 and a;-; € Qp. In like manner, we deduce that B,_2, 042, Bi-3,...,ap = a all
belong to @p, and hence r < 7. 0

Next we recall Hall's Theorem (3, Proposition I.4.5: namely, if S is a regular
subsemigroup of a semigroup T then the £ and R relations on S are the restrictions to
S of the corresponding ones on T". Now, the £ and R relations on /(X) are well-known:
pamely, o £ B if and only if rana = ranf; and a R B if and only if doma = dom
[3, Exercise V.8.2. And NI(X) is a regular (in fact, inverse) subsemigroup of I(X) by
Theorems 1 and 2. Therefore we can prove a result for NJ(X) which is analogous to [1,
Theorem 10.66).
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LEMMA 3. Let p be a congruence on NI(X) and suppose 1(p) is finite. If (o, 8) € p
and n(p) < r(a) < Rg then (o, 8) € H.

PRroOF: Clearly we may assume p is not the identity congruence, so 7(p) > 1 and,
by Lemma 2, r{a) = r(B8) = r, say. Suppose ran «a # ran§ and let v = idyapa, which is
an element of NI(X), as discussed in case (b) for the proof of Lemma 2. Now ay = a
and 7(87) < r — 1 (note that ran 8 \ rana # 0 since a and S have the same finite rank
but, by supposition, their ranges are not equal, so one cannot be contained in the other).
Since a7y ~ f7, Lemma 2 implies r < 7(p), a contradiction. Therefore, rana = ran 8
and hence a £ 8.

Suppose doma # domf and let § = idgoma- Then & € NI(X) (as for v) and
r(68) € r—1 (also as before). Since o = da ~ 84, this implies r < 7(p), a contradiction.
Hence domo =dom B andso a R 5.

LEMMA 4. Let p be a non-identity congruence on NI(X) and suppose 1{p) is finite.
If (o, B) € p where a # B and n(p) € r(a) < Ro then r(a) = n(p).

PRrOOF: By Lemma 3, (a,8) € H. Hence doma = dom g = {a,,...,a,}, say, and
ran« = ran 3. Thus we can write

o= a ... Q ﬂ_ a ... Qy
A\ b)) bix ... bex

for some permutation m of {1,...,7}. Since o # B, there exists ¢ such that ¢ # in; and,
since p is not the identity congruence, we know n{(p) > 2 and thus r > 2. If v is the
identity on {a,...,ai—1,Git1,- .., 0, }, then v € NI(X) (via the usual justification when
X is finite or infinite) and so ya ~ 3. But, since i7~! # 4, ran(yf8) contains b;, whereas
ran(ya) does not. Therefore (ya,v8) ¢ H and so, by Lemma 3, r(ya) = r — 1 must be
less than n(p). Since r(a) = r = n(p) by supposition, it follows that r = n(p). 1]

3. FINITE PRIMARY RANK

In [6, p. 316], the authors observed that, if X is finite and r < | X|, then NI.,,/NI,
is completely 0-simple. For what follows, we require a more general result: compare |1,
Vol. 2, Lemma 10.54 and p. 227, Exercise 3], and also [7, Lemma 2.4]. If r is any infinite
cardinal then ' denotes the successor of r (that is, the least cardinal greater than r).

LEMMA 5. If X is any set with at least five elements and 4 € r < |X| then
NI./NI, is O-bisimple, and it contains a primitive idempotent if and only if r is finite.
Consequently, if r is finite then NI,,,/N1, is completely 0-simple.

PROOF: Suppose ¢, 8 € NI{X) and r(a) = r(8) = r (finite or infinite) and write

-(2): o= () =) =)
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Note that if X is infinite then |P| = r < | X|implies d(y) = g(7) = |X|, hence v € NI(X)
and likewise A € NI(X). Also, a = Ay and ¥ = A\~1a, thus o £ vy and similarly vy R 8.
In other words, if X is infinite then all elements of NI(X) with rank r are D-related,
and so NI../NI, is O-bisimple.

Since g(v) = ¢9(B) # 0 and r(v) = r(a) < |X]|, the same conclusion holds, by
Theorem 4, when |X| =n < R and n is even, or n is odd and 7 < n— 1. If n is odd and
r=n—1, then NI,;/NI, = E,_; U {0} = S, say. Hence, the completions @ and 5 are
even permutations of S. Also, dom a and dom § differ in at most one element.

If dom a = dom f3, we can write (after a re-ordering of dom g, if necessary)

a ... Qp-—y a ... Qp-1 Z] .. Zp-1
= ’ ﬁ = y M= .
Ty ... Zp 21 ... Zp- ry ... ZTp—

By [2, p. 388], @ = B.7i (since a = Bu), hence [ is an even permutation of X and thus
p € E,_y. Clearly, 8 = au™!. It follows that c La R fin S, s0 @ D B in S, as desired.

If doma # dom 3, we suppose a; # b, and a; = b; for i = 2,...,n — 1 (after a
possible re-ordering of dom 3, hence a possible re-labelling of ran 8, but without loss of
generality). Thus, we now have:

_ (al ay ... a,,._l) : B= (bl a ... a.,._l) ,
Ty, T2 ... Zp-l 2L 2y ... Zp
y = (bl a; az aq ... a,._l) ,
Ty I3 Ty T4 ... Ip_y
_[b a2 a3 ag ... apa (2 2 oz oz ... Zp
- ay Gz a2 Q4 ... Qp-1 ’ b= Ty I3 T2 Ty ... ZTn-1 '
Note that, in this case, we have redefined v and A (but only after changing 3, if necessary)
and this is possible since r > 4. Also, observe that the completion of A equals the even
permutation (ai, b;)(az,a3) of X, hence A € E,_;. Moreover, v = A\e, so v € E,_; and
clearly o = A~1v. Hence, o £ 7 in S. Next, we see that u = 871y € E,_, (since both j
and v belong to E,_;). Since v = Su and g = yu~!, it follows that v R 8 in S. Hence,
a D Bin S, and we conclude that NI,/NI,_, is 0-bisimple when n is odd.

Suppose r is finite and let @ = aff = fa for non-zero idempotents ¢, 8 € NI(X),
each with rank r. Then rana C ranf, and both these sets contain r elements, so
rana = ran 3. Hence, o = idrane = idrans = B; that is, every non-zero idempotent in
NI,,1/NI, is primitive. Conversely, suppose f is a non-zero idempotent in NI../NI,
and assume 7 > Ry. Then B = idp where |[B| =r. If a € B and A = B\ {a} then
|A] = r and a = id4a € NI(X) (since the gap and defect of a equals | X|); also, we have

a = aff = fa. In other words, if 7 2> No then no non-zero idempotent in NI./NI, is
primitive. 1]
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Next we prove a result which is similar to [1, Theorem 10.60]. However, although
NI, /NI, is completely O-simple when r > 4 is finite, and hence its congruences are
known in that case, our proof differs from the one given in [1].

LEMMA 6. Suppose X is any set and r is any positive integer withr +1 < | X|. If
o is a non-universal congruence on N1.,,/NI,, then the relation o+ defined on NI(X)
by
ot = idN](x)U [Un (DI,. X DI,-)] ] (NI,- X NI,-)
is a congruence on NI(X).

Proor: Clearly ot is an equivalence, so we aim to show it is left and right
compatible with composition on NI{X). To do this, we consider only the case when
(a, B) € o and r(a) = r(B) = r (the other possibilities are easy to check). First suppose
|[ranaNranf| = s < r and write B = ran 8. Then idg € DI, (by the usual argument)
and hence, in the semigroup NI,;1/NI,, a. idg =0 but B.idg = B. Since o is a congru-
ence on Nl /NI,, it follows that (0, 8) € o and hence o is universal on NI,,,/NI,, a
contradiction. Thus, s = r and this implies rana =ran 8 = Y say. Let u € NI(X), and
note that the ranks of oy and Sy are equal and at most r. In fact, if r(ap) = r(Bu) < r,
then (au, Bu) € NI, x NI, C 0%, as required. On the other hand, if r(au) =r(Bu)=r
then rane C domy. So, if ' = u|Y then y' € DI, (by the usual argument); also,
ap' = ap and B’ = Bu. Therefore, (au, Bu) € oN (DI, x DI.) C o*. Hence o+ is right
compatible.

Now let A € NI(X) and suppose r(Aa) = 7(AB) = r for the same o, as at the
start. Let [domanNdompB| =t and C = dom 3. Then an argument similar to the one
above leads us to conclude that ¢t = r and hence that dom o = dom 3 = Z say. Moreover,
doma C ran A since r(Aa) = r = r(a) and « is injective. Therefore, if ' = A | (ZA™1)
then ) € DI,; and, since N'a = Ao and A3 = AB, we conclude that (Ae, AB) € 0. 0
REMARK 1. Recall that every non-universal congruence p on a 0-simple semigroup is
0O-restricted: that is, 0p = {0}; and clearly, by Lemma 5, NI, ,, /NI, is 0-simple for each
(finite or infinite) r > 4. Consequently, in the above result, o} = o implies 0, = 0.
For, if 6} = oF then, by their definition, oy N (DI, x DI,) = 0, N (DI, x DI,); and, since
each o; is O-restricted, this implies o, = o5.

Using the results in section 2, we now determine all congruences p on NI(X) for
which 7(p) is finite (compare [1, Theorem 10.68] and (7, Lemma 2.6]).

THEOREM 5. Let p be a non-identity and non-universal congruence on NI(X)
and suppose r = 7(p) is finite. Then p = o+ where o is a non-universal congruence on
NI, /NI..

PROOF: Suppose (a, 8) € p. By the definition of 7(p), if one of & or 8 has rank less
than r, then the other also has rank less than r, and thus (o, 8) € NI}. By Lemma 2, if
the rank of & or f is at least r, then r(a) = r(8) = s say. We assert that if s is infinite
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then a = 8.

To see this, assume s 2 Ry and za # zB for some z € doma (without loss of
generality). Write za = @ and choose Y Cdoma such that z €Y, |Y| =randa ¢ YS
(this is possible since s 2> Rg and r < Rp). Let Z = Y and observe that o’ = idy .a.id;
has rank r, whereas 3’ = idy .f8.idz has rank at most r — 1 (since ¢ € Z\ Y 3). Moreover,
by Theorem 1, idy and idz belong to NI(X) since, by assumption, X is infinite but YV
and Z are finite. Therefore, (o', ') € p. Since this contradicts the choice of r = n(p),
the assertion follows.

Consequently, if s > Ry then (a, B) € idyy(x). On the other hand, if r < s < Rg and
a # B, then Lemma 4 implies r = s. That is, (e, 8) € pN (DI, x DI,). We assert that

o = pn (DI, x DI,) U {(0,0)}

is a congruence on NI 4, /NI,. For, clearly it is an equivalence on NI, /NI,. Also, if
(o, B) € pN (DI, x DI,) and p € DI, then (au, Bu) € p, where the ranks of au and Su
are at most r. However, by the choice of r = n(p), either r(au) = r(Bu) = r or both
r(ap) and r(Bu) is less than r: in the former case, (ap, Bu) € pN (DI, x DI,) and, in
the latter case, ap = fu = 0 in the Rees factor semigroup NI, /NI,.. That is, o is right
compatible on N1, /NI, and similarly it is left compatible. Thus, we have shown that
p C ot as defined in Lemma 6, and clearly o+ C p, so equality follows. Moreover, o is
non-universal on NI, /NI, otherwise, pN (DI, x DI,) = DI. x DI, and hence

p= id)w(x) U (DI, X DI,.) U (NI, x NI,)

which is not a congruence on NI(X) (for example, if |[A| = |[B| =7 < Ry and A # B
then (id 4, idg) € p, but (id,.id4,id4 .idg) ¢ p). 0

Given the above result, we need more information about the congruences on
NI,;,/NI,. In fact, by Lemma 5, NI.,;/NI, is a completely 0-simple semigroup for
finite 7 > 4, and thus all of its congruences can be described (see [1, Section 10.7]).
To avoid the complication which that entails, we prove the following result. But, first
we recall the fact: if p is a congruence on an inverse semigroup and (a,b) € p then
(a~!,b7!) € p (see [3, Proposition V.1.6]).

LEMMA 7. Suppose X is any set with at least six elements, and let r be a positive
integer such that r +1 < |X|. If o is a non-universal congruence on NI, /NI, then, for
each Y C X with cardinal r, there exists N <« G(Y') such that

o={(Midy ., Ay.u): A\, u € DI, and v € N} U {(0, 0)}.
ProOOF: Fix Y C X with |Y| =r. If idy ~ @ and aa™! = id,4 then idy ~ a7, so

idy ~ id4 and hence idy ~ idyna. Since o is O-restricted, we deduce that |[Y N A] =r
and hence that Y = A (since r is finite). In other words, doma = Y and similarly
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rana = Y, and thus o € G(Y). Put another way: the o—class containing the idempotent
idy is a subgroup N of G(Y). We assert that N 9«G(Y). To see this, suppose a € N and
v € G(Y). If X is infinite then v € DI, by Theorem 1 (since r < R by supposition), and
hence yay™! ~ 7.idy 7! = idy, so yay™! € N. On the other hand, if | X| = n < Ry,
then r < n — 1 and, by Theorem 2, we deduce that yay™! € N when n is even, and
when n is odd and r < n — 1. Hence, we assume 7 is odd and r = n — 1. In this case,
since each o € N permutes Y, its extension @ to X =Y U {z} must fix z and be an even
permutation of X. Consequently, o is an even permutation of Y and hence a € Alt(Y),
the alternating group on Y. Clearly, each # € Alt(Y) belongs to E,., = DI,_y, so
man~! ~ idy and thus mar™ € N. That is, N is a normal subgroup of Alt{Y), which is
simple if Y| > 5. Hence, for such Y, N equals {idy} or Alt(Y), and thus it is a normal
subgroup of G(Y).

Now suppose a ~  and let A = doma. Then o = idg.a ~ id4 .5, so A = dom B
(since o is O-restricted and f is injective) and similarly ran & = ran 8. Therefore, we can

write
a ... Qg ay ... Ay
a= , B=
I ... Xy Tig ... ZTey

for some permutation 7 of {1,...,r}. Let Y = {y1,...,y,} and define

5= (al a,) u= (yl y,)’ y= (yl y,) .
Y - Yr Ly .- Zr Yin - Yrn
If X is infinite then A, p € DI, = NI(X) N D, by Theorem 1 (since r < Rg). Suppose
|X] =n < No. If n is even then r + 1 < n implies r < n, and so A, u € DI, by Theorem
2(a). Clearly, by Theorem 2(b), we reach the same conclusion if n is odd and r < n - 1.
Moreover, o = A.idy 4 and 8 = A.y.u, hence vy = A~!Bu~! € DI, and so v € N: that is,
the pair (@, 8) € o has the desired form.
Now we assume n is odd and r = n — 1. In this case, a, 8 € E,,_; and we obtain

ay ... G- ... -
(2) aa—l = 1 n—1 ~g ﬂa—l = 131 an—)
. a ... Qp-1 Qix .- Gn-)n
where 7 is the same permutation as before (but now r = n — 1). Since |X| = n, the
unordered sets {y1,...,¥n—1} and {ai,...,an—1} differ in at most one element. In fact, if
Y={y11""yn—l}= {alv"'7aﬂ—1}=A1 say,

then from (2) we deduce that idy ~ Ba~! = ' (say), where ¥/ € N, a = idy .idy .c and
B = idy .¥'.c.. Suppose instead that Y # A and, after a possible re-ordering, but without

loss of generality, assume that y; = a; foreachi =1,...,n — 2 and yp-; # @n-1. Define
u € En_; and its completion in G(X) as follows:
p= ay ... QGp-3 Qp-2 Yn-1 o= a ... Gp-3 Qn-2 Yn-1 Qn
ay ... 0@p-3 Qn-1 Gn-2 ’ a; ... Qp-3 Qp-1 Gn-2 Yn-1

https://doi.org/10.1017/5S0004972700040454 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700040454

402 M.P.O. Marques-Smith and R.P. Sullivan (10]

Then, since Y = {a1,...,8n-2,Yn—1} and A = {a,,...,an-2,8n-1}, from (2) we obtain
pida.pt=idy ~ w.Balp! =4 (say).

This means 4/ € N, and we observe that « = p~!.idy .ua and 8 = p~'.v.po, where
both p~! and pa belong to E,_; = DI, _;. Hence, in all cases, we have shown that each
(e, B) € o has the desired form, and so

o C {(Aidy .u, Av.p) : \,p € DI, and v € N} u{(0,0)}.

Since the reverse containment is obvious, the result follows. 0

REMARK 2. Suppose N aG(Y), where Y C X, |Y| =7 <Ny and r +1 < X. We assert
that, if (a, 8) € 7, where

7= {()\ idy ., Ay.u): A\,u € DI, and vy € N}

then, in the Rees factor semigroup NI.,1/NI,, & = 0 if and only if # = 0. That is, 7
is never the universal relation on NI,,,/NI.. To see this, let A\, € DI, and v € N.
Then, Aypu = 0in NI,y /NI, if and only if r(Ayu) < r and, since the given mappings
are injective, this is equivalent to saying: either |[ran A Ndom<y| < r or (Ay # 0 and
|ran(A\y) Ndom p| < r). Since dom+y =Y, the first condition implies r(\.idy .4) < r and
so A.idy . = 0 in NI, /NI,. Also, if Ay # 0 then, since r is finite and A € DI, we
deduce that ran A = dom~ and thus ran(\y) = Y. Hence, the second condition implies
|Y Ndom u| < r and we again obtain A.idy .4 = 0. Conversely, if A.idy .u = 0, then
lranANY| < ror(ranA =Y and |Y Ndomy| < r) and, in both cases, it follows that
Ayp = 0.

We now see, as a special case, that Theorem 5 describes the lattice of congruences
on NI(X) for finite X: compare the comment in {1, Vol. 2, p. 247] and in {7, p. 5].
However, the argument below does not require any knowledge of the congruences on
arbitrary completely O-simple semigroups.

CoROLLARY 1. For any finite set X with at least six elements, the lattice of
congruences on NI(X) forms a chain.

PROOF: Let p; and p; be distinct congruences on NI(X), neither of which equals
the identity or the universal congruence on NJ(X), and write r; = n(p;) fori = 1,2. Then
pi = o for some (unique) congruence g; on NI, 4/NI,.. If ry < rp then NI,, G NI,
and

oynN (DI, x DI,)) ¢ NI, x NI,

from which we deduce that p; C p.. Suppose r; = ro = r, say. By Lemma 7, g, is
determined by some N, « G(Y) and o2 by some N, « G(Y) where |Y| = r (note: the
same Y can be used). Since the normal subgroups of G(Y) form a chain, it follows from
Lemma 7 that o; C o3 or 05 C oy, and hence that p; C ps or po C py. 0
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EXAMPLE. Suppose |X| = 4, an even integer. The normal subgroups of S4 form a chain:
{(1)} <K4 4A4 <S4,

and hence there are four non-universal congruences o4, 642, 043,044 00 NI5/N14. In turn,
there are four congruences py; = of; on NI(X). In fact, since NIs/NIy = DI, U {0} and
DIy = S,, each oy4; is a congruence on a group with 0 adjoined and so the g4;—classes are
simply the cosets of the corresponding normal subgroup of Sy together with {0} by itself.
In particular, o4, is the identity congruence on S? and so

par = idnrxyU (NI x NIy).

Similarly, there are exactly three non-universal congruences p3; C p32 C p33 on NI(X)
corresponding to three congruences os3; C 03; C 033 on NI;/NI; which are determined
by the three normal subgroups of S3. In particular,

O'ég = idNI(X) U [0‘33 n (DI3 X DI3)] U (NI3 X NI3),

which is properly contained in p4; as expected. In this way, we obtain the chain of
non-universal congruences on NI(X):

dyrx) G P21 G PG PG P3G P0G P2 G Paz G Pas

4. INFINITE PRIMARY RANK

Henceforth, X is an infinite set with cardinal k, and we write Y = AU B if ANB = 0.
Recall our comment before Theorem 3 and, in particular, the fact that if

L={aeIl(X):r(a) <k}
then It C NI(X). Therefore, if p is a congruence on NI(X) then
) : p=[pN (L x It)] U [pN (DI x DIy)].

Clearly, p N (Ix x Ii) is a congruence on the semigroup I;. To say something about the
other intersection in (3), we need some notation (see [9, Section 3]). First recall our
convention: za = 0 if and only if z ¢ dom . Now, for each o, f € P(X) and n > Ry, let

D(a,f) = {z € X : za # 2B}, dr(a,f) = ma.x(lD(a, B)a|,|D(a, ﬂ)ﬂ])

An = {(o, B) € P(X) x P(X) : dr (e, ) < n}

and note that, by [7, Theorem 3.1}, each A, is a congruence on P(X). Hence, its
reduction:

Op = [An N(Qe x Q)j U {(an)},
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to the Rees factor semigroup:
Qk = NIkI/NIk = DI, U {0}

is a congruence on Qi (see [6, p. 313]). In fact, we have the following result [6, Theorem
18).

THEOREM 6. If |X| = k > Ny then every non-identity, non-universal congruence
on Q; equals &, for some n satisfying No < n < k.

Clearly, if p is a congruence on NI(X) then
pr=pN (DI), X DIk) U {(0,0)}

is an equivalence on Q. To show it is a congruence on @, we need the following result
[9, Lemma 3.4].

LEMMA 8. Ifa,B € P(X) and dr(a, B) = £ 2 Ng then there exists Y C D(a, 8)
such that YanY B =0 and max(|Yel, |YB]) =¢.

LEMMA 9. If p is a non-identity, non-universal congruence on NI(X) then p; is a
congruence on Q.

PROOF: Suppose (¢, ) € pr and p € Qi is non-zero. If r(ap) < k and r(Bp) = k
then the cardinal of (ran S N dom p) Nrana is less than k, so

|(ranﬂﬂdomp) \rana| = k.

Therefore, |ranf8 \ ranc| = k; and, if (ran 8 \ rana)Bf~! = {z;}, then z;8 # zia for
each ¢ (it is possible some z; ¢ dom «). In other words, dr (a, 8) = k and so, by Lemma
8, YanYpB = 0 for some Y C D(a,B) with max(|Yea|,|YB|) = k. Without loss of
generality, suppose |Ya| = k and choose disjoint sets U,V C Y N dom a with cardinal
k (possible since a is injective). Then idy € NI(X) (since |X \U| = k), and so o ~ f
implies idy a ~ idy 8. Let U = {u;}, and suppose ¥ € I(X) has domain {u;a} and
7 : ujc — u; for each i. Then g(y) > d(a) = k and d(y) = | X \U| =k, so v € NI(X).
Therefore, idy = idy ay ~ idy By = 0 (the latter equality holds since U C Y implies
UBNUa = 0). In other words, an element of NI(X) with rank k is p—equivalent to 0,
so n(p) = k' and p is universal, a contradiction. In effect, this shows r(ou) < k if and
only if 7(Bu) < k; that is, px is right compatible on Q.

Similarly, suppose r(Aa) < k and r(AB) = k for some non-zero A € Q. This implies
r(a”'A"!) < k and r(8~'A"!) = k, where a™! ~ 7! and A™! € NI(X), contradicting
what we have just shown. Therefore, 7(Aa) < k if and only if 7(A\8) < k, and so py is left
compatible on Q. 0

In view of (3), to describe all congruences on NI(X), we need to know all congruences
on I;. To determine the latter, we recall Liber’s Theorem regarding the congruences
on I(X) (compare {7, Lemma 3.10]). For convenience, we let A; denote the identity
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congruence on [(X). Also, if p is a congruence on I(X), we let n(p) denote the least
cardinal greater than r(a) for each a such that (a,0) € p (compare the equivalent
definition for NI(X) before Theorem 4; and recall that the cardinals are naturally well-
ordered: see [5, Theorem 7.2.6]).

LiBER’S THEOREM. Suppose |X| =k 2> Ro. If p is a congruence on I(X) for
which n(p) is infinite then

(4) p=I,U[Ag NIL]U--UlAg, NI]UA,
where 1y =7)(p) and the cardinals &;,n; form a sequence:
&< <G <m<-- <<k,

in which every term is infinite, except possibly & which equals 1 if it is finite.

LEMMA 10. Ifo is a congruence on Ity and 0° = o Uidp;, then o° is a congruence
on I(X).

PRrooF: Clearly, 0° is an equivalence on I(X). To show it is right compatible on
I(X), suppose (a,B) € o and u € DI;. Then r(ap) < k and r(Bp) < k. Let ¢’ € I(X)
be the restriction of x4 to (ranaUran §)Ndom p. Then u’ € Ii, since r(ap) +r(Bu) < k;
and, since oy = ay' and By = Sy, we conclude that (au, Su) € o.

Similarly, if 7(Aa) < k and r(AB) < k for some A € DI, we let X' € I(X) have
domain Z = (dom a U dom 8)A~! and satisfy:

zX =2z}, forall z € (domaUdomB)A~".

Then |Z| < k (since A is injective and «, 8 € I;) and hence X € I;. Since Na = Aa and
X'B = AB, we conclude that (Aa, AB) € o and hence o is left compatible on I(X). 0

THEOREM 7. Suppose |X| =k > Ro. If 0 is a congruence on I for which n(o) is
infinite then

(5) c=I U[Ag NI JU---U[A,,_, NI} ]
where 1 = n(0) and the cardinals §;, 7; form a sequence:
fr—l < "'<€1 €< <7 gkx

in which every term is infinite.

PROOF: Suppose o is a congruence on Ii for which 7(o) > Rp: that is, there exists
(o, @) € o with r(a) > Ro. Then o° is a congruence on /(X) for which 7(0°) > Ro. Hence

(6) oUidpy, = I U[Ag NI JU---U[Ag,_, NI7JUA,
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where 0, = 1(0°) = n{o) and the cardinals &;, 7; form a sequence:
§a<"'<€1 g"?l <"'<17,Sk,

in which every term is infinite, except possibly £, which equals 1 if it is finite. Clearly,
I(X) contains elements (in fact, idempotents) with rank k which differ in at least one
place. Therefore, £, must equal 1: otherwise, A, in the right-hand side of (6) contains
a pair of distinct elements of DI, which does not appear on the left-hand side of (6).
Consequently, (6) implies (5) where r = s.

We need two more results before we can describe all congruences on NI(X): these
are comparable with [1, Lemmas 10.62(i) and 10.63(i)).

LEMMA 11. If the ranks of a, 8 € NI(X) are not equal, and at least one of them
is infinite, then dr (a, 8) = max(r(a), 7(8)).

PROOF: Suppose the condition holds and assume r(a) = r > s = 7(8). Then, by
supposition, r is infinite and [XaN X8| < s < r, so r(a) = | Xa\ XB|. If Xa\ XB
= {z;a}, then z; € D(a, B) for each i, so

dr (e, B) > |I| = r(a) = max(r(a),r()).

Since dr (e, 8) < r{a) is always true, this gives the desired result. g

LEMMA 12. Suppose m,7m. are infinite cardinals satisfying m;, < n. If a,8
€ NI(X) satisfy r(a) = r(B) = mo and Ry < dr(a,8) = € < m, then there exists
A € NI(X) such that r(Aa) = r(AB) =m and dr (A, AB) = &£.

PROOF: Let D = D(a, ) and, without loss of generality, suppose |Da| = £ and
C = DaU Dp. Then rana \ C =ranf\ C = {e;} say, and, for each j, there exists r;
€ dom aNdom f such that rjo = e; = r; (this is true by the definition of D(a, 8) and our
convention: za = () if and only if z ¢ doma, at the start of this section). By Lemma 8,
we can assume (again, without loss of generality) that there exists Y = {y;} € DNdoma
such that |[Ya| = € and YanY S = 0. Since g(a) = k, the identity transformation, A
say, on Y U {r,} belongs to NI(X) and

)‘=yi7'j /\=yirj
~(22). e (2 2):

where d; may not exist for some 7 (that is, when y; ¢ dom ). Since |Da| = £ > |DS|, we
know |C| = & = |Ya| = |I|. Hence r(Aa) =r(a) = €+ |J| = 7o = m (by supposition). If
|J| = ne, choose P C J with cardinal 7,, and let X’ be the identity on {y;} U {r,}. Then
X € NI(X) since g(N') = g(a) = k, and we have

/\'/\a= Yi Tp , A’/\ﬂ= Yi Tp )
G & di e
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Since {¢;} N {d;} = 0, these are elements of NI(X) with rank 7, and difference rank ¢,
as required. On the other hand, if £ = 7, (hence 7, = 72) then Aa and AB are elements
of NI(X) with rank 7, and difference rank &. 0

THEOREM 8. Suppose |X| =k > Ny. If p is a non-universal congruence on NI(X)
for which n(p) is infinite then

(7 p=1Iy U[Ag NIZTU---U[Ag_, NI JU[A, N (DI x D))
where m; = 1(p) and the cardinals &, 1; form a sequence:
&< <L Em << <k,

in which &._, is infinite, either n = 1 or n is infinite, and if n > Nq then 1, = k.
Conversely, if p is a relation on NI(X) defined as in (7) for a sequence of cardinals
with the above properties, then p is a non-universal congruence on NI(X).
PrOOF: If 0 = pN (I x Ii), then n(a) > Ry (since o C p and n(p) > Np). Hence,
we know there are cardinals

oK< <L Em<--- <<k
such that
(8) PN x Ly =1, U[Ag NILIU---U[A,_, NI JU[A,_ NI ]
and we also know
(9) pN (DI x DI) = Ap N (DI x DI})
where n =1 or Ry < n < k. Taking the union of (8) and (9), we find
(10) p=1I; U[Ag NI U U[Ag_, NI} U [An N (DI x DIy)].

If n > 7, then p contains a pair of elements with rank k which differ at 7, places and,
from this, we can find a pair (e, 0) € p where r(a) = 7;, contradicting the choice of 7,.
Hence, n < 7 and, if n # 1, then Rg < n < k. If n > &_; then (9) implies that p
contains each pair of elements with rank k which differ at £,_, < 7., < k places. Thus,
by Lemma 12, there exists a pair of elements in p with rank 7,_; < 7, which differ at
&-—1 places, contradicting the expression for pN (I x I;) in (8). Hence, n < &,-1.

Now, if n > Ry then (9) implies that p contains all pairs of elements with rank k
which differ at less than n places. In particular, if X = AUBUC, where |A| = |B| =k
and |C] < n, then (idayc,id4) € p. Consequently, if 5, < k and Y C A has cardinal 7,,
then idyyc € NI(X) and

(idyye, idy) = (idyuc - idauce, idyuc - id4) € p.
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That is, p contains a pair of distinct elements with rank 7, < k which differ at less than
n < &-—1 places. Since this again contradicts the expression for pN (Ix x Ix) in (8), we
conclude that if n > Ry then 5, = k.

Conversely, suppose p is defined as in (7) and its associated cardinals have the stated
properties. We now follow the first part of the proof of [1, Vol. 2, Theorem 10.72]. Clearly,
p is reflexive and symmetric. To show it is transitive, first note that i < j implies §; < &;
and so Ag; G A, and likewise 7; < 7; implies I}, G I7..

For convenience, we write §, = k', so that I} = Ag NI . Now suppose (a,5)
€ Ay NIy, and (8,7) € A NI |, where i < j. Assume r(a) # r(8). If both these
cardinals are finite then (@, 8) € I (since 1 > No); and, if at least one of them is
infinite, then Lemma 11 implies

max(r(e),7(8)) = dr (e, B) < & < m

and so (@, B) € I;,. Similarly, if 7(8) # r(7) then (8,7) € I, and clearly the same is
true if r(B) = r(y) since we already know r(8) < n,. Therefore, in all cases, r(a) # r(8)
implies (a,7) € I;. Hence, we may assume that r(a) = r(8) = r(y). But, since
(@) < 7i+1, we then deduce that (a,7) € Ag NI . Finally, since both components of
each pair in A, N (DI, x DI) have rank k 2 7, it follows that p is transitive.

Now, each of the terms in p corresponding to #,...,7, is a compatible relation
on NI(X). Suppose n > Ry (hence 7, = k) and let (a,8) € A, N (DI x DI}) = o,
say. If u € NI(X) and r(au) = r(Br) = k then (au,Bu) € 0. On the other hand, if
r(ap) = k > r(Spu) then Lemma 11 gives the contradiction:

k = max(r(ap), r(Bp)) = dr (ap, Bu) <n < k.

Therefore, the only other possibility is that both r{ay) and r(Bu) are less than k = 7.

that is, (au, Bu) € I, and dr (ap, Bp) < n < &-1, so (ap, Bu) € A¢,_, NI; . Similarly,

p is left compatible on NI(X), and so it is a congruence on NI(X). 0
We now deduce part of [4, Theorem 4.10], and prove a little more.

CORDLLARY 2. Suppose |X| =k 2 Ry and write
AF = AN [NI(X) x NI(X)).

Then A} is the only maximal congruence on NI(X), and hence NI(X)/A{ is a
congruence-free nilpotent-generated inverse semigroup.

PROOF: Since NI(X) is nilpotent-generated and inverse (by Theorem 1), and Af
is a congruence on NI(X), it follows that NI(X)/A} is also nilpotent-generated and
inverse.

Suppose A} C p for some non-universal congruence on NI(X). Now, 7(p) equals
the least cardinal greater than r(a) for each @ € NI(X) such that (a,0) € p. But
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(id4,0) € A} C p for each A C X with cardinal less than k (in particular, for infinite A)
and so n(p) > Rg. Therefore, p has the form displayed in (7). Clearly, (e,0) € Af Cp
for each a € I, so m; = k. Moreover, if X = AUBUC where |A| = |C| = k and |B| < k,
then

(idAug,idA) € AN [DIk X DI];],

and it follows that n > k. Since I} C A}, this implies that each term in (7) is contained
in Ay, hence p C A} and equality follows. Finally, suppose p is a maximal congruence on
NI(X) for which there exists (@, 8) € p withdr (o, 8) = k. Then r(a) = r(8) = k (by the
definition of ‘difference rank’). Since such pairs (e, 8) do not belong to the congruences
described in Theorem 5, we deduce that n(p) > Ro. However, then (7) implies that
n = k', and so we have a contradiction:

k’<§r—l<"'<£1Snl<"'<nr<k-

Thus, dr(a,B) < k for all (a,8) € p, hence p C A{, and equality follows by the
maximality of p and the fact that A} is non-universal. 0
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