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CLASS NUMBER OF (v, n, M)-EXTENSIONS

OsAMA ALKAM AND MEHPARE BILHAN

An analogue of cyclotomic number fields for function fields over the finite field
F, was investigated by L. Carlitz in 1935 and has been studied recently by D.
Hayes, M. Rosen, S. Galovich and others. For each nonzero polynomial M in
Fq[T], we denote by k(Aas) the cyclotomic function field associated with M, where
k = Fg(T). Replacing T by 1/T in k and considering the cyclotomic function
field F, that corresponds to (1/T)°*' gets us an extension of k, denoted by L.,
which is the fixed field of F, modulo F;. We define a (v,n,M)-extension to be
the composite N = knk(Am)L, where k, is the constant field of degree n over
k. In this paper we give analytic class number formulas for (v,n,M)-extensions
when M has a nonzero constant term.

. 1. INTRODUCTION

Let F, be the finite field with ¢ = p” elements, where p is a prime number, and
let kK = Fo(T) be the rational function field. To each nonzero polynomial M(T) in
Rt = Fy[T] one can associate a field extension k(Ay), called the M** cyclotomic
function field. It has properties analogous to the classical number fields. Such exten-
sions were investigated by Carlitz [2] and have been studied in recent years by Hayes,
Rosen, Galovich, Goss and others. Hayes (in [4]) developed the theory of cyclotomic
function fields in a modern language and constructed the maximal Abelian extension
of k. We shall briefly review the relevant portions of Carlitz’ and Hayes’ theory. Let k
be the algebraic closure of k and %' beits underlying additive group. The Frobenius
automorphsim @ defined by ®(u) = u? and the multiplication map ur defined by
pr(T) = Tu are F,-endomorphisms of %' . The substitution of & + pr for T in every
polynomial M(T) € Rr introduces a ring homomorphism from Rr into End (l?)

which defines an Rry-module action on k. The action of a polynomial M (T) € Rt on
u € k is denoted by uM and given by

uM = M(® + p)(u).
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This action preserves the F,-algebra structure of k, since v? = Bu for B € F,. Carlitz
and Hayes established the following results.

d TM] M]. A
(1) If degM =d, then v™ = 2 [ ; ]uq , where [ ; ] is a polynomial in
N M M7 . ,
Ry of degree (d — i)q*. Moreover [ ] = M and [ ] is the leading
. ; 0 d
coefficient of M.

(2) uM is a separable polynomial in u of degree ¢%. If Ay denotes the set
of roots of the polynomial u¥ in k then Ay is an Ry-submodule of &
which is cyclic and isomorphic to Rr/(M).

(3) The field k(Aar), which is obtained by adjoining the elements of Ay to
k, is a simple, Abelian extension of k¥ with a Galois group isomorphic to
(Rr/{M))*. By &(M) we denote the order of the group (Rr/(M))".

(4) If M # 0 then the infinite prime divisor P, of k splits into ®(M)/(q — 1)
prime divisors of k(Aas) with ramification index e, = ¢ — 1 and residue
degree foo = 1.

Because of the presence of constant fields and wild ramification of the infinite prime
P, the above M** cyclotomic function fields k(A) are not sufficient to generate the
maximal Abelian extension of k. To remedy this difficulty, Hayes constructed the fields
F, by applying Carlitz’ theory with the generator 1/T instead of T and (1/T)**!
instead of M and considered the fixed field L, of F, under ;. Then the maximal
Abelian extension A of k appears as the composite EKrL.,, where E is the composite
of all constant field extensions of k, K¢ is the composite of all cyclotomic function fields
and L, is the composite of all fields L,,. Thus we deduce an analogue of the Kronecker-
Weber Theorem for rational function fields: Every finite Abelian extension K of k is
contained in a composite of the type N = k,k(Ap)L,, where k,, is a constant field
extension of degree n, M is a nonzero polynomialin Rz and v is a nonnegative integer.
We call such extensions (v, n, M)-extensions.

In [3], Galovich and Rosen gave an analytic class number formula for the field
k(Ar) when M = P° for some prime polynomial P € F4[T]. In this paper we give an
analytic class number formula for (v,n,M)-extensions for any nonnegative integer v,
positive integer n and any polynomial M in F,[T] with a nonzero constant term.

Let N = kp,k(Aprp)L, be such an extension. Then since kK C L, and Ay is a
cyclic Rr-module, say Ay = (A), N = FgnL,(X). Hence the fields N and L,(})
have the same genus. Moreover, the class number of N is divisible by the class number
of L,()\). We shall give explicit class number formulas for both L,(A) and N. We
begin by studying the decomposition of the infinite prime divisor Py, of k in L, (). Let
G = Gal(L,(A)/k). Then Gy, is isomorphic to the direct sum of Gpr = Gal(k())/k) =
(Rr/{M))" and G, = Gal(L,/k) [4].
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H o € Gal(Ly(A)/Ly) then Ores.to.x(ry € Gm. Notice that a1 . .\ =
implies that o1 = 03 since 01, ., 1, = 02 0.1, = identity auto-

= |Gu| = ®(M). Hence Gal(L,())/L,) =

T2 .10 .k(A)

morphsim. Moreover IGaI(L,,(/\)/L,,)

Gy = (RT/<M))'.
Consider the following diagrams of field extensions and prime divisors

/L O(I\)\ | / &
W 7N,
\ \P /
with R being a prime divisor of L,()\) lying over the prime divisors J and ¢ of the
fields L, and k() respectively, and P being a prime divisior of k lying under both 3
and ¢.

Restricting automorphisms in Gal(L,())/L,) to k()\) makes an isomorphism be-
tween the decomposition groups D(R/J) and D(¢/P). It is an isomorphism between
the intertia groups I(R/J) and I({/P) as well. Thus e(¢/P) and f(R/J) equal
f(¢/P). Therefore we can easily see the following.

PROPOSITION 1. Let R be a prime divisor of L,(\) lying over the infinite
prime divisor P, of k. Then
(i) e(R/Px)=(g-1)¢"
(i) f(R/Px)=1
(ii) g(R/Pw) =2(M)/(g-1)
(iv) NR=gq.
Since the only finite prime divisors of k that ramify in k()) are the divisors of M
and no finite prime divisor of k ramifies in L, , the only prime diviors of k that ramify
in L,(A) are the prime polynomials that divide M.

2. ANALYTIC CLASS NUMBER FORMULAS

In this section we develop class number formulas for the fields L,(A) and N by
studying their L-functions and zeta functions. For the rest of this section the constant
term of the polynomial M is assumed to be nonzero.

THE FIELD L,()). Let x be a character of G = Gal(L,())/k). Then the L-functions
of L,(A\)/k are given by

L(s,x, Ls(V)/k) = H(1 - ;‘V(—f:z)— ., Re(s)>1
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where ¢ runs over all prime divsors of k, and

-1
L*(s,x, Lo(A) k) = H(l - )]if(;’?) , Re(s) > 1
P

where P runs over all finite prime divisors of k. Thus

-1
L (5.0, Lo/B) =TT (1= ke )
P

= C(ss RT)
= (1 _ ql—s)"l.
If ¥ # xo is a character in 51, then
-1
L*(s, X, L,,(A)/k) = H (1 - fv(—gz) , Re(s) > 1.
QEF, (T}, prime

QM

By x(Q) we mean the value of the character x at the Frobenius substitution of L,()\)/k
at Q. Therefore

x@=x(@+ @0, 3+ <(T)“>) where G = 2

Hence

x(4+ 0, Z+ (/1))
N A ’

L*(s,x, Lo(N/k)= Y
AEFq[T},monic
(A,M)=1

Re(s) >1

where A = A/Tde84
Since NA = ¢q%€4 for each monic polynomial A in F,[T], we can write

L (s Lo)/k) = 3 %ﬁ Re(s) > 1
=0

where

p— 1\ v+?
seo= 3 x(aron, 7+ {(3)™)).
AEFq[T],monic
(A,M)=1
deg A=t
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THEOREM 1. Let M be a polynomial in F [T} with a nonzero constant term. If
degM =m>1 and x # xo in G then Si(x) =0 forall i > m+v+2.

PROOF: Let i > m+v+2 and §; = {(A+ (M), A+ ((1/:r)”+1)) -
F,[T), monic of degree i with (4, M) = 1}. Define © : S; — G, = Gal(L,(\)/k) to

be the map which sends (A+ (M), A+ ((l/T)v“)) to (RA +(M), X+((1/T)v+l))
where R4 is the unique polynomial in F,[T] such that A = M*Q4 + R4, degRs <
deg M. Clearly O is well-defined. We show that © is onto.

3
Suppose that R = )} r;T7 (with r; = 0 when j > degR), M =
j=0

m -
djT’ N and
j=0
h=% a,-(l/T)”—j with a, = 1 and allowing to have some of the a;’s to equal zero.
=0 '
Then, with the convention that r; = 0 for all j such that degR < j < v, when
deg R < v the system '

d O 0 0 Zo ap — 7o
dl do 0 e 0 T a1 — 71
dz dl do e 0 T2 az — Ta
dy dy—y dy—2 ... do Zy 1-17,
has a unique solution since the constant term dg of M is nonzero. Let zg = qp, 1 =
i—-m .
d1,--.,Ty = g, be the solution of that system and consider @ = ) ¢;T?’ with
j=0 .

Gu+1> Qu+2;--- gi—m—1 chosen arbitrarily and g;_m = d;}. (Thus we have g'~™—v—2
distinct choices for @.) Take A = M*Q + R. Then since (R,M) = 1, we have
(A, M) = 1. Moreover A is monic, deg A = i and

e(A+ (M), A+ <(%)"H>) = (R+ (M), h+ <(%)“>)

This shows that © is onto.
Now each g € G corresponds to gi~™~v~2 distinct choices of A. Moreover, if
Ay =M*Q1+ Ry, Ay = M*Q; + Ry then

(A1 + (M), A+ <(%)+1>) - (A, + (M), &g+ <(51,-)"+1>)
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Therefore
— 1\ v+l
soo= 5 x(aran 7+(()™))
A€Fq[T],monic
(A,M)=1
deg A=t
=g 3" x(9)
9€GL
=0.
This completes the proof of the theorem. 0

The previous Theorem tells us that the L-function L* (s, x; Lo(A)/ k) is a polyno-
mial in ¢~¢ with degree at most m + v + 1 whenever x # Xxo. We may consider F;
to be a subgroup of Gal(k())/k) via identifying each a € F with o, € Gal(k(})/k)
which maps A to aA. if welet S = {(04,7): a €F}, 7 € G, = Gal(L,/k)} then S
is a subgroup of G = Gal(Ly(A)/k). Moreover, |S| = (g — 1)¢*. The subgroup S is
the decomposition group of the point at infinity.

DEFINITION 1: A character x of Gal(k()\)/k) is said to be real if x(a) =1 for all
a € F;, while a character x of Gal(Ly())/k) is said to be realif x(s) =1 forall s € S.
Clearly there are (®(M)/(g — 1)) — 1 nontrivial real characters of each Galois group.
Moreover, for any nontrivial real character x of Gal(k()\)/k), L*(0,x,k(\)/k) =0 [3].

THEGREM 2. For any nontrivial real character x of Gal(L,()\)/k),
L*(0,x, Ly(N)/k) = 0.

PROOF: Any nontrivial real character x of Gal(L,()\)/k) can be viewed as a char-
acter of Gal(k())/k) via defining x(9) = x(0,1g,). Moreover, L*(s,x,L,(\)/k) =
L*(s,x,k(A)/k). Hence L*(0,x,L.(\)/k) =0 and the Theorem is proved.

In light of the previous results, we may proceed to derive a class number formula
for the field L,()\). By Theorem 1 and Proposition 1 we may write the zeta function
of L,(A) as follows

C(s: Lo(W) = (1= g™7) MV T L1 (s,x, L (W)/K)

anL
= (1 _ q—s)-i’(M)/(Q‘-l) (1 _ ql-.‘s)*’1 H L* (S, X, Lu(/\)/k)
x€GL
X#X0

It is well known that

¢(s:Lu(N) = F(g™%, L(N)) /(1 - ¢~*) (1 — ¢*°)
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where F(g~*,Ly()\)) is a polynomial in Z[g~*] of degree 2g (where g is the genus of
L,(\)). Moreover, the class number of L,(}) is F(1,Ly(A)) [5]. Thus

F(q-s,Lv(A)) — (1 - q—a)(—@(M)/(q-l))—l H L*(s,x» L,(A)/k)

x€Gy
X#X0
L*(s,x, Lo(A)/k .
(I ECRDOMY( o)
x€Gy real x€Gyr
X#Xo0 x nonreal
=( il 2’-.;*0”“3.-(x)/q’*‘)< I ’"ff‘s,-(x)).
= 1-g° s = ¢
x€Gp,,real XEGL :
XFX0 X nonreal

By Theorem 2, L*(0,x,Ly())/k) = 0 for each nontrivial character x in GL. Using
L’Hopital’s rule to evaluate the limit of the above equation’s right-hand side as s tends
to 0, we derive the following class number formula:

m-+v+1l m+v+41
e =rFaLw)=( [I X -sw)( I X sw)
xea L-real i=1 xea 1.nonreal i=0

X#Xx0

THE FIELD L,(A)Fyn . Let Gy = Gal (N/k), G, = Gal (L,/k) and Gup = Gal(k(X)/k).
Then Gx essentially equals the direct sum of the groups Gy, G, and the cyclic group
Z, [4). We shall study the L-functions L*(s, x, N/k) for any nontrivial character x of
Gn. Let x # xo be a character in Gn . Then we have one of two cases:

Caskt 1. The restriction of x to Ga & G, = Gal(L,())/k) is the trivial character.
In this case we define the character ¥ on Gal(kF;) by ¥(a) = x((1e,, 1., a))-
We identify the restriction of ¥y to Gy ® G, with the character xres of Gy & Gy
which is defined by xres((0,7)) = x((0,7,0)). Notice that x((c,7,a)) = ¥(a) for
each (0,7,a) € Gy and that ¥ is nontrivial since Xres is the trivial character. More-
over, ¥ can be viewed as a character of Gy via putting ¥((s,7,a)) = ¥(a). Hence
L*(s,¥,N/k) = L*(s,%,kFyn /k). That is, L*(s,x, N/k) = L*(s,¥,kF4n /k). Thus
our problem of studying L*(s,x, N/k) is reduced to studying L*(s, ¥, kFgn /k) which

equals b U(f)/q*98f , Re(s) > 1, where (see [1])
f€Fg[T),monic

¥(f)= W([@ff—/—k]) = ¥(deg f (mod n)).
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Let Tdg be the unique integer such that degf = c*n + Td 0 < re, < n. Then
¥(f) = ¥(rs,) and

W(rq,
L*(s, ¥, kFyn [k) = Z (rd’ ) Re(s) > 1
. f€F4[T),monic

where df =deg f.
We can write L*(s,¥,kFgn/k) as §S,~(\I!)/q"', Re(s) > 1, where S;(¥) =
i=0
> ¥(r:).

fEF,[T),monic
Since we have ¢* possible monic polynomials in F,{T] of degree i, S;(¥) = ¢*¥(r;).
Therefore

2, ¢ 0(r;)
L*(s, 0, kFgn k) = E‘JT- Re(s) > 1
=0

() N

= — Rﬁ(S) >1

Re(s) > 1

T 1-9()g

Whence, if x is a nontrivial character of Gy which is trivial on Gy ® G, and ¥,
is the character of Z, defined by ¥, (i) = x((1g,,,16,,)) then

1

L*(s,x, N/k) = ————.
(3 X /k) 1- q,x(l)ql—s

CaAsE I1I. The restriction of x to Gy @ G, is not the trivial character.

Again we let Xxres be the restriction of x to Gu @ G,, that is, xres((0, 7)) =
x((o,7,0)). Then

x((4+ ), A+ (/T)"*),ra,
L‘(S,X,N/k) = E : (( qu<A ) Td ))
A€F4[T],monic

(A,M)=1

, Re(s) > 1,
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where d4 = deg A, A = A/T% and rq, is the unique integer such that d4 = c¢*n +
Ty, 0<rg, <n,[1]. K

sw= = x((4+00.3+((7)") )

A€F[T],monic
(A,M)=1, dy=i

then -
(s Nk) =3 .Sq(—") Re(s) > 1.

=0

For each ¢,

sw= T xllewtenrx((4+00.3+((F)).0))

A€EF4[T},monic
(A,M)=1, dg=i

Since X((1¢y1G,»7i)) is independent of the choice of A as long as deg A = i, we
have

s =x((ewien) Y x((a+an.3+((3)).0))=0

A€Fq[T},monic
(A,M)=1, dy=i

because Xres is nontrivial on Gy @ G,. Therefore S;(x) = 0 for all ¢ > dps + v + 2.

Whence
dp+v+l
. Si
FexNm= Y 2N
=0

To summarise we write
1
1-9,(1)g1*’

aMIv+1 Si(x)
qia 4

if Xres is trivial on Gy & G,
L*(s,x,N/k) =
otherwise.

=0

DEFINITION 2: A character x of Gy = Gal (N/k) is said to be real in Gy if
X((0a,7,m))=1forany a € F;, 7€ G, and m € Z,,.

Clearly we have (®(M)/(g — 1)) — 1 nontrivial real characters in G .
THEOREM 3. Let x be a nontrivial real character in Gy. Then L*(0,x, N/k)

=0.
PROOF: The character xres is a nontrivial real character of Gas & G,,. Hence
dar+v+1
. S;
CexNm= 3 2N

i=0
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where

Si(x) = x((1ep» 16y, 7)) Z xm((A+ (M), A + <(_11:)v+1>))

A€F,[T),monic
(A,M)=1, dg=i
Since x is real, x((1¢,,, 1G,,7:)) = 1. Thus S;(x) = Si(Xres). Therefore L*(s, x, N/k)
= L*(s, Xres Lv(A)/k) . The Theorem then follows from Theorem 2. ]
 Having studied the L-functions L*(s, x, N/k), one can give a class number formula
for N via exploring the zeta function ((s,N). Let £ be a prime divisor of N lying
over the infinite prime divisor P, of k and let p be a prime divisor of L,(}\) lying
under £ and over FP,. Then we deduce (from the theory of constant field extensions)
that g(¢,p) = (dz,)(p),n) = (1,n) = 1. Thus, every prime divisor of L,(\) which
lies over the infinite prime divisor of & has a unique extension to a prime divisor of
N. Moreover, as is well known from the theory of constant field extensions, no prime
divisor of L,(A) is ramified in N. Thus e(¢/p) = 1. Hence f(£/p) = n. Therefore
N¢ = Npfé/?) = g*. So

C(s,N) = (1= g™) V@1 gi=2) TT L*(s, %, N/R).

XeaN
XF#X0

Since the field of constants of N is Fon we get
F(g~™,N)
(1~ g ) (1 - gn(t-9)
where F(¢g~™°,N) € Z[g~™*] and F(1,N) = h(N); the class number of N. Thus

¢(s,N) =

F(g™™,N)
= (1= g7ne) TV _ gn-0)) (1 - g12) I L N/R)
GGN
XF#X0
n(l— —8\— L S, ,N k -
=(1—-q(1 s))(l_ql ) 1( H _%x_q_-mﬁ)( H L(s,x,N/k))
xea Noreal xea N ,nonreal
X#Xxo
_ dy+v+l g s
= (1 - q"(l-s)) (1-¢""%) 1( H E;:ol ~ q—;(j()/q )
xG&N,rea.l
X#X0 )
i "“i“s (x)) ( 0 1
1-¢ (1—3))
xeGN,nomeal =0 xean,nonrea.l x(l)q

Xres nontrivial Xres trivial
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dp+v+l g is dpr+u+l s;
_ ( II E;:ol = n(sX)/q ) ( 1I ) (X)) _ gn1-9))
x€G y real x€Gn nonreal =0
X#X0 Xres nontrivial

( @g,, 1- ‘I'(i)Q‘l'f))

das+v+1l S is dpr+v+l S
I > o1 _ q_;(j()/q ) ( II ) ( )) _ gnt1-9)
xeaN,real xeGN,nonrea.l i=0
x#x0 Xres nontrivial
(1 =)
o 1™ wig=*) )
where wg, wy, --- , Wn-1 are the nth roots of unity,
. dag+u+l
(11 YaMtetl g () /g 1 “‘i S; (x)
- 1—g-ns
x€G N ,real xE€G n,nonreal =0
X#Xx0 Xres nontrivial

By Theorem 3, L*(0,x, N/k) = 0 for all nontrivial real characters x € Gn. If we
evaluate the limit of the right hand-side as s tends to 0 we get the following formula
for the class number h(N):

s A dag+v+1
an=( IT 2% -sw)( I X sw)
x€G y real =1 x€Gy nonreat =0
X#Xx0 Xres nontrivial
3. EXAMPLES .
When we specialise our results to N = FgnL,(A) with n =1 and v = 0 we get
N = k()) and
m+1 +1
a=( II (T-sw))( I (Tsw)).
xGaNrea.l i=1 xEEN,nonrea.l i=0
XxX#xo0
where m = deg M and S;(x) = ) x(a + (M)).
Aqu[T],monic
deg A=i

That is exactly the result obtained by Galovich and Rosen [3]). In the following
examples we apply the class number formula mentioned above for the special cases when
Fq = Z2,Fy = Z3 and for specific prime polynomials M(T) € F,[T].
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EXAMPLE 1.

Let k = Z5(T) and M(T) = T?*+T+1. Then [N : k] = (M) =23~1="7. Thus
Gn = (Zo[T)/(T® + T + 1)) is cyclic of order 7. Hence the character group Gy is
cyclic of the same order. The element [T] in (Z,[T)/(T3+T + 1)) could be identified
with a generator for Gy. Let x be a generator for the group Gn and assume that
x([T]) = ¢, then ¢ is a primitive 7th oot of unity. Since F; = Z3 = (1), any character
of Gy is real. Moreover S4(%) = S3(¥) = 0 for each 1 € Gy . Therefore

2
ry = I] (z(-is.-w:)))
Y#xo0 ‘i=1
vEGyN

- E(Z(-zs )-

Now

S1(x™) = x™(IT1) + x"(ITF)
=¢+ ¢
and
Sa(x™) = x*([T1°) + x*(ITP°) + x*(IT]*) + x™ (IT1?)
= Csn +C5n+cqn+<-2n'

The number ¢ could be any primitive 7tB root of unity, in particular e2**/7. Substi-
tuting this value of ¢ in the class number formula yields h(N) = 71.

EXAMPLE 2. In this example we consider k¥ = Z3(T) and M(T) = T? + 1. Clearly
Gn = (Z2[T)/(T? + 1)) is cyclic of order (M) = 32 —1 = 8. The element [T + 1]
is a generator for Gn. Let x be a generator for G ~N. Then x([T + 1]) is a primitive
8th root of unity, let us say x([T +1)) = ¢ = e™/4. A character x" is real if and only
if n € {0,2,4,6}. Therefore

3 3

w) = (13- -5 ) (I S 862
n=1 i=1 n=0 =0

If we compute S;(x™) we find that Sz(x™) = S3(x™) = 0 for any m such that

1< m <7, and that

S = Y x™(B)
B€Z3[T),monic
deg B=0
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= x™([1]) + x™([2])

= x™([1]) +x™(IT +1)
=14

=1+ ™.

Thus So(x™) = 0 'when m is odd.
Similarly we find that Sl(Xm) = (-Gm +(™+ C7m = 3mwi/2 | omwi/4 4 -mwif/d
Substitution of these values in the class number formula gives that A(NN) = 9.

GENERAL TREATMENT. Having treated very special cases in the examples above, one
may wonder about the more general case when F, = Z, and M(T) is any prime
polynomial in Z,(T]. Let k = Z,(T) and let M(T) be any prime polynomial in Z,[T)
of degree d. The extension k(Axr)/k is of degree (M) = p? — 1 and the Galois group
G = Gal(k(Ay)/k) is isomorphic to (Z,[T]/M(T))" which is cyclic. We identify a
generator of G with a generator [A] of (Z,[T]/M(T))". The character group G is
cyclic as well. Moreover, if x # Xo is a generator of G then x([4]) is a primitive
(p® - 1) st root of unity, say x([4]) = ¢ = ¥ (#"-1) | Let H be the subgroup of G
consisting of all real characters, that is H ={¢ e G: ¥(la]) = 1foreacha € Z;},
then |H| = |G|/|Z;] = (> —1)/(p~ 1) and H is cyclic generated by xP~!. Thus
H={x"t-D: 0<¢m<p?/(p-1)}. Th={1,2,...,p°—2} and hig= {m(p— 1) |
1 <m< (p?-1)/(p—1) — 1}, then a nontrivial character ¥ is real if and only if
¥ = x" for some n € hig. The class number h(k(Axs)) of the field k(Ap) is given by

w(kihan)) = ( I f—is,-w)) (I df‘js.-(:/:)),

Y#xo i=1 YgH i=0
veH
where
Siw)= > ¥(B).
BeZy[T),monic
deg B=i

Since G is cyclic, for any B € Z,[T] of degree ¢ with 0 < i < d—1 there is a unique
nonnegative integer njp; with 0 < njz) < p® — 1 such that [B] = ([{4])™®!. Thus,

Sx™ = Y x™(Ame)
BE€Zp[T),monic
deg B=i

= Z Cmn[ B)

B€gZp[T],monic
deg B=i

https://doi.org/10.1017/50004972700019080 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700019080

34 : O. Alkam and M. Bilhan [14]

Hence

((#*-1)/0-1))~1441

wema)=( I S-is(ee)) (I Ssem)

n=1 i=1 gny i=0

((#*-1)/-1))~1441

(I X~ 3 cvm)

n=1 i=1 BeZy[T],monic
deg B=i

(I = o)

nghy i=0 BEZp[T),monic
deg B=1

Replacing ¢ by e/ (Pd"l), n(p)’s by their values and evaluating the expression above
gets us the sought class number.
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