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Abstract

We introduce perfect effect algebras and we show that every perfect algebra is an interval in the lexico-
graphical product of the group of all integers with an Abelian directed interpolation po-group. To show
this we introduce prime ideals of effect algebras with the Riesz decomposition property (RDP). We show
that the category of perfect effect algebras is categorically equivalent to the category of Abelian directed
interpolation po-groups. Moreover, we prove that any perfect effect algebra is a subdirect product of
antilattice effect algebras with the RDP.
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1. Introduction

Effect algebras are partial algebras with a partially defined addition +. They were
introduced in 1994 by Foulis and Bennett [6] as a common basis for the system £(H)
of all Hermitian operators A on a Hilbert space H such that O < A < I, where O
and [ are the zero and identity operators on H. Such operators are of great importance
for modelling events of an unsharp nature in quantum mechanics. More about effect
algebras and D-posets (which are equivalent structures introduced in [10]) is in [4].
One very important class of effect algebras is the class of effect algebras with
the Riesz decomposition property, which means, roughly speaking, that we can do
a refinement of decompositions of unity 1. Such algebras are always intervals in
unital interpolation po-groups, see [12]. In addition, every MV-algebra (introduced
by Chang [1] in 1957 to model many-valued reasoning) can be understood as a lattice
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effect algebra with the Riesz decomposition property. Such algebras are always
intervals in unital £-groups.

Motivated by MV-algebras, we introduce perfect effect algebras. In such algebras,
every element is either in its radical or in its logical complement. Such algebras
are always intervals in the lexicographical product of the group of all integers with
an Abelian directed interpolation po-group. Moreover, we show that we have a
categorical equivalence of the category of perfect effect algebras and the category of
Abelian interpolation directed po-groups. This generalizes an analogous result of Di
Nola and Lettieri [2] for perfect effect algebras.

The paper is organized as follows. Effect algebras are presented in Section 2 with
the main emphasis on the Riesz decomposition property. Ideals of effect algebras
(maximal ideals, prime ideals and values) are studied in Section 3. In Section 4, we
introduce infinitesimals of effect algebras and the radical, the most important part
of every effect algebra. We show that in contrast to MV-algebras, not every radical
consists of all its infinitesimals. Therefore, we introduce effect algebras with the
Rad-property. Perfect effect algebras are introduced in Section 5, where we show the
categorical equivalence of the category of perfect effect algebras with the category
of Abelian directed interpolation po-groups. In Section 6, we study quotient effect
algebras, and in Section 7 we prove that every perfect effect algebra is a subdirect
product of antilattice effect algebras with the RDP.

2. Effect algebras with the Riesz decomposition property

An effect algebra is a partial algebra E = (E;+, 0, 1) with a partially defined
operation + and two constant elements O and 1 such that, foralla, b,c € E,

(i) a+bisdefinedin E if and only if b+a is defined, and in this case a+b = b+a;

(i) a+b, (a +b) + c are defined if and only if b 4 c and a + (b + ¢) are defined,
and in this case (a +b) +c=a+ (b +¢);

(iii) for any a € E, there exists a unique element a’ € E such thata +a' = 1;

(iv) ifa + 1is definedin E thena = 0.

The relation < on E is defined for a, b € E by a < b if and only if there exists an
element ¢ € E such that a + ¢ = b. This relation is a partial ordering and we write
c=b—a.

For example, if (G, u) is an Abelian unital po-group with a strong unit' u and if
I'(G, u) is defined tobe {g € G : 0 < g < u} and + is the restriction to I'(G, u) of
the group addition in G, then (I'(G, u); +, 0, «) is an effect algebra.

"An element u € G* is said to be a strong unit for a po-group G if, given an element g € G, there is an
integer n > 1 such that —nu < g < nu.

https://doi.org/10.1017/51446788700016025 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700016025

[3] Perfect effect algebras are categorically equivalent with Abelian interpolation po-groups 185

Let £ and F be two effect algebras. A mapping 2 : E — F is said to be a
homomorphism if (i) h(a + b) = h(a) + h(b) whenever a + b is defined in E, and
(ii) A(1) = 1. A bijective homomorphism 4 such that A~! is homomorphism is said to
be an isomorphism of E and F.

We say that an effect algebra E satisfies (i) the Riesz interpolation property (RIP)
if, for all x;, x5, y;, y» in E, x; < y; for all i, j implies there exists an element z € E
such that x; < z < y; for all i, j; (ii) the Riesz decomposition property (RDP) if
x £ y1 + y; implies that there exist two elements x,, x, € E withx; < y;and x, < y,
such that x = x; + x,.

We recall that (1) if E is a lattice then E trivially has the RIP but the converse is not
true, as we see below; (2) E has the RDP if and only if, x, + x, = y; 4+ y, implies that
there exist four elements ¢y, ¢2, €21, €22 € E such that x; = ¢y} + ¢12, X2 = ¢3; + €22,
yi1 =cn + ¢z and y, = ¢ + ¢, [4, Lemma 1.7.5]; (3) the RDP implies the RIP but
the converse is not true (for example, if £ = L(H), the system of all closed subspaces
of a Hilbert space H, then E is a complete lattice but without the RDP). On the other
hand, every finite poset with the RIP is a lattice.

We recall that a poset (E; <) is an antilattice if only comparable elements of E have
an infimum or a supremum. It is clear that any linearly ordered poset is an antilattice
and every finite effect algebra with the RIP is a lattice.

The following example shows that there exists an effect algebra with the RIP which
is not a lattice.

EXAMPLE 2.1. Let G be the additive group R? with the positive cone of all (x, y)
such that either x = y = 0orx > 0and y > 0. Then u = (1, 1) is a strong unit
for G. The effect algebra E = I'(G, u) is an antilattice having both the RIP and the
RDP, but E is not a lattice.

A partially ordered Abelian group (G; +, 0) is said to satisfy the Riesz decomposi-
tion property provided, given x, y;, y, in G* such that x < y; + y,, there exist x;, x»
in G* such that x = x; + x, and x; < y; for each j. This condition is equivalent by
[9, Proposition 2.1] to the following two equivalent conditions:

(a) Given x, x2, ¥, y2 in G such that x; < y; for all i, j, there exists z in G such
thatx; <z <y, foralli, j.
(b) Given xy, x,, ¥1, y in G* such that x; + x, = y; + y,, there exist z,, 212, 221, 72
in G* such that x; = z;; + z;; for each i and y; = z,; + z,; for each j.
According to [9], a group G with the Riesz decomposition property is said to be an
interpolation group.

It is clear that if (G, u) is a unital group interpolation group, then E = I'(G, u) has
the RDP.

We recall that by a universal group for an effect algebra E we mean a pair (G, y)
consisting of an additive Abelian group G and a G-valued measure y : E — G* (so
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y(a + b) = y(a) + y(b) whenever a + b is defined in E) such that the following
conditions hold: (i) y (E) generates G. (ii) If H is an additive Abelian group and ¢ :
E — H is an H-valued measure, then there is a group homomorphism ¢* : G —> H
such that ¢ = ¢* o y. According to [6], every effect algebra possesses a universal
group.

Ravindran [12] ([4, Theorem 1.17.17]) proved the following important result.

THEOREM 2.2. Let E be an effect algebra with the Riesz decomposition property.
Then there exists a unital interpolation group (G, u) with a strong unit u such that
['(G, u) is isomorphic with E, and there is a G-valued injective measure y such that
(G, y) is a universal group for E.

We recall that all finite meets and joins from E are preserved in (G, u), see [5,
Proposition 6.3]. ‘
Let G be a directed Abelian po-group and define the lexicographical product

2.1 Z(G) = I %,x G,

where Z is the group of all integers. Then the element (1, 0) is a strong unit in the
po-group Z(G) and if we define

2.2) E(G) =T(Z(G), (1,0)),

then E(G) is an effect algebra. Every element a € E(G) is of the form either
a=(1,—g)ora = (0, g), where g € G*. In addition, if G is a directed interpolation
group then Z(G) is an interpolation group by [9, Corollary 2.12] and E(G) satisfies
the Riesz interpolation property.

In what follows, we introduce perfect effect algebras and show that every perfect
effect algebra is isomorphic with E(G) for some interpolation Abelian po-group G.

3. Ideals of effect algebras

In the present section we introduce ideals, prime and maximal ideals, and values.
Let a be any element of an effect algebra E and n an.integer with n > 0. We define
recurrently
0a=0, la=a, (m+Da=na+a, n>1,

supposing that na and na + a are defined in E. By the isotropic index i(a) of an
elementa € E wemeani(a) =sup{n > 1:na € E}.

An ideal of an effect algebra E is a non-empty subset [ of E such that (i) x € E,
yel,x <yimplyx € I,and(i1)ifx,y € I and x + y isdefinedin E thenx+y € I.
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An ideal [ is said to be a Riesz ideal if, forall x € I anda,b € E withx <a + b,
there exista;, b, € [ suchthatx <a; +b,anda, <aand b, < b.

For example, if E has the RDP, then every ideal of E is a Riesz ideal.

If we denote by Z(E) the set of all ideals of E then {0}, E € Z(E). We recall that
if E is linearly ordered then Z(E) is linearly ordered with respect to the set-theoretical
inclusion. Indeed, let I,, I, be two ideals of E and assumea € ) \ L and b € I, \ I,.
We can assume that, for example, a < b which implies a € I, a contradiction.

PROPOSITION 3.1. Let A be a subset of an effect algebra E satisfying the RDP. Then
the ideal 1y(A) of E generated by A is the set

IO(A):[XEE a?fa,-,i=1,---,n»x=a?+"'+a2

IneN3a...,a° € E Jay,...,a, eA,}

PROOF. If A = @, then Iy(A) = {0}. Let A £ 8. Then A C [j(A). Assume x € E,
y € If(A)andx < y. Theny = a®+ --- + a?, where @’ € E, a? < a; for some
a,...a, € A. The the RDP implies x € I;(A).

Suppose a, b € Ij(A)anda+b € E. Thena=al+---+a% b=b%+--- 4 b2,
where E 3a) <a; € A,E>b) <bje Afori=1,...,nandj =1,...,m, which
givesa 4+ b € I(A).

Since any ideal containing A must contains /,(A), we have the assertion in question.

O

PROPOSITION 3.2. Let J be an ideal of an effect algebra E with the RDP anda € E.
Then the ideal Iy(J, a) of E generated by J and a is given by

Iy(J,a) = [x e E

JyeJ 3keN 3a....a° ¢ E,
ad<a,x=y+a)+---+a ‘

PROOF. It follows from Proposition 3.1. a
In particular, the ideal /,(a) of E generated by an element a is, by Proposition 3.2,
3.1 L@={xeE:3keN, 3aj,...,a) €E, a) <a, x=a}+---+a]}.

Let a be a non-zero element of E. By Zorn’s lemma, there exists an ideal V which
does not contain a and is maximal with respect to this property. Such an ideal is said
to be a value of a in E. We denote by I"(a) the set of all values of the element a. We
say that an ideal J covers I (or J is a cover of I)if I C J and, for any ideal X of E,
I € K € J implies either I = K or J = K.

PROPOSITION 3.3. Every value in an effect algebra E has a cover.
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PROOF. Suppose thata > O and V is avalue of a in E. Let V (a) be the intersection
of all ideals of E that contain V and a. Then V (a) covers V because if J is an ideal
of E and J D V then a € J by the maximality of V, hence V(a) C J. 0

PROPOSITION 3.4. For any effect algebra E satisfying the RDP, I(E) is a distribu-
tive lattice. Moreover, forall I, I, € I(E) (s € S) we have I N \/S I, = \/S(I N I).
In addition, IV (I,NL)Y=UvI)N{ V).

PROOF. Let {/ };cs be a family of ideals of E and let / be the ideal of E generated
by U, I;. Clearly \/,(I N L) € INV/, L. If x € I n\/, I, then by Proposition 3.1,
x=x1+-+x,withx; € I,,i =1,...,n, and if simultaneously x € I then we
have x; € I fori =1, ..., n, which gives x € \/_(I N [,).

For the rest, itis clear that I v (I, N 1,) C (I Vv )N v 1). Assume x €
(Iv 1) N (I v I,). Then by Proposition 3.2, x = x| + x; = ¥, + 2, where x,, y, € |
and x, € I;, y, € I,. By the RDP, there exist four elements ¢y, ¢12, 21, €2 € E
such that x; = ¢;; + €12, X = €31 + €22, Y1 = ¢11 + ¢ and y, = ¢ + ¢». Hence
ci,Ci,cau€landep e INLandx = (¢ +cepn+e)tenelv(inl), O

We say that an ideal P of an effect algebra E with the RDP is prime if, for all ideals
Iand Jof E,INJ C Pimplies I C P or J C P. We denote by P(E) the set of all
prime ideals of E.

PROPOSITION 3.5. If an effect algebra E satisfies the RDP, then every value is a
prime ideal of E.

PROOF. Let V be a value of an element ¢ € E \ {0}. Assume I NJ € V. By
Proposition 3.4, V =V v (I NJ)= (Vv NV vVvJ) Sincea ¢ V, we have
that eithera ¢ Vv I ora ¢ V v J. The maximality of V gives V = V v [ or
V=VvJ/ a

PROPOSITION 3.6. Let E be an effect algebra with the RDP. The following statements
are equivalent:
(1) P isaprime ideal.
) INJ =PimpliesP=1o0rP =1J.
(i) Io(a)NIy(b) S P,a,b € E, impliesa € Porb € P.
If the set {I € I(E) : I 2 P} is an antilattice with respect to the set-theoretical
inclusion, then all of conditions (i)—(iii) hold.

PROOF. (i) = (ii). Let INJ = P. By (i), C PorJ C P. Assume [ C P, then
I P=InJ I, whichproves I = P.
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(i1) = (i). Let INnJ C P. By Proposition3.4, P = Pv(INJ) = (Pv)N(PVJ])
which gives P=PvIiorP=PvJ,soPDIlorP 2D J.

(1) = (iii). Let Iy(a) N Iy(b) € P. Then Iy(a) € P or Iy(b) € P, thatis,a € P
orb € P.

(iii) = (@). Let INJ € P.Then I = \/,, Ip(a) and J = \/,_, I)(b). By
Proposition 3.4, INJ = \/,,,,,(Io(a) N Iy(b)) € P. If wecould find somea € I \ P
and some b € J \ P then we would have Iy(a) N I(b) < P, which givesa € P or
b € P, a contradiction.

WwWy=G). Let P=INJ. ThenP Cland P C J,sothat I C JorJ C I,
which proves P =T or P = J. O

It is interesting to recall that (iv) in Proposition 3.6 is not equivalent to (i).
We now use a notion of prime ideals to present a criterion when an effect algebra
is a lattice with the RDP.

PROPOSITION 3.7. Let an effect algebra E satisfy the condition: For any a,, a,, b,
b, € E with a; + a, = b, + b, there exist four elements ¢y, C13, C21, €22 € E such that
ay =cyy + ¢z, G = €3 + €, by = ¢11 + €31, and b, = ¢3 + ¢, and such that, for
any prime ideal P of E, ¢;» € P or ¢y, € P. Then c;p A ¢c3i = 0 and E is a lattice
with the RDP.

PROOF. It is evident that E satisfies the RDP. Assume now x < ¢y, ¢3; and let
x # 0. Take a value P of x. By Proposition 3.5, P is a prime ideal. Hence, ¢, € P
or c;; € P, which gives x € P, a contradiction. Hence x = 0.

CLAM. If E is an effect algebra with the RDPanda Ab =0thena+banda Vv b
are defined in E andav b =a + b.

Indeed, if x is an upper bound of a and b then x = ¢ + a for some ¢ € E. Hence
b = b, + b, where b, < c and b, < a, which yields b, = 0 and therefore b = b, and
b + ais defined in E. Itisclear now thata + b =a Vv b.

To finish the proof, we see that a + @’ = 1 = b’ + b, which gives four elements
Xi1, X12, X21, X2o € E such that a = xy; + x12, @' = X3 + X2, b = x11 + x5, and
b = x3 4+ xp. We can assume that x;; A x;; = 0. Hence, by the Claim above,
we have X + (Xlz A\ le) = X3+ X2+ x5 € E, so that X1 + (X]Z \ X21) =
(xn+xp)vVEn+xy)=avbeeE. d

EXAMPLE 3.8. Let (G, u) be the unital po-group with the RDP from Example 2.1.
Then E = I'(G, u) has only one maximal ideal /, namely / = {(0, 0)}. In addition,
E is an antilattice and Z(E) = {{0}, E}.
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EXAMPLE 3.9. Let (G, u) be the unital po-group, where G = R?and u = (1, 1),
and G* = {(0,0)} U {(x,y) € R*: x > 0, y > 0}. Then (G, u) has the RDP and if
I ={(x,0) € R?:0 < x < 1} then [ is a unique maximal ideal of E = I'(G, u). In
addition, E is an antilattice and Z(E) = {{0}, I, E}.

From [8, Lemma 3.3.3], we have that if G is an £-group, then an ideal P of G is
prime if and only if, forall f, g € G thereisac € Psuchthat f <c+gorg <c+f.
We recall that an analogous assertion is not valid for all effect algebras. Indeed, take
E from Example 3.9, and set f = (0.4,0.5) and g = (0.4,0.6). Then there is no
c=(x,0)eIsuchthat f <c+gorg<c+f.

4, Infinitesimal elements of effect algebras

In the present section, we define infinitesimal elements of an effect algebra E, and
we show that they are elements of the radical of E. Radicals, as intersection of all
maximal ideals, are important parts of effect algebras, containing much information
about the effect algebras. In contrast to lattice effect algebras with the RDP, it can
happen that not every element of the radical is an infinitesimal.

It is possible to prove that if a A b is defined in an effect algebra E then

4.1 (@a—(@rAbyAnb-—(@nb)=0.

An element a is said to be infinitesimal if i (a) = 00, and we denote by Infinit(E) the
set of all infinitesimals of E. Then (i) 0 € Infinit(E), (ii) if b € E, a € Infinit(E) and
b < a then b € Infinit(E), and (iii) 1 ¢ Infinit(E).

We say that an effect algebra E is Archimedean if Infinit(E) = {0}.

A proper ideal I of an effect algebra E is said to be maximal if is not a proper
subset of another proper ideal of E (or equivalently, if / is a value of 1). By Zom’s
lemma, E possesses at least one maximal ideal. Let M (E) be the set of all maximal
ideals of E. We define the radical of E, Rad(E), by Rad(E) = [\{I : [ € M(E)}.

PROPOSITION 4.1. Let E be an effect algebra satisfying the RDP. Then
4.2) Infinit(E) € Rad(E).

PROOF. Suppose that a ¢ Rad(E). Then there exists a maximal ideal / of E such
that a ¢ I. Hence the ideal I;(I, a) generated by /I and a must coincide with E.
Therefore there exist elements z € I, a%,...,a € E suchthata’ <a (i =1,...,k)
and1 = z+a)+---+a). If a € Infinit(E) then ka < a’ and one would have
z+a’+---+al =a+a,sothatz =a+ (@' — (a) +---+4a))) > a, whenceqa € I,
a contradiction. Hence a ¢ Infinit(E) and Infinit(E) C Rad(E). O
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PROPOSITION 4.2. Let E be a lattice effect algebra with the RDP. If a,+a, = b+ b,
for some ay, a;, by, b, € E, then

a;—(ay Ab) =b, — (@ A by),
a; — (ax A by) = by — (a1 A by).

PROOF. Due to the RDP, there are four elements ¢y, ¢12, €21, ¢2» € E such that
a, = ¢y +C12, @y = €23, by = ¢11+¢2; and by = ¢+¢5,. Dueto [4, Section 1.10],
we can assume thatc;p Acy; = 0. Thency; = ¢11+0 = (e +ci)A(cii+c¢a1) = aAby,
and in a similar way ¢y, = a, A by, which proves the assertion in question. a

It is valuable to recall that it is possible to have inequality in (4.2). For example,
in Example 3.9, Infinit(E) = {(0, 0)} and Rad(E) = {(x,0) : 0 < x < 1}, while in
Example 3.8, Infinit(E) = {(0, 0)} = Rad(E). Inspired by this, we say that an effect
algebra E has the Rad-property if

(4.3) Infinit(E) = Rad(E).

An effect algebra E is said to be simple if it has only trivial ideals. For example,
Example 3.8 gives a simple effect algebra.

THEOREM 4.3. Assume that E is an effect algebra with the RDP of one of the
following kinds:

(1) FE isalattice.

(2) E is a simple effect algebra.

(3) E = E(G) =T'(Z(G), (1, 0)), where Z(G) is the lexicographical product of Z
with a directed Abelian po-group G with interpolation.

(4) Foreveryx €e E,x <l —xo0rl1—x <x.

Then E has the Rad-property. In addition, in (3), Infinit(E) is a unique maximal ideal
of E.

PROOE. (1) Suppose that a > 0 is not infinitesimal. Then there exists a natural
number m > 1 such that ma € E and ma £ a’, and, by Proposition 4.2, we have
a — ((ma) A a) = (ma) — ((ma) Ana') = c, say, and ¢ > 0. Let P be a value
of c¢; by Proposition 3.5, P is a prime ideal of E. Assume that M is any maximal
ideal of E containing P. Since ((ma) — ((ma) A a’)) A (@’ — ((ma) Aa’)) = 0 by
(4.1), we have by Proposition 3.6, a’ — ((ma) A a’) € P € M. The maximality of
M entails (ma) Aa' +a = (@’ — ((ma) Aa')) ¢ M. Hence a ¢ M which proves
Rad(E) C Infinit(E).

(2) It is evident.
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(3) It is clear that Infinit(E(G)) = {(0,g) : g € G*}, and Infinit(E(G)) is an
ideal of E(G). We assert that it is a (unique) maximal ideal of E(G). Indeed, take
(1, —g), where g € G*. Then (1, —g) = (0, g), so that (1, 0) is an element of the
ideal generated by Infinit(E (G)) and the element (1, —g).

(4) Assume x € Rad(E). Then only x < 1 — x, otherwise 1 € Rad(E), which is
impossible. Hence, x + x is defined in E. Since Rad(E) is an ideal of E, we have
2x € Rad(E). Repeating this process with 2x, we see that 2x + 2x € Rad(E), and so
on. Therefore, nx is defined in E for any integer n > 1, so x € Infinit(E). O

5. Perfect effect algebras and Abelian po-groups with interpolation

In this section we give the main result on perfect effect algebras, showing that
every perfect algebra FE is of the form (2.2) for some interpolation directed po-group
G. In addition, we show that the category of perfect effect algebras is categorically
isomorphic with the category of Abelian directed interpolation po-groups, which
generalizes an analogous result of Di Nola and Lettieri [2] who proved this for MV-
algebras (which are equivalent to lattice effect algebras with the RDP).

If E is an effect algebra and A € E, we define A’ = {a' : a € A}.

PROPOSITION 5.1. Let E be an effect algebra with the RDP satisfying the Rad-
property. Then Rad(E) is a commutative semigroup with respect to + such that

(i) O is a neutral element,

(ii) the cancellation law holds in Rad(E),
(iii) ifa+b=0fora,b € Rad(E) thena =b =0,
(iv) Rad(E) NRad'(E) =4,

(v) ifa,b € Rad (E) then a + b is not defined in E,
(vi) ifa € Rad(E) and b € Rad' (E) thena < b.

PROOF. Assume a,b € Rad(E). Thena = a; + c and b = b, + ¢ for some
a;, by, c € E suchthata, + b, +c¢ € E, and then a;, by, ¢ € Rad(E). Due to the Rad-
property, we have a; + b, + ¢ € Infinit(E) = Rad(E), therefore (a, + b, +c) + (a, +
b, + ¢) € E, which implies a + b is defined in E and consequently a + b € Rad(E).
The conditions (i)—(iii) are now evident.

(iv) Assume a € Rad(E) NRad'(E). Then a € Rad'(E), so that ' € Rad(E),
which implies 1 = a 4+ 4’ € Rad(E), a contradiction.

(v) Assume a + b € E. Then a < b’ € Rad(F), which implies a € Rad(E), a

contradiction.
(vi) If b € Rad'(E) then b’ € Rad(E), which implies a + b’ is defined in Rad(E).
Hencea < (b') = b. O
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We say that an effect algebra E with the RDP and the Rad-property is perfect if,
for any element a € E, either a € Rad(E) or a’ € Rad(E). For example, if E(G) is
defined by (2.2) for a directed po-group G with interpolation then E(G) is a perfect
algebra. In what follows, we show that every perfect effect algebra is of this nature.

Let PE A be the category of all perfect effect algebras where the objects are perfect
effect algebras and morphisms are homomorphisms of effect algebras. Let GZ be the
category of Abelian po-groups, where the objects are directed Abelian po-groups with
interpolation and the morphisms are positive homomorphisms of po-groups.

For each object G in G7 let

(5.1) E(G) = E(G) =T(Z x1x G, (1,0)),
and for each morphism 4 : G — G’ in GZ let £(h) be defined, for some g € G*, by

0,h(g)) ifx=1(0,¢),

(5.2) Eh)(x) =
WO =11, —hiey ifx = (1, -g).

Then £ is a functor from GZ to PEA.

PROPOSITION 5.2. & is a faithful and full functor from the category G1 of directed
Abelian po-groups with interpolation into the category PE A of perfect effect algebras.

PROOF. Let h, and h, be two morphisms from G into G’ such that £(h,) = E(hy).
Then (0, h,(g)) = (0, h2(g)) for any g € G*, consequently h; = h,.

To prove that £ is a full functor, suppose that f : E(G) — E(G’) is a morphism
of effect algebras. Then (0, g) = (0, g') for a unique g’ € G’'*. Define a mapping
h: G* - G* by h(g) = g’ if and only if f(0,g) = (0,g"). Then h(g, +
g) = h(g)) + h(gy) if g1, € G*. Assume now that g € G is arbitrary. If
g =8 — & = g — & Where g, 8, 81,8, € G, then g, + g; = g + g, which
implies h(g,) — h(g2) = h(g]) — h(g;) and hence that letting h(g) = h(g,) — h(g2)
establishes a well-defined extension of A from G* onto G. In addition, h is a
homomorphism of po-groups. Therefore, £(h) = f as desired. O

PROPOSITION 5.3. Let E be a perfect effect algebra. Then there is a unique (up to
isomorphism) directed Abelian po-group G with interpolation such that E = E(G).

PROOF. Let E be a perfect effect algebra. By Proposition 5.1, Rad(E) is a cancella-
tive semigroup satisfying conditions of Birkhoff [7, Theorem II.4] which guarantee
that Rad(E) is a positive cone of a unique (up to isomorphism) po-group G. Since E
has the RDP, G is a directed Abelian po-group with interpolation.
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Without loss of generality, we can assume that any element g € G can be written
in the form g = g, — g, with g,, g, € Rad(E). The mapping y : Rad(E) — G given
by

(5.3) y(@a) =a, a € Rad(F),

is injective and preserves + in Rad(E).
Define E(G) by (2.2). By Theorem 4.3, E(G) is a perfect effect algebra and we
can define a mapping f : E — E(G) by f(a) = (0,a) and f(a') = (1, —a) for

a € Rad(E). Then f is an isomorphism of the effect algebras E and E(G). O
Extend the mapping y : Rad(E) — G defined by (5.3) to amapping y : E — G
by
“ (a) if a € Rad(E),
(5.4) v(a) = Y o
—y(a’) ifa ¢ Rad(E).

THEOREM 5.4. Let E be a perfect effect algebra. Then the pair (G, y), where G is
from Proposition 5.3 and v is defined in (5.4), is a universal group for E.

PROOF. Due to the Rad-property, y is a mapping from E into G that is injective
and preserves +, and y (E) generates G. Assume that H is an additive Abelian group
and ¢ : E — H is an H-valued measure. Define a mapping ¢* : G* — H by
¢*(g) = ¢(y(a)), where a is a unique element in Rad(E) such that y(a) = g. Then
¢* preserves addition in G*, so ¢* can be uniquely extended to a group isomorphism
(denoted again as ¢*) on all of G by ¢*(g) = ¢*(g1) — ¢*(g2) wheneverg = g, — g,
(g1, &2 € G*). Hence we have ¢(a) = ¢*(y(a)) for any a € E, which proves that
(G, 7) is a universal group for E. O

PROPOSITION 5.5. The functor £ from the category GI into the category PEA is a
right-adjoint.

PROOF. We show that given a perfect effect algebra E there is a universal arrow
(G, f), which means that f is a homomorphism from E into £(G) such that if G’
is an object from GZ and f’ is a homomorphism from E into £(G’) then there is a
unique homomorphism f*: G — G’ suchthat E(f*) o f = f'.

Let (G, y) be a universal group for E guaranteed by Theorem 5.4. Then it is
straightforward to verify that (G, ) is a universal arrow for E. g

Define a morphism P : PEA — GI by P(E) = G whenever (G, y) is a universal
group for E. It is clear that if f is a morphism from E into F then f can be uniquely
extended to a homomorphism P(f) from G into G, where (G, ) is a universal
group for the perfect effect algebra F.
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PROPOSITION 5.6. P is a functor from the category PEA into the category GI
which is left-invariant to £.

PROOF. It follows from the construction of universal groups. O

We present now the main result on categorical equivalence of the category of perfect
effect algebras and the category of directed Abelian po-groups with interpolation.

THEOREM 5.7. & isa categorical equivalence of the category GI of directed Abelian
po-groups with interpolation and the category PEA of perfect effect algebras.

PROOF. Accordingto[11, Theorem IV.4.1],it is necessary to show that, for a perfect
effect algebra E, there is an object G in GZ such that £(G) is isomorphic to E. To
show that, we take a universal group (G, ) for E from Theorem 5.4. Then £(G) and
E are isomorphic. O

To complete our categorical equivalences of appropriate categories of effect alge-
bras and interpolation po-groups, let £ Agpp be the category whose objects are effect
algebras with the RDP and morphisms are homomorphisms of effect algebras, and let
UTG be the category whose objects are unital interpolation po-groups (G, u) with a
fixed strong unit u and morphisms are homomorphisms of unital po-groups, that is,
positive homomorphisms of unital po-groups which preserve fixed strong units. Using
Theorem 2.2 and methods used for the categories of perfect effect algebras, we can
prove the following important result.

THEOREM 5.8. The mapping T : UTG — & Agpp defines the categorical equiva-
lence of the category ULG of unital interpolation po-groups and the category of effect
algebras with the RDP.

In addition, suppose that h : T'(G,u) — I'(H,v) is a homomorphism of effect
algebras with the RDP. Then there is a unique horfmmorphism f:(G,u) > (H,v)
of unital po-groups such that h = T'(f) and

(i) if his surjective, sois f;

(ii) if h is an isomorphism, so is f.

6. Ideals and quotients of effect algebras

In the present section we establish a one-to-one bijection between the set of all ideals
of an effect algebra with the RDP and the ideals of the corresponding representation
unital po-groups. In addition, we study quotient effect algebras and antilattice effect
algebras.
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Let P be a (proper) ideal of an effect algebra E with the RDP. We define a relation
~pon Ebya ~p bifand only ifa —e = b~ f for some e, f € P. According
to [4, Section 3.1.2], we have that ~, is an equivalence such that i) a + b € E,
a+b € E,a~pay,b~p b imply (@ + b) ~p (a; + by), (ii) a ~p b implies
a ~p b, (iii)a+b € E, c ~p aimply there exists anelementd € E suchthatd ~p b
andd+ce€ E,(ivia+b,a,+b, € E,a, ~p a,(a; +b1) ~p (a+b) imply b, ~p b.
If wedefinea/P =[al=[alp ={b€ E:b~pa}and E/P = {[a)p : a € E}, then
E/P is an effect algebra, where [a] + [b] = [c] if and only if there exist a; € [a],
b, € [b], ¢ € [c] such that a; + b; = ¢,. As the constant elements in E/P we take
[0] and [1]. We recall that

(6.1) lal]p < [blpin E/P <= thereexists a; € [a]p suchthata; < b.

Indeed, if [a]p < [b]p then there exists a ¢ € E such that [a]p + [c]p = [b]p. Then
there are elements u,d, e, f € P and ay € [alp, by € [b]p such that gy + ¢ = by,
a—u=a—vandb, —e=b— f.Sinceay=(@—v)+uandb, = b - f)+e,
we have (a —v) +u +c¢ = (b — f) + e. Due to the RDP, there are ¢, ¢,, e3 € P with
e;1<a-—v,e <u,e; <cande = e + ¢, + 3, which yields
(@a—(+e))+u—e)+(c—e)=b~-f,
(@a—(i+e))+Ww—e)t{c—e)+ f=b.

If weseta; =a — (v+e)) thena, <b.

PROPOSITION 6.1. Let P be a proper ideal of an effect algebra E with the RDP.
Then E/ P is an effect algebra with the RDP.

PROOF. Assume that [a;] + [a:] = [b,] + [b2]. Without loss of generality we can
assume that @, + a, and b, + b, are defined in E. There are ¢, f € P such that
(a;+a))—e = (b +by) — f,sothata; +a, = ((b; + b,) — f) + e. By the the RDP
holding in E, there are c;;, ¢, €21, €22 in E such that

a;=cy +cy, by +by) — f =cu +c,
a; = €1 + 2, e =cpp+Cxn.
This gives ¢;; + ¢2; + f = b; + b,. Again due to the RDP, there are d,, d)3, dy, da,
ds,, dy; € E such that
cn =dy +dy, by =dy +dn +dy, [ =dy +dy,
Ca = dy + d, by, =diy + dp + das.
It is clear that ci,, ¢, d31,dy, € P, which gives [a,] = [e1] = [du] + [di2],

[a;] = [ca] = [du] + [d2], [b1] = [du] + [du], [b2] = [di2] + [d22), which proves
that E/ P has the RDP. O
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We say that an effect algebra E is finitely subdirectly irreducible if, for any two
ideals 7/ and J of E with I N J = {0}, we have ] = {0} or J = {0}.

For@ # ACE,weset At ={x e E:xAa=0foranya € A}, andfora € E
we define a* = {a}*. Then

(6.2) atNa**={0}, ackE.

PROPOSITION 6.2. Let E be an effect algebra withthe RDP.If & # A C E, then A+
is an ideal of E.

PROOF. 0 € AL. Ifx,y€e Eandx <y € Al , thenx € AL. Assume now x, y €
Atandx+y € E.Fixae€ A. Ifz < x+yandz < a,thenz = x,+y,, where x; < x
andy, < yandx,, y, €a?’. Sincex;, y; <a,wehavex; = x;Aa=0=y Aa =y,
which proves z = 0. O

PROPOSITION 6.3. An effect algebra E with the RDP is finitely subdirectly irre-
ducible if and only if E is an antilattice.

PROOF. If an effect algebra £ with the RDP is not finitely subdirectly irreducible
then there exist two non-zero ideals I and J such that I N J = {0}. Hence, ifa € |
and b € J are non-zero elements then a A b = 0, whence E cannot be an antilattice.

Conversely, assume that E is finitely subdirectly irreducible and let there be a, b €
E\{0}withaAb =0.Thena € b and b € a. In view of the Claim from the proof
of Proposition 3.7, wehave 0 2 a + b =a v b € E, so that at N b+ = (a + b)*.
Since (a + b)* N (@ + b)** = {0} and a + b € (a + b)**, the irreducibility implies
(@ + b)* = {0}, so at N b+ = {0}, which gives b € a* = {0} ora € b+ = {0}, so
b =0 ora = 0, a contradiction. O

If AC Fand Pisanideal of E, thenweset A/P = {a/P : a € A}.

PROPOSITION 6.4. Let E be an effect algebra with the RDP and let P be a proper
ideal of E.

(1) IfIisanideal of E then sois I/P in E/P. Moreover, if I is a proper ideal
of E containing P, then I/ P is a proper ideal of E/P.

(i) IfMisanideal of E/P and we let k(M) = {x € E : x/P € M) then k(M)
isanideal of E and k(M)/P = M. If M is a proper ideal of E then so is k(M) in E.

PROOF. (i) 0/P € I/P. If x/P < y/P, where y € I then there exists x; € {x]p
such that x; < y, which gives x; € I and /P = x/P < y/P. If x/P + y/P
is defined in E/P for some x,y € I then there are x; € [x]p, yi € [y]p and
e, fu,ve Psuchthatx, —e=x—felandy,—u=y—-velandx, +y; € E.
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Thenx/P+y/P =xi/P+y/P = @xi+y)/P=(x~f)+e+t(y—v)+u)/P =
((x=f+G-v)/Pand (x — )+ (y—v) €l

Letnow I 2 P and 1/P = x/P, where x € I. Then there are e, f € P such that
l-e=x—-f,s0l —x=e— f € P C I, which gives a contradiction.

(ii) We have k(M) 2 P. If x < y € k(M) then x/P < y/P € M, so that
x €k(M). Nowletx,y e x(M)andx+y € E.Then (x+y)/P =x/P+y/P € M,
sox +y €k(M).

Finally, assume M is a properideal of E/P. Then1/P ¢ M,hence l ¢ x(M). [

It is worth recalling that it can happen that M/P = E/P even for a maximal
ideal M. Indeed, take a Boolean algebra E as an effect algebra, let M be a maximal
ideal and let ¢ be an element of E such thata ¢ M and 0 # a # 1. Then for the
ideal P generated by a we have 1/P =a'/P e M/P = E/P.

PROPOSITION 6.5. A proper ideal P of an E with the RDP is prime if and only if
E /P is an antilattice.

PROOF. Let P be a prime ideal of E and I and J be two ideals of E/P with
INJ={0}. Weset [ ={xe E:x/Pel}landJo={x€ E:x/P € J}. Thenl,
and J, are ideals of E such that Iy N J, = P which, by (ii) of Proposition 3.6, gives
Iy=Por Jy,= P,sol = {0} or J = {0}). Applying Proposition 6.3, we conclude
that E/P is an antilattice.

Conversely, let P/I be an antilattice and let / and J be two ideals of E such that
INJ=P. ThenI/P N J/P = {0} which, by Proposition 6.3, yields I/P = {0} or
J/P ={0},s0 = P or J = P, and therefore, by Proposition 3.6, P is a prime ideal
of E. O

COROLLARY 6.6. An effect algebra with the RDP is an antilattice if and only if {0}
is a prime ideal of E.

PROOF. Since E = E/{0}, the assertion follows from Proposition 6.5. a

PROPOSITION 6.7. An ideal M of an effect algebra E with the RDP is maximal if
and only if E/M is a simple effect algebra.

PROOF. Let M be a maximal ideal of E, and let J be a proper ideal of E/M. Define
Jo={x € E:x/M € J}. Then J, is an ideal of E containing M and the maximality
of M entails J = {0/ M}.

Conversely, let E/M be simple and let I, be a proper ideal of E containing M. The
set{a/M : a € I,}is anideal of E/I. Therefore, by Proposition 6.4, this set coincides
with the zero-ideal {0/ M} of E/M, so I}, = M, which proves that M is maximal. O
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COROLLARY 6.8. Every simple effect algebra with the RDP is an antilattice.

PROOF. Let M be a maximal ideal of E. Then M = {0} and M is a prime ideal.
Since E = E/M, Proposition 6.5 mplies that E is an antilattice. a

PROPOSITION 6.9. Let E be an effect algebra with the RDP, Thena A b € E if and
onlyifav b € E. In addition, if I is an ideal of E and a, b € I and a Vv b is defined
inE, thenavbel.

PROOF. Letanb € E. Dueto the RDP, there are a,, by, ¢ € E suchthata = a,+c,
b=b+c,anda, +b;+c € E. Sincec <aAb,wehavea, > a - (a Ab) and
b, = b—(anb), whichyieldxy = aAb+(a—(anrb))+(b—(anb)) € E. According
to (4.1) and the Claim from the proof of Proposition 3.7, we have a; + by = ay V by,
whereaqy =a—(anb)and by = b — (a Ab). We state xo = a vV b. Assume x > a, b.
Then x > ay + (a A b) and x > by + (a A b), which gives x — (@ A b) > ay V by, s0
x>xg=ayVbhby+(@Ab)=ay+byg+(@Ab)=aVvbh.

Assumenowa vb € E. Then (aVvb) = a’ Ab € E and, by the claim above, this
impliesa’ v b' € E. Hencea Anb = (a’' vb') € E.

Let I be an ideal of E. Then, by the first part of the present proof, a A b € E and
avb=a+ (b- (anb)),whichprovesavbel. O

PROPOSITION 6.10. Let E be an effect algebra with the RDP and let P be a proper
ideal of E. Ifa Ab € E then{a A blp = [alp A[P]p anda v blp = [alp Vv [blp. In
addition, if E is a lattice then so is E/ P.

PROOF. Itisclearthat[aAb]p < [alp, [P]p. Assume[x]p < [alpand [x]p < [b]p.
According to (6.1), there are x|, x; € [x]p such that x;, < a and x, < b. Since
X1 ~p Xy, there are e, f € P withx, — e = x; — f. Hence, for x; = x; — e, we have
X € [x]p and x5 < x|, xg < x,. Consequently, x, < a, b which yields x; < a A b, so
[x]p = [x0]p <la A blp.

The second equality follows from the first part of the present proof and of Propo-
sition 6.9. d

We recall that an o-ideal of a po-group G is any directed convex subgroup of G.
An o-ideal I of a po-group G is said to be (i) maximal if it is a proper subset of G
and it is not contained in any proper o-ideal of G, (ii) prime if, for all o-ideals P and
Qof Gwith PNQ C I,wehave P C I or J C I, and (iii) a value of a non-zero
element g if g ¢ I and I is maximal with respect to this property. Let (G, u) be a
unital Abelian po-group; by Z(G, u), M(G, u) and P(G, u) we denote the set of all
o-ideals, maximal o-ideals and prime o-ideals, respectively, of (G, u).
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THEOREM 6.11. Let (G, u) be a unital interpolation po-group andlet E = T'(G, u).
For any ideal I of E, we let

(6.3) p(D={xeG:Ix,y;el, x=x 4+ +X =y — — Yu}.

Then ¢ (1) is an o-ideal of (G, u). The mapping ¢ defines a one-to-one mapping
preserving the set-theoretical inclusion. The inverse mapping  is given by

6.4) Y(K)=KnN[0,ul, K e€I(G,u).

The restriction of ¢ to P(E) or M(E) gives a bijection between M(E) and M(G, u),
and P(E) and P(G, u), respectively, which preserves the set-theoretical inclusion.

PROOF. Let I beanidealof E. Thenl C ¢(I). Letx,y € ¢(I),thenx+y € ¢(I)
and —x € ¢(/). Assume 0 < x <y e ¢(I)forx € G. Theny =y, +--- + y, with
y; € I fori = 1,...,n. The interpolation in G implies that x = x; + --- + x, for
x; < y; € I, which proves x € ¢(I). It is clear that ¢ (/) is directed.

Assume that 7 and J are two different ideals of E. Then there exists x € I \ J or
x € J\ I. Inthe first case we assert x € ¢(I)\ ¢(J). Indeed, it is clear that x € ¢(I).
Ifalso x € ¢(J),thenx = x4 ---+x, — yi — - — ym, Where x;, y; € J. Hence,
x+»w+---+Ya=x1+---+x,and 0 < x < x; 4+ -+ + x,. The interpolation
in (G, u) gives x = x{ + --- + x2 with x? < x; € J, which implies that x € J, a
contradiction.

Assume now K is an o-ideal of (G, u). Then ¥ (K) S EandO e Y(K). Ifx <y
forx e Eandy € Y (K),thenx € K,sox € Y(K).Ilfnowa, b€ y(K)andifa+b
isdefinedin E,thena + b € K, thatisa + b € ¥ (K).

It is clear that ¢ (Y (K)) = K for any K € Z(G, u) and ¢ (¢(I)) = I for any
I e I(E).

Since ¢ is bijective, so are its restriction to M(E) and P(E).

Assume now that P is a prime o-ideal of E and K, N K, € ¢ (P) where K, K,
are o-ideals of (G, u). From (6.4) we have ¥ (K,) N ¥ (K;) = ¥ (K, N K3), that is
Y (K) Ny (K,) € P which gives ¥ (K,) € P or ¥ (K;) € P. Hence, K; € ¢(P)or

K, € ¢(K3).
In a similar manner we prove that if P is a prime o-ideal of (G, u) then so is ¥ (P)
in E. o

We can prove that if a is a non-zero element of E then an o-ideal V is a value of a
if and only if ¢ (V) is a value of g in (G, u).

Let I be an o-ideal of (G, u). For f, g € G, we define f ~; gifandonlyif f — g
and g — f € I. Then ~, is a congruence on G, and (G/I, u/I) is an interpolation
group, see [9, Proposition 2.3].
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THEOREM 6.12. Let I be a proper ideal of an effect algebra E with the RDP and
let E=ZT(G,u). Then E/I1 ZT(G/¢ (D), u/p(D)).

PROOF. Let f : G — G/¢(I) be the canonical mapping defined by f(g) =
g/9(), g€ G,andleth: E — E/I be givenby h(a) = [a];,a € E.

We can prove that, for a,b € E, [a]; = [b]; if and only if a/¢p(I) = b/p ().
Indeed, if [a]; = [b],, then there are e, f € I suchthata — e = b — f, which proves
thata/¢p(I) = b/ (1).

Conversely, if a/¢ (1) = b/¢(I) then there is x € ¢ (I) such thata — b = x. Since
x=x;+ - +X—y1 == ym, Wherex;,,y; € I, wehavea+y, + - -+ yn =
b+ x; + -+ 4 x,. Due to the RDP holding in G, we find elements ¢;; € E such
that a = cpo+cor + -+ Comy ¥y, = Cjo+cii+---Fcpfor j =1,...,m,
andb =cp+cio+ -+ Cnos Xi =¢Coi +Cii + -+ fori = 1,...,n. Then
Coo+Cor+- - +contcrot- - +cmg = a+b—cy. Therefore a —(a—coy) = b— (b—cyo)
andifwesete =ta—cp=co+---+com€land f =b—coo=crp+- -+ Cmo € 1
thena — e = b — f, which proves [a]; = [b];.

Using Theorem 5.7, we have the following assertion. O

PROPOSITION 6.13. Let E = I'(G, u), where (G, u) is an Abelian unital po-group
satisfying the RDP. If K is a prime o-ideal of (G, u) and we let y(K) = KN E
then y(K) is a prime ideal of E. If P is a prime ideal of E and ¢ is defined as in
Theorem 6.11 then ¢ (P) is a prime o-ideal of (G, u). In addition, the mappings y
and ¢ are mutually inverse and preserve the set-theoretical inclusion.

PROOF. It follows from Theorem 6.11. O

Fora € G, let Gy(a) be the o-ideal of G generated by a.

PROPOSITION 6.14. For an o-ideal P of an Abelian po-group G the following
Statements are equivalent:
(1) P is prime.
(i) Fora,b € G, Gola) N Go(b) C P impliesa € Porb € P.
(iii) Fora,b € G*, Go(a) N Gy(b) C P impliesa € Porb € P.

PROOF. (i) = (ii). It is evident.

(ii) = (i). Assume Go(a) N Go(b) € P impliesa € Porb € P. Let I and J be
two directed convex subgroups of G with INJ € P. If I € P and J € P then there
aretwoelementsa € I\ Pandb € J\ P. Then Gy(a) N Go(b) C I NJ C P which
givesa € P or b € P, a contradiction.

(i1) = (iii). It is evident.
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(iii)) = (ii). As in the implication (ii) = (i) we can find two elements a € I \ P
and b € J \ P. There are two elements a;,a, € Gy(a) such that a = a;, — a,.
Since —a; < a < a;, we have a; ¢ P ora, ¢ P. In a similar way, b = b; — b,,
where by, b, € Go(b), and by ¢ Por b, ¢ P. Saya; ¢ P and b, ¢ P. Then
Gola)) N Gy(by) € I NJ C P which gives a, € P or b, € P, a contradiction. O

We recall that a directed po-group G is an antilattice if and only if a Ab = 0 implies
a=0o0rb=0.

PROPOSITION 6.15. An Abelian directed po-group G with the RDP is an antilattice
if and only if the null ideal {0} is prime.

PROOF. Suppose {0} is a prime o-ideal and a A b = 0. Then Gy(a) N Go(b) = {0}
which proves a = 0 or b = 0, so G is an antilattice.

Conversely, suppose that G is an antilattice, and Go(a) N G¢(b) = {0}. Then
a A b = 0 which yields a = 0 or b = 0, so {0} is prime. |

PROPOSITION 6.16. A proper o-ideal P of a unital Abelian po-group (G, u) satis-
fying the RDP is prime if and only if G/ P is an antilattice.

PROOF. Let P be prime and assume a/P Ab/P = 0/ P. Without loss of generality,
we can assume a, b > 0 (indeed, thereare e, f € PsuchthatO <a+eand0 < b+ f
ande =e, —e,, f = fi — f», where e, e;, fi />, € P*, which gives e, < a + ¢; and
b+ f)

We claim that Gy(a) N Gy(b) € P. There are two cases.

(i) Suppose x € Go(a)NGob)andx > 0. Thenx =a,+ -+an =b;+---+b,,
where a; < aand b; < bforalli and all j. The the RDP implies that there is a system
{cij} of elements of E such thata; =}, ¢;j and b; = 3_, c;;. Since ¢;; < a, b, we
have ¢;;/P = 0/P,soc;; € P, whichyieldsa; € Pandx € P.

(ii) Suppose that x € Gy(a) N Go(b). Then x = x; — x; = —y; + y,, where
x1,x3 € Go(a)t and y,, y» € Gog(b)*. Due to the RDP holding in (G, u), there

are four elements ¢y, ¢12, €21, 2 € G* such that y; = ¢ + c12, X1 = ¢ + ¢,
v = ¢11 + ¢y and x, = ¢y3 + ¢p2. By (i), 12, €21 € P. Therefore, x = x; — x; =
yten—cm—Cp=Cc3—Cn=—Cp—cn+cn+cp€P.

Combining (i) and (ii), we have Gy(a) N Go(b) S P which gives Go(a) € P or
Go(b) €S P,soa€ Porb e P,anda/P = 0/P or b/P = 0/ P which proves that
G/ P is an antilattice.

Conversely, suppose that G/ P is an antilattice. According to Proposition 6.14, for
a,b e Gt wehave Go(a)NGo(b) € P. Weclaim that Go(a/P)NGo(b/P) = {0/ P}.

Indeed, let O/P < x/P = a,/P +---+an/P = by/P + --- + b,/ P, where
a;/P < a/P and b;/P < b/P. There are a; € a;/P and b;. € b;/P such that
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a; < a and b; < b. Hence, there is a system {c;;} of elements in G* such that
a;/P =) ,c;/Pandb;/P =} ci;/P.Foreachi and each j, there is an element
c,fj € ¢;;/ P such that c,’.j <aj, b/j, SO c,fj <a;, b;. Then c,’.j € P, which proves x € P.

Ifnowx/P € Gyla/P)NGy(b/P),thenx/P =x,/P —x3/P = —y,/P + ¥,/ P,
where x, /P, x,/P € Gola/P)* and y,/P, y2/P € Go(b/P)*. As in (ii), we can
prove Go(a/P) N Go(b/P) = {0/P}. Since G/P is an antilattice, by Proposition
6.15, {0/ P} is a prime o-ideal of G/ P, consequently a/P = 0/P orb/P =0/P, so
a € Porb € P, which proves that P is prime. 0

THEOREM 6.17. Let E = T'(G, u), where (G, u) is an Abelian unital po-group with
the RDP. Then E is an antilattice if and only if G is an antilattice.

PROOF. It follows from Proposition 6.5, Theorem 6.11, Proposition 6.14, Proposi-
tion 6.16, and Theorem 6.12. O

7. Subdirect representation and perfect effect algebras

We give a representation of perfect effect algebras as a subdirect product of anti-
lattice perfect effect algebras with the RDP and we introduce the class of BP, effect
algebras and give their subdirect representation.

We start with a new proof of Ravindran’s representation, [12, Theorem 2.18], of
effect algebras with the RDP as subdirect products of antilattice effect algebras with
the RDP.

Let {E;};; be an indexed system of effect algebras. The Cartesian product [ ], a Ei
can be organized into an effect algebra with the partial addition defined by coordinates.
Each E; has the RDP if and only if the same is true of [ [, E;. We say that an effect
algebra E is a subdirect product of effect algebras {E;};.; if there is an injective
homomorphism f : E — [],, E: such that f(a) < f(b) if and only if a < b
(a,b € E), and for every j € I, m; o f is a surjective homomorphism from E onto
E;, where 7; is the projection of [ [, E; onto E;.

We first give another characterization of the finite irreducibility of effect algebras,
or equivalently of antilattice effect algebras with the RDP.

PROPOSITION 7.1. An effect algebra E with the RDP is finitely subdirectly irre-
ducible if and only if E is a subdirect product of E, and E,, and if f is an injective
homomorphism from E into E, x E, such that f(x) < f(y), whenever x <y, and
such that r, o f and m, o f are surjective, then y o f or m o f is an isomorphism.

PROOE. Suppose that E is not finitely subdirectly irreducible, that is, there are
two non-zero ideals A and B of E such that AN B = {0}. The mapping f :
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E — E/A x E/B given by f(a) = ([ala, [als), a € E, is a homomorphism of
effect algebras. If f(a) = f(b) then there are e, f; € A and 4, v € B such that
a—e=>b— fiand a — u; = b — v. If we now take the addition and subtraction
in the corresponding unital interpolation group (G, u) such that £ = I'(G, u), then
a—-b=e— fiep(A)anda—b =u, — f) € $(B),s0a—b =0and f is an
injective homomorphism.

Assume f(x) < f(y)forsome x,y € E,sox/A <y/Aand x/B < y/B. There
are twoelementsa € Aand b € B witha,b <xsuchthatx —a <yandx —b <y.
SinceaAb =0,wehavex = x — (@ Ab) = (x —a) V (x — b) (while all existing
meets in E are preserved in the corresponding representation group (G, u)), which
gives x < y.

Hence E is a subdirect product of E/A and E/B,anda +— a/A anda +> a/B are
not isomorphisms.

Conversely, suppose E is a subdirect productof Ey and E; andlet f : E — E; x E,
be an injective homomorphism with f(x) < f(y) if and only if x < y and such that
everymeo f : E — E;, i = 1,2, is not an isomorphism. Define A; = {a € E :
;o f(a) =0},i = 1,2. Then A; and A, are non-zero ideals of E. Assume that
x € Ay N A,. Then f(x) = (0, 0) and the injectivity of f gives x = 0, which proves
AN A, = {0}, so E is not finitely subdirectly irreducible. O

The following result is the Ravindran representation mentioned above.

THEOREM 7.2. Every effect algebra E with the RDP is a subdirect product of
antilattice effect algebras with the RDP, and all existing meets and joins in E are
preserved in the subdirect product.

PROOF. (1) Assume E = I'(G, u). Choose g € G, g £ 0, andset U(g) = {h €
G : h > g}. We denote by A(g) an ideal of E which is maximal with respect to the
property U(g) N A(g) = #. Since 0 ¢ U(g), A(g) exists due to the Zorn lemma. We
assert A(g) is a prime ideal of E. Let I N J = A(g), where I and J are ideals of E.
To obtain a contradiction, assume A(g) is a proper subset of / as well as of J. Take
aelnU(g)andb € JNU(g). We have 0, g < a, b. By the RIP holding in (G, u),
there is an element ¢ € G such that 0, g <c¢ < aq, b, Since0 <c¢ < qg,wehavec € F
and g < c € I NJ = A(g), which gives ¢ € U(g) N A(g), a contradiction.

Moreover, A(g) is a proper ideal of E whenever g < u.

In particular, if a is a nonzero element of E then A(a) is a value of E.

(2) There exists a system P of proper prime ideals of E such that (){ P:P€P}={0}.
For that, let P be the system of all proper prime ideals of E. Then

ﬂ{P:PeP}:{O}.
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Indeed, take a non-zero element a € [ }{P : P € P}. Then any value V of a is a
prime ideal by Proposition 3.5. Fix a value of a, say V (a), thena ¢ V(a).

The mapping f : E — [|,.p E/P defined by f(a) = (a/P)pep, is a homomor-
phism of the effect algebras.

Assume f(a) < f(b),sothata/P < b/P forany P € P, and set g = a — b; then
g <u.lf g £ 0thena/A(g) < b/A(g) and there is an element e € A(g) such that
a—e<b,sog=a—b <e,whichimplies e € U(g) N A(g), a contradiction.

Therefore, f(u) = f(v) if and only if 4 = v, which proves that f is an injective
homomorphism such that f(a) < f(b) if and only if a < b, which shows that F is a
subdirect product of {E/P : P € P}.

Assume now that a A b is defined in E. Then by Proposition 6.10, for any P € P
we have (a A b)/P = (a/P) A (b/P). Consequently f(a Ab) = f(a) A f(b) and
in a similar way, f(a v b) = f(a) v f(b). 4

We recall that if E is a lattice effect algebra with the RDP then F is an MV-algebra,
and we have a known subdirect representation of any MV-algebra as a subdirect
product of linear MV-algebras [1]. In such a case, for P it is sufficient to take
P={V@):a>0].

PROPOSITION 7.3. Let P be a proper ideal of a perfect effect algebra E. Then the
quotient effect algebra E / P is perfect.

PROOF. By Proposition 6.1, E/P satisfies the RDP. We claim that E/P has the
Rad-property. In view of Proposition 4.1,

Infinit(E)/P € Infinit(E/P) € Rad(E/P).

Assume x/P € Rad(E/P). Then either x € Rad(E) or x' € Rad(F). If x €
Rad(E) = Infinit(E) then x/P € Infinit(E/P) C Rad(E/P). If x’ € Rad(E), then
x'/P € Infinit(E/P), so x'/P € Rad(E/P), a contradiction, which proves that
x/P € Infinit(E/P) and Rad(E/P) = Infinit(E/ P).

If now x/P is an arbitrary element of E/P then by the above argument, either
x € Rad(E) or x’ € Rad(E), which proves that either x/P € Infinit(E)/P <
Infinit(E/P) or x’ € Rad(E) giving x'/P € Infinit(E)/P C Infinit(E/P), so E/P
is perfect. a

As a corollary, we have the following result.

THEOREM 7.4. Every perfect effect algebra E is a subdirect product of antilattice
perfect effect algebras.

PROOF. By Theorem 7.2, E is a subdirect product of antilattice effect algebras E/ P,
where P is a proper prime ideal. In view of Proposition 7.3, E/ P is perfect. O
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In the paper [3], the authors introduced the class BP, of MV-algebras. Every
MV-algebra is a lattice effect algebra with the RDP, and vice versa. Inspired by this,
we say that an effect algebra with the RDP belongs to the class BP, of effect algebras
if and only if, for every maximal ideal M of E, wehave E = M U M’.

PROPOSITION 7.5. Let an effect algebra E belong to the class BP,. Let M be a
maximal ideal and P a proper ideal of E. Then P & M ifand only if M/P # E/P.

PROOF. Assume P C M. If there exists x € M such that x/P = 1/P, then there
aretwoelements eand f in P suchthatx—e = 1—f. Hencel—x = f—ee€ P C M,
which is a contradiction.

Conversely, let M/P # E/P and take x € P. If x’ € M then x'/P = 0, so
x/P =1/ P, giving a contradiction. Therefore, x € M. O

THEOREM 7.6. If E is an effect algebra from the class BPq with the property that
forany x € E andany P € P(E) wehave x/P < (1 —x)/P or(1 —x)/P <x/P,
then E is a subdirect product of antilattice perfect effect algebras.

PROOF. According to Theorem 7.2, E is a subdirect product of antilattice effect
algebras ({E/P : P € P(E), P # E}. In what follows, we show that every E/P
is a perfect effect algebra. Let N be a maximal ideal of E containing P and let x
be an arbitrary element in E. If x € N then (1 —x)/P <xorx/P < (1 —x)/P.
Since N is a maximal ideal of E, by Proposition 6.4 and Proposition 7.5, the first case
would imply (1 — x)/P € N/P which is a contradiction. Hence x/P < (1 — x)/P,
which implies that x/P + x/P is defined in E/P. Therefore there are two elements
X1, X2 € N such that xo = x; + x; € N and x|, x; € [x]p. Repeating this process
with the element xy, we have xo/P + xo/P € E/P, so 4(x/P) is defined in E/P,
and so on. Therefore 2"(x/P) € E/P for any integer n > 1, which implies x/P €
Infinit(E/P) € Rad(E/P). Summarizing, we have proved that for every x € E,
either x/P € Infinit(E/P) or (1 — x)/P € Infinit(E/P).

In particular, if x/P € Rad(E/P) then x € «(M), where M € M(E/P) and
k(M) 2 P is defined in Proposition 6.4, which proves by the above that x/P €
Infinit(E/ P) and therefore E/ P has the Rad-property and E/ P is perfect. O

We observe that, for example, every effect algebra E with the RDP satisfies the
following condition: for any x € E and any prime ideal P of E, x/P < (1 — x)/P
or (1 —x)/P < x/P. On the other hand, if E/P is perfect then, by Proposition 5.3,
this condition holds. It would be interesting to know whether the assumption of this
condition in Theorem 7.6 is necessary in order to obtain the conclusion of the theorem.
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