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THE LIMITING BEHAVIOUR OF CERTAIN SEQUENCES
OF CONTINUED FRACTIONS
DaviD ANGELL

We investigate the set of limit points of the continued fractions

1 1 1
et zp1+ =

, k=1,2,3,...,

where #1,23,... is a given sequence of positive integers. We show that this set is closed,
and that it may include any given countable subset of [0,1] if the integers z; are chosen
appropriately. Our main result, which has applications in transcendence theory, is that
the sequence of continued fractions has no rational limit point when the sequence {z;}
of partial quotients is bounded.

1. INTRODUCTION

Let X = {zk}r>1 be a sequence of positive integers. We wish to investigate the
nature of A(X), the set of limit points of the sequence {Qx}r>1 defined by
1 1 1
(1) Qr = —

T+ Tr_1+ Ty

Let ¢ = ::11+ z;+ .- € R— Q. Then Qy is the ratio q—:ﬁ of the denominators of
successive convergents to £, and we shall sometimes write A(§) for A(X). Conversely,
any irrational number ¢, 0 < £ < 1, uniquely determines the sequence X and the set
A(X). '

The source of this problem lies in papers by Loxton and van der Poorten [2] and
Angell {1] on functional equation methods in transcendence theory. Given a real irra-

tional
11
T ezt ax+
with bounded partial quotients, it was found necessary to show that the ratio q—:f:

approaches an irrational limit as k tends to infinity through some suitable subsequence
K of N —that is, in our present notation, that A(w) contains an irrational. In this
paper, we shall first see what can be said about A(X) without imposing the condition
of boundedness on X ; among our results are that A(X) is a closed set, and that X
may be chosen in such a way that A(X) contains a given countable subset of [0,1].
We shall then return to the bounded case. We can show what the original problem

requires, and even more:
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THEOREM. If X is bounded then A(X) contains no rationals.

In what follows, lower case Greek letters will denote real numbers in the interval
[0,1]; the partial quotients in the (finite or infinite) continued fraction expansions of
such numbers will be denoted by the corresponding roman letters:

1 1
a= Trar
The j-th complete quotient of a is written
1 1
ajy1+ ajpzt

o =

This is valid for j = 0,1,2,... if « is irrational, and for j = 0,1,...,n -1 if a =

1__1 L js rational. In the latter case we set a, = 0 and we leave a; undefined

ai+ az+ """ an
for j >n.
2. EXAMPLES

1. If z; is a constant z for all large k then A(X) = {A}, where
1 1 1 1
= .=z 4+ 22
A“.'z:-}-:z:-l—:r:—!- 2( T z+4)
which is irrational.
2. If X is eventually periodic of period p then

A(X) = {[ap’ap—h v ,al]v [ap—l’ oo )alaap], [al’ap) .. -1“2]}7

a finite set of quadratic irrationals, and has precisely p elements. Here [a,; -, @1)
denotes the periodic continued fraction

1 1 1 1

ot art apt ot
3. 0 € A(X) if and only if X is unbounded.

PRroo¥F: For any k,
1 < < 1
:Ck+1 = Wk =X wk‘

(In fact both inequalities are strict when k& > 3.) Hence @ is bounded away from
zero if X is bounded; conversely, if some subsequence of X increases without limit,

then the corresponding subsequence of {Qi}r>1 tends to zero. 1
4. Similarly, A(X) = {0} (that is, klim zr @ = 0) if and only if klim =00.
— 0 v — OO
5. In fact klim Qi exists (that is, A(X) is a singleton) if and only if either
—o00

(i) X is eventually constant; or
(ii) lim zp = o0
k—co
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(that is, in the cases covered by examples 1 and 4).

ProoF: We have
1
Ty = o Qr-1-
If Q. — 0 as k — oo then z; — ooj; if, on the other hand, @Q; tends to a non-zero
limit then z, tends to a (finite) limit. In the latter case, since each zj is an integer,
X must be eventually constant. This establishes one half of the result; the converse is

given by examples 1 and 4 above. 1

3. SOME GENERAL RESULTS.

It is clear by counting arguments that A(X) cannot be an arbitary subset of [0,1];
in this section we state and prove a few properties of A(X).

Definition. Two real numbers £, 1 (not necessarily in [0,1]) are said to be equivalent
if

an+b

cn+d

for some integers, a, b, ¢, d with ad — bc = +1.

5-:

LEMMA. Let X be as above and Y = {yx}r>1, where yr = zg41. Then A(X) =
AMY).

PROOF: Define Q@ asin (1) and

, 1 1 1
kmyk+yk-1+“.y1
11 1
T Tt Ttz
Then
z;p+p'
2 ==
) Qusa z19+4'

1
where g = Q}, and f;-r is the second last convergent in the continued fraction of Q}.
Therefore

P 1
Qr41 —~ —l =
q(

|Qr+1 — Qil = _—
* q 19+ q')

from (2)

— 0

since ¢ — 0o as k — oo. Hence any limit point of {Q4} is a limit point of {Q}}, and
conversely. ]
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COROLLARY. If ¢ and n are equivalent irrational numbers between 0 and 1, then
A(€) = A(n).

PROOF: If ¢ and 7 are equivalent, their continued fractions have the forms

eo L 1 1 1
T ot emtatant
1 1 1 1

o3

yit  Ynt 21tz

by m + n applications of the lemma we have
A(§) = A(Z) = A(n)-

Examples 1 and 2 above follow easily from this result. The converse is false; for

11 — 1 1 :
T T and n = e i with the

property klim Tp = klirn yx = oo; and then we have, from example 4, A(¢) = A(n) =
{0}.

Clearly A(X) C [0,1]; conversely, we can show by an example that any o € [0,1]
isin A(X) for some X. If & = 0, see examples 3 and 4 above; otherwise, suppose first

we can clearly construct inequivalent ¢ =

that o is rational and write

1
o = = — ... .
a+ ay

EoT -]

If n is any (finite or infinite) continued fraction of the form

11 1 1 1
n=—

a1t et mt b+ bt

then 5 is a convergent to n and we have

P 1 c
q9 mq m
since q is fixed. The sequence
(3) X ={1,a4,en_1,...,01,2,8n,8p_1,...,81,3,... }

then does what is required; for if m > 0 we have

1 1 1 1
ot oA mt U ad

1
in(n+l) = I

and by the previous result

C
< —.
m

)% - Qm(n+l)
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Hence Qun41) — @ a8 m — oo, and a € A(X). If on the other hand o =

#;31_? --- ¢ Q, consider the sequence
(4) x={1’0'112aa2’a113aa3;a2301,4)'"}'
We have
Q _ 1 1 1 11
b(miesm) = G gt mt a1
and so .
Pm
O~ 52| <
m o 1_ 1 — Bm 1 s 2m .
where 1’; = o T amt But la ﬂrnl < o since gn isa convergent to «; hence
| 0 | < m+1
T % g (m2+3m) mq2,
Thus Qi-(m’—{-:im) — o as m — oo, and a € A(X). (]

It is amusing to note that in these constructions we have reversed classical proce-
dure by using an irrational, or a “complicated” rational, as an approximation to one of

its convergents.

Remarks.
1. By similar means we can construct X so that A(X) contains any two given
numbers in [0, 1]. For example, if a = # e, B= Ell_+sz+ ..., choose

X = {l,bl,l,a,.,...,a1,2,bg,b1,2,a,,,...,a1,3,b3,b2,bl,...}.

Then a,f € A(X). We can even make A(X) contain a given countably infinite subset
of [0,1]; in particular, A(X) may include all rationals between 0 and 1.

2. If X is the sequence defined by (3) we can calculate A(X) precisely. For
i=0,1,2,...,n —1 we have

C
|@m(n+1)-5 — aj] < =
where «; is as defined in Section 1, and therefore a; € A(X). For j = n, moreover,
1
|Qun(n1)~j] < oo

so 0 € A(X). Now suppose A € A(X); then some sequence {Qir}rck converges to
A. Such a sequence contains, for some fixed j = 0,1,...,n, infinitely many terms
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Qm(n+1)—j: the sequence of such terms tends to the limit «; (recall that a, = 0 by
definition). Hence A = a;; therefore A(X) is precisely the set
1 1 1 1 1

0,L, oLty
Gn Cp_1+an ay+ On

Observe that A(X) C Q.
3. If X is the sequence (4), then the above reasoning shows that

oa; = lim Q-}(m2+3m)—j

m—+00

and hence A(X) D {0,a,21,...}. Furthermore, if any finite sequence by,...,b,
(n = 1) occurs infinitely often in {ax}iy1 then the sequence {Qi}r>y contains terms

of the form

1 1 1 11

Wt hgmEarl
b—llT . 31;- € A(X). It would seem that A(X) may contain
a wide variety of numbers; we close this remark with the observation that it must contain

for arbitarily large m; hence

any point of accuinulation of all the numbers mentioned so far, for we have:
THEOREM. ' For any sequence X, A(X) is closed.
PROOF: Let A be an accumulation point of A(X); write A = ilirgaf("), &9 ¢
A(X): without loss of generality (1) # Q. Define k; inductively by setting k; = 1
and choosing kj;;1 to be the least integer s > k; such that

) 1 )
0<|Q, - €0*0| < 3 |, - €95

this is always possible since, for a given j, {Qx}x>1 contains elements arbitrarily close
to €U+ (Note that the condition @, # ¢(/*)) is necessary in order that the process
may continue; for the same reason we specified Q, # £ above.) Then {ij }iza ds
a subsequence of {Qx}i>1, and

) 1\/!
el <p ] () o e
— 0 as 7 — oo.
-Hence X\ = Jlglolo Qr; € A(X). 1

COROLLARY. For some X, A(X) =]0,1].

PROOF: As in Remark 1 above, A(X) may contain every rational in [0,1]; but
A(X) is closed. .
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4. BOUNDED SEQUENCES

We have seen (example 2, p.71-72) that without the boundedness condition on X
our original problem (to show that A(X) contains an irrational number) may have no
solution. However, in the bounded case the situation is different: we can prove a far

stronger result than we actually require.
THEOREM. If X is bounded then A(X) contains no rationals.
ProoF: This is an immediate consequence of the following theorem. (]

Definition. For any positive integer M, let Bas be the set of all real numbers in [0,1]
which can be expanded in a continued fraction with partial quotients at most M. For
0< ¢ 1 write

wéM) = inf  [€—f].

BEBy, B#E

The following result shows that a nwmnber can well be approximated by numbers
with bounded partial quotients (if and) only if it is an irrational whose partial quotients

satisfy the same bound.

THEOREM. Let M be a positive integer. Then u(§, M) =0 if and only if { is an
irrational element of Br.

ProOF: The converse statement is quickly proved: if £ € B,,, — Q then the con-
vergents G, = %”iﬁ to ¢ satisfy

ﬂmeBMv ﬂnt#é: lim ﬂm=E
m-—+00
so p(é, M) = 0. To prove the forward half of the theorem we first note that if £ and
g are (finite or infinite) continued fractions

1 1 1 1

I 7S zmm

|€ — B = 1€o — Bol = &ofo (21;—:01) - (%—bl)

= ofo [é1 — fal = - ..
= {0 .. Ent—lljo - '/31"—1 |§m - /Jml -

ey

and if zq = by,...,T;m = by, then

Supppose first that ¢ = 1_111' o2 €Q. Let

1 1
5 = — . — ...
(5) g bi+ bpya+

https://doi.org/10.1017/5S0004972700027246 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700027246

74 D. Angell 8]

be a finite or infinite continued fraction in Bpas. Since § has at least n + 2 partial
quotients, A # €. Define m to be the greatest integer s such that =y = b;,...,2z, = b,.
Then m < n and we have

'6",3' £0'--£m—1ﬂ0"'ﬂm—l I{m_ﬂml

60 . 'gn—](M + 1)-—n Ifm - ﬂml .

>
2

(6)

(The last step is necessary since m depends on5.) We now have

(i) if m=n then £, =0 and

1
- =LFm 2 3
|€"l ﬂﬂll ﬂ M + 17
(ii) if m <n and Z,,41 > by then
1 1 1 1

m — Mm| = MPm — Z o -

lem = Bl = B~ bm > e T —
using the fact (from (5)) that 8 has at least n + 2 partial quotients.
Hence

(M +2)(Tmt1 — bmy1) — (M +1)
Tm1((M + 2)bmyy + (M + 1))
S 1
N(M? +3M +1)

Igm - ﬂml >

where N = max z;; and
1<j<n

1
N+ )M+ M +1)

(i) f m <n and 2,41 < byyy then [€, — G| 2
in (ii).
Hence

bo.. bna(M+1)7"
(N +1)(M? + 3M + 1)

inf|{ - 8| > = C(§,M) > 0,

where the infimum here extends over all # € Bar of the form (5). Since by doing this
we have excluded ouly finitely many elements of Bjpr, we have

w(e, M) > 0.
Suppose, on the other hand, that £ isirrational and not in B,;. Let n he maximal
such that z4,z;,...,2, < M; for any § € By of the form

1 1

bit+ T bayst
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let m, as before, be the greatest integer s such that z; = by,...,2, = b,. Then m <n
and (6) is again valid. We have

(i) if m =mn then

s il L
M+14M+1 M+1
1

(M +1)(M? +3M +1)’

where we have relied on the form (7) of 8; and
(ii) if m <n then {{m — Om| = C'(€, M), where C'(£, M) is the constant of
(it) or (iii) above.

IEm - ﬂml = ﬂm

Hence

b baa(M+1)™" N
(N +1)(M+1)(M24+3M+1)

inf |§ — 8] > C(§M) >0,

where, as for the case ¢ € Q, the infimum excludes only finitely many values of 3.

This completes the proof of the theorem. 1
Remarks.

1. In the case where X is bounded, it is still possible that A(X) be infinite. For
example, write o!f) = -21—+ ves ﬁ%, Bl = % e %% , where each continued fraction
has just j + 1 partial quotients. If

e L L1
2+ 24 1+

is a finite or infinite continued fraction whose sequence of partial quotients begins with
precisely j twos, then £ liesin IU) | the closed interval between a!?) and g% (that
is, IV = [a!),80)] or [B),al))] according as j is odd or even). It may be checked
that these intervals are pairwise disjoint. Now let X be the sequence

X ={1,1,2,1,1,2,2,1,2,1,1,2,2,2,1,2,2,1,2,1,... }

which contains each finite sequence 1,2,...,2 infinitely often. Then for each 7, in-
finitely many @ lie in I9; and hence each I'#) contains at least one limit point of
{Qx}r>1. Hence A(X) is infinite. (In fact for any j the sequence {Qk;, tnzj, where
kjn=14+3+4+6+ -+ in(n+1)— 3j(j ~ 1), lies entirely in I')).)

2. Apart from the limit points already mentioned in the /'/', A(X) also contains
any accumulation point of all these; one such point is easily seen to be

https://doi.org/10.1017/5S0004972700027246 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700027246

76 D. Angell [10]

which lies in none of the I,
3. We conclude with a question: if X is a bounded sequence of positive integers,

can A(X) be uncountable? It may help to recall that A(X) is a closed set which
contains no rationals.
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