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STABILITY OF STRONGLY REGULAR GRAPHS

S.K. SHukLA, M.R., SRIDHARAN AND S.P. MoHANTY

In this note we characterize strongly regular graphs which are

stable.

1. Introduction

Transposition in the automorphism group of a graph is a necessary
condition for a graph to be stable, but sufficiency conditions for
stability of graphs have not yet been found. However, Holton [2] has shown
that a tree is stable if and only if it contains a transposition in its
automorphism group. Here we prove a similar result for strongly regular

graphs.

We refer to [1] for the definitions and results not mentioned here.

For a vertex u of a graph G , by NG(u) we denote the set of all

vertices adjacent to u . By NG(u) , we denote the set NG(u) u {u} .

If W< V(G) , then by GW we mean the induced subgraph (V(G)-W) of
G . By F(G)W , we denote the maximal subgroup of TI'(G) each element of
which fixes each vertex in W ; here we consider F(G)W as acting only on

V(G) - W . A graph G is said to be semi-stable (at v € V(G) } if
F(Gv) = P(G)v . If there exists a sequence Vs Vps wees Uy of all the

vertices of G such that G{v is semi-stable at v for
l,

. ’vk} k+l

1 =k =n-1, we say that G is stable.
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An r-regular graph G of order n 1is said to be strongly regular if

(i) the number of vertices adjacent to both end vertices of an

edge is constant and is equal to A ,

(ii) the number of vertices adjacent to two non-adjacent

vertices is constant and is equal to U .
n, r, A and U are called the parameters of G .

Now we list the following results which we require to prove the main
result.

LEMMA 1 (3]. If a graph G 1is stable, then either G 1is K or
T(G) contains a transposition.
LEMMA 2 (3]. If a graph G is stable then G 1is stable.

LEMMA 3 [4]. If G <s a strongly regular graph with parameters n,
r, A and u, then G 1is a strongly regular graph with parameters n, 7,
X, and U where n=n, r=n-r-1, A=n-2r+u-2 and
u

=n-2r+ A .

2. Main result

THEOREM 1. 4 nontrivial strongly-regular graph G with parameters
n, r, A and U has a transposition in the automorphism group if and only

L o~ >
1f G = mKr or mkﬁ-r-l for some m=z 1.

Proof. If G = mKr or mKn and is not equal to K, , then

r-1

certainly it has a transposition.

Suppose G is strongly-regular and I'(G) contains a transposition
(wv) . 1If {u, v] € E(G) , then we prove that G = mK, . Othervise we

mK'n_p_1 .

R

prove that G

Let [u, v] € E(G) . sSince (ww) € T(G) ,

or

NG(u) - {u, v} = NG(v) - {u, v} .
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But
d(u) = d(v) = r

therefore A =r -1 .

Let w € WEREZT . Since [u, w] €E(G) and A =r -1,
WETET = WECEY . Thus WETET induces a complete graph of order r in G .
If n > r , then choose any vertex & § WETZT . Since G 1is strongly
regular with A =r -1, NG x) also induces a graph isomorphic to Kr
in G . If still there is any vertex y f§ WET;T u WETET , then ﬁ;TyT

will induce a graph isomorphic to K} . Proceeding in this way, till we

exhaust all vertices of G , we find that every component of (G is

isomorphic to K% , that is, G = mKr for some m =1 .

If [u, v] £ BE(G) then [u, v] € E(G) . Since (wv) € I'(G) ,
(wv) € T(G) . From Lemma 3, we infer that G is strongly regular with
parameters Z; ;; X., and ﬂ' such that 7 = n . Pr=n-pr-1 .

X=n-2r+pu-2 and U=n-2r+A. Since [u, v] ¢ EG) ,

NG(u) = Nc(v)

Hence

Therefore
A=sn-r-2.

Since G is a strongly regular graph such that [u, v] € E(G) ,
(uww) € T(G) and X 1is equal to n - r - 2 , it follows from earlier

. . 7 oo > >~
discussions that G = MKn-r-l for some m 21 . Therefore G = mKn-r-l )

This completes the proof.

COROLLARY 1. 4 non-trivial strongly-regular graph is stable if and

only if it contains a transposition in the automorphism group.

Proof. Let G be a strongly-regular graph with parameters n, r, A
and p . If T(G) contains a transposition, it follows from Theorem 1

that C = mKr or mKh_r_l . Since complete graphs are stable, mKr and

https://doi.org/10.1017/5000497270000695X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270000695X

142 S.K. Shukla, M.R. Sridharan and S.P. Mohanty

mK are also stable. From Lemma 2, we conclude that mK is
Nn-r-1 n-r-1

stable. Therefore G 1is stable.

If G is stable, it is clear from Lemma 2 that [(G) contains a

transposition. This completes the proof.
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