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On the lattice of congruences
on a regular semigroup

T. E. Hall

A result of Reilly and Scheiblich for inverse semigroups is proved
true also for regular semigroups. For any regular semigroup S
the relation O is defined on the lattice, A(S) , of congruences
on S by: (p,1) €6 if p and T induce the same partition of
the idempotents of S . Then © 1is a congruence on A(S) ,
A(S)/6 1is complete and the natural homomorphism of A(S) onto
A(S5)/0 1is a complete lattice homomorphism.

1. Introduction and summary

Let S be a semigroup, E its set of idempotents, A(S) its lattice

of congruences, and define on A(S) the relation
® = {(p,0) € AM(S) x M(S) : pn (ExE) =0 n (ExE)} .

Using the work of Munn (4] and Lallement [2], Reilly and Scheiblich [5]

have proved the following
THEOREM 3.4 of [5]. If S5 <s a regular semigroup then
(i) 0 1is a meet compatible equivalence on A(S) ;
(i1) each 0-class is a complete modular sublattice of A(S)

For inverse semigroups they prove considerably more in Theorem 5.1 [5]. We
consider whether or not Theorem 5.1 [5] holds true also for regular

semigroups. We answer this in the affirmative by proving the following
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theorem, which reduces to Theorem 5.1 [5] when S is an inverse semigroup.

MAIN THEOREM. Let S be a regular semigroup, E the set of
idempotents of S , and A(S) the lattice of congruences on S . Define
on A(S) the relation

0 = {(p,0) € A(S) » M(S) : p N (ExE} = o O (ExE)} .
Then
(i) © is a congruence on A(S) ;
(i) each 0O-class is a complete modular sublattice of A(S) ;
(ii1) the quotient lattice A(S)/0 is complete and the natural

homomorphism €% of A(S) onto A(5)/0 is a complete
lattice homomorphism.

We use wherever possible, and often without comment, the notations and
conventions of Clifford and Preston [1]. For any equivalence E on S ,
we shall often denote the equivalence E N (ExE) by EIE’ . We shall use

the following well-known result, which one may readily verify.

RESULT 1. rLet L be a complete lattice and © a congruence on L
satisfying the following condition.

(A) If {ai : 1 €I} and {bi : 1 €I} (I 4is some index set) are
any two subsets of L such that (ai’bi) €0 foreach 1 €1I,

then [\/ai, Vbi]eo and [/\ai, /\bi}ee.
1€l 1€l 1€l 1€l

Then the quotient lattice L/© is a complete lattice and the natural

homomorphism o of L onto L/O 1is a complete lattice homomorphism.

2. K(o)-regularity

This section gives a routine generalization of Lallement's Theorem 3.6

[3] (see also Theorem 2.3 [2]).

Let S Dbe a semigroup and ¢ any congruence on S . Let K %be any
one of Green's relations R, L ,H , D, J on S (see [1]). To indicate
that we are considering one of Green's relations on a different semigroup
T say, we shall use, for example, the phrase "K on T" . Define now

K(o) = {(a,b) € 5x§ : a0 and bo are K-related in S/0} . Then clearly
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K(o) is an equivalence relation on S , K C K(g) , and o C K(o) . Also
clearly H(g) = R(c)NL(c) and D(c) = R(o)oL(s) = L(a)oR(c) = L(c)vR(o)

For any element a in S , let K(o)a [Ka] denote the K(o)-class
[K-class] of $ containing the element a , and let Ka0 denote the

K-class of S/0 containing the element g0 . Clearly there is a one-to-one
mapping, Y say, from the set of K(o)-classes of S onto the set of
K-classes of S/0 such that, for any element a in S , K(O)aw = Kﬁo .

Now for K ¢ D , there is a natural ordering < (see [1] or [2]) on
the set of K-classes of any semigroup. We define < on the set of
K(g)-classes of § (for K 4 D), as follows. For any two elements a , b
. < . . < ) . .
in S, K(o)a _.K(c)b if and only if Kﬁc —-Kbo Since Y 1is a

one-to-one mapping, < 1is & partial ordering. Note, for example, that

R(o), < R(0), if and only if

{ad¥} U (ac?) (s6®) ¢ {ba"} U (ba®)(sa%) .
For any two elements a , b in S , the following are clear.

(i) 1f Ka = Kb , then K(O)a = K(O)b (since K c K(g)) .

(ii) For K40, if K <K , then K(o) < K(o)y .

DEFINITION  (from [2]) Let E be any equivalence relation on S .
Then 5§ is called E-regular if, for any congruence p on S,p|E ct
implies p C E .

THEOREM 1. If S s a regular semigroup, then S is K(ag)-regular.

Proof. With minor alterations (involving (i) and (ii) above),
Lal lement's proof of Theorem 3.6 [3] is sufficient (see also Theorem 2.3

[2]). The alterations consist mainly in replacing, for example, Ea by

R(o)a .
3. The lattice of congruences

LEMMA 1. Let S be a regular semigroup. For each element <1 of

some index set I , let P; s pé be congruences on S such that
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1

V p. \/p’.}EO.
[iC-I 7 ger ¢

In particular, O is a join compatible equivalence relation.
Proof. For each 7 € I , let o and Bi be the least and greatest
element respectively of piO and put o= V o - Define H(g) as in
1€l
Section 2. Clearly H(U)|E = OIE' . Then for each 7 € I ,

BB =0, |E ColE = Ho)|E ,

and . from Theorem 1, B C #(c) . Hence \V B; C#H(o) . Therefore

1€l
[ \ ai]IEs [ Vv Bi}lESH(c)lE= olE = [ \Y ai}IE’ s
€I i€l 1€l
whence Vv ai} |E = [ V B$]|E . Bince, for each % €I , we have
1€l iel
' - N
oy Cp; & Bi and a, Cp; C Bi we easily obtain that

7
L\/ pi] IE’ = [ \/ p‘l',] |E = [ \/ ai] IE » giving the required result.
€T 1€ 1€l

Following Reilly and Scheiblich [5], we see that

[‘n Oi] N (ExE) = N [pi N (ExE) ] 0N [p;: N (ExE) ]
€1 1€l 1€l

N p;] N (ExE) .
€T

]

From this and Lemma 1, it follows that © is a congruence on A(S)
satisfying condition (A) of Result 1. The proof of the main theorem is now

complete.

COROLLARY 1. PFor each element p 1in A(S) , let M(p) be the
greatest element of the O-class pO . Then for any two congruences p , G
on S5, if p Co them M(p) C M) .

Proof. Now from Lemma 1, M(p) v M(c) € (p v 0)© , and so
M(p) C M(p) v M(c) C M(p v o) = M(o)

REMARK . If m(p) denotes the least element of pO , then it is
clear that p C 0 implies m(‘p) Cm(s) , since m(p) = [p N (ExE)]}* , the

congruence on S generated by the relation p N (ExE)
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REMARK 2. For any p € A(S) , the O-class pO 1is isomorphic to the
lattice of idempotent separating congruences on S/m(p) (see the proof of
(ii) Theorem 3.4 [5]) and if S is an inverse semigroup then A(S)/0 is
(isomorphic to) a sublattice of the lattice of congruences on the
semilattice E ; for let p , 0 be any elements of A(S) . Then
(pna)|E = (plE) n (c|E) and (pv 0)|E = (p|E) v (6]|E) (the proof of
Theorem 5.1 [5] shows that (p; v p3)|E = (py|E) v (p3]|E)) . Let us call
{on (ExE) : pe A(S)} the set of normal congruences on E , and denote it
by N(E) . Then N(E) 1is a sublattice of the lattice of congruences on F
and is isomorphic to A(S)/0© . By considering any Brandt semigroup with
three or more idempotents, we see that N(E) is not always equal to the
lattice of all congruences on E . We note that the normal congruences on
E are characterized as follows (due to Reilly and Scheiblich; see
Definition 4.1 [5]): a congruence [ on E is normal if and only if for

every pair (e,f) € L and every element a € § , we have

(aea™® afb_l) ez .
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