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Abstract

A verbal product is introduced for a particular class of varieties of inverse semigroups and this
product is shown to be associative. As well, the structure of this class is examined.

1980 Mathematics subject classification (Amer. Math. Soc.): 20 M 05.

1. Introduction

In 1937, B. H. Neumann [11] introduced the concept of a verbal subgroup. If G is
a group and w is a set of words in FG, the free group on a set X, then the verbal
subgroup w(G) of G generated by w is the set consisting of all elements g of G for
which there is a morphism from FGy to G mapping an element of w to g. Such
subgroups are fully invariant (and hence normal) but the converse is not the case.

S. Moran [10], in an examination of associative products of groups, introduced
a verbal product of groups, which is associative and as well is commutative. If G
and H are groups, and GwH denotes their free product and {G, H] denotes all
commutators of the form [g, A} or [A4, g] where g € G and h € H, then the
w-verbal product is (GrH ) /w(GnH) N {G, H].

We may take another approach and fix the group and vary the verbal subgroup
and obtain another associative product. This was the approach of H. Neumann
[12]. The fixed group is FG, and if u and v are verbal subgroups of FGy, then the
product she defines is

FGy/uo FGy/v = FGy/u(v).
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This product is associative since (u(v))}(w) = u(v(w)). Thus H. Neumann was able
to define an associative product of varieties of groups with the product of two
varieties being given by the relatively free group defined above.

A striking result established by H. Neumann was that this product of varieties
is equivalent to another product determined by extensions of groups of the first
variety by groups of the second variety. The aim of this paper is to define a verbal
product for a certain class of varieties of inverse semigroups. We see that this
product is associative. As well we examine the structure of this class of varieties
and generalise the above result to semilattices of groups.

2. Verbal varieties

Let X be a fixed countably infinite set, X = {x|, x,, X3,...}, and FI, be the
free inverse semigroup on X. An element of FI, is called a word. A pair of words
(u,v) is called an identity of an inverse semigroup, S, if ua = va for all
morphisms a: FI, — S, and we say S satisfies (u, v). We shall call a word w and
idempotent law of S if for all morphisms a: FI, - S, wa € E(S), the set of
idempotents of S, and we say § satisfies w. Notice w is an idempotent law of § if
and only if (w, ww™!) is an identity of S.

DEFINITION 1. For an inverse semigroup, S, the verbal inverse subsemigroup of
S, denoted by w(S), corresponding to a set of words w is the inverse subsemi-
group of § generated by {wa|w € w, a € Mor(FlIy, S)}.

A wvariety of inverse semigroups is a collection of inverse semigroups closed
under the operation of taking inverse subsemigroups, forming morphic images
and forming direct products. Naturally, we say that a variety of inverse semi-
groups satisfies (u, v) if each inverse semigroup in the variety satisfies (¥, v) and
a variety of inverse semigroups satisfies a word w if each inverse semigroup in the
variety satisfies w.

As a special case of a result of Birkhoff [2] we know that “Vis a variety of
inverse semigroups if and only if there is a set A C FI, X FI, such that Vis the
collection of all inverse semigroups satisfying each pair (u, v) in 4. We shall say
that “Vis the variety defined by A, and denote it by V,.

DEFINITION 2. A variety of inverse semigroups that is defined by a set
A = {(w,ww™)|w € w C FI} is called a verbal variety, and is denoted by V..

Notice that V, = V. It follows that V, consists of all inverse semigroups such
that each w € w is an idempotent law.
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DEFINITION 3. If w is a set of words, the set of all idempotent laws satisfied by
V., is called the toral set generated by w, and is denoted by T(w).

We shall investigate the structure of the lattice of verbal varieties a little later in
Section 5 but first we make some brief observations.

Let w C E(FI), the semilattice of idempotents of the free inverse semigroup
on a set X; then every inverse semigroup satisfies each of the idempotent laws
w € w, since the morphic image of an idempotent is necessarily an idempotent.
Thus the variety of all inverse semigroups, denoted 95, is a verbal variety.

Now if x € X, then S satisfies x only if S is a semilattice since otherwise if
52 # s € S then the morphism generated by x; — s, x; € X shows that S does not
satisfy x. Thus if w = FI,, then only a semilattice can satisfy all w € w.
Certainly, however, every semilattice satisfies every word in FI, so the variety of
semilattices, denoted 5, is the smallest verbal variety.

The variety, S£, is not the only verbal variety to have trivial intersection with
the variety of groups §. If C,, n > 1, denotes the variety of inverse semigroups
defined by the identity (x"*', x™), then each C, is an J(-degenerate variety, that is
each inverse semigroup in the variety has each of its J(-classes containing only
one element. Thus each C, has only one element groups in it. Each C, is a verbal
variety, since (x"*!, x") and ((x"x' "} x"x'7")7!, x"x! ") are equivalent identi-
ties. These varieties are of some significance, since Djadchenko [4] shows that
every J(-degenerate variety of inverse semigroups satisfies (x"*', x") for some
n=1.

We shall see later that not every variety of inverse semigroups is a verbal
variety. There are however, “plenty” of verbal varieties. Given any variety of
inverse semigroups, Y, we may obtain the smallest verbal variety containing it by
taking the variety of inverse semigroups satisfying (ww~!, w) for all identities of
this form satisfied by V. In the lattice of varieties of inverse semigroups, this is a
closure operation and so we shall denote the verbal variety obtained in this way
from a variety V, by V.

3. Fully invariant congruences and normal inverse subsemigroups

We call a congruence p on an algebra A fully invariant if for all endomorphisms
¢: A > A and for all x, y € 4, we have (x, y) € p implies (x¢, y¢) € p. Further,
an inverse subsemigroup, 4 of an inverse semigroup S is said to be fully invariant
in S, if for each endomorphism ¢ of S, A¢ C A.

Fully invariant congruences, introduced by Birkhoff [2], play a central role in
studying varieties and the key result when specialized to inverse semigroups, gives
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LEMMA 4. Let R be a set of pairs of words in FI . Then Vy, the variety defined by
R, satisfies all identities (u, v), where (u, v) € p}, the fully invariant congruence of
FI,, generated by R, and only those identities.

The construction of a fully invariant congruence from a relation R may be
achieved as follows.

LEMMA 5. Let R be a relation on a semigroup S. Let Ry, = R and let
R,={(a,b) €S X S|(a,b) = (cb,d8)with(c,d) € p,_, and 6 € End(S)}

where p,_, is the congruence on S generated by R;_,, i = 1. Let p§ = U7_ R, (and
hence = U2 p;). Then p} is the fully invariant congruence on S, generated by R.
(See Clifford and Preston [3] page 18 for a constructive definition of p,.)

COROLLARY. Let R be a relation on an inverse semigroup S. Then p¥, as defined
in the lemma, is the fully invariant congruence on S generated by R.

DEFINITION 6. Let ¢: S — T be a morphism of inverse semigroups. The core of
¢, written core ¢, is {x € S|x¢ = (xx~")¢}.

We recall the following definition by Green [5].

DEFINITION 7. Let N be an inverse subsemigroup of an inverse semigroup S.
Then N is normal in S (or where it is clear simply normal) if

(1) E(S) C N, that is N is full, and

(ii) for all x, y € S and for all n € N, xy € N implies xny € N.

DEFINITION 8. If S is an inverse semigroup and N is an inverse subsemigroup of
S, then we denote by py, the congruence on S generated by {(n, nn™')|n € N}.

We slightly extend a result of Green [5] to consider the case of full invariance,
to obtain the following most useful result, that perhaps justifies the use of the
term ‘“normal”.

LEMMA 9. For any ¢: S - T, a morphism of inverse semigroups, core ¢ is normal.
Conversely, for any normal inverse subsemigroup N of an inverse semigroup of S,
there is a congruence on S, namely py, with corepy = N. Further N is fully
invariant if and only if py, is fully invariant.

PROOF. It is clear that core ¢ is a full inverse subsemigroup of S. Normality
follows essentially because, for any inverse semigroup, and hence for T, if ¢ and
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ab are each idempotent, then so is aeb. To show the converse, we first consider the
relation T where (g, b) € 7 if and only if there exist 7,,...,r,, §,...,5, € S' and
Wy,...,W, € N such that

a=rws, ¢, = rwpwils,
€1 = KW,S, Cy = rywpws's,
(1)
- - -1
Cpy = I W,S, b=rww’s,

Now {(n,nn"")|n € N} C 7 and also by the definition of 7, 7 C py. But we
shall see that r is a congruence; so 7 = py. Since a = a(a'a)l and a=
a(a™'aXa'a)™1, (a, a) € 7for any a € S. Let (a, b) € 7 with (1) holding. Thus

b = (rnwn)wn-lsn Cn—1 = (r,,w,,)wn“w,,sn

¢ = (rw)wi's, a= (rw)wi'ws,

so that (b, a) € 7. It is clear that 7 is transitive. Let (a, b) € 7 and let (1) hold.
Letx,y € S}, so

xay = (xrl)wl(xly) X6y = (xrl)wlwl_l(sly)

xby = (xr, )ww;'(s,y)
and so (xay, xby) € 7. Thus 7 is a congruence and 1 = p,,.
Now clearly N C core py. Let a € core py. Thus (a, aa™!) € 7 so equalities of
the following form hold:

a=rws, ¢, = rwwils,

-1 —

- -1
Cpae1 = W, 5, aa” =rww,’s,

n—1
Now aa™' € N and w, € N so by condition (ii) defining normality, c,_, =
(rww; " Yw(s,) EN. But ¢,_, €N and w,_, €N so, as for c,_, ¢, 2=
(Fy Wpe Wit OW,—1(8,~1) € N, and so on. Thus we find that ¢,_;,...,c; € N,
and finally that ¢ € N. Hence N = core py.

Finally, suppose that N is fully invariant and that (a, b) € py. Then for all
endomorphisms §: S - S,

al = (rw;s,)0 a0 = (rwwi's,))0

b0 = (rww;'s,)0
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But for all i, (r,w;s,)8 = (r,0}(w,0)(s,8), and as N is fully invariant w;# € N, and
hence (a#, b8) € py. Conversely if py is fully invariant and @ € N = corepy,
then (a, aa™') € py so (ab,(aa™')8) € py and hence (ab, ab(ab)™') € py since §
is morphic. Thus af € core py so ad € N. Thus N = core p,, is fully invariant.

The proof given here is different from that of Green. When the congruence is
constructed as in this proof then it becomes easy to see that if N is fully invariant,
then so is py. This fact is not obvious otherwise. Notice that unlike the situation
for groups, we need to show normality as well as full invariance. The following
example illustrates this.

ExaMpLE 10. Let S be the inverse semigroup of one to one mappings generated
by (}3). Then

= (o (L2 GIEL ML)
B

(e () G)GRGLG)G 3G 3D

Now if ¥ is not fully invariant, then there exists # € End(S) and a € S\ N such
that (})8 = a. Now suppose (73)0 = b. Then

' = (3)of3)o=(1)o={(3)3 3)(F 2o=a

However a check of the multiplication table of S reveals that there exists ab such
that aa™' = ab? only if a € N. Thus N is fully invariant. However N is not
normal since (}2)}) = @ € Nand ) € Nbut ()3 =(3) € N.

We now give a lemma needed later.

LEMMA 11. Every total set of words is a fully invariant normal inverse subsemi-
group of FI .

PROOF. Let w be a total set of words, then by Lemma 4, p} is all the identities
satisfied in V. Thus w = {w|(w, ww™") is an identity satisfied in V,} = core pj.
Now p¥ is fully invariant, so by Lemma 9, w is a fully invariant normal inverse
subsemigroup of FIy.

COROLLARY. If w = T(w), w(FI,) = w.
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PRrOOF. Since w is fully invariant in FI,, wa € w, for any w Ew and a €
End(FI). Thus w = w( FI,).

4. The verbal product of verbal varieties

Before introducing the verbal product we need a little more notation. If u is a
word in FI, let c(u) denote the content of u, that is the set of elements explicitly
used in the word u. Thus c(x,x3x7") = {x,, x,} and c(x¥x7'x3x,) = {x;, X3, X4}
Further if c(u) = {x,, x3,...,x,} then we may write u = u(x,, x5,...,%,).

If w,wy,...,w, € FI, and c(u) = {x,...,x,}, then we may write
u(wy, w,,...,w,) for the word formed by replacing each instance of x; in u by the
word w,, fori = 1,...,n.

LEMMA 12. Let w be a total set of words in FI,. Let S be an inverse semigroup.
Then the verbal inverse subsemigroup w(S) = {wa|w € w and a € Mor(FI,, S)}
and furthermore w(S) is fully invariant.

PROOF. W(S) = {wa|w € w and a € Mor(FIy, S)} = T, say, if and only if T
is already an inverse subsemigroup of S. Let x = ua and y = vf3, where u, v € w
and a, B € Mor(FIy, S). Now choose ¢ € End(FI) such that c(u) N c(ve) =
@ . Then u, v € w and there exists y: FI, —» S with ua = uy and (v¢)y = v,
whence xy = (ua)}(v8) = uy(vd)y = (u(ve))y € T, all since w is a fully in-
variant inverse subsemigroup of FI,, by Lemma 11. Also, again by Lemma 11,
since w € w implies w™! € w, wa € T implies (wa)™! € T, so T is an inverse
subsemigroup, and hence w(S) = 7. Finally, if ua € T and 8 € End(S), then
af € Mor(FIy, S) so (ua)d = u(af) € T, so w(S) is fully invariant.

It is not the case, however, that a verbal inverse semigroup of a total set is
necessarily normal, since if w = T(x?2), for some x € X, and S is the inverse
semigroup generated by (}3), the inverse semigroup mentioned in the previous
example, then

v= (LM EMO-CIE 2B 3] =ws

which was shown not to be normal in S.

We note in passing that the operation of obtaining a total set of words from a
set of words in FI, is a closure operation on the lattice of subsets of FIy. It is also
clear from the definition of a total set that “V, = V), and further that if u and v
are subsets of FI,, since T(v) is an inverse subsemigroup of FI,, by Lemma 11,
we may form T(u)(7(v)), the verbal inverse subsemigroup of 7(v).
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DEFINITION 13. Let <V, and Y, be the verbal varieties defined by the sets of
idempotent laws u and v, respectively. Let Y, * V| = V7, where T(u)(T(v))
is the verbal inverse subsemigroup of 7(v) for the set of words T(u). V, * V, will
be called the verbal product of the varieties Y, and V,.

THEOREM 14. The verbal product of verbal varieties of inverse semigroups is
associative.

PROOF. Let V, V, and V,, be verbal varieties defined by u, v and w respectively.
Since the product is defined in terms of total sets and since V, = V), we may
and shall assume that u, v and w are total. Thus, all that is required is that we
show that [u(v)jw = u(v(w)). Let z € [u(v)jw. Then there exist morphisms &:
FI, - vand x: FI, > wand u € usuch that (uf)x = z. However 0x: FI, - v(w)
so that z = (uf)x = w(fx) € u(v(w)). Thus [u(v)lw C u(v(w)).

Conversely, suppose z € w(v(w)). Then there exist a morphism a: FI, - v(w)
and u € u such that ua = z. Now if P = {1,2,3,...}, a is defined by x, > v,0,,
for each i € P, where each v, € v and each 6, € Mor(FI,,w). Now since the
naming of the elements of X was arbitrary we may assume that ¥ = u(x,,...,x,),
that is c(u) = {x,,...,x,}. Let x, be the element of X in U_, c(v;) with largest
subscript. Suppose that for 1 <i<wn, a;: P — P is chosen such that v, =
0,(Xg,(1y5- - - s Xa(m(iyy)» Where m(i) =|c(v;)| . Now define B: FI — v by

xB= ”l(xal(l)’-'-’xal(ma»)’

%58 = 03X, tayys- - X aximzy )

x,B= vn(x(n—l)r+a,,(l)’ e ’x(n—l)r+a,,(m(n)))’
xn+sB =v,
where v is an arbitrary element of v and s is any element of P. 8 is a morphism

into v since v is fully invariant and hence if 0,(x, (1y,- - - X4 (m(iy)) i8 in ¥ then so is
V(X(i— yr+a1y -+ s X(i— 1yr+am(iy))- NOW define a morphism y: FIy — w by,

y: Xi—r+aj) (xa,(j))oi’ 1<j<m(i),
NEAES itk =(i — Dr+ a,(j),

forany i=1,...,n and j = 1,...,m(i), and some arbitrary choice of w. Notice
that y is well defined due to the choice of r. Also (FI,)y C w since each 6;:
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FI, - w.Alsoforanyi=1,...,n,
x,By= vi(x(i—l)r+ai(1)" . ’x(i—l)r+ai(m(i)))7
= Ui(xu—\ywaim%- . sxu—\)r+ai(mm)ﬂ
= vi(xa,-(l)oi" - ’xa,(M(i))oi)

= ”i(xa,(l)’- . ’xa,(mu»)oi
= 0,8,

= x;a.

Thus By = ua = z, whence z € [u(v)]w, so u(v(w)) C [u(v)]w. The result of the
theorem follows.

LemMa 15. Let V,, V, be verbal varieties of inverse semigroups. Let S be an
inverse semigroup such that there exists a congruence, p, on S with core p € V, and
S/pEV,. Then S € V, »V,.

PROOF. Let u(v,,...,v,) € Tu)(T(v)), where u(x,,...,x,) € T(u) and v, € T(v)
for i =1,...,n. Let § € Mor(FIy, S). Now (v,0)p € E(S/p) for each v,, as
S/p € V, and 6p: FI, ~ S/p, so v;0 € core p* = core p. Thus (u(vy,...,v,))0 =
u(v,0,...,0,8) € corep, and since corep € V, (u(vy,...,0,))0 € E(S). Thus
SeV, *V,.

We shall say that an inverse semigroup S is an extension of an inverse
semigroup A by an inverse semigroup B if there is a congruence, p, on S such that
A =corep and B = S/p. Thus we have just seen that the verbal product of
varieties of inverse semigroups contains extensions. Now H. Newmann [12]
defined a product of varieties of groups to be the collection of all extensions of
groups in the first variety by groups of the second variety. She then showed that
this product of varieties is equivalent to a verbal product of varieties of groups.
This product defined by extensions does not translate readily into inverse
semigroups, as J. Bales [1] in an example showed that such a product is not
always a variety of inverse semigroups.

We now give a partial converse to Lemma 15. We need the following lemma.

LEMMA 16. Let w be a total set of words and S a semilattice of groups. w(S) is a
fully invariant normal inverse subsemigroup of S.

Proor. By Lemma 12, all we need to show is that w(S) is normal in S. Let
ab € w(S) and d € w(S). Then ab = ua and d = vf where u, v €Ew and qa,
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B € Mor(FI,, S). Now choose ¢ € Aut(FI), induced by a permutation of X,
such that c(u) N ¢(v¢$) = &. Define a morphism y: FIy — S by

X0, if x; € c(u),
X ~>1x,67'8, ifx;, €c(ve),and
b, otherwise.

Choose x, € X, not in ¢(u) U c(v¢). Now by Lemma 11, w is a fully invariant
normal inverse subsemigroup of FI. Thus since x;'x, € E(FI,) C w and v €
wo C w, then x; '(ve)x, and hence ux;'(ve)x, € w. Thus (ux;'(ve)x,)y € w(S)
so that ((uy)x;'v)(veY)x,y) = abb™'db = adb € w(S), since idempotents lie in
the centre of a semilattice of groups. Thus w(.S) is normal.

THEOREM 17. Let Y, and V, be verbal varieties. Let S be a semilattice of groups.
S €V, * V. if and only if there is a congruence p on S such that corep € V, and
S/p € V,, that is S is an extension of a member of N, by a member of V,.

PrROOF. We have shown one half of the result already in Lemma 15, so now to
show the other half, let S € V, * °V,. Without loss of generality, we assume that u
and v are total. We shall show that p,5, meets the requirements of the theorem.
Now by Lemma 9, core p,5) = v(S). Thus we must show that v(S) € V. Let
u € uand 8 € Mor(FI, v(S)). Since the naming of elements in X was arbitrary,
we assume that c(u) = {x,,...,x,}. Now for each x; € c(u), x,0 € ¥(§), so we
may pick v, Ev and «; € Mor(Fl,, S), with x,0 = v,a;, and using the full
invariance of v, we may assume that c(v;) N c(v;) = @ fori #j,i,j = 1,2,...,n.
Define 8: FI, — S by

| xi- X, ifx; € (o) forx, € UG o(v)),
) Xx; =S, for some arbitrary s € S, otherwise.

Thus v;8 = v;a;fori = 1,...,n.
Now

ub = u(x,,...,x,)8

=u(x,0,...,x,0)
=u(vay,...,0,a,)
= u(0,B.....0,B)
= u(vy,...,0,)B.

But as S €, * V, and wu(v,,...,v,) € u(v), then u(v,,...,v,)B, and hence
u € E(S). Thus, since v(§) is normal in S, E(v(S)) = E(S) and so v(S) € V.
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It remains to show that S/p,s, € V,. Define 8, € Mor(FIy, ) by x,0, = s,
where s; is any element of x,0. Then = 6,(p,s,) and

vl = v(el(pv(S)))
= (001)(Pv(3))
= (o07'0,)(pys)), by definition of p,,

= (Dv_l)(gl(pv(S)))
= (vv )6
= (v8)(v8)".

Thus v8 € E(S/pys,) and hence S/p, s, € V..

5. The lattice of verbal varieties

After the initial remarks concerning verbal varieties made in Section 1, we now
wish to examine the lattice of verbal varieties, denoted £V(95) in a little more
detail. First observe the following well-known result, as quoted by Bales [1].

LeEMMA 18. Let S be an inverse semigroup. Then S is a group if and only if S
satisfies an identity (u, v) where c(u) # c(v).

We can thus observe that verbal varieties of inverse semigroups never coincide
with varieties of groups. However by investigating the structure of the lattice of
verbal varieties, we strengthen this result to see that a verbal variety never consists
solely of semi-lattices of groups.

First we need definitions of meet and join in £V($5). The meet of two verbal
varieties is the largest verbal variety contained in both of them; the join of two
verbal varieties is the smallest verbal variety containing both of the varieties. It is
easy to see that the meet of two verbal varieties Y, and V, in £V(9S) coincides
with the meet in £(95), the lattice of varieties of inverse semigroups. Thus we
have:

LEMMA 19. Let Y, and %V, be verbal varieties. In £V(98) V, ANV, =V ,,, the
variety defined by the union of the generating set of words, u and v.

In 2(95), the join of V, and V| in the variety defined by p} N p*, the
intersection of the fully invariant congruences generated by {(u, uu™')|u € u}
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and {(v, vo™")|v € v} respectively. Now consider all pairs (w, ww™') € p* N p?*
and denote this set by w. Then V_ is the smallest verbal variety that contains both
V, and V. Now consider the verbal variety V1) Vo Vy © Vrgynrg)» S0 that
Vo = Vo VYV, € Vipnre- However if w € w then (w, ww™) € pf N p}, sow €
T(u) N T(v). Thus w C T(w) N T(¥), 50 Vrnre = V- Thus we have shown:

LEMMA 20. Let V, and V, be verbal varieties. Then in £V(98), V,V V, =
Vr@nre:

We now consider where the verbal product sits in the lattice. In the case of
groups, because of the product’s alternative characterization in terms of exten-
sions it is trivial to see that if U and YV are varieties of groups, then the verbal
product contains both varieties. Thus if, U * “V denotes the verbal product of A
and Vin the lattice of varieties of groups £(8), we have

LEMMA 21. Let A, V be varieties of groups. Then in £(8), AV V<
(U VYA (Vx Q).

This result holds for £V(98) as well.

LEMMA 22. Let Y, Y, be verbal varieties of inverse semigroups. Then in £V(93),
Vo VU< (Ve W) ALY =)

PROOF. Let w be a law of V, + °V; hence w = u(vy,...,v,) where u is a law of
¥, and each v, is a law of V,. Now consider the map 6 € Mor(FI,, FI)
generated by

g 1%~ o if x; € ¢(u), and
" |x; - x;, otherwise.

Then uf = w. However u is a law of VY, and the laws of Y, form a fully invariant
subgroup of FIy, so that w is also a law of V. Thus V, <, *= V.. Now if
S € V,, then for any @ € Mor(FI,, S), v a law of V,, vd € E(S), so certainly
u(vy,...,0,)0 € E(S),50 S €V, » V.. Thus V, <V, » V. Hence V, vV V, <V,
» V, and by symmetry, V, V V, < (V, * V) A (Y, = V).

This inequality cannot be strengthened, as we can see in the following example.
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ExaMpLE 23. Let C, be the two element group, and let 8: C, » Au(C, X G,)

be given by
9 1- 1c2><c2a
lasa: X G- G XG,

where a is given by (1, a)a = (a, 1), (a, )a = (1, a), (a, a)a = (a, a) and (1, D«
=(1,1).

Then we may form the semi-direct product of groups C, and C, X C, under 6.
This is the dihedral group, D,. Now C, and C, X C, are both members of V2.
However D,, with multiplication,

(X1 y)(x2, 32) = (xlxz’ (71(x28))7,),

is not a member of ‘V(xz), since

(a,(1,4))(a,(1,a)) = (1,(a, a)).

Now D, is an extension of C, X C, by C, and so by Lemma 15, D, is an element
of Vi,2y * Vx2), which thus strictly includes Vi, V V2 = V).

We now wish to examine the atoms of £V(9S) and as a consequence of this
examination, show that no verbal variety consists solely of semilattices of groups.

Let B, denote the five element combinatorial Brandt semigroup; this inverse
semigroup may be derived in various different ways.

(i) B, is isomorphic to the inverse subsemigroup of I,, the symmetric inverse
semigroup on X, generated by the map (x, - x,).

(i) B, = M°(1; I, I, A) where | I|= 2.

(ii) B, = FI|,,/p where p is the fully invariant congruence on FI (x) generated
by ((x%x"), (x2x)x 2y ).

(iv) B, and Fly,,, where p is the fully invariant congruence generated by
(23 x7"), (xyxx7 WX, x,x7') ") generate the same variety. See Reilly {13] and
Kleiman [7].

THEOREM 24. Let w be a set of words in FI . If Y, # S£, then B, € V.

PROOF. Suppose B, & V.. Now B, has only two elements that are not idempo-
tents. Let x be a non-idempotent element of B,. Thus there exist w € w and
8 € Mor(FI,, B,) such that wd = x. Without loss of generality we may assume
that c(w) = {x,,...,x,}. Now define a« € End(FI,) by, fori = 1,...,n, x;0 = x,,
x7!, x,x;! or x;'x, according as to whether x,8 = x, x!, xx~! or x~!x, and for
i>n, x;a = x,. (Clearly x,0§ # 0 for i = 1,...,n.) Now x in B, and x, in FI,
share the property that they are the product of a string a,,...,a,, if and only if
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the string can be expanded to xx~'xx~'x...x7x (or x;x7'x;x;%.. . x;'x, respec-
tively), so that since wé = x, wa = x,. Thus, since T(w) is a fully invariant inverse
subsemigroup of FIy, x, € T(w) and so T(w) = FI,. Thus V, = §E,

COROLLARY 1.V, i, is the only atom of £V(9S).

PROOF. By the fourth formulation of B,, above, the variety defined by B, in §5
is the verbal variety ¥, , .., and so by the theorem %V, . .., €V, for any
non-trivial verbal variety.

COROLLARY 2. No non-trivial verbal variety consists solely of semilattices of
groups.

PROOF. B, is not a semilattice of groups.
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