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The Vlasov–Maxwell equations provide kinetic simulations of collisionless plasmas, but
numerically solving them on classical computers is often impractical. This is due to the
computational resource constraints imposed by the time evolution in the six-dimensional
phase space, which requires broad spatial and temporal scales. The novelty of this study
is to implement a quantum–classical hybrid Vlasov–Maxwell solver and the rigorous
numerical scheme evaluation by numerical simulations. Specifically, the Vlasov solver
implements the Hamiltonian simulation based on quantum singular value transforma-
tion, coupled with a classical Maxwell solver. We perform numerical simulation of
a one-dimensional advection test and a one-spatial-dimension, one-velocity-dimension
two-stream instability test on the Qiskit-Aer-GPU quantum circuit emulator with
an A100 GPU. The computational complexity of our quantum algorithm can poten-
tially be reduced from the classical O(N 6T 2/ε) to O (poly(log N ) (N T + T log (T/ε)))
for the N grid system, simulation time T and error tolerance ε in the limit where the
number of queries is large enough and the error is small enough. Furthermore, the
numerical analysis reveals that our quantum algorithm is robust under larger time steps
compared with classical algorithms with the constraint of Courant–Friedrichs–Lewy
condition.
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1. Introduction

Plasma simulations have historically utilized supercomputers to accurately predict
and understand the behaviour of electromagnetic plasmas in large-scale astrophys-
ical phenomena, nuclear fusion energy systems and the engineering evaluation of
space industry and semiconductor products. Numerical simulation methods for
predicting plasma motion are generally categorized according to the spatial and
temporal scales. For instance, simulations at microscopic scales utilize particle-in-
cell (PIC) simulations and Vlasov–Maxwell (or Vlasov–Poisson) simulations, while
at macroscopic scales, magnetohydrodynamic (MHD) simulations, which involve
static relaxation and fluid approximations, are employed. As computing technology
has advanced, PIC-MHD and Vlasov-MHD simulations that connect these hierar-
chical scales, as well as low-resolution full-PIC and full-Vlasov simulations, have been
developed. This has led to a better understanding of multiscale plasma phenomena,
such as magnetic reconnection. However, none have achieved significant increases in
simulation size due to the immense computational costs involved. It is an important
task to seek methods that can consistently simulate all multiscale plasma physical
phenomena. This necessitates the development of computational methods capa-
ble of simultaneously handling microscopic kinetic effects and macroscopic MHD
turbulence.

We focus on the Vlasov–Maxwell equations in plasma simulations. The primary
challenge of Vlasov simulations is the high computational cost required for the time
evolution of the six-dimensional partial differential equations (PDEs). Assuming that
the Vlasov equation can be divided into six advection equations and that each advec-
tion equation is solved using a simple explicit method, the computational complexity
of classical calculations becomes O(N 6(T 2/ε + cT/�x)) from Remark 1 in (Sato
et al. 2024). Here, N is the number of isotropic and uniform grids for each six-
dimensional direction, T is the simulation time, ε is the error tolerance, c is the
advection velocity and �x is the spatial grid width.

In recent years, the development of quantum algorithms for classical PDEs assum-
ing fault-tolerant quantum computers has rapidly progressed. Notable examples
include algorithms for the Navier–Stokes equations (Gaitan 2020, 2021), the Vlasov
equation (Engel, Smith & Parker 2019; Ameri et al. 2023; Miyamoto et al. 2024;
Toyoizumi, Yamamoto & Hoshino 2024), the Poisson equation (Cao et al. 2013;
Wang et al. 2020) and the wave equation (Costa, Jordan & Ostrander 2019; Suau,
Staffelbach & Calandra 2021). Quantum algorithms for linear ordinary differential
equations, such as the HHL algorithm (Harrow, Hassidim & Lloyd 2009; Childs,
Kothari & Somma 2017) and Hamiltonian simulation algorithms (Berry et al. 2007;
Childs & Kothari 2010; Berry & Childs 2012; Childs & Wiebe 2012; Berry et al.
2014, 2015a,b; Berry & Novo 2016; Novo & Berry 2017; Childs et al. 2018), have
been proposed to potentially provide exponential speedup. Efficient implementa-
tion of the Hamiltonian simulation has mainly utilized the Trotter decomposition
algorithm (Jin, Liu & Yu 2023; Jin et al. 2024), or quantum singular value transfor-
mation (QSVT) algorithm (Gilyén et al. 2019). Sato et al. (2024) demonstrated
quantum computation of advection and wave equations using Hamiltonian sim-
ulation with Trotter decomposition, highlighting issues with spatial discretization
using central difference and errors unique to Trotter decomposition from a numer-
ical computation scheme perspective. Hu et al. (2024) illustrated a method for
‘Schrödingerization’ of spatial discretization using upwind differences under specific
conditions. There is a growing trend towards enhancing the accuracy of quantum
computational methods in line with the history of classical numerical computation.
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Various plasma physics problems have been explored for potential applications
to quantum computing (Dodin & Startsev 2021). Plasma simulations are typically
formulated as coupled sets of nonlinear PDEs, and thus transforming them into
linear Schrödinger equations is not straightforward. However, wave problems, such
as three-wave interactions in plasma (Shi et al. 2021) and extraordinary waves in
cold plasma (electromagnetic waves with electric fields perpendicular to the back-
ground magnetic field) (Novikau, Startsev & Dodin 2022), have been efficiently
mapped to Schrödinger equations. Ideally, a quantum algorithm capable of solving
the first-principles description of plasma physics provided by the Vlasov equation
is desired. For problems with weak nonlinearity, implementation methods for lin-
earizing and performing Hamiltonian simulation on the Vlasov–Maxwell equations
(Engel et al. 2019), the collisional Vlasov–Poisson equations (Ameri et al. 2023)
and the Vlasov–Poisson equations (Toyoizumi et al. 2024) have been demonstrated
within the framework of spectral methods under static assumptions. Specifically,
Toyoizumi et al. (2024) employ the Hamiltonian simulation based on QSVT, allow-
ing the application to different problems by merely changing the block-encoding
quantum circuits of the Hamiltonian.

However, linearizing the nonlinear Vlasov–Maxwell equations using quantum
algorithms for nonlinear differential equations is challenging. For example, both
Carleman linearization (Carleman 1932; Kowalski & Steeb 1991; Liu et al. 2021)
and Koopman–von Neumann linearization (Koopman 1931; Neumann 1932) are
hindered by the first moment calculation term of the current density within the sys-
tem of equations. Consequently, among the existing quantum algorithms, solving the
genuinely nonlinear Vlasov–Maxwell equations requires either a yet-to-be-proposed
quantum algorithm specialized for the first moment calculation of nonlinear differ-
ential equations, or a sequential approach where the Vlasov and Maxwell equations
are time-evolved separately, with the results measured and combined on a classical
computer.

This study implements a quantum–classical hybrid algorithm where the QSVT-
based Hamiltonian simulation of the Vlasov equation and the classical computation
of the Maxwell equations are executed sequentially. At each time step, the solu-
tion from the Vlasov solver is extracted from the quantum node and interacted
with the Maxwell solver on the classical node. To fully claim quantum advantage,
the proposed approach must address the following challenges: (i) arbitrary initial
state preparation; (ii) quantum random access memory (QRAM); (iii) implemen-
tation of arbitrary boundary conditions; (iv) a classical search for QSVT phase
angles; (v) arbitrary probability extraction; (vi) bit and gate errors on quantum
hardware; (vii) available quantum resources. In this study, we discuss our numer-
ical analysis under the assumption that these challenges will be addressed through
future advancements. Therefore, strict quantum supremacy cannot be claimed based
on this work alone. This study aims to evaluate the impact on numerical solu-
tions and stability conditions when using the QSVT-based Hamiltonian simulation
as a subroutine of the Vlasov solver. Section 2 introduces the numerical schemes
embedded in quantum computation and the implementation methods of QSVT. In
§ 3, we present specific block-encoding quantum circuits for the Hamiltonian
required for the QSVT-based Hamiltonian simulation of the Vlasov–Maxwell
equations tailored to specific problem settings. Section 4 details the construction
of quantum circuits on a classical emulator using Qiskit-Aer-GPU and the execution
of quantum computations on an A100 GPU for one-dimensional (1-D) advection
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tests and one-spatial-dimension, one-velocity-dimension (1D1V) two-stream instabil-
ity conditions. To compare the results of quantum computations, classical matrix
exact diagonalization and Trotter decomposition-based Hamiltonian simulations
were also performed. This comparison clarifies the differences in scheme errors
between QSVT and Trotter decomposition, and the accuracy of computations
compared with classical methods. The effectiveness of QSVT-based Hamiltonian
simulation as a numerical computation method in quantum schemes is quantitatively
evaluated. In § 5, we discuss the characteristics of the numerical schemes embedded
in quantum computation and the numerical stability conditions arising from scheme
errors in QSVT-based Hamiltonian simulation, from the perspective of numerical
computation schemes.

2. Preliminary
2.1. Semidiscretized central difference scheme

Let us consider a six-dimensional phase space � := [0, L] × [0, L] × [0, L] ×
[−V, V ] × [−V, V ] × [−V, V ]. Here, L , V ∈R+, and for simplicity, we assume that
the three-dimensional (3-D) physical space is uniform in the range [0, L] and the
3-D velocity space is uniform in the range [−V, V ]. Each direction of the domain
is discretized with N uniformly distributed points. Thus, the grid intervals are �x =
�y =�z = L/N and �v :=�vx =�vy =�vz = 2V/N where N = 2n and n ∈N.

We define the six-dimensional scalar f (x, v) in the phase space �. We hereafter
label the grid points in � with vectors of indices,

j := ( jx , jy, jz, jvx , jvy , jvz ) ∈ I6 := [N ]⊗6, (2.1)

where, jx , jy and jz represent the index of the grid points in the 3-D physical space,
and jvx , jvy and jvz represent the indices of the grid points in the 3-D velocity space,
with each index taking a value from 0 to N − 1. For convenience in later use, we
define a flattened index for the multidimensional information as

j := jx + jy N + jz N 2 + jvx N 3 + jvy N 4 + jvz N 5. (2.2)

Now, the Vlasov equation for collisionless plasma is represented in a conservative
form with the plasma distribution function in phase space as f (x, v, t),

∂ f (x, v, t)

∂t
+ v · ∂ f (x, v, t)

∂x
+ q

m
(E(x, t)+ v × B(x, t)) · ∂ f (x, v, t)

∂v
= 0. (2.3)

Here, E, B and v are 3-D vectors, representing the electric field, magnetic field and
velocity in phase space, respectively. To discretize the spatial derivative terms, we
use the central difference method. For example, the spatial derivative along the x
direction can be written with second-order accuracy as

∂ f (x, v)
∂x

= 1
2�x

( f (x +�xe, v)− f (x −�xe, v))+ O(�x2), (2.4)

e := (1, 0, 0) is the unit vector in physical space, and similarly for the derivatives
with respect to y, z, vx , vy and vz. The Vlasov equation discretized at spa-
tial grid points using second-order accurate central differences can be expressed
as
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∂ f (x, v, t)

∂t
≈ − vx

2�x
( f (x +�x, y, z, v, t)− f (x −�x, y, z, v, t))

− vy

2�x
( f (x, y +�x, z, v, t)− f (x, y −�x, z, v, t))

− vz

2�x
( f (x, y, z +�x, v, t)− f (x, y, z −�x, v, t))

− q

m

(Ex(x, t)+ (v × B)x(x, t))

2�v

(
f (x, vx +�v, vy, vz, t)
− f (x, vx −�v, vy, vz, t)

)

− q

m

(
Ey(x, t)+ (v × B)y(x, t)

)
2�v

(
f (x, vx , vy +�v, vz, t)
− f (x, vx , vy −�v, vz, t)

)

− q

m

(Ez(x, t)+ (v × B)z(x, t))

2�v

(
f (x, vx , vy, vz +�v, t)
− f (x, vx , vy, vz −�v, t)

)
. (2.5)

Introducing the vectorized value f (t) that represents the value of f at each grid
point, this equation can be transformed as follows:

d f (t)
dt

= A(t) f (t). (2.6)

Here f (t) is a N 6-dimensional vector that is defined as

f j(t)= f ( jx�x, jy�x, jz�x, jvx�v, jvy�v, jvz�v, t). (2.7)

We call a numerical scheme that discretizes only space using central differences,
without discretizing time, a semidiscrete central difference scheme. When expressing
it in terms of each spatial derivative term, A(t) can be written as

A(t)= Ax + Ay + Az + Avx (t)+ Avy (t)+ Avz (t). (2.8)

Here Ax is an N 6 × N 6 square matrix, which can be expressed as the tensor product
of each spatial matrix,

Ax = − 1
2�x

Dper,x ⊗ Iy ⊗ Iz ⊗ diag(vx)⊗ Ivy ⊗ Ivz , (2.9)

where Ix is an N × N identity matrix and diag(vx) is an N × N diagonal matrix with
phase velocities as its diagonal elements. Here Dper,x is an N × N central difference
operator with the periodic boundary condition, which is defined as

Dper,x =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0 0 −1
−1 0 1 · · · 0 0 0
0 −1 0 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 0 1 0
0 0 0 · · · −1 0 1
1 0 0 · · · 0 −1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(2.10)

From (2.10) and (2.9), it is clear that Ax is an antisymmetric matrix. Here Ay and
Az are defined in the same manner and thus they are time-independent matrices.
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On the other hand, Avx is written as

Avx (t)= − 1
2�vx

Êx(t)⊗ Dper,vx ⊗ Ivy ⊗ Ivz

− 1
2�vx

B̂z(t)⊗ Dper,vx ⊗ diag(vy)⊗ Ivz

+ 1
2�vx

B̂y(t)⊗ Dper,vx ⊗ Ivy ⊗ diag(vz). (2.11)

Here Êx(t), B̂y(t) and B̂z(t) are N 3 × N 3 diagonal matrices with the electric and
magnetic fields in the 3-D physical space as its diagonal elements. The differential
operator in velocity space, Avx , Avy , and Avz are time-dependent. In this paper,
however, we assume they are time-independent over a small time interval [t, t +
�t] and define the effective Hamiltonian at each time step. That is, we use the
time-independent Hamiltonian at the nth time step as follows:

Ĥtn := i A(t = tn), (2.12)

where tn = n�t and n ∈ {0, T/�t − 1}, with the simulation time T . Because the
matrix A is antisymmetric, this effective Hamiltonian is a Hermitian.

Next, we define the effective quantum state as the sum of the normalized dis-
tribution function f j encoded as the amplitude of the computational basis | j〉
corresponding to each grid point j , normalized by f (t)‖,

|ψ(t)〉 =
∑
f ∈I6

f j(t)

‖ f (t)‖| j〉. (2.13)

In conclusion, we map the Vlasov equation to the Schrödinger equation with the
time-dependent Hamiltonian,

d

dt
|ψ(t)〉 = −i Ĥ(t)|ψ(t)〉, (2.14)

and descretizing time, assuming that the Hamiltonian is constant over each time step
(2.12). At each time step, the solution for the Schrödinger equation is given as

|ψ(tn+1)〉 = exp(−i Ĥtn�t)|ψ(tn)〉. (2.15)

Therefore, performing the time evolution iteratively, we finally obtain the general
solution at any arbitrary time as

|ψ(t)〉 =
Nt −1∏
n=0

exp
(− i Ĥtn�t

)|ψ(0)〉. (2.16)

Here Nt is the number of time steps, and the step indices are defined as n ∈
{0, 1, 2, . . . , Nt − 1}. This general solution is implemented using a quantum circuit.

2.2. Quantum singular value transformation
The QSVT is a quantum algorithm that applies polynomial transformations to

the singular values of a given matrix (Gilyén et al. 2019; Martyn et al. 2021).
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The QSVT is versatile and can be applied to various quantum algorithms, including
Hamiltonian simulation. Specifically, it transforms the target function exp(−i Ĥ�t)
into an approximating polynomial PR of degree 2R + 1, which is then implemented
within a quantum circuit within the error tolerance ε.

In this study, we follow the discussions of Toyoizumi et al. (2024) to formulate the
necessary QSVT-based Hamiltonian simulation. First, block encoding is a method
that encodes a matrix Ĥ as the upper-left block of a unitary matrix U . For normal-
ization factors η, α and the number of ancilla qubits a, U is called an (ηα, a, 0)-block
encoding of Ĥ if it satisfies the following condition:

U =
(

Ĥ
ηα

·
· ·

)
, (2.17)

where the dot (.) denotes a matrix with arbitrary elements. Here, η is defined as the
normalization factor resulting from the Hadamard gates applied to the ancilla qubits,
which depends on the dimensional degree of each problem set-up. For example, in
the case of the 1D1V Vlasov equation, η= √

2
2

and, the target matrix is embedded
in the upper-left block of the unitary matrix, while the other blocks do not have
physical significance.

When ‖Ĥ‖� 1, it is necessary to use the normalization factor to normalize the
matrix for block encoding to maintain unitarity. As discussed in Toyoizumi et al.
(2024), this implementation introduces a time parameter τ and adjusts the time
step width to �t = τ/ηα, thereby resolving any practical inconveniences in the
implementation.

Next, using the implementation time parameter τ and the error ε, Uexp satisfies

the following condition as a (1, a + 2, ε)-block encoding of 1
2exp

(
−i((Ĥ)/(ηα))τ

)
:

∥∥∥∥∥∥
exp

(
−i(Ĥ/(ηα))τ

)
2

− 〈ancilla|0,1,2 ⊗ Uexp ⊗ |ancilla〉0,1,2

∥∥∥∥∥∥� ε. (2.18)

Based on Toyoizumi et al. (2024), figure 1 shows the (1, a + 2, ε)-block encoding
quantum circuit for Uexp. The phase factor φ ∈R

d+1 in the figure corresponds to
the degree d of the approximation polynomial. The reason for the coefficient 1/2 in
exp
(− i((Ĥ)/(ηα))τ

)
is that, as shown in figure 1, we consider the attenuation of

the amplitude of the solution state due to the superposition state of the ancilla qubit.
According to Euler’s formula, we have

exp(−i xτ)= cos(xτ)− isin(xτ), (2.19)

and we perform the Jacobi–Anger expansion as

cos(xτ)= J0(τ )+ 2
∞∑

k=1

(−1)k J2k(τ )T2k (x),

sin(xτ)= 2
∞∑

k=0

(−1)k J2k+1(τ )T2k+1 (x), (2.20)

where Jm(τ ) is the mth Bessel function of the first kind and Tk(x) is the kth
Chebyshev polynomial of the first kind. We define the truncated series at an index
R by
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FIGURE 1. The quantum circuit Uexp block encodes the time evolution operator
(1/2)exp(−i Ĥ�t) with (1, a + 2, ε)-block encoding. Provided by Toyoizumi et al. (2024).

Pcos
R (x) := J0(τ )+ 2

R∑
k=1

(−1)k J2k(τ )T2k(x),

P sin
R (x) := 2

R∑
k=0

(−1)k J2k+1(τ )T2k+1(x). (2.21)

According to Lemma 57 of Gilyén et al. (2019), the approximation polynomi-
als Pcos

R (x) and P sin
R (x) have an upper bound on the error under the following

conditions:

∣∣cos(xτ)− Pcos
R (x)

∣∣� 5
4

(
e|τ |

4(R + 1)

)(2R+2)

,

∣∣sin(xτ)− P sin
R (x)

∣∣� 5
4

(
e|τ |

2(2R + 3)

)(2R+3)

. (2.22)

Finally, substituting τ = ηα�t and x with (Ĥ)/(ηα), we get the (1, a + 2, ε)-block
encoding condition for (1/2)exp

(− i Ĥ�t
)
,∥∥∥∥∥∥

exp(−i Ĥ�t)

2
−
(

Pcos
R

(
Ĥ�t

)
− i P sin

R

(
Ĥ�t

))
2

∥∥∥∥∥∥
� 5

8

(
e|ηα�t |
4(R + 1)

)(2R+2)

+ 5
8

(
e|ηα�t |

2(2R + 3)

)(2R+3)

, (2.23)

∣∣∣∣∣cos

(
Ĥ

ηα
τ

)
− Pcos

R

(
Ĥ

ηα
τ

)∣∣∣∣∣� ε,
∣∣∣∣∣sin

(
Ĥ

ηα
τ

)
− P sin

R

(
Ĥ

ηα
τ

)∣∣∣∣∣� ε, (2.24)

where 0< ε < (1/e) and

R(τ, ε)=
⌊

1
2

r

(
eτ

2
,

5
4
ε

)⌋
,

r(τ, ε)�O(τ + log(1/ε)). (2.25)

Therefore, the number of queries for Uexp as (1/2)exp
(− i Ĥ�t

)
is given by

R + R + 1 = 2
⌊

1
2

r

(
eηα�t

2
,

5
4
ε

)⌋
+ 1 (2.26)

�O (ηα�t + log(1/ε)). (2.27)
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For more details see Gilyén et al. (2019). According to Toyoizumi et al. (2024),
amplitude amplification is necessary to cancel the factor 1/2 in (2.23) and obtain
exp(−i Ĥ�t). They present two types of QSVT-based algorithm to implement this:
the oblivious amplitude amplification (Gilyén et al. 2019) and the fixed-point
amplitude amplification (Martyn et al. 2021). The total number of queries for
exp(−i Ĥ�t), including amplitude amplification, is given by 3 (2R + 1) for oblivious
amplitude amplification and D (2R + 1) for fixed-point amplitude amplification. The
degree D was given asymptotically in Gilyén et al. (2019) and Martyn et al. (2021).

3. Implementation of the quantum circuit for block encoding the effective
Hamiltonian

In this section, we present specific examples of quantum circuit implementations
of the effective Hamiltonian block encoding U tailored to problem settings ranging
from 1D1V to three-spatial-dimensions, three-velocity-dimensions (3D3V). The key
point is that the spatial displacement in the differencing process can be achieved
by the unitary operations of the quantum walk (coin operator and shift operator)
as described in Childs (2009). We modified the block encoding of the forward-time
centred-space scheme’s difference equation for the Vlasov–Maxwell system using
quantum walk embedding (Higuchi, Pedersen & Yoshikawa 2023) and adopted it
for the implementation of the effective Hamiltonian (2.17) in this work.

3.1. Quantum circuit for generating difference terms
The implementation of the quantum circuit is based on the coin operator and

shift operator, which are the operational elements of the quantum walk. The coin
operator provides transition probabilities, while the shift operator handles the vertex
movement. See Douglas & Wang (2009) for more details.

We define the rotation gate R(θ) along the Y axis as

R(θ)≡ e−iY arccos(θ). (3.1)

In order to encode the coefficients of the difference term in (2.5) to the amplitudes
of corresponding qubits, we apply the rotation gate to the |0〉 state as

R(θ)|0〉 = θ |0〉 +√
1 − |θ |2|1〉, (3.2)

so that we obtain the desired state |0〉 with the coefficient θ encoded as its amplitude.
In this encoding method, θ must be real and satisfy |θ |� 1. For general values
including the cases with |θ |> 1, we need to normalize it using the factor α defined
in (2.17). Specific choices of α will be represented in the following subsections.

Next, we perform the differentiation by applying UIncr. and UDecr. to the
computational basis, which are defined as

UIncr.| j〉 = | j + 1〉,
UDecr.| j〉 = | j − 1〉. (3.3)

These are unitary operators when we suppose the periodic boundary condition,

UIncr.|N − 1〉 = |0〉,
UDecr.|0〉 = |N − 1〉, (3.4)
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FIGURE 2. Quantum circuit for the block encoding of the effective Hamiltonian of the 1-D
Vlasov equation Ĥ1D .

and can be implemented on a circuit as

UIncr. =

• • • X

• •
•

, UDecr. =

X

. (3.5)

Here, the solid and hollow dots indicate the 1 and 0 states of the control qubits.
As we correspond each computational basis with a grid point in our algorithm,

incrementing or decrementing the computational basis corresponds to shifting the
physical quantity at an arbitrary grid point by ±1. In other words, with this
operation, we obtain f (x ± e�x).

3.2. Quantum circuit implementation for block encoding the effective Hamiltonian
In this subsection we enumerate specific effective Hamiltonians to use and circuits

for the implementation.
(i) Steady-state 1-D Vlasov equation (advection equation):

∂ f (x, t)

∂t
+ v

∂ f (x, t)

∂x
= 0. (3.6)

When the phase velocity of the 1-D Vlasov equation is constant, it becomes equiv-
alent to the steady-state advection equation. The advection equation describes the
physics of the distribution function f (x, t) propagating at the advection velocity v
while maintaining its waveform. By discretizing only the x space using the central
difference method to construct (2.6), we obtain A = Ax . Note that normalization
is performed using the normalization coefficient α to satisfy the condition |θv|� 1,
where θv = v/2�xα= 1. Referring to Toyoizumi (2024), based on (2.9) and (2.12),
the effective Hamiltonian can be expressed as

Ĥ1D = −iθvDper,x

= −iθv

N−1∑
jx =0

(| jx〉〈 jx + 1| − | jx〉〈 jx − 1|). (3.7)

From figure 2, we can see that Hadamard gates are applied to the ancilla qubit,
creating a superposition state. This means that the sum in (3.7) is constructed on
the ancilla qubit’s |0〉2 state. Therefore, the amplitude is attenuated by a normaliza-
tion factor η= √

2
2
, corresponding to the number of Hadamard gates. Therefore,

(2α, 2, 0)th block encoding of the effective Hamiltonian is implemented in the
quantum circuit as shown in figure 2.
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(ii) The 1D1V Vlasov–Maxwell equations without a magnetic field:

∂ f (x, vx , t)

∂t
+ vx

∂ f (x, vx , t)

∂x
+ q

m
E(x, t)

∂ f (x, vx , t)

∂vx
= 0,

∂E(x, t)

∂t
= − q

ε0

∫
v f (x, v, t) dv. (3.8)

The 1D1V Vlasov–Maxwell equations without a magnetic field describe the kinetic
interaction between the plasma and the electric field. By discretizing only the phase
space using the central difference method to construct (2.8), we obtain A(t)= Ax +
Avx (t).

After discretizing the equation, we have the set of the coefficients {c j} with

c jvx
= v jvx

2�x
,

c jx = q

m

Ex(x jx , t)

2�v
. (3.9)

Therefore, we take the normalization factor α to satisfy the condition |θ |� 1 as

α = max
(∣∣∣ v

2�x

∣∣∣ , ∣∣∣∣ q

m

Ex(x, t)

2�v

∣∣∣∣
)
. (3.10)

Normalizing by this factor, we set θ as

θ jvx
= v jvx

2�xα
,

θ jx = q

m

Ex(x jx , t)

2�vα
. (3.11)

Based on (2.9), (2.11) and (2.12), the effective Hamiltonian can be described using
θ as follows:

Ĥ1D1V = −
N−1∑
jx =0

N−1∑
jvx =0

(
iθ jvx

(| jx〉〈 jx + 1| − | jx〉〈 jx − 1|)⊗ | jvx 〉〈 jvx |
+ iθ jx | jx〉〈 jx | ⊗ (| jvx 〉〈 jvx + 1| − | jvx 〉〈 jvx − 1|)

)
. (3.12)

In a similar discussion as for the 1-D Vlasov case, the amplitude is attenuated by
a normalization factor of η= √

2
4

due to the four Hadamard gates. Therefore, the
block encoding of the effective Hamiltonian for (4α, 3, 0) is implemented as shown
in figure 3. The electric field is updated at each time step by solving Ampere’s
law from the Maxwell equations on a classical computer node. The straightforward
implementations of |phys〉 states and the controlled R(θ jx ) and R(θ jvx

) gates require
O(N ) gates, which does not provide a quantum advantage. According to Toyoizumi
et al. (2024), the number of gates can potentially be improved to O(poly(log(N )))
assuming QRAM (Giovannetti, Lloyd & Maccone 2008).

(iii) The 3D3V Vlasov–Maxwell equations with a magnetic field:

∂ f (x, v, t)

∂t
+ v · ∂ f (x, v, t)

∂x
+ q

m
(E(x, t)+ v × B(x, t)) · ∂ f (x, v, t)

∂v
= 0, (3.13)

∂E(x, t)

∂t
= c2∇ × B(x, t)− q

ε0

∫
v f (x, v, t) dv,

∂B(x, t)

∂t
= −∇ × E(x, t). (3.14)
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FIGURE 3. Quantum circuit for the block encoding of the effective Hamiltonian of the 1D1V
Vlasov–Maxwell equations without magnetic field Ĥ1D1V .

The 3D3V Vlasov–Maxwell equations with a magnetic field fully reproduce the
kinetic interaction between the plasma and the electromagnetic field. By discretizing
only the 3D3V-phase space using the central difference method, we obtain (2.8). The
normalization coefficient α is chosen to satisfy the condition |θ |� 1 as

α = max
(∣∣∣ v

2�x

∣∣∣ , ∣∣∣∣ q

m

E(x, t)+ v × B(x, t)

2�v

∣∣∣∣
)
. (3.15)

This is defined as the sum of the maximum absolute values of the coefficients of
each discretized term. Then, we set θ as

θ jvx
= v jx

2�x α
,

θ jvy
= v jy

2�x α
,

θ jvz
= v jz

2�x α
,

θ j x , jvy , jvz
= q

m

Ex(x j x
, t)+ vy, jvy

Bz(x j x
, t)− vz, jvz

By(x j x
, t)

2�v α
,

θ j x , jvx , jvz
= q

m

Ey(x j x
, t)+ vz, jvz

Bx(x j x
, t)− vx, jvx

Bz(x j x
, t)

2�v α
,

θ j x , jvx , jvy
= q

m

Ez(x j x
, t)+ vx, jvx

By(x j x
, t)− vy, jvy

Bx(x j x
, t)

2�v α
. (3.16)

Here, the index j x := ( jx , jy, jz) is defined as ∈ I3 := [N ]⊗3. Therefore, based on
(2.9), (2.11) and (2.12), the effective Hamiltonian can be expressed using θ as

Ĥ3D3V = −
N6−1∑
j∈I6

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

iθ jvx

(
T̂
(x,+1)

jx , jy , jz , jvx , jvy , jvz
− T̂

(x,−1)

jx , jy , jz , jvx , jvy , jvz

)
+iθ jvy

(
T̂
(y,+1)

jx , jy , jz , jvx , jvy , jvz
− T̂

(y,−1)

jx , jy , jz , jvx , jvy , jvz

)
+iθ jvz

(
T̂
(z,+1)

jx , jy , jz , jvx , jvy , jvz
− T̂

(z,−1)

jx , jy , jz , jvx , jvy , jvz

)
+iθ j x , jvy , jvz

(
T̂
(vx ,+1)

jx , jy , jz , jvx , jvy , jvz
− T̂

(vx ,−1)

jx , jy , jz , jvx , jvy , jvz

)
+iθ j x , jvx , jvz

(
T̂
(vy ,+1)

jx , jy , jz , jvx , jvy , jvz
− T̂

(vy ,−1)

jx , jy−1, jz , jvx , jvy , jvz

)
+iθ j x , jvx , jvy

(
T̂
(vz ,+1)

jx , jy , jz , jvx , jvy , jvz
− T̂

(vz ,−1)

jx , jy−1, jz , jvx , jvy , jvz

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(3.17)
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where we define

T̂
(x,±1)

jx , jy , jz , jvx , jvy , jvz
:= | jx〉〈 jx ± 1| ⊗ | jy〉〈 jy| ⊗ | jz〉〈 jz|

⊗ | jvx 〉〈 jvx | ⊗ | jvy 〉〈 jvy | ⊗ | jvz 〉〈 jvz |, (3.18)

and similarly for the derivatives with respect to y, z, vx , vy and vz.
In a similar discussion as for the 1-D Vlasov case, the amplitude is attenuated by

a normalization factor of η= √
2

8
due to the eight Hadamard gates. Therefore, the

(16α, 6, 0)-block encoding of the effective Hamiltonian is implemented as shown in
figure 4. The electric and magnetic fields are updated at each time step by solving
Ampere’s law and Faraday’s law from the Maxwell equations on a classical com-
puter. In the 3D3V case, we also assume that QRAM will be used to efficiently
input the electromagnetic field information into the effective Hamiltonian at each
time step. Finally, our proposed algorithm follows the flow shown in figure 5.

4. Numerical results

In this section, we provide numerical results for a QSVT-based Hamiltonian
simulation and several numerical schemes. We implemented the QSVT-based
Hamiltonian simulation, referring to Toyoizumi et al. (2024). To evaluate the quan-
tum scheme as a numerical computation scheme for the Vlasov equation, we pre-
pared two problem settings: a 1-D advection test and a 1D1V two-stream instability.
We used the open-source Qiskit 0.212 (Qiskit contributors 2023) as the quan-
tum computing tool for implementing the quantum circuits. In this work, we used
pyqsp (Chao et al. 2021) to calculate the phase factor φ. To save computational
resources, we implemented the (1, a + 2, ε)-block encoding of 1/2 exp(−i Ĥ�t) as
described in (2.23) in a quantum circuit and extracted the complex probability
amplitudes of arbitrary states using the statevector_simulator. The obtained
complex probability amplitudes were doubled and then multiplied by the normal-
ization factor. Originally, as in Toyoizumi et al. (2024), a quantum amplitude
amplification circuit should be applied to convert (1/2) exp to exp and extract the
value, but considering the large scale of the quantum circuit for the two-stream
instability case, this step was omitted.

4.1. The 1-D advection test
To verify the properties of the QSVT-based Hamiltonian simulation as a numerical

computation scheme, we conducted an advection test for the 1-D Vlasov equation
with periodic boundary conditions. Additionally, for comparison, we implemented
a first-order Trotter decomposition-based Hamiltonian simulation, referring to Sato
et al. (2024), and performed the exact diagonalization.

(i) Simulation conditions of 1-D advection test:

f (x, t = 0)=
{

0 for 0� x � 2nx −1,

1 otherwise.
(4.1)

From (2.13), we prepare the following state as an initial state:

|ψ(t = 0)〉 = 1√
2nx −1

2nx −1−1∑
j=0

| j〉 ⊗ |1〉nx −1 ⊗ |ancilla〉, (4.2)
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FIGURE 4. Quantum circuit for the block encoding of the effective Hamiltonian of the 3D3V
Vlasov–Maxwell equations with magnetic field Ĥ3D3V .
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FIGURE 5. Our numerical simulation algorithm flow. The Vlasov equation is simulated on a
quantum circuit using Hamiltonian simulation based on QSVT, while the velocity moment
calculation and Maxwell equations are executed classically. Additionally, for comparison, we
simulated by replacing the exponential matrix with Trotter decomposition of the quantum
scheme and exact diagonalization on the classical node.

here nx − 1 qubits are used for preparing | j〉 state and four qubits are used for the
ancilla state.

We set the number of x qubits nx = 7 (i.e. the number of grids 2nx = 128), the
spatial interval �x = 1, the time range 0� t � 18, the width of time step �t = 0.1,
and the advection velocity v = 1, resulting in the Courant number ν := v�t/�x =
0.1. The initial distribution function represents a rectangular wave. Other conditions
include the degree of the QSVT approximation polynomial: R = 14. The boundary
condition is periodic.

In this work, we execute quantum circuits on the statevector_simulator,
allowing us to obtain the values of f j(t) directly from the state vector. However,
when real quantum devices are used, quantum circuits are executed multiple samples,
and the values are obtained from the probability outcomes p j(t)= f 2

j (t)/‖ f ‖2. Since
‖ f ‖ is known initially and f j(t) is a positive real number, the desired value f j(t)
can be straightforwardly extracted from p j(t). The number of samples required to
extract f j(t) within an error ε scales as O((‖ f ‖2)/ε).

Figure 6 shows the quantum computational results of the Hamiltonian simulations
based on QSVT (solid line) and Trotter decomposition (dashed line), along with
the numerical results of the classical exact diagonalization (dotted line). It shows
the advection propagation with v = 1 at t = 0 (red), t = 9 (green) and t = 18 (blue).
Numerical oscillations induced by the discretization using the central difference
method are observed in the nonlinear gradient regions. These numerical oscillations
can be mitigated by using the upwind difference method or by adding numerical
viscosity. This can potentially be implemented by transforming the effective
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FIGURE 6. The numerical results of each scheme for the 1-D Vlasov equation under the advec-
tion test conditions are shown. The solid line represents QSVT, the dashed line represents Trotter
decomposition and the dotted line represents classical exact diagonalization. The red lines cor-
respond to t = 0, the green lines to t = 9 and the blue lines to t = 18, illustrating the time
evolution.

FIGURE 7. The absolute errors between the numerical results of the quantum schemes and the
classical exact diagonalization for the 1-D Vlasov equation under the advection test conditions
are shown. The solid line represents the absolute error between QSVT and classical, and the
dashed line represents the absolute error between Trotter decomposition and classical.

Schrödinger equation using the Schrödingerization method proposed by Hu et al.
(2024).

Next, figure 7 plots the absolute errors between QSVT and classical exact diago-
nalization (solid line), and between Trotter decomposition and the classical method
(dashed line) (hereafter referred to as scheme error). The error of QSVT is seen to
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be proportional to | f (x j , t)| and time t at a given time t at grid points x j . On the
other hand, the error in Trotter decomposition is influenced by the high-frequency
components of the numerical oscillations. This indicates that significant differences
in numerical results can arise depending on which quantum scheme is used. We
want to emphasize that, as we move towards practical applications, it is essential
to select the appropriate quantum scheme based on the physical problem settings.
Moreover, since the results of Trotter decomposition and classical exact diagonal-
ization are consistent with those presented in Sato et al. (2024), the validity of our
code is assured.

4.2. The 1D1V two-stream instability test
Next, we focused on the two-stream instability test. Historically, in the devel-

opment of classical Vlasov solvers, the two-stream instability is one of the most
fundamental nonlinear problems for the 1D1V Vlasov–Maxwell equations of plasma.
Whether this phenomenon can be accurately reproduced under appropriate condi-
tions serves as a criterion for evaluating the numerical computation scheme (Filbet
& Sonnendrücker 2003; Crouseilles, Mehrenberger & Sonnendrücker 2010; Qiu &
Shu 2011).

We utilized a single node with an A100 GPU 40 GB from the Computing
Infrastructure Center at the University of Tsukuba, executing the quantum circuit
simulator with Qiskit-Aer-GPU. The solutions to the Maxwell equations, com-
puted on a classical node, were sequentially encoded into the effective Hamiltonian
of the QSVT-based Hamiltonian simulation to solve the Vlasov–Maxwell system.
Thus, it should be noted that this algorithm is a quantum–classical hybrid algorithm.

(i) Simulation conditions of 1D1V two-stream instability based on Qiu & Shu
(2011):

f (x, v, t = 0)= 2

7
√

2π

(
1 + β

cos(2kx)+ cos(3kx)

1.2
+ cos(kx)

)
exp

(
−v

2

2

)
,

E(x, t = 0)= 0. (4.3)

From (2.13), we prepare the following state as an initial state:

|ψ(t = 0)〉 =
2nx −1−1∑

jx =0

2nv−1−1∑
jv=0

f ( jx�x, jv�v, t = 0)
‖ f (t = 0)‖ | jv〉v ⊗ | jx〉x ⊗ |ancilla〉0,1,2,3,4,5.

(4.4)

Here six qubits are used for the ancilla state. We set the number of qubits for the x
and v axis as nx = nv = 5, (i.e. simulation domain is defined the 1D1V phase space
32 × 32), the time range 0� t � 2500, the time step �t = 1.89, the x space resolu-
tion �x = 0.39, the V space resolution �v = 0.31, the initial perturbation amplitude
parameter β = 0.01 and the initial wavenumber parameter k = 0.5. The grid size was
chosen to achieve approximately ν ≈ 1. The initial distribution function represents
relative velocity in phase space. Other parameters were set as follows: the degree of
the QSVT approximation polynomial R = 9, charge q = 1, mass m = 1 and permit-
tivity ε0 = 1. The boundary condition for the x physical space is periodic, while the
boundary condition for the v velocity space is fixed. The implementation method for
fixed boundary conditions in QSVT is described in Appendix A. For simplicity, the
current density is assumed to be the first moment of the distribution function for a
single species of ions equation (3.8).
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FIGURE 8. The quantum computational numerical results of the QSVT-based Hamiltonian
simulation scheme for the 1D1V Vlasov–Maxwell equations under the two-stream instability
conditions. The distribution function in the x–v phase space is shown at real time T = 53, with
the vertical axis representing the velocity space and the horizontal axis representing the physical
space.

Figure 8 shows the results of the two-stream instability at T = 53 for the 1D1V
Vlasov–Maxwell equations using QSVT. The occurrence of phase mixing is evident.
Figure 9 shows the results obtained using classical exact diagonalization, and the
vortex formation in the phase space is almost identical. However, focusing on the
colour bar, the values of the distribution function in QSVT are generally smaller
than those in the classical method. This discrepancy arises from the quantum scheme
error (approximation error) in QSVT’s exp(−i Ĥ�t) under the condition of (2.23),
leading to a difference from the true values. Nevertheless, as shown in figure 7,
the quantum scheme error in QSVT is proportional to the magnitude of the dis-
tribution function, thus not significantly affecting the vortex formation. Therefore,
the results between QSVT’s (figure 8) and the classical method’s (figure 9) appear
almost identical.

These results are also reasonably consistent with the vortex size and phase mixing
depiction in the numerical results of the two-stream instability using the classical
high-precision Vlasov scheme MPP SL DG method by Qiu & Shu (2011). However,
our results show the onset of numerical oscillations around the x intervals [−4,−2]
and [2, 4]. Over long-term evolution, these numerical oscillations are likely to induce
different physical phenomena. As discussed in the 1-D advection test, to ensure
monotonicity, it is necessary to either introduce upwind differencing or incorpo-
rate numerical viscosity to suppress numerical oscillations and improve accuracy for
nonlinear developments.

Figure 10 shows the time evolution of the L1 and L2 norms of the distribution
function and the electric field obtained from the QSVT Hamiltonian simulation.
Due to the operator norm error in each QSVT step, the L1 and L2 norms of the
distribution function decrease exponentially (as does the probability). However, this
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FIGURE 9. The numerical results of the classical exact diagonalization scheme for the 1D1V
Vlasov–Maxwell equations under the two-stream instability conditions. The distribution func-
tion in the x–v phase space is shown at real time T = 53, with the vertical axis representing the
velocity space and the horizontal axis representing the physical space.

(a) (b)

FIGURE 10. The norms of distribution function and electric field of the QSVT Hamiltonian
simulation scheme for the 1D1V Vlasov–Maxwell equations under the two-stream instability
conditions. Panels (a) and (b) show the L1 norm and the L2 norm, respectively.

decrease can be mitigated by increasing the degree of the QSVT approximation
polynomial. In other words, the error can be made arbitrarily small by increasing
computational cost. For more details, see § 5. Figure 11 shows the time evolution
of the L1 and L2 norms of the distribution function and the electric field obtained
from classical exact diagonalization. Since the Vlasov equation preserves the L1 and
L2 norms of the distribution function in the case of the periodic boundary condition
in this work, unlike the QSVT results, the classical exact diagonalization without
operator norm error preserves these norms.
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(a) (b)

FIGURE 11. The norms of distribution function and electric field of the classical exact diag-
onalization scheme for the 1D1V Vlasov–Maxwell equations under the two-stream instability
conditions. Panels (a) and (b) show the L1 norm and the L2 norm, respectively.

5. Discussion
5.1. Preserving norms of the distribution function

Generally, the stability of numerical schemes for PDEs must be investigated. In
particular, the properties of the semidiscretized central difference scheme embedded
in the quantum system (§ 2.1) are not well understood. Therefore, we discuss the
stability of this scheme using von Neumann stability analysis. For simplicity, we
take the 1-D Vlasov equation as an example. When the distribution function f (x, t)
is expanded as a Fourier series in wavenumber space, it can be written as

f (x, t)=
∑

k

rk(t)exp(ikx), (5.1)

f n
j,k = fk(x j , tn)= rnexp(ikx j). (5.2)

Here, k is the wavenumber, j is the physical space grid index and n is the time step
index. Substituting it into (3.6), we obtain

∂

∂t
r n = −i

v

�x
sin(k�x)rn. (5.3)

However, assuming that v is fixed within a small time interval [t, t +�t], as
discussed in § 2.1, the amplitude r is updated as

rn+1 = exp
(

−i
v�t

�x
sin(k�x)

)
rn. (5.4)

Thus, the amplification factor is expressed as∣∣∣∣rn+1

rn

∣∣∣∣=
∣∣∣∣exp

(
−i
v�t

�x
sin(k�x)

)∣∣∣∣= 1. (5.5)

This always takes the value of 1 regardless of the classical Courant number
(:= v�t/�x).

The numerical results shown in figure 11 is evident from this relation. In other
words, the semidiscretized central difference scheme embedded in the quantum
system is stable without numerical divergence.
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FIGURE 12. The lines showing the relationship between the lower bound on the number of
queries and the number of time steps for various tolerances, based on (B6) in Appendix B. The
parameters use α = v/2�x , η= 2, v= 1, �x = 1 and �t = 9.

5.2. The number of queries
Let us discuss the exponential decrease in the L1 and L2 norms and the probability

due to the iterative execution in the QSVT Hamiltonian simulation. Generally, iter-
ative execution, like time marching, exponentially decreases the probability, thereby
exponentially increasing the number of measurements required. As seen in figure 10,
the QSVT Hamiltonian simulation with the operator norm error per step decreases
the L1 and L2 norms exponentially. Therefore, we aim to evaluate this with a more
rigorous approach than traditional scaling evaluations, as shown in (B6). Figure 12
shows the relationship between the number of queries and the number of time steps,
obtained by substituting the specific problem settings for the 1-D advection test in
this work into the parameters of (B6). Figure 12 shows that the number of queries
required increases almost linearly with the number of time steps. Additionally, even
if the error tolerance decreases exponentially, the number of queries only grows lin-
early. This is because, in the limit where the error tolerance ε� 1 and 2R + 3 
 1,
the scaling of the number of queries is described as O (Nt log(Nt/ε)) from (B7),
compared with the computational complexity in the classical computation algorithm
is O(N 2

t )/(ε). In conclusion, the exponential decrease in the L1, L2 norms and prob-
ability due to iterative execution, similar to time marching, in the QSVT Hamiltonian
simulation can be controlled within a realistic number of queries and error tolerance.

5.3. Effect on Maxwell’s update
Next, consider the effect of errors in the QSVT Hamiltonian simulation on the

electromagnetic field update of Maxwell’s equations. Let δ represent the operator
norm error of the QSVT Hamiltonian simulation per step. Then the distribution
function of the j th grid point at time t = n�t can be written as

f QSVT
j (n�t)= (1 − δ)n f Exact

j (n�t), (5.6)
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where j is an arbitrary phase space grid index. Here, we assume all f j values decay
uniformly across space due to the influence of error δ. In fact, when we tested this
assumption in the 1-D advection test and the 1D1V two-stream instability case in
this study, the assumption was generally confirmed to be correct through numerical
experiments. To update a Maxwell equation, the electric field is written as

EQSVT
jx ((n + 1)�t)= EQSVT

jx (n�t)− q

ε0
�v�t (1 − δ)n

∑
jv

f Exact
jx , jv

(n�t), (5.7)

EQSVT
jx (n�t)= E jx (0)−

q

ε0
�v�t

n∑
τ=1

(1 − δ)τ τ
∑

jv

f Exact
jx , jv

((τ − 1)�t), (5.8)

where jx , jv are an arbitrary physical space and velocity space grid indices. Finally,
expanding with respect to δ using a Maclaurin series, the electric field and the L2
norm are represented as

EQSVT
jx (n�t)= E jx (0)−

(
q

ε0
�v�t

) n∑
τ=1

∑
jv

τ f Exact
jx , jv

((τ − 1)�t)

+
(

q

ε0
�v�t

) ∞∑
ξ=1

n∑
τ=1

∑
jv

δξ (−1)ξ
(
τ

ξ

)
τ f Exact

jx , jv
((τ − 1)�t). (5.9)

The first and second terms in (5.9) represent the solution without QSVT error δ,
while the third term represents the solution with the error. Therefore, it can be seen
that the influence of the error induces the solutions with various perturbations in the
time direction.

5.4. Phase error
Next, to investigate the phase shift (phase error) of propagation due to the

semidiscretized central difference scheme, we perform a Fourier transform by setting
rn
ω = exp(−iωt) in (5.3). The resulting dispersion relation is as

ω= v

�x
sin(k�x). (5.10)

Here, ω is the angular frequency. In the limit as k�x → 0, we have sin(k�x)≈
k�x , which ensures convergence with the exact dispersion relation of the advection
equation. Note that there is no constraint on the Courant number.

In figure 13, to investigate the manifestation of phase errors, we compared the
numerical solution of the 1-D Vlasov equation for sinusoidal advection propagation
with the exact solution of sinusoidal parallel propagation, while varying the Courant
number along with �x . As anticipated from the dispersion relation equation (5.10),
the figure shows that the phase error depends on �x rather than the Courant num-
ber ν. Indeed, the numerical solution in figure 13(c) showed the closest match to the
exact solution under the conditions of the smallest �x and ν > 1. This represents a
significant advantage as a numerical scheme distinct from traditional classical numer-
ical computations, such as finite difference methods. In classical numerical schemes
such as the finite difference method, the value of a grid point at the next time step is
updated using several surrounding grid points (up to seven points for high-accuracy
methods) of an arbitrary point. This process is repeated for all grid points to obtain
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(a) (b) (c)

FIGURE 13. Numerical results of the semidiscretized central difference scheme (red line) for
the 1-D Vlasov equation and the exact solution (blue line) for the sine wave propagation test
to investigate phase errors. Here (a) �x = 0.785, ν = 0.636; (b) �x = 0.392, ν = 1.275; (c)
�x = 0.196, ν = 2.551; all displaying the results of propagation over the same real time under
the same conditions.

the information for the next time step across the entire grid. Such discrete updat-
ing methods must adhere to the Courant–Friedrichs–Lewy (CFL) condition, which
maintains the causality principle, meaning that the propagation speed of information
cannot exceed the advection velocity.

5.5. Updating like the implicit method
So, how does the semidiscretized central difference scheme embedded in the quan-

tum system (§ 2.1) determine which grid points at a given time are used to update
the grid points at the next time step? Also, what is the causality principle for this
method? These questions are explained from the perspective of classical numerical
schemes. In the semidiscretized central difference scheme embedded in the quantum
system, the time evolution operator exp(−i Ĥ�t) acts on the state at the previous
time step to update it to the next time step. For simplicity, consider a 1-D space
divided into N grid points, and let f (x j , tn)= f n

j . By diagonalizing the time evolu-
tion operator exp(−i Ĥ�t) matrix for the semidiscretized central difference scheme
of the advection equation, the information of the j th grid point at step n + 1 is
described as

f n+1
j =ω0(ν) f n

j −
N/2∑
r=1

ωr(cos(ν), sin(ν))
(

f n
j+r − f n

j−r

)
. (5.11)

Here, the classical Courant number is ν = v�t/�x . Here ωr represents a weighting
polynomial that includes cos(ν) and sin(ν) as variables, with the weights increas-
ing the closer they are to j . The sum

∑N/2
r=1 ωr = 1 is normalized. It becomes clear

that the exp(−i Ĥ�t) matrix essentially has all its elements populated. This means
that the semidiscretized central difference scheme embedded in the quantum system
updates the information of any j th grid point by referring to all grid point infor-
mation from the previous time step, as illustrated in figure 14. We would like to
consider a numerical interpretation of the properties of the weighting polynomial.
Expanding exp(−i Ĥ�t) in a Taylor series around ν, we get

exp(−i Ĥ�t)= exp
(ν

2
Dper

)
, (5.12)

=
∞∑

s=0

νs

2ss!
(
Dper

)s
. (5.13)
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t + Δt

t

• • • • • • •
j

• • • • • • •
0 1 j − 1 j j + 1 N − 2 N − 1

FIGURE 14. An illustration of the method for updating grid point information. The horizontal
axis represents space, and the vertical axis represents time. Arrows indicate that the grid point
information at the start point is used to update the grid point at the end point.

From (2.12) and (2.9), we use Ĥ = i A = ivDper/2�x . When a Taylor approxima-
tion is made to O(ν2), it matches the well-known classical finite difference method
of the forward-time centred-space scheme. Moreover, for an accuracy of O(νs+1)
at the s + 1th order, the update of the j th grid point uses interpolated values from
within the range of ±s grid points around j . This has characteristics similar to
implicit methods. Thus, the semidiscretized central difference scheme embedded in
the quantum system refers to all grid point information from the previous time
step and updates all grid points simultaneously, without violating causality even
if it exceeds the CFL condition (Courant, Friedrichs & Lewy 1928). Quantum
computation embeds this semidiscretized central difference scheme with a certain
error tolerance. While classical computation tends to waste computational resources
on diagonalization calculations, the scheme used for implementation in quantum
computation provides a unique numerical advantage as a computational method.

In practice, however, it should be noted that we are not exactly implementing
(5.13), but rather approximating it to a certain degree using quantum schemes such
as QSVT or Trotter decomposition. Consequently, the quantum schemes effectively
reference grid points corresponding to the scaling order of the approximation error
equation (2.23). For example, in the case of QSVT, the upper bound of the error
is O(2R), which means that the scheme references up to ±2R around the j th grid
point.

5.6. Quantum stability condition
In classical numerical computations, the CFL condition is imposed as a strin-

gent constraint on finite discretized numerical schemes (Courant et al. 1928). On
the other hand, for the semidiscretized central difference scheme embedded in the
quantum system, the CFL condition derived from von Neumann stability analysis is
not imposed, as seen from (5.5). Does this mean that there is no numerical stability
condition in quantum computation corresponding to the classical CFL condition
(hereafter referred to as the quantum stability condition)?

Let us consider the quantum stability condition. Using the condition equation
(B4) and summarizing the Courant number, the quantum stability condition is
derived as

cmax
�t

�x
� 4(2R + 3)

eη

(
4
5

(
1 − (1 − ε)

(1/(Nt ))
))(1/(2R+3))

, (5.14)

where, cmax is defined as the maximum coefficient of the advection terms in the
x -space and v-space. Figure 15 shows the relationship between the Courant number
and the number of queries, obtained by substituting the specific problem settings
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FIGURE 15. The lines showing the relationship between the upper bound on Courant number
and the number of queries for various error tolerances, based on (5.14). The parameters use
α = v/2�x , η= 2, v= 1, �x = 1, Nt = 2 and �t = 9.

for the 1-D advection test in this work into the parameters of (B6). It can be seen
that the bound of the Courant number increases almost linearly with the number
of queries. This is because, in the limit where 2R + 3 
 1 and the error tolerance
ε� 1 in (5.14), the right-hand side in (5.14) is approximated as

4(2R + 3)
eη

(
4
5

(
1 − (1 − ε)

(1/(Nt ))
))(1/((2R+3))

≈ 4
eη

(
(2R + 3)+ log

(
4ε
5Nt

))
.

(5.15)

Here we use (1 − x)n ≈ 1 − nx in the limit of x � 1 and e(1/x) ≈ 1 + (1/x) in the
limit of x 
 1.

Additionally, let us consider what the bound of error tolerance ε depends on.
Using the condition equation (B4) and summarizing the error, we obtain

ε � 1 −
(

1 −
(

5
4

(
eηcmax�t

8�x(R + 1)

)2R+2

+ 5
4

(
eηcmax�t

4�x(2R + 3)

)2R+3
))Nt

. (5.16)

The quantum stability condition is broader concerning the Courant number com-
pared with the classical condition. In the case of QSVT, the larger the degree
R in (5.14), the more relaxed the constraint on the Courant number becomes.
However, as shown in figure 15, increasing R (i.e. reducing ε) increases compu-
tational complexity. Therefore, relaxing the constraint on the Courant number is
a trade off with computational resources. It is also possible to derive quantum
stability conditions for other quantum schemes using similar procedures. For exam-
ple, in the case of the Trotter decomposition used in the 1-D advection test, the
first-order Lie–Trotter–Suzuki decomposition-based approximation implementation
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error is (ν/2)2 (nx − 1)/2 as referenced in Sato et al. (2024). Additionally, for higher-
order Trotter decompositions, the approximation implementation error depends on
the order p and is O(ν p+1) (Childs et al. 2021).

5.7. Outstanding issues
The semidiscretized central difference scheme embedded in the quantum system

in this work induces numerical oscillations in nonlinear regions due to Godunov’s
theorem. To avoid the numerical oscillations, it is known to be useful to intro-
duce an upwind difference scheme or numerical viscosity. Quantum algorithms for
PDEs that have attempted to introduce upwind difference schemes or viscosity terms
(second-order derivatives) include Hu et al. (2024), but they have not achieved com-
plete embedding. In particular, for the upwind difference scheme, the issue lies
in how to embed the mechanism to determine the flow direction. If the upwind
difference scheme can be embedded, first-order accuracy ensuring monotonicity is
sufficient. One of the significant advantages of quantum computing is that it can
prepare an exponentially large number of grids relative to the number of qubits,
allowing grid resolution to be made arbitrarily small under the quantum CFL con-
dition. Therefore, implementing upwind difference schemes and numerical viscosity
in a quantum framework becomes a necessary condition for solving high-resolution
shock wave problems and nonlinear instability development problems of turbulence
in plasma simulations with high accuracy.

6. Summary

In this study, we performed QSVT-based Hamiltonian simulations of the Vlasov–
Maxwell equations in plasma physics, conducting a 1-D advection test and a 1D1V
two-stream instability test using an A100 GPU. For comparison, we also executed
Trotter decomposition and classical exact diagonalization. In the 1-D advection test,
we discussed the clear differences in the manifestation of numerical errors between
the QSVT and Trotter quantum schemes. In the 1D1V two-stream instability test,
we demonstrated that phase mixing could be solved numerically stably using QSVT.
The semidiscretized central difference scheme embedded in the quantum frame-
work was found to be a stable scheme that does not cause numerical divergence,
as confirmed by von Neumann stability analysis. Using the error conditions of the
QSVT-based Hamiltonian simulation, we presented a specific quantum stability con-
dition corresponding to the CFL condition of classical numerical methods. Finally,
we proposed that using quantum computers for Vlasov–Maxwell simulations could
offer advantages not only in terms of increasing the number of grids but also in
ensuring numerical stability. However, as future work, it is necessary to explore new
quantum algorithms that incorporate non-Hermitian spatially dependent wind direc-
tion evaluation to improve numerical oscillation errors using upwind differences or
numerical viscosity.
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Appendix A. Implementation of fixed boundary conditions
Embedding fixed boundaries in QSVT-based Hamiltonian simulation is not

straightforward. Therefore, we addressed this by adding ancilla qubits and multi-
ple CNOT gates. First, the fixed boundary condition D′

per can be written similarly to
(2.10) as

D′
per =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0 0 0

−1 0 1 · · · 0 0 0

0 −1 0 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 0 1 0

0 0 0 · · · −1 0 1

0 0 0 · · · 0 −1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(A1)

To perform this operation, it is necessary to modify the shift operators UIncr. and
UDecr. in the block-encoded quantum circuit of the effective Hamiltonian. We explain
this using the quantum circuit for the 1-D Vlasov equation as an example, as shown
in (A2).

|ancilla〉3 •
|ancilla〉4

|phys;x〉 / UIncr. UDecr. •
.

(A2)

By adding an ancilla qubit |ancilla〉4 for removal and using CNOT gates to flip the
ancilla qubit state that holds the boundary value of |phys;x〉, we effectively remove
the boundary value.

https://doi.org/10.1017/S0022377825100500 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377825100500


28 H. Higuchi and others

Appendix B. Derivation of the total number of queries for iterative QSVT
Hamiltonian simulations

The operator norm error δ per QSVT step can be expressed in terms of the
total operator norm error ε after performing Nt steps of the QSVT Hamiltonian
simulation as

1 − ε = (1 − δ)
Nt , (B1)

δ = 1 − (1 − ε)
(1/(Nt )). (B2)

On the other hand, δ follows (2.23), so when given a tolerance ε, we obtain the
following condition:

5
4

(
e|ηα�t |
4(R + 1)

)(2R+2)

+ 5
4

(
e|ηα�t |

2(2R + 3)

)(2R+3)

� 1 − (1 − ε)
(1/(Nt )), (B3)

5
4

(
e|ηα�t |

2(2R + 3)

)(2R+3)

� 1 − (1 − ε)
(1/(Nt )), (B4)

(
2(2R + 3)

eηα�t
log

(
2(2R + 3)

eηα�t

))
� 2

eηα�t
log

(
5

4
(
1 − (1 − ε)

(1/(Nt ))
)
)
.

(B5)

Here, let x = (2(2R + 3))/(eηα�t) and c = (2/(eηα�t))
log(5/(4(1 − (1 − ε)(1/(Nt ))))). To determine the lower bound of the query count, we
solve x log(x)� c. Here x has three cases:

(i) c = −(1/e), x > 0;

(ii) −(1/e) < c< 0, 0< x � xc−, xc+ � x < 1;

(iii) c � 0, x > xc;

where xc−, xc+, xc are the solutions of x log(x)= c for each case. Based on the prob-
lem settings, we assume that η, α, �t and Nt are always positive real numbers,
and 0< ε < 1, so c> 0. Therefore, only range (iii) applies for x . However, since
x log(x)= c cannot be solved analytically, we use the Newton method to find xc

numerically. Finally, from (iii), we obtain

Nt∑
t=1

QOAA
exp := 3Nt(2R + 1) > 3Nt

(
eηα�t

2
xc − 2

)
, (B6)

which uses of U or its inverse, three uses of controlled-U or its inverse, for the
total time steps Nt and error tolerance ε. And QOAA

exp is based on the number of
queries in the QSVT Hamiltonian simulation with oblivious amplitude amplification,
as referenced in Toyoizumi et al. (2024). In the limit where ε� 1 and 2R + 3 
 1,
the lower bound is approximated as

lower bound ≈ O

(
Nt + Nt log

(
Nt

ε

))
. (B7)

Here we use (1 − x)n ≈ 1 − nx in the limit of x � 1 and e(1/x) ≈ 1 + (1/x) in the
limit of x 
 1.
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